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Institute of Mathematics, Technical University Budapest

Supervisor:
Bálint Tóth
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Aluĺırott Valkó Benedek kijelentem, hogy ezt a doktori értekezést magam késźıtettem
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Chapter 1

Introduction

The main problem of non-equilibrium statistical physics is the study of the dynamics of inter-

acting particle systems, their behavior in space and time. We can think, for example about

gas molecules in a room, or particles of a flowing fluid. Generally, the size of these systems is

enormous (of order 1026), thus the task of tracking every single particle is hopeless, even if we

know everything about the microscopic dynamics. There is another, much more effective ap-

proach to this problem: we have to look at the ’big picture’, i.e. the macroscopic evolution. This

means that we characterize the state of our system with the local densities of certain physically

relevant conserved quantities (particle number, momentum, energy) and the time-evolution of

these functions, which are usually driven by coupled partial differential equations, gives us the

needed description.

Hydrodynamic limit (hdl) is the device to get these pde-systems from the microscopic dy-

namics via some rescaling of space and time. In the physics literature there are a number of

well-known phenomenological derivations of the hydrodynamic limit for several systems, start-

ing with the classical work of Euler, Navier, Stokes, etc. See e.g. [31], [15]. It is a challenging

and important program of mathematical physics to give mathematically rigorous versions of

these derivations. For completely deterministic systems (e.g. which are governed by Newtonian

mechanics) this is still an unsolved problem. However, if we add some stochastic elements to

the evolution, the problem becomes more treatable (but far from trivial!). In the last couple

of decades considerable advances have been made in the theory of hydrodynamic limits for

stochastic systems (see the monographs [32, 13, 6]). Much effort has been made in the analysis

of lattice gas models with conserved quantities (e.g. simple exclusion, zero range, Ginzburg-

Landau models). These can be viewed as an approximation for the deterministic systems,

but they also turn up as models for numerous phenomenona in biology, chemistry and physics

(e.g. deposition and growth models, biological chemotaxis).

In this thesis we prove results for the hydrodynamic behavior of certain one dimensional

lattice models motivated by a conjecture of B. Tóth and W. Werner [38]. In the upcoming

sections we provide a brief overview of the thesis, starting with the description of the conjecture.

Next we introduce the considered family of models, sketch our main results and give a short

9
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description of the method of the proofs.

1.1 Motivation

In [33] B. Tóth proved limit theorems about the so-called ’true self-avoiding walk’ which is

a discrete-time random process on Z. The process is a negatively reinforced nearest-neighbor

random walk: if the random walker is at a given lattice point then he chooses to go left or

right in the next step with probabilities depending on the difference of the local times of the

respective neighboring edges, giving more weight to the edge he has visited fewer times. Suppose

the walker puts down a unit brick in each step on the edge he has just jumped through, building

a wall during the course of its walk. Then the height of this wall at a given edge is equal to

the respective value of the local time function and the movement of the walker is governed by

the negative gradient of the wall (he rather goes ’downhill’ than ’uphill’, going through edges

he has visited rarer).

In [37] the authors constructed a continuous process as a scaling limit of this discrete-valued

process, we can view the process as the continuous-time movement of a particle on R which is

building a wall (its local time) following similar rules as the discrete version. They also proved

that the process obeys some dynamical driving mechanism corresponding to these rules. If we

denote its position at time t by Xt and its local time (or the height of the wall) at a time t and

position x by h(t, x) then the movement of the particle is driven by the slope of the wall:

’dXt = −∂xh(t,Xt)dt’, (1.1)

and the wall is ’built up’ by the presence of the particle:

’∂th(t, x) = δ(Xt − x)’. (1.2)

Of course, these equations do not make sense in this form (hence the inverted commas), but

they can be made rigorous. For the details of the construction and primary properties of

the process we refer the reader to the original paper. We only remark one interesting and

unusual feature: the process Xt has the 2/3 scaling: (α−2/3Xαt, t ≥ 0) has the same law as

(Xt, t ≥ 0). In fact ((α−2/3Xαt, α
−1/3h(α2/3x), αt), t ≥ 0, x ∈ R) has the same joint law as

((Xt, h(x, t)), t ≥ 0, x ∈ R).

It is natural to consider the case when instead of one particle we have many building the

same wall. Corresponding to the discrete case, in [38] a 1 dimensional particle system with 2

conserved quantities was introduced (the ’bricklayer’ model): we have several particles (brick-

layers) positioned on the lattice sites of Z who are building a wall from unit-bricks piled above

the edges of the lattice. Each bricklayer jumps to a neighboring site with rates depending on

the negative gradient of the wall at its position (with the ’downhill’ jump getting bigger rate

than the ’uphill’ jump) and at each jump a unit brick is deposited to the column above the

respective edge. This way holes in our walls are tend to be filled quickly by the bricklayers. The
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two conserved quantities are the particle number and discrete negative gradient of the wall. In

the next section we will discuss a whole family of similar models in more detail.

In the continuous setting we would get the following picture: a continuously distributed

cloud of particles is building a wall with their movement driven by the slope of the wall. If we

denote the density of the particles at x and time t by ρ(t, x) and u(t, x) := −∂xh(t, x), then

from (1.1), (1.2) and some formal computations we get the following partial differential equation

system:
{

∂tρ + ∂x(ρu) = 0,

∂tu + ∂xρ = 0.
(1.3)

As noted in [38], this pde-system can also be viewed as a general phenomenological descrip-

tion of a deposition/domain growth – or, in biological term: chemotaxis – mechanism: ρ(t, x) is

the density of population performing the deposition h(t, x) is the height of the deposition and

u(t, x) := −∂xh(t, x). The physics of the phenomenon is contained in the following two rules:

(a) The velocity field of the population is proportional to the negative gradient of the height

of the deposition. That is, the population is pushed towards the local decrease of the

deposition height. This rule, together with the conservation of total mass of the population

leads to the continuity equation, the first equation in (1.3).

(b) The deposition rate is proportional to ρ:

∂th ∼ ρ, (1.4)

i.e. the deposition is done additively by the population. This, after differentiating with

respect to x, gives the second equation of (1.3).

In [38] the previously mentioned bricklayer model was derived using formal, non-rigorous

hydrodynamic limit and low density perturbational analysis. It was conjectured there that the

arguments can be made rigorous and should hold for a large class of models with two conserved

quantities. In the paper there were made connections to the Kardar-Parisi-Zhang equation

(KPZ equation) which is one of the most famous models in the physical literature for growing

interfaces (c.f. [12]). It gives a general phenomenological description of a surface growing to

normal direction to its boundary, with a ’tension’ that tries to keep the surface together (fills

the holes quickly). This resembles properties of our growing wall built by the bricklayers. The

KPZ equation itself is (in mathematical sense) an ill-posed non-linear pde with a stochastic

term which takes the following form in one dimension:

∂th = ∇h− (∂xh)2 + W (1.5)

where W = W (t, x) is a space-time white noise.
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Motivated by the KPZ equation we modify rule (b) in the phenomenological description

of the deposition/domain growth mechanism of [38] by adding term proportional to (∂xh)2 in

(1.4):

∂th ∼ ρ + γ(∂xh)2. (1.6)

This means that the deposition is not only done solely by the population, but there is also some

self-generated deposition (in the spirit of KPZ). Differentiating this with respect to x we get

the following pde system instead of (1.3):
{

∂tρ + ∂x(ρu) = 0,

∂tu + ∂x(ρ + γu2) = 0,
(1.7)

where γ is a real parameter. This is a system of hyperbolic conservation laws with behavior

depending largely on the value of γ. Hyperbolicity means that the Jacobian of the pde has two

different real eigenvalues. In sections 3.1 and 3.11 we collect some of the main features of this

system. We only want to note one important property which is true for hyperbolic conservation

laws in general: there is no global strong solution, arbitrary smooth initial conditions yield

shocks in finite time (apart from some very specially prepared initial conditions).

Now we are ready to state the main objective of the thesis:

We want to derive (1.7) as a mathematically rigorous universal low-density hydrodynamic limit

for a large class of one dimensional interacting particle systems with two conserved quantities.

In Section 1.3 we describe in detail the result which treats the previous statement and also

the other results of the thesis. But first, we introduce the models we will work with.

1.2 Models

We consider one dimensional lattice models and in order to keep the state space finite we work

with the discrete tori Tn := Z/nZ with n ∈ N. We will denote the continuous torus R/Z by T.

We have a finite local spin state denoted by Ω which is the set of the possible observables at a

given site. The state space of the interacting particle system is

Ωn := ΩTn
,

configurations will be denoted by

ω := (ωj)j∈Tn ∈ Ωn.

The dynamics of our process will be Markovian in continuous time and we only allow elementary

jumps (changes of the configuration) which effect two neighboring sites. If at a given time the

process is in the configuration ω, then at sites j, j + 1 the spins ωj , ωj+1 can change to ω′, ω′′

with some rate depending only on ωj , ωj+1, ω
′, ω′′. Thus the dynamics is governed by translation
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invariant local rules. We will consider models with two (discrete) conserved quantity which are

denoted by

ζ : Ω → Z, η : Ω → Z,

we also use the notations ζj = ζ(ωj), ηj = η(ωj). We only allow elementary jumps which

conserve the sums
∑

j∈Tn ζj ,
∑

j∈Tn ηj . This means that if we have an elementary jump which

changes (ωj , ωj+1) to (ω′j , ω
′
j+1) with a positive rate then

ζj + ζj+1 = ζ ′j + ζ ′j+1,

ηj + ηj+1 = η′j + η′j+1.

The conserved quantities have to be different: we assume that ζ, η and the constant 1 function

on Ω are linearly independent.

It is easy to see, that (possibly shifting η to be always nonnegative) we can always interpret

our model locally as a growing or decaying wall made by unit bricks piled on the edges of the

lattice and built by bricklayers positioned on lattice sites where ηj is the number of bricklayers

at site j and ζj is the difference between the height of the columns on (j − 1, j) and (j, j + 1).

See Figure 1.1. Then an elementary move of the process affecting the sites (j−1, j) corresponds

to one of the following changes:

– a couple of particles jump from j − 1 to j, or vice versa,

– a couple of bricks are deposited on or removed of the top of the column standing on the edge

(j − 1, j),

– a combination of the two previous things.

j-2 j-1 j j+1 j+2

h: 2 1 4 0 2

z: 3 -1 -2 -2 1

j-2 j-1 j j+1 j+2

h: 2 4 1 0 2

z: 3 -3 0 -2 1

Figure 1.1: The picture shows a possible elementary move in the bricklayer setting. 3 particles
jumped from j to j − 1 and 2 bricks were deposited on the top of the column standing on
(j − 1, j).

We will also impose some technical, mostly combinatorial conditions on the rate function,

these are described in detail in the respective chapters of the thesis. One of the main consequence
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of these conditions is the existence of a probability measure π on S which puts positive weight

on every element of S and for which the measure

πn :=
∏

j∈Tn

π

is stationary for the process on Ωn. Actually, we will have a whole family of stationary measures

with a similar product structure. Suppose, that (u, v) ∈ D := co{(ζ(ω), η(ω)) : ω ∈ Ω} where

co stands for convex hull. D is the so-called physical domain. Then there exists a unique

probability measure πu,v on Ω such that

Eπu,vζ(ω) = u, Eπu,vη(ω) = v

and the measure

πn
u,v :=

∏

j∈Tn

πu,v

is stationary on Ωn.

With the rate function one can easily define the Markov-generator Ln of the process and

because of the nearest neighbor interactions we get that it acts on the conserved quantities as

follows:

Lnζi = −φ(ωi, ωi+1) + φ(ωi−1, ωi) =: −φi + φi−1,

Lnηi = −ψ(ωi, ωi+1) + ψ(ωi−1, ωi) =: −ψi + ψi−1.

The explicitly computable functions φ, ψ are called microscopic fluxes and their expectations

with respect to π2
u,v are called macroscopic fluxes:

Φ(u, v) := Eπ2
u,v

φ(ω1, ω2),

Ψ(u, v) := Eπ2
u,v

ψ(ω1, ω2).

As we will see, the macroscopic flux functions Φ(u, v), Ψ(u, v) will govern the macroscopic evolu-

tion of density-profiles of the conserved quantities. These functions depend on the microscopic

model.

There are several detailed concrete examples of microscopic models in Section 2.4.

1.3 Results

Hydrodynamic limit gives the macroscopic behavior of the density-profiles of the conserved

quantities via some suitable scaling of space and time. The scaling of space will be the same in

all the results of the thesis: we rescale it by n. This means that we represent Tn with n sites

on the continuous torus T, with distance 1/n between the neighboring sites.
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There are several heuristical derivations which (formally) yield that under Eulerian scaling

(which means the rescaling of time and space by n) the macroscopic density-profiles of the

conserved quantities ζ, η evolve according to the equation
{

∂tu + ∂xΦ(u, v) = 0,

∂tv + ∂xΨ(u, v) = 0,
(1.8)

which is usually a hyperbolic conservation law.

This means the following. Suppose that u0(·), v0(·) are real functions on T with (u0(x), v0(x)) ∈
D for x ∈ T. Fix a microscopic model and take its versions for every n on Ωn with space rescaled

by n. Assume that we have initial (random) configurations of our processes such that the den-

sities of ζ, η approximate the functions u0(·), v0(·). Then letting the systems run up to time nt

the density-profiles of ζ, η will approximate the functions u(t, ·), v(t, ·) which are the solutions

of (1.8) with initial conditions u(0, x) = u0(x), v(0, x) = v0(x). The approximation of a deter-

ministic function by the density-profile can be defined in several ways. A natural definition is

the following weak approximation: for any smooth test function g : T→ R

1
N

∑

j∈Tn

g(j/N)ζj(nt) P−→
∫

T
g(x)u(t, x) dx,

(1.9)
1
N

∑

j∈Tn

g(j/N)ηj(nt) P−→
∫

T
g(x)v(t, x) dx.

Then the (heuristic) result may be summarized the following way: if the previous limits hold

for t = 0 for any test function g then they will hold at any t > 0.

In Chapter 2 we give a rigorous version of this result. There is essentially one robust, model-

independent method for proving hydrodynamic limits which works for hyperbolic interacting

particle systems with two conserved quantities: H.T. Yau’s relative entropy method, introduced

in [41]. For attractive one component systems there exist stronger results (c.f. [27]), but these

cannot be extended to our case. The relative entropy method does not depend much on the

microscopic properties on the model, but this great generality has one drawback: the proof

only works for smooth solutions of the limiting pde. (Smooth actually means some finite

differentiability conditions.) However, as we already mentioned, hyperbolic conservation laws

with generic initial conditions cannot have globally smooth solutions. This means that the

relative entropy method can only apply up to a finite time, before the first appearance of

shocks. Applying Yau’s method we prove that in Eulerian scaling we indeed get the pde (1.8)

as a hydrodynamic limit, at least in the regime of smooth solution (see Theorem 1 in Subsection

2.3.2). The proof follows the standard steps of the relative entropy method, but there is one

novelty. In order to complete the proof, we need some sort of symmetry relation between the

macroscopic fluxes Φ, Ψ, reminiscent of the Onsager reciprocity relations which can be proved

using the existence of a stationary measure with product structure. This symmetry relation

(see Lemma 1 in Subsection 2.5.2) is an important element of the proof, but also allows us to
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show some interesting (although not surprising) facts about the pde (1.8), for example that it

is indeed (at least weakly) hyperbolic inside the domain D. (Meaning, that the Jacobian can

be diagonalized in a real sense.)

Chapter 3 deals with our main objective, the derivation of pde (1.7) as a universal hydro-

dynamic limit. Using the results of the Eulerian scaling we can give a formal, non-rigorous

derivation the pde:

Suppose that minω∈S η(ω) = 0 (this is a natural assumption if we interpret η as the number of

particles at a given site) and that our microscopic model has a left-right reflection-symmetry.

This means, that changing the direction of the lattice, our wall evolves with the same dynamics

(a more precise definition can be found in Subsection 3.2.1). We note that the pde (1.7) has this

reflection-symmetry: if (ρ(t, x), u(t, x)) is a solution then so is (ρ(t,−x),−u(t,−x)). Under the

previous assumptions (and using ρ instead of the variable v) we get the following asymptotics

for the macroscopic fluxes:

Φ(ρ, u) = a (ρ + γu2)
(
1 +O(ρ + u2)

)
,

(1.10)
Ψ(ρ, u) = b ρu

(
1 +O(ρ + u2)

)
,

if ρ, |u| ¿ 1. Using these asymptotics the pde (1.7) may be derived by perturbing the constant

(0, 0) solution of the Eulerian pde
{

∂tu + ∂xΦ(ρ, u) = 0,

∂tρ + ∂xΨ(ρ, u) = 0.
(1.11)

Let ρ0(x) and u0(x) be given profiles and assume that ρε(t, x), uε(t, x) is a solution of the

Eulerian pde (1.11) with initial condition

ρε(0, x) = ε2ρ0(x), uε(0, x) = ε u0(x).

Then, at least formally, if ε → 0

ε−2ρε(ε−1t, x) → ρ(t, x), ε−1uε(ε−1t, x) → u(t, x),

where ρ(t, x), u(t, x) is solution of the pde (1.7) with initial conditions

ρ(0, x) = ρ0(x), u(0, x) = u0(x).

Actually, the constants a, b from the asymptotics also appear in the equation, but they can

be scaled out by simple linear transformations to get (1.7). It is important to note that the

constant γ cannot be scaled out of the equations and that is the only trace left of the microscopic

model in the pde-system.

From the perturbational analysis we can guess how we should derive (1.7) as a universal

hydrodynamic limit. Fix a microscopic model with the previous assumptions (min η = 0 and
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reflection-symmetry), a small constant β > 0 and suppose that ρ(t, x), u(t, x) is solution of the

pde (1.7) with initial conditions

ρ(0, x) = ρ0(x), u(0, x) = u0(x).

If at time t = 0 the density-profiles of η, ζ approximate the functions n−2βρ0(·), n−βu0(·) then

at microscopic time n1+βt they should approximate the functions n−2βρ(t, ·), n−βu(t, ·). Note

that this is not Eulerian scaling! In Chapter 3 we give rigorous version of this statement. We

impose some additional technical conditions on our microscopic model and since we apply the

relative entropy method our result holds only in the regime of smooth solutions. There is another

constraint: the proof only works if γ > 1. Surprisingly (or maybe predictably) the γ = 1 value is

also a turning point in the behavior of the pde-system from the pde point of view (see Subsection

3.1.1). This is a good indication of the fact that the proof is not merely a simple application of

the relative entropy method, but also uses nontrivial elements of pde theory. In order to control

the fluctuations of some terms with Poissonian (rather than Gaussian) decay coming from the

low density approximations we have to apply refined pde estimates, in particular Lax entropies

of these pde systems play a key role in the main part of the proof.

The results of Chapter 3 may be interpreted as the description of the hydrodynamic behavior

for the perturbation of a singular equilibrium point. Indeed, the point (0, 0) (around which we

considered the perturbation) is not hyperbolic for the Eulerian pde (1.11), the Jacobian is a

multiple of the matrix (
0 0
1 0

)
.

However, most of the points in D are hyperbolic, thus it is a natural question to ask what

the behavior of the perturbation will be if we perform it around a ’common’ hyperbolic point.

Chapter 4 deals with this question. Applying standard perturbation techniques it can be shown

(at least formally) that small perturbations of the constant solutions of the Eulerian pde (1.8) at

a hyperbolic point (u0, v0) will evolve according to two decoupled partial differential equations

(usually Burgers’ equations). We show, that the hydrodynamic picture follows the formal

perturbation analysis. Take a microscopic model, and fix a small parameter β > 0. If the initial

density profiles are perturbations of order n−β of the constant (u0, v0) profile then rescaling time

by n1+β the evolution of the density profiles are governed by two decoupled equations in the

hydrodynamic limit. See Subsection 4.3.2 for more details and a precise formulation. The proof

is an application of the relative entropy method (thus it only applies in the regime of smooth

solutions) and it also strongly relies on the Onsager-type relations of Lemma 1 of Subsection

2.5.2. The reason for the decoupling of the resulting pde system is the hyperbolicity, basically,

the two different eigenvalues (sound speeds) cause the equations to separate. The result is an

extension of the results of [28] and [34] were the analogue result was proved for one-component

systems.
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1.4 Structure of the thesis

The PhD thesis is based on the three papers [35], [36] and [40] which are contained in Chapters

2, 3 and 4 without significant changes. This means that the respective chapters are more or

less self-contained, but also that there are some overlaps (mainly in the introductions and the

descriptions of the models). The first two papers are joint works with my supervisor Bálint

Tóth. [35] has been published, [36] and [40] are submitted for publication. We have another

published joint paper connected to this field: in [34] we give the analogue to the main result

of [40] for one component systems. Since in [40] we use similar techniques in a more complex

setting, we chose not to include the paper [34] in the thesis.



Chapter 2

Onsager Relations and Eulerian
Hydrodynamic Limit for Systems
with Several Conservation Laws†

We present the derivation of the hydrodynamic limit under Eulerian scaling for a general class

of one-dimensional interacting particle systems with two or more conservation laws. Following

Yau’s relative entropy method it turns out that in case of more than one conservation laws, in

order that the system exhibit hydrodynamic behavior, some particular identities reminiscent

of Onsager’s reciprocity relations must hold. We check validity of these identities whenever a

stationary measure with product structure exists. It also follows that, as a general rule, the

equilibrium thermodynamic entropy (as function of the densities of the conserved variables) is

a globally convex Lax entropy of the hyperbolic systems of conservation laws arising as hy-

drodynamic limit. The Onsager relations arising in this context and its consequences seem to

be novel. As concrete examples we also present a number of models modelling deposition (or

domain growth) phenomena. The fact that equilibrium thermodynamic entropy is Lax entropy

for the arising Euler equations was noticed earlier in the context of Hamiltonian systems with

weak noise, see [21].

2.1 Introduction

We investigate the hydrodynamic behavior of a very general class of one dimensional interacting

particle systems with two or more conserved observables. The systems are not reversible and

the hydrodynamic limit under Eulerian scaling is investigated. We apply Yau’s relative entropy

method and obtain validity of the hydrodynamic limit up to the occurrence of the first shock

wave in the solution of the limiting pde. There is no novelty in the standard steps of the relative

entropy proof, so we only sketch these. The real novelty appears when it turns out that, in case

of more than one conserved quantity, in order to complete the relative entropy proof, a class

†This chapter contains the published paper [35].

19
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of identities should hold, relating the macroscopic fluxes appearing in the hydrodynamic pdes.

These identities are much reminiscent of Onsager’s reciprocity relations. As far as we know

these relations have not been pointed out in the context mathematically rigorous Eulerian

hydrodynamics. We check the validity of these relations assuming only the existence of a

stationary product measure. As a consequence of the Onsager relations it follows that the

systems of partial differential equations (systems of conservation laws) arising as hydrodynamic

limit are by force of hyperbolic type and the equilibrium thermodynamic entropy of the system

(as function of the densities of the conserved quantities) is globally convex Lax entropy of the

hydrodynamic equations. This fact may be not so surprising, as it is commonly accepted physical

fact. So much so that hyperbolic systems of conservation laws possessing a globally convex Lax

entropy are commonly called of physical type, see [29]. In the context of Hamiltonian systems

perturbed by a weak noise a similar result was established in [21]. Nevertheless, as far as we

know, this fact has not been emphasized in the context of mathematically rigorous derivation of

hydrodynamic behavior. It is worth noting that given a hyperbolic system of conservation laws

the existence of convex Lax entropies is far from trivial: in the case of two component systems

the local existence of convex Lax entropies was established in the very technical work [17]. In

case of more than two components in general the pdes defining Lax entropies are overdetermined,

so in general Lax entropies do not exist at all. It turns out from our result that the hyperbolic

systems of conservation laws arising as hydrodynamic limit are of very special type: they always

possess a globally convex Lax entropy, namely the equilibrium thermodynamic entropy of the

system.

Beside the general framework we also present a number of concrete examples of deposi-

tion models with two conserved quantities to which the general result applies, deriving in this

way systems of pdes (hyperbolic systems of conservation laws) which describe macroscopically

domain growth phenomena in 1+1 dimension.

Our general results are easily extended to more than one dimensions, however the formalism

becomes more complicated. We were mostly motivated by the (one dimensional) deposition

models presented as concrete examples.

The paper is organized as follows: In section 2.2 we present the general formalism and the

conditions under which the hydrodynamic limit is derived. In section 2.3 we state the main

results of the paper. In section 2.4 we present a number of concrete examples to which the

general framework applies. We hope that the models introduced in this section could be of

interest in the context of deposition/domain growth phenomena. In section 2.5 we sketch the

proof of the main result formulated in section 2.3. The sketchy proof is broken up into several

parts. We only hint at the standard steps of the relative entropy proof, referring the reader

to the original work [41] or the monographs [13] or [6]. The essential parts of this section are

subsections 2.5.2 and 2.5.3 where the Onsager relations and their consequences are derived.

Finally, in section 2.6 we extend the results formulated in the previous sections from two to

arbitrary number of conserved quantities.
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2.2 Microscopic models

2.2.1 State space, conserved quantities

Throughout this paper we denote by Tn the discrete tori Z/nZ, n ∈ N, and by T the continuous

torus R/Z. We will denote the local spin state by Ω, we only consider the case when Ω is finite.

The state space of the interacting particle system is

Ωn := ΩT
n

.

Configurations will be denoted

ω := (ωj)j∈Tn ∈ Ωn
,

For sake of simplicity we consider discrete (integer valued) conserved quantities only. The two

conserved quantities are denoted by

ζ : Ω → Z,

η : Ω → Z,

we also use the notations ζj = ζ(ωj), ηj = η(ωj). This means that the sums
∑

j ζj and
∑

j ηj

are conserved by the dynamics. We assume that the conserved quantities are different and

non-trivial, i.e. the functions ζ, η and the constant function 1 on Ω are linearly independent.

2.2.2 Rate function, infinitesimal generator

We consider the rate function r : Ω × Ω × Ω × Ω → R+. The dynamics of the system consists

of elementary jumps effecting nearest neighbor spins, (ωj , ωj+1) −→ (ω′j , ω
′
j+1), performed with

rate r(ωj , ωj+1;ω′j , ω
′
j+1).

We require that the rate function r satisfy the following conditions.

(A) If r(ω1, ω2; ω′1, ω
′
2) > 0 then

ζ(ω1) + ζ(ω2) = ζ(ω′1) + ζ(ω′2),
η(ω1) + η(ω2) = η(ω′1) + η(ω′2).

(2.1)

(B) For every Z ∈ n[min ζ, max ζ] ∩ Z, N ∈ n[min η, max η] ∩ Z the set

Ωn
Z,N :=



ω ∈ Ωn :

∑

j∈Tn

ζj = Z,
∑

j∈Tn

ηj = N





is an irreducible component of Ωn, i.e. if ω, ω′ ∈ Ωn then there exists a series of elementary

jumps with positive rates transforming ω into ω′.

(C) There exists a probability measure π on Ω such that it puts positive weight on every element

of Ω and for any ω1, ω2, ω′1, ω′2 ∈ Ω

Q(ω1, ω2) + Q(ω2, ω3) + Q(ω3, ω1) = 0,
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where

Q(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

{
π(ω′1)π(ω′2)
π(ω1)π(ω2)

r(ω′1, ω
′
2; ω1, ω2)− r(ω1, ω2; ω′1, ω

′
2)

}

For a precise formulation of the infinitesimal generator on Ωn we first define the map Θω′,ω′′
j :

Ωn → Ωn for every ω′, ω′′ ∈ Ω, j ∈ Tn:

(
Θω′,ω′′

j ω
)

i
=





ω′ if i = j
ω′′ if i = j + 1
ωi if i 6= j, j + 1.

The infinitesimal generator of the process defined on Ωn is

Lnf(ω) =
∑

j∈Tn

∑

ω′,ω′′∈Ω

r(ωj , ωj+1;ω′, ω′′)(f(Θω′,ω′′
j ω)− f(ω)).

We denote by X n
t the Markov process on the state space Ωn with infinitesimal generator Ln.

Remarks:

(1) Condition (A) implies that
∑

j ζj and
∑

j ηj are indeed conserved quantities of the dynamics,

while condition (B) ensures that there are no other hidden conservation laws.

(2) Condition (B) is somewhat implicit. It seems to us that it is far not trivial (if not impossible)

to formulate explicit conditions involving the rate functions which would be necessary and

sufficient for irreducibility. However, in the concrete examples treated in section 2.4 one

can easily check that irreducibility holds.

(3) On a concrete model condition (C) is quite hard to check. Sometimes it helps to check the

following stronger condition:

(C’) There exists a probability measure π on Ω such that for any ω1, ω2, ω′1, ω′2 ∈ Ω

π(ω1)π(ω2)r(ω1, ω2; ω′1, ω
′
2) = π(ω′2)π(ω′1)r(ω

′
2, ω

′
1;ω2, ω1).

Also, if we denote R(ω1, ω2) :=
∑

ω′1,ω′2∈Ω r(ω1, ω2; ω′1, ω
′
2) then for any ω1, ω2, ω3 ∈ Ω

R(ω1, ω2) + R(ω2, ω3) + R(ω3, ω1) = R(ω1, ω3) + R(ω3, ω2) + R(ω2, ω1).

Of course, this implies condition (C).

(4) Condition (C) implies that the stationary measures of the process X n
t are computable and

have the structure required for hydrodynamic behavior. Actually, it is equivalent to the

property that X n
t has a stationary product measure with identical marginals. See the next

subsection for details. Another consequence of this condition is Lemma 1 which turns out

to be of crucial importance for hydrodynamic behavior.

(4) Conditions (A), (B) and (C) determine the measure π(ω) up to an exponential distortion,

that is the probability measures satisfying these conditions are of the form (2.2) of the next

subsection.
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2.2.3 Stationary measures, reversed process

For every θ, τ ∈ R let G(θ, τ) be the moment generating function defined below:

G(θ, τ) := log
∑

ω∈Ω

eθζ(ω)+τη(ω)π(ω).

In thermodynamic terms G(θ, τ) corresponds to the Gibbs free energy, see [25]. We define the

probability measures

πθ,τ (ω) := π(ω) exp(θζ(ω) + τη(ω)−G(θ, τ)) (2.2)

on Ω.

Using condition (C), by very similar considerations as in [1], [2], [26] or [34] one can show

that for any θ and τ the product measure

πn
θ,τ :=

∏

j∈Tn

πθ,τ

is stationary for the Markov process on X
n

t on Ωn with infinitesimal generator Ln. We will

refer to these measures as the canonical measures. Since
∑

j ζj and
∑

j ηj are conserved the

canonical measures on Ωn are not ergodic. The conditioned measures defined on Ωn
Z,N by:

πn
Z,N (ω) := πn

θ,τ


ω

∣∣∣∣∣∣
∑

j

ζj = Z,
∑

j

ηj = N


 =

πn
θ,τ (ω)11{ω ∈ Ωn

Z,N}
πn

θ,τ (Ω
n
Z,N )

are also stationary and due to condition (B) satisfied by the rate functions they are also ergodic.

We shall call these measures the microcanonical measures of our system. (It is easy to see that

the measure πn
Z,N does not depend on the values of θ, τ .)

The elementary movements of the reversed stationary process are (ωj−1, ωj) −→ (ω′j−1, ω
′
j)

with rate r(ωj , ωj−1; ω′j , ω
′
j−1). The reversed generator is

Ln∗f(ω) =
∑

j∈Tn

∑

ω′,ω′′∈Ω

r(ωj , ωj−1; ω′′, ω′)(f(Θω′,ω′′
j−1 ω)− f(ω)).

This is the adjoint of the operator Ln with respect to all microcanonical (and canonical) mea-

sures. I.e. the reversed process is the same for any πn
θ,τ or πn

Z,N .

2.2.4 Expectations

Expectation, variance, covariance with respect to the measures πn
θ,τ will be denoted by Eθ,τ (.),

Varθ,τ (.), Covθ,τ (.).

We compute the expectations of the conserved quantities with respect to the canonical

measures, as functions of the parameters θ and τ :

u(θ, τ) := Eθ,τ (ζ) =
∑

ω∈Ω

ζ(ω)πθ,τ (ω) = G′
θ(θ, τ),

v(θ, τ) := Eθ,τ (η) =
∑

ω∈Ω

η(ω)πθ,τ (ω) = G′
τ (θ, τ).
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Elementary calculations show, that the matrix-valued function
(

u′θ u′τ
v′θ v′τ

)
=

(
G′′

θθ G′′
θτ

G′′
θτ G′′

ττ

)
=: G′′(θ, τ)

is equal to the covariance matrix Covθ,τ (ζ, η) and therefore it is strictly positive definit. It

follows that the function (θ, τ) 7→ (u(θ, τ), v(θ, τ)) is invertible. We denote the inverse function

by (u, v) 7→ (θ(u, v), τ(u, v)). Denote by (u, v) 7→ S(u, v) the convex conjugate (Legendre

transform) of the strictly convex function (θ, τ) 7→ G(θ, τ):

S(u, v) := sup
θ,τ

(
uθ + vτ −G(θ, τ)

)
, (2.3)

and

D := {(u, v) ∈ R+ × R : S(u, v) < ∞} (2.4)

= co{(ζ(ω), η(ω)) : ω ∈ Ω},
where co stands for convex hull. In probabilistic terms: S(u, v) is the rate function for joint large

deviations of (
∑

j ζj ,
∑

j ηj). In thermodynamic terms: S(u, v) corresponds to the equilibrium

thermodynamic entropy, see [25]. If (u, v) is inside the physical domain D, we have

θ(u, v) = S′u(u, v), τ(u, v) = S′v(u, v).

Let (
θ′u θ′v
τ ′u τ ′v

)
=

(
S′′uu S′′uv

S′′uv S′′vv

)
=: S′′(u, v).

It is obvious that the matrices G′′(θ, τ) and S′′(u, v) are strictly positive definit and are inverse

of each other:

G′′(θ, τ)S′′(u, v) = I, (2.5)

where either (θ, τ) = (u(θ, τ), v(θ, τ)) or (u, v) = (θ(u, v), τ(u, v)). With slight abuse of notation

we shall denote: πθ(u,v),τ(u,v) =: πu,v, πn
θ(u,v),τ(u,v) =: πn

u,v, Eθ(u,v),τ(u,v) =: Eu,v, etc.

We introduce the flux of the conserved quantities. The infinitesimal generator Ln acts on

the conserved quantities as follows:

Lnζi = −φ(ωi, ωi+1) + φ(ωi−1, ωi) =: −φi + φi−1,

Lnηi = −ψ(ωi, ωi+1) + ψ(ωi−1, ωi) =: −ψi + ψi−1,

where

φ(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

r(ω1, ω2; ω′1, ω
′
2)(ζ(ω′2)− ζ(ω2))

=
∑

ω′1,ω′2∈Ω

r(ω1, ω2; ω′1, ω
′
2)(ζ(ω1)− ζ(ω′1)),

ψ(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

r(ω1, ω2; ω′1, ω
′
2)(η(ω′2)− η(ω2))

=
∑

ω′1,ω′2∈Ω

r(ω1, ω2; ω′1, ω
′
2)(η(ω1)− η(ω′1)).

(2.6)
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We shall denote the expectations of these functions with respect to the canonical measure π2

u,v

by

Φ(u, v) := Eu,v(φ)
=

∑
ω1,ω2,
ω′1,ω′2

∈Ω

r(ω1, ω2; ω′1, ω
′
2)(ζ(ω′2)− ζ(ω2))πu,v(ω1)πu,v(ω2),

Ψ(u, v) := Eu,v(ψ)
=

∑
ω1,ω2,
ω′1,ω′2

∈Ω

r(ω1, ω2; ω′1, ω
′
2)(η(ω′2)− η(ω2))πu,v(ω1)πu,v(ω2).

(2.7)

The first derivative matrix of the fluxes Φ and Ψ will be denoted

D(u, v) :=
(

Φ′u Φ′v
Ψ′

u Ψ′
v

)
(2.8)

As a general convention, if δ : Ωm → R is a local function then its expectation with respect

to the canonical measure π
m

u,v is denoted by

∆(u, v) := Eu,v(δ) =
∑

ω1,...,ωm∈Ωm

δ(ω1, . . . , ωm)πu,v(ω1) · · ·πu,v(ωm).

2.3 The hydrodynamic limit

We will show, applying Yau’s relative entropy method, that under Eulerian scaling the local

densities of the conserved quantities u(t, x), v(t, x) evolve according to the following system of

partial differential equations:
{

∂tu + ∂xΦ(u, v) = 0
∂tv + ∂xΨ(u, v) = 0.

(2.9)

It also turns out from our proof (more precisely as a consequence of the Onsager relations proved

in Lemma 1) that the systems of conservation laws (2.9) arising as hydrodynamic limits are nec-

essarily of hyperbolic type and the equilibrium thermodynamic entropy function (u, v) 7→ S(u, v)

is a (very special) globally convex Lax entropy for the system (2.9). (See [29] or [30] for the pde

notions used.) This may be not so surprising, as it is commonly accepted fact and drops out

automatically, without any computations in some particular model systems investigated so far.

Nevertheless, we have not found a general statement or proof of this fact in the hydrodynamic

limit literature.

2.3.1 Notations

For the proper formulation of our results we need some more notations. Let u(t, x), v(t, x), t ∈
[0, T ], x ∈ T be a smooth solution of (2.9) (more precisely: let it be twice continuously differen-

tiable in both variables). We shall use the notations

θ(t, x) := θ(u(t, x), v(t, x))

τ(t, x) := τ(u(t, x), v(t, x)).
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The true distribution of the Markov process X n
s at macroscopic time t, i.e., at microscopic

time nt is

µn
t := µn

0 exp {ntLn} . (2.10)

The true distribution will be compared to the following time dependent reference measure

(also called local equilibrium) on Ωn:

νn
t :=

∏

j∈Tn

πu(t, j
n

),v(t, j
n

). (2.11)

This measure is not stationary (unless u and v are constant), and the local densities of the

conserved quantities are discrete approximations of the functions u(t, x), v(t, x).

We shall use a stationary measure πn := πn
0,0 on Ωn as an absolute reference measure. The

Radom-Nikodym derivatives of the true distribution and the time dependent reference measure

with respect to the absolute referencee measure are denoted as follows:

hn
t :=

dµn
t

dπn
(ω) = exp{ntLn∗}hn

0 .

fn
t :=

dνn
t

dπn
(ω) (2.12)

=
∏

j∈Tn

exp{ζ(ωj)θ(t,
j

n
) + η(ωj)τ(t,

j

n
)−G(θ(t,

j

n
), τ(t,

j

n
))}

2.3.2 The main result

Our aim is to prove that if µn
0 is close to νn

0 in the sense of relative entropy, then µn
t stays close

to νn
t in the same sense uniformly for t ∈ [0, T ]. If we consider two different pairs of smooth

solutions (ui(t, x), vi(t, x)), i = 1, 2 of (2.9) it is a simple exercise to show that the relative

entropy of the two time dependent reference measures is of order ³ n. This suggests that one

should prove

Hn(t) := H(µn
t |νn

t ) = o(n), (2.13)

uniformly for t ∈ [0, T ].

Theorem 1. Consider an interacting particles system model defined as in the previous section

which satisfies conditions (A), (B) and (C). Let Φ(u, v) and Ψ(u, v) be defined as in (2.7).

(i) The system of conservation laws (2.9) is hyperbolic inside the domain (u, v) ∈ D. Further-

more, the equilibrium thermodynamic entropy (u, v) 7→ S(u, v) is a globally convex Lax entropy

for the system (2.9).

(ii) Let [0, T ] × T 3 (t, x) 7→ (u(t, x), v(t, x)) be a smooth solution of (2.9), and let µn
t and νn

t

be the measures defined in (2.10), respectively, (2.11). Then, if (2.13) holds for t = 0 then it

will hold uniformly for t ∈ [0, T ].



2.4. EXAMPLES: DEPOSITION MODELS 27

Remark: Part (i) of the Theorem is commonly accepted fact. In some particular models

investigated it simply drops out without any computation. However, we do not know about

any explicit formulation (or proof) of the general fact stated here.

From part (ii) of the Theorem, by applying the entropy inequality in a standard way (com-

paring the true measure µn
t with the local equilibrium reference measure νn

t ) one gets the

following corollary:

Corollary 1. Under the conditions of the Theorem, for any t ∈ [0, T ], the following limits hold

as n →∞:

(i) For any smooth test function g : T→ R

1
n

∑

j∈Tn

g(j/n)ζj(t)
P−→

∫

T
g(x)u(t, x) dx,

1
n

∑

j∈Tn

g(j/n)ηj(t)
P−→

∫

T
g(x)v(t, x) dx.

(ii) The asymptotics of the relative entropy of the true distribution µn
t with respect to the absolute

reference measure πn
u0,v0

is

n−1H(µn
t |πn

u0,v0
) →

∫

T
(
S(u(t, x), v(t, x))− S(u0, v0)

)
dx, (2.14)

where S(u, v) is the thermodynamic entropy defined in (2.3).

Remarks.

(1) Note that since S(u, v) is Lax entropy of the pde (2.9) the right hand side of (2.14) does not

change in time as long as the solution (u(t, x), v(t, x)) of (2.9) is smooth, and starts to decrease

when the first shock appears. This means that the relative entropy H(µn
t |πn

u0,v0
) decreases by

o(n) before the appearance of the first shock in the system.

(2) A result formally similar to (2.14) for one component systems (in particular simple exclusion

process) was established in [14] for all times - even after the appearance of discontinuities in the

solution of the hydrodynamic pde. In this paper it is also proved that for the simple exclusion

the relative entropy with respect to the local equilibrium measure conditioned on the number

of particles remains o(n) even after appearance of shocks.

2.4 Examples: deposition models

If we fix the size of the spin space, then we have finitely many equations from the conditions on

the rate function, thus we can get a finite-parameter family of models. The smallest value of

|Ω|, for which there exists a proper model is 3, since we need to have two different non-trivial

conserved quantities. We present two concrete examples: one with |Ω| = 3, one with |Ω| = 4. A

third example with |Ω| = ∞, to which Theorem 1 applies with some modifications, is described

in [38].
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Our concrete examples are deposition models. η : Ω → N, and ζ : Ω → Z. ηj , respectively,

ζj are interpreted as particle occupation number, respectively, (negative) discrete gradient of

deposition height. The dynamical driving mechanism is such that

(i) The deposition height growth is influenced by the local particle density. Typically: growth

is enhanced by higher particle densities.

(ii) The particle motion is itself influenced by the deposition profile. Typically: particles are

pushed in the direction of the negative gradient of the deposition height.

It is natural to assume left-right symmetry of the models. This is realized in the following

way. There is an involution

R : Ω → Ω, R ◦R = Id

which acts on the conserved quantities and the jump rates as follows:

η(Rω) = η(ω), ζ(Rω) = −ζ(ω),

r(Rω2, Rω1;Rω′2, Rω′1) = r(ω1, ω2; ω′1, ω
′
2). (2.15)

Both models will also satisfy the stronger condition (C’).

Correspondingly on the macroscopic level we shall use the traditional notation ρ(t, x) (in-

stead of v(t, x) of the general formulation) and u(t, x). The limiting partial differential equations

will be also invariant under the left-right reflection symmetry:
(
ρ(t, x), u(t, x)

) 7→ (
ρ(t,−x),−u(t,−x)

)
.

2.4.1 A model with |Ω| = 3

The state space is Ω = {−1, 0, 1}. The left-right reflection symmetry is implemented by R : Ω →
Ω, Rω = −ω. The two conserved quantities are ζ(ω) = ω (the spin itself) and η(ω) = 1 − |ω|
(the number of zeros). (It is easy to see that up to linear combinations these are the only two

conserved quantities we can define on Ω.) From condition (A) it follows that r(ω1, ω2;ω′1, ω
′
2) > 0

only if ω′1 = ω2 and ω′2 = ω1. I.e. the dynamics consists of exchanges of nearest neighbour

spins. It follows that, without any restriction on the rates, the first part of condition (C’) is

satisfied with any probability measure π on Ω. Our natural parametrization is

πρ,u(0) = ρ, πρ,u(±1) =
1− ρ± u

2
,

with the parameter range {(ρ, u) : ρ ∈ [0, 1], u ∈ [−1, 1], ρ + |u| ≤ 1}.
The second part of condition (C’) is fulfilled if and only if

r(1,−1;−1, 1)− r(−1, 1; 1,−1)

= r(1, 0; 0, 1)− r(0, 1; 1, 0) + r(0,−1;−1, 0)− r(−1, 0; 0,−1)

holds. The reflection symmetry condition (2.15) reads

r(1, 0; 0, 1) = r(0,−1;−1, 0), r(0, 1; 1, 0) = r(−1, 0; 0,−1).
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These conditions leave us with

r(1,−1;−1, 1) = a, r(−1, 1; 1,−1) = 2c + a,
r(0,−1;−1, 0) = b, r(−1, 0; 0,−1) = c + b,

r(1, 0, 0, 1) = b, r(0, 1, 1, 0) = c + b,

where a, b ≥ 0 and c ≥ max{−b,−a/2} are free parameters. Without loss of generality we may

choose c ≥ 0 (otherwise, rename ω̃ := −ω). It is easy to check that condition (B) is satisfied if

and only if (a + 2c)(b + c) > 0. We are not interested in the c = 0 case, since that defines the

reversible process which would imply diffusive rather than hyperbolic (Eulerian) scaling. By

fixing an appropriate time scale we choose c = 1. It is easy to compute the microscopic fluxes

φj and ψj given by formula (2.6):

φj =
1
2

(ωj − ωj+1) ((ωj − 1)(1 + ωj+1)− 2aωjωj+1 + 2b (1 + ωjωj+1)) ,

ψj = b(ω2
j+1 − ω2

j ) +
1
2
(1− ωj)(1 + ωj+1)(ωj + ωj+1)

The macroscopic fluxes are computed with formula (2.7. Inserted in (2.9) this leads to the

hydrodynamic equation:

{
∂tρ + ∂x(ρu) = 0
∂tu + ∂x(ρ + u2) = 0.

(2.16)

This system is known in the pde community as Leroux’s equation. The system has some very

special features: it belongs to the so-called Temple class and it was much investigated. For

details see [29]. Validity of this pde in the hydrodynamic limit up to the occurrence of shocks

follows from our general Theorem.

Remark: It is an easy exercise to see that all models with |Ω| = 3 satisfying the general

conditions (A, B, C), without the extra assumption of left-right reflection symmetry, are essen-

tially equivalent, in the sense that in the hydrodynamic limit they lead to pde-s which can be

transformed to (2.16) by linear combinations of the functions involved.

2.4.2 A finite bricklayer model

In the following example we give a finite version of the infinite bricklayers model introduced

in [38]. Let Ω = {0, 1} × {−1, 1}. The elements of Ω will be denoted ω =: (η, ζ). Left-right

reflection symmetry is implemented as R : Ω → Ω, R(η, ζ) = (η,−ζ). The conserved quantities

are ζ(ω) = ζ and η(ω) = η. Condition (A) leaves twenty (possibly) non-zero rates. Due to the

left-right reflection symmetry conditions eight pairs of rates are equal. Using the notation

r(ω1, ω2; ω′1, ω
′
2) = r

(
η1
ζ1

,
η2
ζ2

; η′1
ζ′1

,
η′2
ζ′2

,
)
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in the following table we list the (possibly) non-zero rates, parameterized by twelve nonnegative

parameters.

r
(

0−, 0
+; 0

+, 0−
)

= a, r
(

0
+, 0−; 0−, 0

+

)
= b,

r
(

1−, 1
+; 1

+, 1−
)

= c, r
(

1
+, 1−; 1−, 1

+

)
= d,

r
(

0−, 1
+; 0

+, 1−
)

= e, r
(

1−, 0
+; 1

+, 0−
)

= e,

r
(

0
+, 1−; 0−, 1

+

)
= f, r

(
1
+, 0−; 1−, 0

+

)
= f,

r
(

0−, 1−; 1−, 0−
)

= p, r
(

1
+, 0

+; 0
+, 1

+

)
= p,

r
(

0
+, 1

+; 1
+, 0

+

)
= q, r

(
1−, 0−; 0−, 1−

)
= q,

r
(

0
+, 1−; 1

+, 0−
)

= r, r
(

1
+, 0−; 0

+, 1−
)

= r,

r
(

0−, 1
+; 1−, 0

+

)
= s, r

(
1−, 0

+; 0−, 1
+

)
= s,

r
(

0−, 1
+; 1

+, 0−
)

= x, r
(

1−, 0
+; 0

+, 1−
)

= x,

r
(

0
+, 1−; 1−, 0

+

)
= y, r

(
1
+, 0−; 0−, 1

+

)
= y.

All the other jump rates are zero.

It is easy to check that the first part of condition (C’) imposes

r = s (2.17)

and no other restriction. It also follows that the measures πρ,u are of the product form

πρ,u(η, ζ) =
(
ηρ + (1− η)(1− ρ)

)1 + ζu

2
, η = 0, 1, ζ = +,−, (2.18)

with the parameters ρ ∈ (0, 1), u ∈ (−1, +1).

Another straightforward computation shows that the second part of condition (C’) reads

c + f + p + y = d + e + q + x
a + f + q + y = b + e + p + x

(2.19)

So, we are left with a nine-parameter family of models. Given the formulas (2.6) we compute

the fluxes φj and ψj . Using the conditions (2.17) and (2.19) eventually we get

2φj = (b− a) + (p− q)(ηj + ηj+1)− (b + a)(ζj+1 − ζj)

+(a + b− e− f − x− y)(ηj + ηj+1)(ζj+1 − ζj) + (a− b)ζj+1ζj

−(a + b + c + d− 2e− 2f − 2x− 2y)ηjηj+1(ζj+1 − ζj)

−(p− q)(ηj + ηj+1)ζj+1ζj

4ψj = −(p + q + r + s + x + y)(ηj+1 − ηj)

+(p− q)(ηj + ηj+1)(ζj + ζj+1) + (y − x)(ηj+1 − ηj)(ζj+1 − ζj)

−2(p− q)ηjηj+1(ζj + ζj+1)

−(p + q − r − s− x− y)(ηj+1 − ηj)ζj+1ζj
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The macroscopic fluxes are again explicitly computable. From (2.7) and (2.18) we get

Φ(ρ, u) =
(
(p− q)ρ− (a− b)/2

)(
1− u2

)
,

Ψ(ρ, u) = (p− q)ρ(1− ρ)u.

Without loss of generality we may assume p−q ≥ 0 (otherwise rename the microscopic variables

η̃j := ηj , ζ̃j := −ζj). Further on, p = q leads to diffusive rather then hyperbolic (Eulerian)

scaling of the particle density, so we are interested in the p > q cases only. By setting the

appropriate time scale we can choose p − q = 1 and denote γ := a−b
2(p−q) . So, eventually we get

the system of pdes
{

∂tρ + ∂x

(
ρ(1− ρ)u

)
= 0

∂tu + ∂x

(
(ρ− γ)(1− u2)

)
= 0

(2.20)

In [23] another family of four-state models with two conserved quantities, the so-called two

channel traffic models are analyzed. These models also satisfy conditions (A), (B) and (C). As

a consequence our general Theorem is applicable to the two channel traffic models, too.

About the relation of our four state deposition models (treated in this subsection) and the

two channel traffic models treated in [23]: Due to the different symmetry conditions imposed

— we impose the left-right reflection symmetry described in the first paragraph of this section,

while in [23] symmetry between the two traffic channels is imposed — the two families of

models do not intersect. The one parameter family of partial differential equations derived

in [23] essentially differs form our partial differential equations (2.20). (Actually there is no

parameter value for which the two pde-s are equivalent.) However, the two families of models

show many similarities and do have common generalizations.

2.5 Sketch of proof

The present section is divided into four subsections. In subsection 2.5.1 we present the first

steps of the ‘relative entropy method’ applied. As there is no real novelty in this part, we only

list the main steps without the computational details which are essentially the same as in the

original work [41] of Yau or in Chapter 6 of [13] or in [6].

It turns out that for a general two (or more) component system some identity relating the

macroscopic fluxes Φ and Ψ is essentially needed for completing the proof. These relations

are reminiscent of Onsager’s reciprocity relations of nonequilibrium thermodynamics, see e.g.

Chapter 10.D of [25]. However an essential difference is worth noting: while the traditional

Onsager relations are derived under the condition of reversibility of the microscopic dynamics,

in our case conditions (A) and (C) are involved which do not imply reversibility by any means.

Seemingly, these relations were not explicitly noted so far in the context of mathematically

rigorous hydrodynamic limits. This omission is probably explained by the fact that in the

concrete models investigated so far these identities just dropped out without any computations.
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In subsection 2.5.2 we prove that under the conditions (A) and (C) these identities hold

in general. We shall refer to these identities as Onsager relations. It also follows from these

identities that the systems of partial differential equations arising as hydrodynamic limits un-

der Eulerian scaling are indeed of hyperbolic type and the thermodynamic equilibrium entropy

S(u, v) is globally convex Lax entropy of the hydrodynamic equations, as it is commonly as-

sumed. In subsection 2.5.3 we formulate the consequences of the Onsager relations which are

crucial for the further steps of the proof of the hydrodynamic limit.

Finally, in subsection 2.5.4 we sketch the last steps of the proof. Here again we follow the

standard steps of the relative entropy method, so we omit all computational details, referring

only to the main stations of the proof. For the computational details of subsections 2.5.1 and

2.5.4 we refer the reader to Chapter 6. of [13] or to [6]. However, we warn the reader that the

omitted details (in particular the last two steps: the control of the block replacement and the

one-block estimate) are rather sophisticated and mathematically deep.

2.5.1 First transformations

In order to obtain the main estimate (2.13) our aim is to get a Grömwall type inequality: we

will prove that for every t ∈ [0, T ]

Hn(t)−Hn(0) ≤ C

∫ t

0
Hn(s)ds + o(n), (2.21)

where the error term is uniform in t ∈ [0, T ]. Because it is assumed that Hn(0) = o(n), the

Theorem follows.

For proving (2.21) we try to bound (from above) ∂tH
n(s) by const ·Hn(s)+o(n), uniformly

for s ∈ [0, T ]. We start form the inequality (2.22) which is derived in [13] under very general

conditions, valid in our case.

∂tH
n(t) ≤ n

∫

Ωn

Ln∗fn
t

fn
t

dµn
t −

∫

Ωn

∂tf
n
t

fn
t

dµn
t . (2.22)

Next we transform the two terms appearing on the right hand side of (2.22). Equation (2.23)

follows form the smoothness of the functions θ(t, x) and τ(t, x) and from the entropy inequality

applied to the measures µn
t compared with the absolute reference measure πn. (Since Ω is finite

and π puts positive weight on every element it is easy to show that H(µn
0 |πn) < Cn with an

absolute constant C. The measure πn is stationary, thus we have the same bound for H(µn
t |πn)

uniformly for 0 ≤ t ≤ T .)∗

n

∫

Ωn

Ln∗fn
t

fn
t

dµn
t = −

∑

j∈Tn

∂xθ(t, j/n)
∫

Ωn

φjdµn
t (2.23)

−
∑

j∈Tn

∂xτ(t, j/n)
∫

Ωn

ψjdµn
t

+O (1)
∗In the original paper [34] H(µn

0 |πn) < Cn was assumed in the theorem, but as we can see, this is unneeded.
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Equation (2.24) follows from direct computation of the time derivative of the function fn
t .

∫

Ωn

∂tf
n
t

fn
t

dµn
t =

∑

j∈Tn

∂tθ(t, j/n)
∫

Ωn

(ζj − u(t, j/n))dµn
t (2.24)

+
∑

j∈Tn

∂tτ(t, j/n)
∫

Ωn

(ηj − v(t, j/n))dµn
t

Next we replace the local variables φj and ψj in (2.23), respectively, ζj and ηj in (2.24) by their

block averages defined as follows: if δj is a local microscopic variable its block average is defined

as

δl
j :=

δj + · · ·+ δj+l−1

l
.

In the following two block-replacements we use again the smoothness of the functions θ(t, x)

and τ(t, x) and the entropy inequality applied to the measures µn
t compared with the absolute

reference measure πn.

n

∫

Ωn

Ln∗fn
t

fn
t

dµn
t = −

∑

j∈Tn

∂xθ(t, j/n)
∫

Ωn

φl
jdµn

t (2.25)

−
∑

j∈Tn

∂xτ(t, j/n)
∫

Ωn

ψl
jdµn

t

+O (l)

∫

Ωn

∂tf
n
t

fn
t

dµn
t =

∑

j∈Tn

∂tθ(t, j/n)
∫

Ωn

(ζ l
j − u(t, j/n))dµn

t (2.26)

+
∑

j∈Tn

∂tτ(t, j/n)
∫

Ωn

(ηl
j − v(t, j/n))dµn

t

+O (l)

The last transformation of this first, preparatory part is replacing in (2.25) the block averages

φl
j , respectively, ψl

j by their equilibrium averages computed at the empirical densities, Φ(ζ l
j , η

l
j),

respectively, Ψ(ζ l
j , η

l
j). The error terms appearing in the third and fourth lines of the right hand

side of (2.27) are the most important error terms to be controlled by the so called one block

estimate towards the end of the proof.

n

∫

Ωn

Ln∗fn
t

fn
t

dµn
t = −

∑

j∈Tn

∂xθ(t, j/n)
∫

Ωn

Φ(ζ l
j , η

l
j)dµn

t (2.27)

−
∑

j∈Tn

∂xτ(t, j/n)
∫

Ωn

Ψ(ζ l
j , η

l
j)dµn

t

−
∑

j∈Tn

∂xθ(t, j/n)
∫

Ωn

(
φl

j − Φ(ζ l
j , η

l
j)

)
dµn

t

−
∑

j∈Tn

∂xτ(t, j/n)
∫

Ωn

(
ψl

j −Ψ(ζ l
j , η

l
j)

)
dµn

t

+O (l)
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Before going on with the standard steps of the relative entropy proof we need to make a

detour.

2.5.2 An Onsager type identity

Lemma 1. Suppose we have a particle system with two conserved quantities and rates satisfying

conditions (A) and (C). Then there exists a potential function (θ, τ) 7→ U(θ, τ) such that

Φ(θ, τ) := Φ(u(θ, τ), v(θ, τ)) = U ′
θ,

Ψ(θ, τ) := Ψ(u(θ, τ), v(θ, τ)) = U ′
τ ,

(2.28)

or, equivalently

Φ′τ = Ψ′
θ. (2.29)

Proof. We prove (2.29). Throughout the forthcoming proof we adopt the notation ζj := ζ(ωj),

ζ ′j := ζ(ω′j), etc.

From the definitions

πθ,τ (ω1)πθ,τ (ω2) = exp{θ(ζ1 + ζ2) + τ(η1 + η2)− 2G(θ, τ)}π(ω1)π(ω2),

and

(
πθ,τ (ω1)πθ,τ (ω2)

)′
θ

=

π(ω1)π(ω2)eθ(ζ1+ζ2)+τ(η1+η2)−2G(θ,τ) {(ζ1 + ζ2)− 2u(θ, τ)} =

π(ω1)π(ω2)
Z(θ, τ)3

∑

ω3∈Ω

π(ω3)(ζ1 + ζ2 − 2ζ3)eθ(ζ1+ζ2+ζ3)+τ(η1+η2+η3),

where Z(θ, τ) = exp{G(θ, τ)}. Similarly,

(
πθ,τ (ω1)πθ,τ (ω2)

)′
τ

=

π(ω1)π(ω2)
Z(θ, τ)3

∑

ω3∈Ω

π(ω3)(η1 + η2 − 2η3)eθ(ζ1+ζ2+ζ3)+τ(η1+η2+η3).

Hence

Φ′τ (θ, τ) =
1

Z(θ, τ)3
∑

ω1,ω2,ω3∈Ω

π(ω1)π(ω2)π(ω3)eθ(ζ1+ζ2+ζ3)+τ(η1+η2+η3)

× (η1 + η2 − 2η3)
∑

ω′1,ω′2∈Ω

r(ω1, ω2, ω
′
1, ω

′
2)(ζ

′
2 − ζ2),

Ψ′
θ(θ, τ) =

1
Z(θ, τ)3

∑

ω1,ω2,ω3∈Ω

π(ω1)π(ω2)π(ω3)eθ(ζ1+ζ2+ζ3)+τ(η1+η2+η3)

× (ζ1 + ζ2 − 2ζ3)
∑

ω′1,ω′2∈Ω

r(ω1, ω2, ω
′
1, ω

′
2)(η

′
2 − η2),
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For the proof of the lemma it is enough to prove for any Z ∈ [3 min ζ, 3max ζ] and N ∈
[3min η, 3max η] the following expression equals to 0:

∑

ω1,ω2,ω3,ω′1,ω′2∈Ω:
ζ1+ζ2+ζ′=Z
η1+η2+η′=N

π(ω1)π(ω2)π(ω3)r(ω1, ω2;ω′1, ω
′
2) (2.30)

× (
(η1 + η2 − 2η3)(ζ ′2 − ζ2)− (ζ1 + ζ2 − 2ζ3)(η′2 − η2)

)

From condition (A) imposed on the rate functions it follows that in all nonzero terms of the

above sum one can replace η1 + η2 by η′1 + η′2 and η′2 − η2 by η1 − η′1, and similarly for the ζ-s.

After straightforward computations (2.30) becomes
∑

ω1,ω2,ω3,ω′1,ω′2∈Ω:
ζ1+ζ2+ζ′=Z
η1+η2+η′=N

π(ω1)π(ω2)π(ω3)r(ω1, ω2; ω′1, ω
′
2) (2.31)

× (
∆(ω1, ω2, ω3)−∆(ω′1, ω

′
2, ω3)

)

where ∆ : Ω× Ω× Ω → Z is defined as follows

∆(ω1, ω2, ω3) := ζ1(η2 − η3) + ζ2(η3 − η1) + ζ3(η1 − η2).

Note that ∆ is antisymmetric regarding permutation of its variables. Next, after rearranging

the sum, from the definition of the function Q in condition (C) expression (2.31) becomes

−
∑

ω1,ω2,ω3∈Ω:
ζ1+ζ2+ζ′=Z
η1+η2+η′=N

π(ω3)π(ω1)π(ω2)Q(ω1, ω2)∆(ω1, ω2, ω3).

Finally, from the antisymmetry of the function ∆ and condition (C) imposed on the function

Q it follows indeed that this last sum equals zero.

2.5.3 Consequences of the Onsager relations

Relation (2.29) is the same as saying that the matrix D(u(θ, τ), v(θ, τ)) ·G′′(θ, τ) is symmetric.

Using (2.5) this also reads as

S′′(u, v) ·D(u, v) =
(
S′′(u, v) ·D(u, v)

)†
. (2.32)

This relation implies that only hyperbolic two-by-two systems of conservation laws (2.9) can

arise as hydrodynamic limits. Indeed, as the following elementary argument shows relation

(2.32) can hold with a positive definite matrix S′′ only if D(u, v) can be diagonalized (in the

real sense), which is exactly the condition of hyperbolicity of the system (2.9). Indeed, since

S′′ is positive definite, we can write

D = (S′′)−1/2
(
(S′′)−1/2(S′′D)(S′′)−1/2

)
(S′′)1/2, (2.33)

which means that D is similar to the real symmetric matrix (S′′)−1/2(S′′D)(S′′)−1/2, and from

this the (real) diagonalizability of D follows. Furthermore, (2.32) is spelled out as

S′′uuΦ′v + S′′uvΨ
′
v = S′′vuΦ′u + S′′vvΨ

′
u, (2.34)
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which is readily recognized as the partial differential equation defining the Lax entropies of the

system (2.9). The function

F (u, v) := Φ(u, v)θ(u, v) + Ψ(u, v)τ(u, v)− U(θ(u, v), τ(u, v))

is the corresponding (macroscopic) entropy-flux. See [29] or [30] for the pde notions involved.

Thus, part (i) of the Theorem is proved.

Now we turn to two further consequences of Lemma 1 which turn out to be of crucial

importance in the hydrodynamic behavior.

First, the time derivatives of θ and τ are expressed. From the pde (2.9) it follows that

∂tθ = −θ′uΦ′u∂xu− θ′uΦ′v∂xv − θ′vΨ
′
u∂xu− θ′vΨ

′
v∂xv.

Using the identity (2.34) we replace

θ′uΦ′v = θ′vΦ
′
u + τ ′vΨ

′
u − τ ′uΨ′

v

in the second term of the right hand side. Using also the straightforward identities u′τ = v′θ and

θ′v = τ ′u (see subsection 2.2.4) we finally get

∂tθ = Φ′u∂xθ + Ψ′
u∂xτ, (2.35)

and by identical considerations

∂tτ = Φ′v∂xθ + Ψ′
v∂xτ. (2.36)

Second, due to identity (2.28),

∑

j∈Tn

(
∂xθ(j/n)Φ(u(j/n), v(j/n)) + ∂xτ(j/n)Ψ(u(j/n), v(j/n))

)

=
∑

j∈Tn

∂xU(u(j/n), v(j/n)) = O(1). (2.37)

2.5.4 End of proof

Now we return to proving (2.21). Denote

DΦ(u, v; ũ, ṽ) := Φ(ũ, ṽ)− Φ(u, v)− Φ′u(u, v)(ũ− u)− Φ′v(u, v)(ṽ − v)
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and similarly for DΨ(u, v; ũ, ṽ). Applying (2.35), (2.36) and (2.37), from (2.26) and (2.27) we

obtain
∫

Ωn

∂tf
n
t − nLn∗fn

t

fn
t

dµn
t = (2.38)

∑

j∈Tn

∂xθ(t, j/n)
∫

Ωn

DΦ(u(t, j/n), v(t, j/n); ζ l
j , η

l
j)dµn

t

+
∑

j∈Tn

∂xτ(t, j/n)
∫

Ωn

DΨ(u(t, j/n), v(t, j/n); ζ l
j , η

l
j)dµn

t

+
∑

j∈Tn

∂xθ(t, j/n)
∫

Ωn

(
φl

j − Φ(ζ l
j , η

l
j)

)
dµn

t

+
∑

j∈Tn

∂xτ(t, j/n)
∫

Ωn

(
ψl

j −Ψ(ζ l
j , η

l
j)

)
dµn

t

+O (l)

The first two terms on the right hand side of (2.38) are estimated by the entropy inequality,

comparing the measure µn
t with the local equilibrium measure νn

t :

∑

j∈Tn

∫

Ωn

(∣∣∣DΦ(u(t, j/n), v(t, j/n); ζ l
j , η

l
j)

∣∣∣ (2.39)

+
∣∣∣DΨ(u(t, j/n), v(t, j/n); ζ l

j , η
l
j)

∣∣∣
)

dµn
t

≤ CHn(t) +O(nl−1).

The last two terms in (2.38) are estimated only integrated against time. Applying the so-called

one block estimate (see e.g. Chapter 5 of [13]) one gets

lim
l→∞

lim
n→∞n−1

∑

j∈Tn

∫ t

0
ds

∫

Ωn

∣∣∣φl
j − Φ(ζ l

j , η
l
j)

∣∣∣ dµn
t = 0,

(2.40)

lim
l→∞

lim
n→∞n−1

∑

j∈Tn

∫ t

0
ds

∫

Ωn

∣∣∣ψl
j −Ψ(ζ l

j , η
l
j)

∣∣∣ dµn
t = 0.

This is the only part of the proof where condition (B) is used, which ensures ergodicity of the

Markov process X n
t on the ‘hyperplanes’ Ωn

Z,N .

Finally, inserting (2.39) and (2.40) in (2.38), via (2.22) we obtain (2.21) and thus the part

(ii) of the Theorem is also proved.

2.6 Particle systems with several conserved variables

As noted in the introduction, the results described in the previous sections are also valid for

particle systems with more than 2 conserved quantities.
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Before we formulate the general results we have to summarize some notations . Let n ≥ 2 be

fixed integer, and ζ = (ζ1 , ζ2 , . . . , ζ
n ) : Ω → Rn the vector of conserved quantities. Throughout

the present section bold face symbols will denote n-vectors.

We require the rate function to satisfy similar conditions as listed in subsection 2.2.2 (in

place of conditions (A) and (B) we need the suitable generalizations). For every θ ∈ Rn we can

define momentum generating function G(θ) as

G(θ) := log
∑

ω∈Ω

e�·�(ω)π(ω),

and the probability measures

π�(ω) := π(ω) exp(θ · ζ(ω)−G(θ))

πn
� :=

∏

j∈Tn

π�

on Ω, respectively, on Ωn. We define the expectation of the conserved quantities with respect

to the measure πn
� :

u(θ) := E�(ζ) = ∇�G(θ).

One can easily show, that ∇2
�

G(θ) = Cov�(u, u) is positive definite. As a consequence, the

function θ 7→ u is invertible, and

θ(u) = ∇uS(u),

where S(u) is the convex conjugate of G(θ):

S(u) := sup
u∈Rn

(u · θ −G(θ)).

We introduce the flux of the vector of the conserved quantities and its expectation:

φ(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

r(ω1, ω2; ω′1, ω
′
2)(ζ(ω′2)− ζ(ω2))

Φ(u) := E�(u)φ

=
∑

ω1,ω2,
ω′1,ω′2

∈Ω

r(ω1, ω2;ω′1, ω
′
2)(ζ(ω′2)− ζ(ω2))πu(ω1)πu(ω2).

Now we are able to formulate results of the previous sections in the more general setting.

Using the arguments presented in section 2.5 one can show that under Eulerian scaling the

vector of the local densities of the conserved quantities u(t, x) evolve according to the following

n-component partial differential equation:

∂tu + ∂xΦ(u) = 0. (2.41)

Lemma 1 applies for any two conserved quantities ζ i , ζ
j (i 6= j), thus if we denote the

derivative matrix of the flux vector Φ(u) by D(u) := ∇uΦ(u) and the second derivative matrix

of the thermodynamic entropy S′′(u) := ∇2
u S(u), we get

S′′(u) ·D(u) =
(
S′′(u) ·D(u)

)† (2.42)
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Since S′′(u) is positive definite (2.33) implies that D(u) can be diagonalized which means that

the arising system of partial differential equations is hyperbolic. Moreover, (2.42) spelled out is

∂2S

∂ui∂ui

Φi

∂uj
+

∂2S

∂ui∂uj

Φj

∂uj
=

∂2S

∂uj∂ui

Φi

∂ui
+

∂2S

∂uj∂uj

Φj

∂ui
, (2.43)

with 1 ≤ i < j ≤ n. These are exactly the n(n − 1)/2 equations defining the Lax entropies

of the hyperbolic system (2.41). It is well-known that in the case of n ≥ 3 only very special

n-component hyperbolic conservation laws possess Lax entropies. In general, the defining equa-

tions (2.43) are overdetermined. In [29] these particular systems of hyperbolic conservation laws

are called of physical type. From the previous arguments it follows that only physical hyperbolic

equations can arise as the hydrodynamic limit of an interacting particle system satisfying our

conditions.

Acknowledgement: The authors wish to thank József Fritz for the many illuminating dis-

cussions on the topics of hydrodynamic limits and for pointing out Corollary (ii). We also thank

János Kertész for guiding comments on Onsager’s relations.
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Chapter 3

Perturbation of singular equilibria of
hyperbolic two-component systems:
a universal hydrodynamic limit†

We consider one-dimensional, locally finite interacting particle systems with two conservation

laws which under Eulerian hydrodynamic limit lead to two-by-two systems of conservation laws:
{

∂tρ + ∂xΨ(ρ, u) = 0
∂tu + ∂xΦ(ρ, u) = 0,

with (ρ, u) ∈ D ⊂ R2, where D is a convex compact polygon in R2. The system is typically

strictly hyperbolic in the interior of D with possible non-hyperbolic degeneracies on the bound-

ary ∂D. We consider the case of isolated singular (i.e. non hyperbolic) point on the interior of

one of the edges of D, call it (ρ0, u0) = (0, 0) and assume D ⊂ {ρ ≥ 0}. (This can be achieved

by a linear transformation of the conserved quantities.) We investigate the propagation of small

nonequilibrium perturbations of the steady state of the microscopic interacting particle system,

corresponding to the densities (ρ0, u0) of the conserved quantities. We prove that for a very rich

class of systems, under proper hydrodynamic limit the propagation of these small perturbations

are universally driven by the two-by-two system
{

∂tρ + ∂x

(
ρu

)
= 0

∂tu + ∂x

(
ρ + γu2

)
= 0

where the parameter γ := 1
2Φuu(ρ0, u0) (with a proper choice of space and time scale) is the

only trace of the microscopic structure. The proof is valid for the cases with γ > 1.

The proof relies on the relative entropy method and thus, it is valid only in the regime of

smooth solutions of the pde. But there are essentially new elements: in order to control the

fluctuations of the terms with Poissonian (rather than Gaussian) decay coming from the low

density approximations we have to apply refined pde estimates. In particular Lax entropies of

these pde systems play a not merely technical key role in the main part of the proof.
†This chapter contains the submitted paper [36].

41
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3.1 Introduction

3.1.1 The PDE to be derived and some facts about it

We consider the pde
{

∂tρ + ∂x

(
ρu

)
= 0

∂tu + ∂x

(
ρ + γu2

)
= 0

(3.1)

where ρ = ρ(t, x) ∈ [0,∞), u = u(t, x) ∈ (−∞,∞) are density, respectively, velocity field and

γ ∈ R is a fixed parameter. For any fixed γ this is a hyperbolic system of conservation laws in

the domain (ρ, u) ∈ R+ × R.

Phenomenologically, the pde describes a deposition/domain growth – or, in biological term:

chemotaxis – mechanism: ρ(t, x) is the density of population performing the deposition and

h(t, x) is the height of the deposition. Let

u(t, x) := −∂xh(t, x).

The physics of the phenomenon is contained in the following two rules:

(a) The velocity field of the population is proportional to the negative gradient of the height

of the deposition. That is, the population is pushed towards the local decrease of the

deposition height. This rule, together with the conservation of total mass of the population

leads to the continuity equation (the first equation in our system).

(b) The deposition rate is

∂th = ρ + γ
(
∂xh

)2
.

The first term on the right hand side is just saying that deposition is done additively by the

population. The second term is a self-generating deposition, introduced and phenomeno-

logically motivated by Kardar-Parisi-Zhang [12] and commonly accepted in the literature.

Differentiating this last equation with respect to the space variable x results in the second

equation of our system.

The pde (3.1) is invariant under the scaling:

ρ̃(t, x) := A2βρ(A1+βt, Ax), ũ(t, x) := Aβu(A1+βt, Ax),

where A > 0 and β ∈ R are arbitrarily fixed. The choice β = 0 gives the straightforward

hyperbolic scale invariance, valid for any system of conservation laws. More interesting is the

β = 1/2 case. This is the natural scale invariance of the system, since the physical variables

(density and velocity fields) change covariantly under this scaling. This is the (presumed,

but never rigorously proved) asymptotic scale invariance of the Kardar-Parisi-Zhang deposition
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phenomena. The nontrivial scale invariance of the pde (3.1) suggests its universality in some

sense. Our main result indeed states its validity in a very wide context.

It is also clear that the pde is invariant under the left-right reflection symmetry x 7→ −x:

The parameter γ of the pde (3.1) is of crucial importance: different values of γ lead to

completely different behavior. Here are listed some particular cases which arose in the past in

various contexts:

— The pde (3.1) with γ = 0 arose in the context of the ‘true self-repelling motion’ constructed

by Tóth and Werner in [37]. For a survey of this case see also [38]. The same equation, with

viscosity terms added, appear in mathematical biology under the name of (negative) chemotaxis

equations (see e.g. [24], [22], [19]) ).

— Taking γ = 1/2 we get the ‘shallow water equation’. See [5], [20]. This is the only value of the

parameter γ when m = ρu is conserved and as a consequence the pde (3.1) can be interpreted

as gas dynamics equation.

— With γ = 1 the pde is called ‘Leroux’s equation’ which is of Temple class and for this

reason much investigated. For many details about this equation see [29]. In the recent paper

[8] Leroux’s system has been derived as hydrodynamic limit under Eulerian scaling for a two-

component lattice gas, going even beyond the appearance of shocks.

The main facts about the pde (3.1) are presented in Section 3.11. Here we only mention

that

1. For any γ ∈ R the system (3.1) is strictly hyperbolic in (ρ, u) ∈ (0,∞)×R, with hyperbolicity

marginally lost at (ρ, u) = (0, 0) for γ 6= 1/2 and at ρ = 0 for γ = 1/2. This follows from

straightforward computations.

2. The Riemann invariants (or characteristic coordinates) are explicitly computed in section

3.11, for a first impression see Figure 3.3 of the Appendix where the level lines of the Riemann

invariants are shown. It turns out that the picture changes qualitatively at the critical values

γ = 1/2, γ = 3/4 and γ = 1. It is of crucial importance for our later problem that the level

curves, expressed as u 7→ ρ(u) are convex for γ < 1, linear for γ = 1 and concave for γ > 1.

3. For any γ ≥ 0 the system (3.1) is genuinely nonlinear in (ρ, u) ∈ (0,∞) × R, with genuine

nonlinearity marginally lost at (ρ, u) = (0, 0) for γ 6= 0, 1/2 and at ρ = 0 for γ = 0, 1/2. (For

γ < 0 genuine nonlinearity is lost on the parabola ρ = −4γ(2γ − 1)2(γ + 1)−2u2.)

4. The system is sufficiently rich in Lax entropies.

5. For γ ≥ 0 the system (3.1) satisfies the conditions of the Lax-Chuey-Conley-Smoller Maxi-

mum Principle (see [17], [18], [29]).

From the Maximum Principle a very essential difference between the cases γ < 1, γ = 1 and

γ > 1 follows, which is of crucial importance for our further work. In the case γ < 1 all convex

domains bounded by level curves of the Riemann invariants are unbounded (non-compact) and
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thus there is no a priori bound on the entropy solutions. Even starting with smooth initial data

with compact support nothing prevents the solutions to blow up indefinitely. On the other hand,

if γ ≥ 1 any bounded subset of R+ × R is contained in a compact convex domain bounded by

level sets of the Riemann invariants, which fact yields a priori bounds on the entropy solutions,

given bounded initial data.

The goal of the present paper is to derive the two-by-two hyperbolic system of conservation

laws (3.1) as decent hydrodynamic limit of some systems of interacting particles with two

conserved quantities.

We consider one-dimensional, locally finite interacting particle systems with two conserva-

tion laws which under Eulerian hydrodynamic limit lead to two-by-two systems of conservation

laws
{

∂tρ + ∂xΨ(ρ, u) = 0

∂tu + ∂xΦ(ρ, u) = 0,

with (ρ, u) ∈ D ⊂ R2, where D is a convex compact polygon in R2. The system is typically

strictly hyperbolic in the interior of D with possible non-hyperbolic degeneracies on the bound-

ary ∂D. We consider the case of isolated singular (i.e. non hyperbolic) point on the interior of

one of the edges of D, call it (ρ0, u0) = (0, 0) and assume D ⊂ {ρ ≥ 0} (otherwise we apply an

appropriate linear transformation on the conserved quantities) We investigate the propagation

of small nonequilibrium perturbations of the steady state of the microscopic interacting particle

system, corresponding to the densities (ρ0, u0) of the conserved quantities. We prove that for a

very rich class of systems, under proper hydrodynamic limit the propagation of these small per-

turbations are universally driven by the system (3.1), where the parameter γ := 1
2Φuu(ρ0, u0)

(with a proper choice of space and time scale) is the only trace of the microscopic structure.

The proof is valid for the cases with γ > 1.

Actually, in order to simplify some of the arguments, we impose the left-right reflection

symmetry of the pde (3.1) on the systems of interacting particles on microscopic level, see

condition (C) in subsection 3.2.2. But we note that the whole proof can be extended without

this condition, just some arguments would be longer.

The proof essentially relies on H-T. Yau’s relative entropy method and thus, it is valid only

in the regime of smooth solutions of the pde (3.1).

We should emphasize here the essential new ideas of the proof. Since we consider a low

density limit, the distribution of particle numbers in blocks of mesoscopic size will have a

Poissonian tail. The fluctuations of the other conserved quantity will be Gaussian, as usual.

It follows that when controlling the fluctuations of the empirical block averages the usual large

deviation approach would lead us to the disastrous estimate E
(
exp{ε GAU · POI}) = ∞. It

turns out that some very special cutoff must be applied. Since the large fluctuations which

are cut off can not be estimated by robust methods (i.e. by applying entropy inequality), only

some cancellation due to martingales can help. This is the reason why the cutoff function must



3.1. INTRODUCTION 45

be chosen in a very special way, in terms of a particular Lax entropy of the Euler equation

(3.16). In this way the proof becomes a mixture (in our opinion rather interesting mixture) of

probabilistic and pde arguments. The fine properties of the limiting pde, in particular the global

behavior of Riemann invariants and some particular Lax entropies, play an essential role in the

proof. The radical difference between the γ ≥ 1 vs. γ < 1 cases, in particular applicability vs.

non-applicability of the Lax-Chuey-Conley-Smoller maximum principle, manifests itself on the

microscopic, probabilistic level.

3.1.2 The structure of the paper

In Section 3.2 we define the class of models to which our main theorem applies: we formulate

the conditions to be satisfied by the interacting particle systems to be considered, we compute

the steady state measures and the fluxes corresponding to the conserved quantities. At the end

of this section we formulate the Eulerian hydrodynamic limit, for later reference.

In Section 3.3 first we perform asymptotic analysis of the Euler equations close to the

singular point considered, then we formulate our main result, Theorem 2, and its immediate

consequences.

Sections 3.4 to 3.10 are devoted to the proof of Theorem 2.

In Section 3.4 we perform the necessary preliminary computations for the proof. After

introducing the minimum necessary notation we apply some standard procedures in the context

of relative entropy method. Empirical block averages are introduced, numerical error terms are

separated and estimated. In this first estimates only straightforward numerical approximations

(Taylor expansion bounds) and the most direct entropy inequality is applied.

Section 3.5 is of crucial importance: here it is shown why the traditional approach of the

relative entropy method fails to apply. Here it becomes apparent that in the fluctuation bound

(usually referred to as large deviation estimate) instead of the tame E
(
exp{ε GAU2}) we would

run into the wild E
(
exp{ε GAU ·POI}) which is, of course, infinite. It is explained here what

kind of cutoff is applied: the large fluctuations cut off can not be estimated by robust methods

(i.e. by applying entropy inequality). Only some cancellation due to martingales can help. This

is the reason why the cutoff function must be chosen in a very particular way, in terms of a

particular Lax entropy of the Euler equation. The cutoff function is constructed and its key

estimates are stated. Proofs of the lemmas formulated in this section are postponed to Section

3.9. At the end of this section the outline of the further steps is presented.

In Section 3.6 all the necessary probabilistic ingredients of the forthcoming steps are gath-

ered. These are: fixed time large deviation bounds and fixed time fluctuation bounds, the

time averaged block replacement bounds (one block estimates) and the time averaged gradient

bounds (two block estimates). The proof of these last two rely on Varadhan’s large deviation

bound cited in that section and on some probability lemmas stated and proved in section 3.10.

We should mention here that these proofs of the one- and two block estimates, in particular the

probability lemmas involved also contain some new (and, we hope, instructive) elements.
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Sections 3.7 and 3.8 conclude the proof: the various terms arising in section 3.5 are estimated

using all the tools (probabilistic and pde) developed in earlier sections. One can see that these

estimates rely heavily on the fine properties of the Lax entropy used in the cutoff procedure.

As we already mentioned sections 3.9 and 3.10 are devoted to proofs of various lemmas stated

in earlier parts. Section 3.9 deals with the pde estimates while Section 3.10 is probabilistic.

Finally in the Appendix (Section 3.11) we give some details about the pde (3.1). This is

included for sake of completeness and in order to let the reader have some more information

about these, certainly interesting, pde-s. Strictly technically speaking this Appendix is not used

in the proof.

3.2 Microscopic models

Our interacting particle systems to be defined in the present section model on a microscopic

level the same deposition phenomena as the pde (3.1). There will be two conserved physical

quantities: the particle number ηj ∈ N and the (discrete) negative gradient of the deposition

height ζj ∈ Z.

The dynamical driving mechanism is of such nature that

(i) The deposition height growth is influenced by the local particle density. Typically: growth

is enhanced by higher particle densities.

(ii) The particle motion is itself influenced by the deposition profile. Typically: particles are

pushed in the direction of the negative gradient of the deposition height.

The left-right reflection symmetry of the pde will be also implemented on the microscopic

level. Actually, this is not really necessary in order to prove our main result, but without this

assumption some of the arguments would be somewhat longer.

3.2.1 State space, conserved quantities

Throughout this paper we denote by Tn the discrete tori Z/nZ, n ∈ N, and by T the continuous

torus R/Z. We will denote the local spin state by Ω, we only consider the case when Ω is finite.

The state space of the interacting particle system of size n is

Ωn := ΩTn
.

Configurations will be denoted

ω := (ωj)j∈Tn ∈ Ωn,

For sake of simplicity we consider discrete (integer valued) conserved quantities only. The two

conserved quantities are

η : Ω → N,

ζ : Ω → v0Z, or ζ : Ω → v0

(
Z+ 1/2

)
. (3.2)
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The trivial scaling factor v0 will be conveniently chosen later (see (3.5)). We also use the

notations ηj = η(ωj), ζj = ζ(ωj). This means that the sums
∑

j ηj and
∑

j ζj are conserved by

the dynamics. We assume that the conserved quantities are different and non-trivial, i.e. the

functions ζ, η and the constant function 1 on Ω are linearly independent.

The left-right reflection symmetry of the model is implemented by an involution

R : Ω → Ω, R ◦R = Id

which acts on the conserved quantities as follows:

η(Rω) = η(ω), ζ(Rω) = −ζ(ω). (3.3)

3.2.2 Rate functions, infinitesimal generators, stationary measures

Consider a (fixed) probability measure π on Ω, which is invariant under the action of the

involution R, i.e. π(Rω) = π(ω). Since eventually we consider low densities of η, in order to

exclude trivial cases we assume that

π
(
ζ = 0

∣∣ η = 0 ) < 1. (3.4)

The scaling factor v0 in (3.2) is chosen so that

Var
(
ζ | η = 0) = 1. (3.5)

This choice simplifies some formulas (fixing a recurring constant to be equal to 1, see (3.20))

but does not restrict generality.

For later use we introduce the notation

ρ∗ := max{η(ω) : π(ω) > 0},

u∗ := max{ζ(ω) : π(ω) > 0},

u∗ := max{ζ(ω) : η(ω) = 0, π(ω) > 0},

For τ, θ ∈ R let G(τ, θ) be the moment generating function defined below:

G(τ, θ) := log
∑

ω∈Ω

eτη(ω)+θζ(ω)π(ω).

In thermodynamic terms G(τ, θ) corresponds to the Gibbs free energy. We define the probability

measures

πτ,θ(ω) := π(ω) exp(τη(ω) + θζ(ω)−G(τ, θ)) (3.6)

on Ω. We are going to define dynamics which conserve the quantities
∑

j ηj and
∑

j ζj , posses

no other (hidden) conserved quantities and for which the product measures

πn
τ,θ :=

∏

j∈Tn

πτ,θ
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are stationary.

We need to separate a symmetric (reversible) part of the dynamics which will be speeded

up sufficiently in order to enhance convergence to local equilibrium and thus help estimating

some error term in the hydrodynamic limiting procedure. So we consider two rate functions

r : Ω × Ω × Ω × Ω → R+ and s : Ω × Ω × Ω × Ω → R+, r will define the asymmetric

component of the dynamics, while s will define the reversible component. The dynamics of the

system consists of elementary jumps affecting nearest neighbor spins, (ωj , ωj+1) −→ (ω′j , ω
′
j+1),

performed with rate λr(ωj , ωj+1; ω′j , ω
′
j+1)+κs(ωj , ωj+1; ω′j , ω

′
j+1), where λ, κ > 0 are speed-up

factors, depending on the size of the system in the limiting procedure.

We require that the rate functions r and s satisfy the following conditions.

(A) Conservation laws: If r(ω1, ω2; ω′1, ω
′
2) > 0 or s(ω1, ω2; ω′1, ω

′
2) > 0 then

η(ω1) + η(ω2) = η(ω′1) + η(ω′2).

ζ(ω1) + ζ(ω2) = ζ(ω′1) + ζ(ω′2),

(B) Irreducibility: For every N ∈ [0, nρ∗], Z ∈ [−nu∗, nu∗] the set

Ωn
N,Z :=



ω ∈ Ωn :

∑

j∈Tn

ηj = N,
∑

j∈Tn

ζj = Z





is an irreducible component of Ωn, i.e. if ω, ω′ ∈ Ωn
N,Z then there exists a series of elemen-

tary jumps with positive rates transforming ω into ω′.

(C) Left-right symmetry: The jump rates are invariant under left-right reflection and the action

of the involution R (jointly):

r(Rω2, Rω1; Rω′2, Rω′1) = r(ω1, ω2; ω′1, ω
′
2).

s(Rω2, Rω1; Rω′2, Rω′1) = s(ω1, ω2; ω′1, ω
′
2).

(D) Stationarity of the asymmetric part: For any ω1, ω2, ω3 ∈ Ω

Q(ω1, ω2) + Q(ω2, ω3) + Q(ω3, ω1) = 0,

where

Q(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

{
π(ω′1)π(ω′2)
π(ω1)π(ω2)

r(ω′1, ω
′
2;ω1, ω2)− r(ω1, ω2; ω′1, ω

′
2)

}
.

(E) Reversibility of the symmetric part: For any ω1, ω2, ω
′
1, ω

′
2 ∈ Ω

π(ω1)π(ω2)s(ω1, ω2; ω′1, ω
′
2) = π(ω′1)π(ω′2)s(ω

′
1, ω

′
2; ω1, ω2).
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For a precise formulation of the infinitesimal generator on Ωn we first define the map Θω′ω′′
j :

Ωn → Ωn for every ω′, ω′′ ∈ Ω, j ∈ Tn:

(
Θω′ω′′

j ω
)

i
=





ω′ if i = j

ω′′ if i = j + 1

ωi if i 6= j, j + 1.

The infinitesimal generators defined by these rates will be denoted:

Lnf(ω) =
∑

j∈Tn

∑

ω′,ω′′∈Ω

r(ωj , ωj+1; ω′, ω′′)
(
f(Θω′ω′′

j ω)− f(ω)
)
.

Knf(ω) =
∑

j∈Tn

∑

ω′,ω′′∈Ω

s(ωj , ωj+1; ω′, ω′′)
(
f(Θω′ω′′

j ω)− f(ω)
)
.

We denote by X n
t the Markov process on the state space Ωn with infinitesimal generator Gn :=

λ(n)Ln + κ(n)Kn. with speed-up factors λ(n) and κ(n) to be specified later

Remarks:

(1) Conditions (A) and (B) together imply that
∑

j ηj and
∑

j ζj are indeed the only conserved

quantities of the dynamics.

(2) Condition (C) together with (3.3) is implementation on a microscopic level of the left-right

symmetry of the pde (3.1). Actually, our main result, Theorem 2, is valid without this

assumption but some of the arguments would be more technical.

(3) Condition (D) implies that the product measures πn
τ,θ are indeed stationary for the dynamics

defined by the asymmetric rates r. This is seen by applying similar computations to those

of [1], [2], [26] or [35]. Mind that this is not a detailed balance condition for the rates r.

(4) Condition (E) is a straightforward detailed balance condition. It implies that the product

measures πn
τ,θ are reversible for the dynamics defined by the symmetric rates s.

We will refer to the measures πn
τ,θ as the canonical measures. Since

∑
j ζj and

∑
j ηj are

conserved the canonical measures on Ωn are not ergodic. The conditioned measures defined on

Ωn
N,Z by:

πn
N,Z(ω) := πn

τ,θ

(
ω
∣∣ ∑

j∈Tn

ηj = N,
∑

j∈Tn

ζj = Z,
)

=
πn

τ,θ(ω)11{ω ∈ Ωn
N,Z}

πn
τ,θ(Ω

n
N,Z)

are also stationary and due to condition (B) satisfied by the rate functions they are ergodic.

We shall call these measures the microcanonical measures of our system. (It is easy to see that

the measure πn
N,Z does not depend on the choice of thew values of τ and θ in the previous

definition.)

The assumptions are by no means excessively restrictive. Here follow some concrete examples

of interacting particle systems which belong to the class specified by conditions (A)-(E) and

also satisfy the further conditions (F), (G), (H), (I) to be formulated later.
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{−1, 0, +1}-model The model is described and analyzed in full detail in [35] and [8]. The one

spin state space is Ω = {−1, 0, +1} . The left-right reflection symmetry is implemented by

R : Ω → Ω, Rω = −ω. The dynamics consists of nearest neighbor spin exchanges and the two

conserved quantities are η(ω) = 1− |ω| and ζ(ω) = ω. The jump rates are

r(1,−1;−1, 1) = 0, r(−1, 1; 1,−1) = 2,

r(0,−1;−1, 0) = 0, r(−1, 0; 0,−1) = 1,

r(1, 0, 0, 1) = 0, r(0, 1, 1, 0) = 1.

and

s(ω1, ω2;ω′1, ω
′
2) =

{
1 if (ω1, ω2) = (ω′2, ω

′
1) and ω1 6= ω2

0 otherwise.

The one dimensional marginals of the stationary measures are

πρ,u(0) = ρ, πρ,u(±1) =
1− ρ± u

2

with the domain of variables D = {(ρ, u) ∈ R+ × R : ρ + |u| ≤ 1}.

Two-lane models The following family of examples are finite state space versions of the brick-

layers models introduced in [38]. Let Ω = {0, 1, . . . , n̄}×{−z̄,−z̄+1, . . . , z̄−1, z̄}, where n̄ ∈ N
and z̄ ∈ {1

2 , 1, 3
2 , 2 . . . }. The elements of Ω will be denoted ω :=

(η
ζ

)
. Naturally enough,

∑
j ηj

and
∑

j ζj will be the conserved quantities of the dynamics. Left-right reflection symmetry is

implemented as R : Ω → Ω, R
(η
ζ

)
=

( η
−ζ

)
. We allow only the following elementary changes to

occur at neighboring sites j, j + 1:
(

ηj

ζj
,
ηj+1

ζj+1

)
→

(
ηj

ζj ∓1,
ηj+1

ζj+1±1

)
,

(
ηj

ζj
,
ηj+1

ζj+1

)
→

(
ηj∓1

ζj
,
ηj+1±1

ζj+1

)

with appropriate rates. Beside the conditions already imposed we also assume that the one

dimensional marginals of the steady state measures factorize as follows:

π(ω) = π
(η
ζ

)
= p(η)q(ζ).

The simplest case, with n̄ = 1 and z̄ = 1/2, that is with Ω = {0, 1} × {−1/2, +1/2}, was

introduced and fully analyzed in [35] and [23]. For a full description (i.e. identification of

the rates which satisfy the imposed conditions, Eulerian hydrodynamic limit, etc. see those

papers.) It turns out that conditions (A)-(E) impose some nontrivial combinatorial constraints

on the rates which are satisfied by a finite parameter family of models. The number of free

parameters increases with n̄ and z̄. Since the concrete expressions of the rates are not relevant

for our further presentation we omit the lengthy computations.

3.2.3 Expectations

Expectation, variance, covariance with respect to the measures πn
τ,θ will be denoted by Eτ,θ(.),

Varτ,θ(.), Covτ,θ(.).
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We compute the expectations of the conserved quantities with respect to the canonical

measures, as functions of the parameters τ and θ:

ρ(τ, θ) := Eτ,θ(η) =
∑

ω∈Ω

η(ω)πτ,θ(ω) = Gτ (τ, θ).

u(τ, θ) := Eτ,θ(ζ) =
∑

ω∈Ω

ζ(ω)πτ,θ(ω) = Gθ(τ, θ),

Elementary calculations show, that the matrix-valued function
(

ρτ ρθ

uτ uθ

)
=

(
Gττ Gτθ

Gθτ Gθθ

)
=: G′′(τ, θ)

is equal to the covariance matrix Covτ,θ(η, ζ) and therefore it is strictly positive definite. It

follows that the function (τ, θ) 7→ (ρ(τ, θ), u(τ, θ)) is invertible. We denote the inverse function

by (ρ, u) 7→ (τ(ρ, u), θ(ρ, u)). Denote by (ρ, u) 7→ S(ρ, u) the convex conjugate (Legendre

transform) of the strictly convex function (τ, θ) 7→ G(τ, θ):

S(ρ, u) := sup
τ,θ

(
ρτ + uθ −G(τ, θ)

)
, (3.7)

and

D := {(ρ, u) ∈ R+ × R : S(ρ, u) < ∞} (3.8)

= co{(η, ζ) : π(ω) > 0},

where co stands for convex hull. The nondegeneracy condition (3.4) implies that ∂D ∩ {ρ =

0} = {(0, u) : |u| ≤ u∗}. For (ρ, u) ∈ D we have

τ(ρ, u) = Sρ(ρ, u), θ(ρ, u) = Su(ρ, u).

In probabilistic terms: S(ρ, u) is the rate function of joint large deviations of (
∑

j ηj ,
∑

j ζj). In

thermodynamic terms: S(ρ, u) corresponds to the equilibrium thermodynamic entropy. Let
(

τρ τu

θρ θu

)
=

(
Sρρ Sρu

Suρ Suu

)
=: S′′(ρ, u).

It is obvious that the matrices G′′(τ, θ) and S′′(ρ, u) are strictly positive definite and are inverse

of each other:

G′′(τ, θ)S′′(ρ, u) = I = S′′(ρ, u)G′′(τ, θ), (3.9)

where either (τ, θ) = (τ(ρ, u), θ(ρ, u)) or (ρ, u) = (ρ(τ, θ), u(τ, θ)). With slight abuse of notation

we shall denote: πτ(ρ,u),θ(ρ,u) =: πρ,u, πn
τ(ρ,u),θ(ρ,u) =: πn

ρ,u, Eτ(ρ,u),θ(ρ,u) =: Eρ,u, etc.

As a general convention, if ξ : Ωm → R is a local function then its expectation with respect

to the canonical measure π
m

ρ,u is denoted by

Ξ(ρ, u) := Eρ,u(ξ) =
∑

ω1,...,ωm∈Ωm

ξ(ω1, . . . , ωm)πρ,u(ω1) · · ·πρ,u(ωm).
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3.2.4 Fluxes

We introduce the fluxes of the conserved quantities. The infinitesimal generators Ln and Kn

act on the conserved quantities as follows:

Lnηi = −ψ(ωi, ωi+1) + ψ(ωi−1, ωi) =: −ψi + ψi−1,

Lnζi = −φ(ωi, ωi+1) + φ(ωi−1, ωi) =: −φi + φi−1,

Knηi = −ψs(ωi, ωi+1) + ψs(ωi−1, ωi) =: −ψs
i + ψs

i−1,

Knζi = −φs(ωi, ωi+1) + φs(ωi−1, ωi) =: −φs
i + φs

i−1,

where

ψ(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

r(ω1, ω2; ω′1, ω
′
2)

(
η(ω′2)− η(ω2)

)

φ(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

r(ω1, ω2; ω′1, ω
′
2)

(
ζ(ω′2)− ζ(ω2)

) (3.10)

ψs(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

s(ω1, ω2; ω′1, ω
′
2)

(
η(ω′2)− η(ω2)

)

φs(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

s(ω1, ω2; ω′1, ω
′
2)

(
ζ(ω′2)− ζ(ω2)

) (3.11)

Note that due to the left-right symmetry and conservations, i.e. (3.3) and conditions (A) and

(C), the microscopic fluxes have the following symmetries:

φ(ω1, ω2) = φ(Rω2, Rω1),

ψ(ω1, ω2) = −ψ(Rω2, Rω1).

In order to simplify some of our further arguments (in particular, see (3.120) in subsection

3.7.3) we impose one more microscopic condition

(F) Gradient condition on symmetric fluxes: The microscopic fluxes of the symmetric part,

defined in (3.11) satisfy the following gradient conditions

ψs(ω1, ω2) = κ(ω1)− κ(ω2) =: κ1 − κ2 (3.12)

φs(ω1, ω2) = χ(ω1)− χ(ω2) =: χ1 − χ2.

Remark: (1) This is a technical assumption (referring actually to the measure π) which sim-

plifies considerably the arguments of subsection 3.9.2. The symmetric part Kn has the role of

enhancing convergence to local equilibrium. Its effect is not seen in the limit, so in principle

we can choose it conveniently. Without this assumption we would be forced to use all the non-

gradient technology developed in [39] (see also [13]), which would make the paper even longer.
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(2) It is easy to see that η(ω1) = η(ω2) = 0 implies ψs(ω1, ω2) = 0 and thus (by choosing a

suitable additive constant) ω 7→ κ(ω) can be chosen so that

η(ω) = 0 ⇒ κ(ω) = 0. (3.13)

The macroscopic fluxes are:

Ψ(ρ, u) := Eρ,u(ψ)

=
∑

ω1,ω2,
ω′1,ω′2

∈Ω

r(ω1, ω2; ω′1, ω
′
2)

(
η(ω′2)− η(ω2)

)
πρ,u(ω1)πρ,u(ω2),

Φ(ρ, u) := Eρ,u(φ)

=
∑

ω1,ω2,
ω′1,ω′2

∈Ω

r(ω1, ω2; ω′1, ω
′
2)

(
ζ(ω′2)− ζ(ω2)

)
πρ,u(ω1)πρ,u(ω2).

(3.14)

These are smooth regular functions of the variables (ρ, u) ∈ D. Note that due to reversibility

of Kn, for any value of ρ and u

Eρ,u(ψs) = 0 = Eρ,u(φs).

(These identities hold true without assuming condition (F).)

For later use we mention here that according to [35], the macroscopic fluxes Ψ(ρ, u) and

Φ(ρ, u) satisfy the following Onsager reciprocity relation

Ψu(ρ, u)Varρ,u(ζ)− Φu(ρ, u)Covρ,u(η, ζ) = (3.15)

Φρ(ρ, u)Varρ,u(η)−Ψρ(ρ, u)Covρ,u(η, ζ).

For the concrete examples presented at the end of subsection 3.2.2 the following domains D
and macroscopic rates are gotten:

{−1, 0, +1}-model :

D = {(ρ, u) ∈ R+ × R : ρ + |u| ≤ 1}
Ψ(ρ, u) = ρu

Φ(ρ, u) = ρ + u2.

Two lane models with n̄ = 1:

D = {(ρ, u) ∈ R+ × R : ρ ≤ 1, |u| ≤ z̄}
Ψ(ρ, u) = ρ(1− ρ)ψ(u)

Φ(ρ, u) = ϕ0(u) + ρϕ1(u),
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where ψ(u) is odd, while ϕ0(u) and ϕ1(u) are even functions of u, determined by the jump

rates of the model. In the simplest particular case with z̄ = 1/2

Ψ(ρ, u) = ρ(1− ρ)u

Φ(ρ, u) = (ρ− γ)(1− u2),

where γ ∈ R is the only model dependent parameter which appears in the macroscopic fluxes.

For details see [35].

3.2.5 The hdl under Eulerian scaling

Given a system of interacting particles as defined in the previous subsections, by applying Yau’s

relative entropy method (see [41] or the monograph [13]), one shows that under Eulerian scaling

the local densities of the conserved quantities ρ(t, x), u(t, x) evolve according to the system of

partial differential equations:
{

∂tρ + ∂xΨ(ρ, u) = 0

∂tu + ∂xΦ(ρ, u) = 0
(3.16)

where Ψ(ρ, u) and Φ(ρ, u) are the macroscopic fluxes defined in (3.14).

The precise statement of the hydrodynamical limit is as follows: Consider a microscopic

system which satisfies conditions (A)-(E) of subsection 3.2.2. Note that condition (F) of sub-

section 3.2.4 is not assumed. Let Ψ(ρ, u) and Φ(ρ, u) be the macroscopic fluxes computed for

this system and ρ(t, x), u(t, x) x ∈ T, t ∈ [0, T ] be smooth solution of the pde (3.16). Let the

microscopic system of size n be driven by the infinitesimal generator

Gn = nLn + n1+δKn,

where δ ∈ [0, 1) is fixed. This means that the main, asymmetric part of the generator is speeded

up by n and the additional symmetric part by n1+δ. Let µn
0 be a probability distribution on

Ωn which is the initial distribution of the microscopic system of size n, and

µn
t := µn

0etGn

the distribution of the system at (macroscopic) time t. The local equilibrium measure νn
t (itself

a probability measure on Ωn) is defined by

νn
t :=

∏

j∈Tn

πρ(t, j
n

),u(t, j
n

).

This measure mimics on a microscopic scale the macroscopic evolution driven by the pde (3.16).

We denote by H(µn
t |πn), respectively, by H(µn

t |νn
t ) the relative entropy of the measure

µn
t with respect to the absolute reference measure πn, respectively, with respect to the local

equilibrium measure νn
t .

The precise statement of the Eulerian hydrodynamic limit is the following
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Theorem. Assume conditions (A)-(E) and let δ ∈ [0, 1) be fixed. If

H (µn
0 | νn

0 ) = o(n)

then

H (µn
t | νn

t ) = o(n)

uniformly for t ∈ [0, T ].

Remark: Note that due to finiteness of the state space Ω the condition

H
(
µn

0

∣∣ πn
1,0

)
= O(n)

holds automatically.

The Theorem follows from direct application of Yau’s relative entropy method. For the proof

and its direct consequences see [41], [13] or [35]. For the main consequences of this Theorem

see e.g. Corollary 1 of [35].

3.3 Low density asymptotics and the main result: hydrody-
namic limit under intermediate scaling

3.3.1 General properties and low density asymptotics of the macroscopic
fluxes

The fluxes in the Euler equation (3.16) are regular smooth functions of in (ρ, u) ∈ D.

From the left-right symmetry of the microscopic models it follows that

Φ(ρ,−u) = Φ(ρ, u), Ψ(ρ,−u) = −Ψ(ρ, u). (3.17)

It is also obvious that for u ∈ [−u∗, u∗]

Ψ(0, u) = 0. (3.18)

We make two assumptions about the low density asymptotics of the macroscopic fluxes.

Here is the first one:

(G) We assume that Ψρu(0, 0) 6= 0. Actually, by possibly redefining the time scale and orien-

tation of space, without loss of generality we assume

Ψρu(0, 0) = 1. (3.19)

From the Onsager relation (3.15) and obvious parity considerations it also follows that

Φρ(0, 0) = Ψρu(0, 0)Var0,0(ζ) = 1. (3.20)
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Note, that here we rely on the choice (3.5) of the scaling factor v0 in (3.2).

We denote

γ :=
1
2
Φuu(0, 0). (3.21)

Our results will hold for γ > 1 only.

From (3.17) and (3.19) it follows that

Φu(0, u)−Ψρ(0, u) = (2γ − 1)u +O(|u|3). (3.22)

The second condition imposed on the low density asymptotics of the macroscopic fluxes is:

(H) For u ∈ [−u∗, u∗], u 6= 0

Φu(0, u)−Ψρ(0, u) 6= 0, (3.23)

Φρ(0, u) 6= 0, Ψρu(0, u) 6= 0 (3.24)

Remarks: (1) (G) is a very natural nondegeneracy condition: if Ψρu(0, 0) vanished then in the

perturbation calculus to be performed, higher order terms would be dominant and a different

scaling limit should be taken.

(2) Due to (3.17), (3.19) and (3.22) conditions (3.23), (3.24) hold anyway in a neighborhood of

u = 0, and this would suffice, but the forthcoming arguments, in particular the proof of Lemmas

3 and 4 would be less transparent. We assume condition (H) for technical convenience only.

Condition (3.23) amounts to forbidding other non-hyperbolic pointson ∂D ∩ {ρ = 0}, beside the

point (ρ, u) = (0, 0). Condition (3.24) reflects the natural monotonicity requirements (i) and

(ii) formulated about the microscopic models at the beginning of Section 3.2.

We are interested in the behavior of the pde near the isolated non-hyperbolic point (ρ, u) =

(0, 0). The asymptotic expansion for ρ+u2 ¿ 1 of the macroscopic fluxes and their first partial

derivatives is

Ψ(ρ, u) = ρu
(
1 +O(ρ + u2)

)
, Φ(ρ, u) = (ρ + γu2)

(
1 +O(ρ + u2)

)
,

Ψρ(ρ, u) = u
(
1 +O(ρ + u2)

)
, Φρ(ρ, u) = 1 +O(ρ + u2),

Ψu(ρ, u) = ρ
(
1 +O(ρ + u2)

)
, Φu(ρ, u) = 2γu

(
1 +O(ρ + u2)

)
.

(3.25)

We are looking for “small solutions” of the pde (3.16): Let ρ0(x) and u0(x) be given profiles

and assume that ρε(t, x), uε(t, x) is solution of the pde (3.16) with initial condition

ρε(0, x) = ε2ρ0(x), uε(0, x) = ε u0(x).

Then, at least formally,

ε−2ρε(ε−1t, x) → ρ(t, x), ε−1uε(ε−1t, x) → u(t, x),

where ρ(t, x), u(t, x) is solution of the pde (3.1) with initial condition

ρ(0, x) = ρ0(x), u(0, x) = u0(x).
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3.3.2 The main result

The asymptotic computations of subsection 3.3.1 suggest the scaling under which we should

derive the pde (3.1) as hydrodynamic limit: fix a (small) positive β and choose the scaling

MICRO MACRO

space nx x

time n1+βt t

particle density n−2βρ ρ

‘slope of the wall’ n−βu u

Ideally the result should be valid for 0 < β < 1/2 but we are able to prove much less than that.

Choose a model satisfying the conditions (A)-(F) of section 3.2 and conditions (G-H) of

subsection 3.3.1, and let γ be given by (3.21), corresponding to the microscopic system chosen.

Let the microscopic system of size n (defined on the discrete torus Tn) evolve (on macroscopic

time scale) according to the infinitesimal generator

Gn = n1+βLn + n1+β+δKn.

with β > 0 and some further conditions to be imposed on β and δ (see Theorem 2). Denote by

µn
t the true distribution of the microscopic system at macroscopic time t:

µn
t := µn

0etGn
,

where µn
0 is the initial distribution.

We use the translation invariant product measure

πn := πn
n−2β ,0

as absolute reference measure. Global entropy will be considered relative to this measure,

Radon-Nikodym derivatives of µn
t and the local equilibrium measure νn

t to be defined below,

with respect to πn will be used.

Given a smooth solution
(
ρ(t, x), u(t, x)

)
, (t, x) ∈ [0, T ]×T, of the pde (3.1) define the local

equilibrium measure νn
t on Ωn as follows

νn
t :=

∏

j∈Tn

πn−2βρ(t, j
n

),n−βu(t, j
n

). (3.26)

This time-dependent measure mimics on a microscopic level the macroscopic evolution governed

by the pde (3.1).

Our main result is the following

Theorem 2. Assume that the microscopic system of interacting particles satisfies conditions

(A)-(F) of subsubsections 3.2.2, 3.2.4 and the uniform log-Sobolev condition (I) of subsection
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3.6.2. Additionally, assume that the macroscopic fluxes satisfy conditions (G), (H) of subsection

3.3.1 and γ > 1. Choose β ∈ (0, 1/2) and δ ∈ (1/2, 1) so that

2δ − 8β > 1 and δ + 3β < 1. (3.27)

Let
(
ρ(t, x), u(t, x)

)
, (t, x) ∈ [0, T ] × T, be smooth solution of the pde (3.1), such that

infx∈T ρ(0, x) > 0 and let νn
t , t ∈ [0, T ] be the corresponding local equilibrium measure defined

in (3.26).

Under these conditions, if

H
(
µn

0

∣∣ νn
0

)
= o(n1−2β) (3.28)

then

H
(
µn

t

∣∣ νn
t

)
= o(n1−2β) (3.29)

uniformly for t ∈ [0, T ].

Remarks:

(i) From (3.28) via the identity (3.35) and the entropy inequality it also follows that

H
(
µn

0

∣∣πn
)

= O(n1−2β). (3.30)

See the beginning of subsection 3.4.2

(i) If γ > 3/4, in smooth solutions vacuum does not appear. That is infx∈T ρ(0, x) > 0 implies

inf(t,x)∈[0,T ]×T ρ(t, x) > 0.

(ii) Although for the {−1, 0, +1}-model we have γ = 1, our proof can also be extended to cover

this model. Actually, in that case the proof is much simpler, since the Eulerian pde is equal to

the limit pde (3.1) and thus the cutoff function (see Section 3.5) can be determined explicitly.

Corollary 2. Assume the conditions of Theorem 2. Let g : T → R be a test function. Then

for any t ∈ [0, T ]

(i)

n2β−1
∑

j∈Tn

g(
j

n
)ηj(t)

P→
∫

T
g(x)ρ(t, x) dx,

nβ−1
∑

j∈Tn

g(
j

n
)ζj(t)

P→
∫

T
g(x)u(t, x) dx.

(ii)

H
(
µn

0

∣∣πn
)−H

(
µn

t

∣∣πn
)

= o(n1−2β).

See the proof of Corollary 1 in [35].
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3.4 Notations and general preparatory computations

This section completely standard in the context of the relative entropy method. So we shall be

sketchy.

3.4.1 Notation

We denote

hn(t) := n−(1−2β)H
(
µn

t

∣∣ νn
t

)
.

sn(t) := n−(1−2β)
(
H

(
µn

0

∣∣πn
)−H

(
µn

t

∣∣πn
))

.

We know a priori that t 7→ sn(t) is monotone increasing and due to (3.30)

sn(t) = O(1), uniformly for t ∈ [0,∞). (3.31)

In fact, from Theorem 2 it follows (see Corollary 2) that as long as the solution ρ(t, x), u(t, x)

of the pde (3.1) is smooth

sn(t) = o(1), uniformly for t ∈ [0, T ].

For (ρ, u) ∈ (0,∞)× (−∞,∞) denote

τ̃ (n)(ρ, u) := τ(n−2βρ, n−βu)− τ(n−2β, 0)

θn(ρ, u) := nβθ(n−2βρ, n−βu).

Note that, for symmetry reasons θ(n−2β, 0) = 0. Mind that τ is chemical potential rather than

fugacity and for small densities the fugacity λ := eτ scales like ρ, i.e. τ(n−2β, 0) ∼ −2β log n.

If ρ > 0 and u ∈ R are fixed then τ̃ (n)(ρ, u) and θn(ρ, u) stay of order 1, as n →∞.

Given the smooth solution ρ(t, x), u(t, x), with ρ(t, x) > 0 we shall use the notation

τ̃ (n)(t, x) := τ̃ (n)(ρ(t, x), u(t, x)),

θn(t, x) := θn(ρ(t, x), u(t, x)),

v(t, x) := log ρ(t, x).

The following asymptotics hold uniformly in (t, x) ∈ [0, T ]× T:

τ̃ (n)(t, x) = v(t, x) +O(n−2β), θn(t, x) = u(t, x) +O(n−2β)

∂xτ̃ (n)(t, x) = ∂xv(t, x) +O(n−2β), ∂xθn(t, x) = ∂xu(t, x) +O(n−2β)

∂t τ̃ (n)(t, x) = ∂t v(t, x) +O(n−2β), ∂t θn(t, x) = ∂t u(t, x) +O(n−2β)

(3.32)
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The logarithm of the Radom-Nikodym derivative of the time dependent reference measure

νn
t with respect to the absolute referencee measure πn is denoted by fn

t :

fn
t (ω) := log

dνn
t

dπn
(ω)

=
∑

j∈Tn

{
τ̃ (n)(t,

j

n
)ηj + n−βθn(t,

j

n
)ζj (3.33)

−G(τ̃ (n)(t,
j

n
) + τ(n−2β, 0), n−βθn(t,

j

n
)) + G(τ(n−2β, 0), 0)

}

3.4.2 Preparatory computations

In order to obtain the main estimate (3.29) our aim is to get a Grönwall type inequality: we

will prove that for every t ∈ [0, T ]

hn(t)− hn(0) =
∫ t

0
∂th

n(s)ds ≤ C

∫ t

0
hn(s)ds + o(1), (3.34)

where the error term is uniform in t ∈ [0, T ]. Because it is assumed that hn(0) = o(1), the

Theorem follows.

We start with the identity

H(µn
t |νn

t )−H(µn
t |πn) = −

∫

Ωn

fn
t dµn

t . (3.35)

From this identity, the explicit form of the Radon-Nikodym derivative (3.33), the asymptotics

(3.32), via the entropy inequality and (3.28) the a priori entropy bound (3.30) follows indeed,

as remarked after the formulation of Theorem 2.

Next we differentiate (3.35) to obtain

∂th
n(t) = −

∫

Ωn

(
n3βLnfn

t + n3β+δKnfn
t + n−1+2β∂tf

n
t

)
dµn

t − ∂ts
n(t).

(3.36)

Usually, an adjoint version of (3.36) is being used in form of an inequality. In our case this

form is needed. We emphasize that the term −∂ts
n(t) on the right hand side will be of crucial

importance.

We compute the three terms under the integral.

n3βLnfn
t (ω) =

1
n

∑

j∈Tn

∂xv(t,
j

n
)n3βψj +

1
n

∑

j∈Tn

∂xu(t,
j

n
)n2βφj (3.37)

+An
1 (t, ω) + An

2 (t, ω) + An
3 (t, ω) + An

4 (t, ω),
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where An
i (t, ω), i = 1, . . . , 4 are error terms which will be easy to estimate:

An
1 (t, ω) :=

1
n

∑

j∈Tn

(
∂xτ̃ (n)(t,

j

n
)− ∂xv(t,

j

n
)
)
n3βψj ,

An
2 (t, ω) :=

1
n

∑

j∈Tn

(
∂xθn(t,

j

n
)− ∂xu(t,

j

n
)
)
n2βφj ,

An
3 (t, ω) :=

1
n

∑

j∈Tn

(∇nτ̃ (n)(t,
j

n
)− ∂xτ̃ (n)(t,

j

n
)
)
n3βψj

An
4 (t, ω) :=

1
n

∑

j∈Tn

(∇nθn(t,
j

n
)− ∂xθn(t,

j

n
)
)
n2βφj .

Here and in the sequel ∇n denotes the discrete gradient:

∇nf(x) := n
(
f(x + 1/n)− f(x)

)
.

See subsection 3.4.4 for the estimate of the error terms An
j (t, ω), j = 1, . . . , 12.

Next,

n3β+δKnfn
t (ω) = n−1+3β+δ 1

n

∑

j∈Tn

(
(∇n)2 τ̃ (n)(t,

j

n
)κj + (∇n)2 θn(t,

j

n
)χj

)

=: An
5 (t, ω) (3.38)

is itself a numerical error term. Finally

n−1+2β∂tf
n
t (ω) =

1
n

∑

j∈Tn

∂tv(t,
j

n
)
(
n2βηj − ρ(t,

j

n
)
)

(3.39)

+
1
n

∑

j∈Tn

∂tu(t,
j

n
)
(
nβζj − u(t,

j

n
)
)

+An
6 (t, ω) + An

7 (t, ω),

where

An
6 (t, ω) :=

1
n

∑

j∈Tn

(
∂tτ

n(t,
j

n
)− ∂tv(t,

j

n
)
)(

n2βηj − ρ(t,
j

n
)
)
,

An
7 (t, ω) :=

1
n

∑

j∈Tn

(
∂tθ

n(t,
j

n
)− ∂tu(t,

j

n
)
)(

nβζj − u(t,
j

n
)
)
.

are again easy-to-estimate error terms.

3.4.3 Blocks

We fix once and for all a weight function a : R→ R. It is assumed that:

(1) a(x) > 0 for x ∈ (−1, 1) and a(x) = 0 otherwise,
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(2) it has total weight
∫

a(x) dx = 1,

(3) it is even: a(−x) = a(x), and

(4) it is twice continuously differentiable.

We choose a mesoscopic block size l = l(n) such that

1 ¿ n(1+δ+5β)/3 ¿ l(n) ¿ nδ−β ¿ n. (3.40)

This can be done due to condition (3.27) imposed on β and δ.

Given a local variable (depending on m consecutive spins)

ξi = ξi(ω) = ξ(ωi, . . . , ωi+m−1),

its block average at macroscopic space coordinate x is defined as

ξ̂n(x) = ξ̂n(ω, x) :=
1
l

∑

j

a

(
nx− j

l

)
ξj . (3.41)

Since l = l(n), we do not denote explicitly dependence of the block average on the mesoscopic

block size l.

Note that x 7→ ξ̂n(x) is smooth

∂xξ̂n(x) = ∂xξ̂n(ω, x) =
n

l

1
l

∑

j

a′
(

nx− j

l

)
ξj ,

and it is straightforward that

sup
ω∈Ωn

sup
x∈T

∣∣∣∂xξ̂n(ω, x)
∣∣∣ ≤ C

(
max

ω1,...ωm

ξ(ω1, . . . , ωm)
)

n

l
. (3.42)

For a more sophisticated bound on
∣∣∣∂xξ̂n(ω, x)

∣∣∣ see (3.108).

We shall use the handy (but slightly abused) notation

ξ̂n(t, x) := ξ̂n(X n
t , x).

This is the empirical block average process of the local observable ξi.

For the scaled block average of the two conserved quantities we shall also use the notation

ρ̂n(t, x) := n2β η̂n(t, x), ûn(t, x) := nβ ζ̂n(t, x).

Introducing block averages the main terms on the right hand side of (3.37) and (3.39)

become:

1
n

∑

j∈Tn

∂xv(t,
j

n
)n3βψj +

1
n

∑

j∈Tn

∂xu(t,
j

n
)n2βφj = (3.43)

1
n

∑

j∈Tn

∂xv(t,
j

n
)n3βψ̂n(

j

n
) +

1
n

∑

j∈Tn

∂xu(t,
j

n
)n2βφ̂n(

j

n
)

+An
8 (t, ω) + An

9 (t, ω),
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respectively

1
n

∑

j∈Tn

∂tv(t,
j

n
)
(
n2βηj − ρ(t,

j

n
)
)

+
1
n

∑

j∈Tn

∂tu(t,
j

n
)
(
nβζj − u(t,

j

n
)
)

=

1
n

∑

j∈Tn

∂tv(t,
j

n
)
(
n2β η̂n(

j

n
)− ρ(t,

j

n
)
)

(3.44)

+
1
n

∑

j∈Tn

∂tu(t,
j

n
)
(
nβ ζ̂n(

j

n
)− u(t,

j

n
)
)

+An
10(t, ω) + An

11(t, ω),

where the error terms are

An
8 (t, ω) :=

1
n

∑

j∈Tn

(
∂xv

(
t,

j

n

)− 1
l

∑

k

a
(j − k

l

)
∂xv

(
t,

k

n

))
n3βψj ,

An
9 (t, ω) :=

1
n

∑

j∈Tn

(
∂xu

(
t,

j

n

)− 1
l

∑

k

a
(j − k

l

)
∂xu

(
t,

k

n

))
n2βφj ,

An
10(t, ω) :=

1
n

∑

j∈Tn

(
∂tv

(
t,

j

n

)− 1
l

∑

k

a
(j − k

l

)
∂tv

(
t,

k

n

))
n2βηj ,

An
11(t, ω) :=

1
n

∑

j∈Tn

(
∂tu

(
t,

j

n

)− 1
l

∑

k

a
(j − k

l

)
∂tu

(
t,

k

n

))
nβζj .

These error terms will be estimated in subsection 3.4.4.

Since [0, T ]× T 3 (t, x) 7→ (ρ(t, x), u(t, x)), is a smooth solution of the pde (3.1), we have

∂tv = −u∂xv − ∂xu, ∂tu = −ρ∂xv − γu∂xu.

Inserting these expressions into the main terms of (3.44) eventually we obtain for the integrand

in (3.36)

n3βLnfn
t (ω) + n3β+δKnfn

t (ω) + n−1+2β∂tf
n
t (ω) = (3.45)

1
n

∑

j∈Tn

∂xv(t,
j

n
)
{

n3βψ̂n(
j

n
)− ρ(t,

j

n
)u(t,

j

n
)

− u(t,
j

n
)
(
n2β η̂n(

j

n
)− ρ(t,

j

n
)
)− ρ(t,

j

n
)
(
nβ ζ̂n(

j

n
)− u(t,

j

n
)
)}

+
1
n

∑

j∈Tn

∂xu(t,
j

n
)
{

n2βφ̂n(
j

n
)− (

ρ(t,
j

n
) + γu(t,

j

n
)2

)

− (
n2β η̂n(

j

n
)− ρ(t,

j

n
)
)− 2γu(t,

j

n
)
(
nβ ζ̂n(

j

n
)− u(t,

j

n
)
)}

+
12∑

k=1

An
k(t, ω),
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where

An
12(t) :=

1
n

∑

j∈Tn

((
∂xv

)
ρu +

(
∂xu

)(
ρ + γu2

))
(t,

j

n
)

=
1
n

∑

j∈Tn

∂x

(
ρu +

γ

3
u3

)
(t,

j

n
)

3.4.4 The error terms An
k , k = 1, . . . , 12

Lemma 2. There exists a finite constant C, such that for any n ∈ N, t ∈ [0, T ] and for any

sequence of real numbers bj, j = 1, . . . , n the following bounds hold:

Eµn
t

( 1
n

∑

j∈Tn

bjηj

)
≤ Cn−2β


 1

n

∑

j∈Tn

bj +
√

1
n

∑

j∈Tn

b2
j


 (3.46)

Eµn
t

( 1
n

∑

j∈Tn

bjζj

)
≤ Cn−β

√
1
n

∑

j∈Tn

b2
j (3.47)

Eµn
t

( 1
n

∑

j∈Tn

bjψj

)
≤ Cn−2β


 1

n

∑

j∈Tn

bj +
√

1
n

∑

j∈Tn

b2
j


 (3.48)

Eµn
t

( 1
n

∑

j∈Tn

bjφj

)
≤ C


 1

n

∑

j∈Tn

bj + n−β

√
1
n

∑

j∈Tn

b2
j


 (3.49)

Proof. The proof relies on the entropy inequality

Eµn
t

( 1
n

∑

j∈Tn

bj

(
ξj −Eπn(ξj)

)) ≤ (3.50)

1
γn

H(µn
t |πn) +

1
γn

log Eπn

(
exp

{
γ

∑

j∈Tn

bj

(
ξj −Eπn(ξj)

)})
,

where ξj stands for either of ηj , ζj , ψj or φj . We note that all these variables are bounded and
∣∣Eπn

(
ηj

) ∣∣ ≤ Cn−2β, Varπn

(
ηj

) ≤ Cn−2β,

∣∣Eπn

(
ζj

) ∣∣ = 0, Varπn

(
ζj

) ≤ C,

∣∣Eπn

(
ψj

) ∣∣ = 0, Varπn

(
ψj

) ≤ Cn−2β,

∣∣Eπn

(
φj

) ∣∣ ≤ C, Varπn

(
φj

) ≤ C.

From these bounds and the entropy inequality (3.50) the statement of the lemma follows directly.

Now we turn to the estimates on the error terms. We use the bounds (3.46), (3.47), (3.48)

and (3.49) of Lemma 2, the asymptotics (3.32) and uniform approximation of ∂x of smooth
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functions by their discrete derivative ∇n. Straightforward computations yield

Eµn
t

(
An

1 (t)
) ≤ C

(
n−1+β + n−β

)
= o(1),

Eµn
t

(
An

2 (t)
) ≤ C

(
n−1+2β + n−β

)
= o(1),

Eµn
t

(
An

3 (t)
) ≤ Cn−1+β = o(1),

Eµn
t

(
An

4 (t)
) ≤ C

(
n−1+2β + n−1+β

)
= o(1),

Eµn
t

(
An

5 (t)
) ≤ C

(
n−1+β+δ + n−1+2β+δ

)
= o(1),

Eµn
t

(
An

6 (t)
) ≤ Cn−2β = o(1),

Eµn
t

(
An

7 (t)
) ≤ Cn−2β = o(1),

Eµn
t

(
An

8 (t)
) ≤ C

(
n−1+β + nβl−1 + n−1+βl

)
= o(1),

Eµn
t

(
An

9 (t)
) ≤ C

(
n−1+2β + nβl−1 + n−1+βl

)
= o(1),

Eµn
t

(
An

10(t)
) ≤ C

(
n−1 + l−1 + n−1l

)
= o(1),

Eµn
t

(
An

11(t)
) ≤ C

(
l−1 + n−1l

)
= o(1).

Finally, An
12(t) is a simple numerical error term (no probability involved):

An
12(t) ≤ Cn−1 = o(1).

3.4.5 Sumup

Thus, integrating (3.36), using (3.45) and the bounds of subsection 3.4.4 we obtain

hn(t) =
∫ t

0
An(s) ds +

∫ t

0
Bn(s) ds− sn(t) + o(1), (3.51)

where

An(t) := E
( 1

n

∑

j∈Tn

{(
∂xv

){
n3βψ̂n − ρu− u(ρ̂n − ρ)− ρ(ûn − u)

}}
(t,

j

n
)
)

(3.52)

and

Bn(t) := E
( 1

n

∑

j∈Tn

{(
∂xu

){
n2βφ̂n − (ρ + γu2)− (ρ̂n − ρ)− 2γu(ûn − u)

}}
(t,

j

n
)
)

(3.53)

The main difficulty is caused by An(t). The term Bn(t) is estimated exactly as it is done in

[34] for the one-component systems: since Φ(ρ, u) = ρ + γu2 is linear in ρ and quadratic in u

no problem is caused by the low particle density. By repeating the arguments of [34] we obtain
∫ t

0
Bn(s)ds ≤ C

∫ t

0
hn(s)ds + o(1). (3.54)

In the rest of the proof we concentrate on the essentially difficult term An(t).
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3.5 Cutoff

We define the rescaled macroscopic fluxes

Ψn(ρ, u) := n3βΨ(n−2βρ, n−βu), Φn(ρ, u) := n2βΦ(n−2βρ, n−βu). (3.55)

defined on the scaled domain

Dn := {(ρ, u) : (n−2βρ, n−βu) ∈ D}. (3.56)

The first partial derivatives of the scaled fluxes are

Ψn
ρ (ρ, u) = nβΨρ(n−2βρ, n−βu), Φn

ρ (ρ, u) = Φρ(n−2βρ, n−βu),

Ψn
u(ρ, u) = n2βΨu(n−2βρ, n−βu), Φn

u(ρ, u) = nβΦu(n−2βρ, n−βu).
(3.57)

For any (ρ, u) ∈ R+ × R
lim

n→∞Ψn(ρ, u) = ρu, lim
n→∞Φn(ρ, u) = ρ + γu2,

lim
n→∞Ψn

ρ (ρ, u) = u, lim
n→∞Φn

ρ (ρ, u) = 1,

lim
n→∞Ψn

u(ρ, u) = ρ, lim
n→∞Φn

u(ρ, u) = 2γu.

(3.58)

The convergence is uniform in compact subsets of R+ × R
Note that

Ψn(ρ̂n(t, x), ûn(t, x)) = n3βΨ(η̂n(t, x), ζ̂n(t, x)),

Φn(ρ̂n(t, x), ûn(t, x)) = n2βΦ(η̂n(t, x), ζ̂n(t, x)).

3.5.1 The direct approach — why it fails?

The most natural thing is to write the summand in An(t) as

n3βψ̂n − ρu− u(ρ̂n − ρ)− ρ(ûn − u) = (3.59)

n3β(ψ̂n −Ψ(η̂n, ζ̂n)) + (Ψn(ρ̂n, ûn)− ρ̂nûn) + (ρ̂n − ρ)(ûn − u)

By applying Varadhan’s “one block estimate” and controlling the error terms in the Taylor

expansion of Ψ, the first two terms on the right hand side can be dealt with. However, the

last term causes serious problems: with proper normalization, it is distributed with respect to

the local equilibrium measure νn
t , like a product of independent Poisson and Gaussian random

variables, and thus it does not have a finite exponential moment. Since the robust estimates

heavily rely on the entropy inequality where the finite exponential moment is needed, we have

to choose another approach for estimating An(t).

Instead of writing plainly (3.59), we introduce a cutoff. We let

M > sup{ρ(t, x) ∨ |u(t, x)| : (t, x) ∈ [0, T ]× T}.
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The value of M will be specified by the large deviation bounds given in Proposition 2 (via

Lemma 10).

Let In, Jn : R+ × R→ R be bounded functions so that

In + Jn = 1,

In(ρ, u) = 1 for ρ ∨ |u| ≤ M,

In(ρ, u) = 0 for ‘large’ (ρ, u).

The last property will be specified later.

We split the right hand side of (3.59) in a most natural way, according to this cutoff:

n3βψ̂n − ρu− u(ρ̂n − ρ)− ρ(ûn − u) = (3.60)

n3βψ̂nJn(ρ̂n, ûn)− (ρ̂nu + ρûn − ρu)Jn(ρ̂n, ûn)

+n3β(ψ̂n −Ψ(η̂n, ζ̂n))In(ρ̂n, ûn)

+(Ψn(ρ̂n, ûn)− ρ̂nûn)In(ρ̂n, ûn) + (ρ̂n − ρ)(ûn − u)In(ρ̂n, ûn)

The second term on the right hand side is linear in the block averages, so it does not cause any

problem. The third term is estimated by use of Varadhan’s one block estimate. The fourth term

is Taylor approximation. Finally, the last term can be handled with the entropy inequality if

the cutoff In(ρ, u) is strong enough to tame the tail of the Gaussian×Poisson random variable.

The main difficulty is caused by the first term on the right hand side. This term certainly

can not be estimated with the robust method, i.e. with entropy inequality: we would run into

the same problem we wanted to overcome by introducing the cutoff. The only way this term

may be small is by some cancellation. It turns out that the desired cancellations indeed occur

(in form of a martingale appearing in the space-time average) if and only if

Jn(ρ, u) = Sn
ρ (ρ, u), (3.61)

where Sn(ρ, u) is a particular Lax entropy of the scaled Euler equation
{

∂tρ + ∂xΨn(ρ, u) = 0

∂tu + ∂xΦn(ρ, u) = 0,
(3.62)

with Ψn(ρ, u) and Φn(ρ, u) defined in (3.55). That is Sn is solution of the pde

Ψn
uSn

ρρ +
(
Φn

u −Ψn
ρ

)
Sn

ρu − Φn
ρSn

uu = 0. (3.63)

3.5.2 The cutoff function

In the present subsection we construct the cutoff function (3.61) and we state some estimates

related to it. These bounds will be of paramount importance in our further proof. They are
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stated in the technical Lemmas 3, 4 and 5. The proof of these lemmas is pure classical pde

theory and it is postponed to section 3.9.

First, in subsubsection 3.5.2, we formulate our construction and estimates in terms of Lax

entropies of the unscaled Euler equation (3.16). Then in subsubsection 3.5.2 we rescale these

estimates in order to get the necessary bounds on Sn and its derivatives.

A Lax entropy/flux pair S(ρ, u), F (ρ, u) of the system (3.16) is solution of the system of pdes

Fρ = ΨρSρ + ΦρSu, Fu = ΨuSρ + ΦuSu, (3.64)

defined on D. In particular the Lax entropy S(ρ, u) solves the pde:

ΨuSρρ +
(
Φu −Ψρ

)
Sρu − ΦρSuu = 0, (3.65)

The linear pde (3.65) is hyperbolic in D. One family of its characteristic curves are solutions

of the following ODE, meant in the domain D:

dρ

du
=

√(
Φu −Ψρ

)2 + 4ΦρΨu −
(
Φu −Ψρ

)

2Φρ
, (3.66)

The other family is obtained by reflecting u to −u.

First we conclude that the line segment D∩{u = 0} is not characteristic for the hyperbolic

pde (3.65). That is: is intersects transversally the characteristic lines defined by the differential

equation (3.66). Indeed, from the Onsager relation (3.15) and obvious parity considerations it

follows, that the right hand side of (3.66) restricted to {u = 0} becomes
(
Varr,0(η)/Varr,0(ζ)

)1/2

and this expression is obviously finite for r ∈ [0, ρ∗). It follows that the Cauchy problem (3.65),

with the following initial condition:

S(r, 0) = s(r), Su(r, 0) = 0, r ∈ [0, ρ∗) (3.67)

is well posed.

In our concrete problem the function s(r) will be chosen as follows: we fix 0 < r < r, and

define

s(r) =





0 if r ∈ [0, r),

r log(r/r)− (r − r)
log(r/r)

if r ∈ [r, r),

r − r − r

log(r/r)
if r ∈ [r,∞).

(3.68)

Note that s(r) and s′(r) are continuous.

We first analyze the global structure of the characteristic curves. Due to the assumption

(H) imposed on-, and regularity of the flux functions Φ and Ψ, there exists some ρ0 > 0 such
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that the ODE (3.66) is regular in {(ρ, u) ∈ D : ρ < ρ0 and (ρ, u) 6= (0, 0)}. We shall not be

concerned about what happens outside this strip. Denote by σ(u; r) the solution of the ODE

(3.66) with initial condition σ(0; r) = r.

Lemma 3. There exist constants 0 < C2 < C1 < ∞ and r0 > 0 such that for any r ∈ [0, r0]

r + C1
√

ru ≤ σ(u; r) ≤ r + C2
√

ru if u ≤ 0,

r ≤ σ(u; r) ≤ r + C1

(√
ru ∧ r

4γ−3
4γ−2 u

1
2γ−1

)
if u ≥ 0.

(3.69)

The inequalities are valid as long as (σ(u; r), u) ∈ D. The map u 7→ σ(u; r) is regular and

monotone increasing.

See subsection 3.9.1 for the proof of this lemma.

For r < r0 we partition the domain D in three parts as follows

D1(r) := {(ρ, u) ∈ D : ρ < σ(−|u|; r)}

D2(r) := {(ρ, u) ∈ D : ρ > σ(|u|; r)}

D3(r) := {(ρ, u) ∈ D : σ(−|u|; r) ≤ ρ ≤ σ(|u|; r)}

= D \ (D1(r) ∪ D2(r)
)
.

See Figure 1 for a sketch of the domains D1(r),D2(r),D3(r).

From Lemma 3 it follows that

{(ρ, u) : 0 ≤ ρ < r − C1

√
r|u|} ⊂ D1(r) ⊂ {(ρ, u) : 0 ≤ ρ < r − C2

√
r|u|},

(3.70){(ρ, u) : r + C1

√
r|u| < ρ} ⊂ D2(r) ⊂ {(ρ, u) : r < ρ},

and for 0 ≤ r ≤ r′ ≤ r0

D1(r) ⊂ D1(r′), D2(r′) ⊂ D2(r). (3.71)

From now r0 is fixed for ever and we denote

D̃ := D1(r0).

This domain is a rectangle in characteristic coordinates with diagonal D̃ ∩ {u = 0}, as opposed

to D which may not be a full characteristic rectangle. (Actually, choosing the characteristic

coordinates in a natural symmetric way, z(ρ, u) = w(ρ,−u), the domain D̃ is a square in char-

acteristic coordinates.) Note that D3(r0)∩{u ≥ 0} and D3(r0)∩{u ≤ 0} are also characteristic

rectangles.

Next we turn to the construction of a particular family of Lax entropies which will serve for

obtaining the cutoff functions needed. We fix 0 < r < r < r0. and define S : D → R as follows:
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-u* u*

u

r*

Ρ

D1

D2

D3

Figure 3.1: D1,D2,D3

(i) In D̃: S(ρ, u) is solution of the Cauchy problem (3.65)+(3.67) with s(r) given in (3.68).

Note that

S(ρ, u) =





0 if (ρ, u) ∈ D1(r) ⊂ D̃,

ρ− r − r

log(r/r)
if (ρ, u) ∈ D2(r) ∩ D̃.

(3.72)

(ii) In D2(r):

S(ρ, u) := ρ− r − r

log(r/r)
, if (ρ, u) ∈ D2(r) (3.73)

Note that there is no contradiction: in D̃ ∩ D2(r), (i) yields the same expression.

(iii) In D3(r) \ D̃: S(ρ, u) is defined as solution of the Goursat problem (3.65) with boundary

conditions on the characteristic lines ∂D̃ ∩D3(r), respectively, ∂D2(r) \ D̃ provided by (i),

respectively, (ii).

Note that S(ρ, u) is solution of the pde (3.65), globally in D̃.

We denote

D3(r, r) := D \ (D1(r) ∪ D2(r)
)

=
(D1(r) ∩ D2(r)

) ∪ (D1(r) ∩ D3(r)
)

∪(D3(r) ∩ D2(r)
) ∪ (D3(r) ∩ D3(r)

)
.

The following lemma provides the necessary bounds on the partial derivatives of S(ρ, u) (up

to second order) in the domain D3(r, r).
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u

Ρ

r0

r�

r�
D3Hr�,r�L

Figure 3.2: D3(r, r)

Lemma 4. There exists a constant C < ∞ such that for any 0 < r < r < r0 and S(ρ, u)

defined as above the following global bounds hold:

|Sρ(ρ, u)− 11D2(r)(ρ, u)| ≤ C 11D3(r,r)(ρ, u), (3.74)

|Su(ρ, u)| ≤ C(
√

r −√r)
log(r/r)

11D3(r,r)(ρ, u), (3.75)

|Sρρ(ρ, u)| ≤ C

log(r/r)
1

r + ρ
11D3(r,r)(ρ, u), (3.76)

|Sρu(ρ, u)| ≤ C

log(r/r)
1√

r +
√

ρ + |u| 11D3(r,r)(ρ, u), (3.77)

|Suu(ρ, u)| ≤ C

log(r/r)
11D3(r,r)(ρ, u), (3.78)

This lemma is proved in subsection 3.9.2.

Beside the bounds on the partial derivatives of S(ρ, u) we shall also need a bound on the

function F (ρ, u)−Ψ(ρ, u)Sρ(ρ, u). From (3.64) and (3.72) it follows that

F (ρ, u) =

{
0 if (ρ, u) ∈ D1(r),

Ψ(ρ, u) if (ρ, u) ∈ D2(r).

Lemma 5. With the assumptions and notations of Lemma 4

|F (ρ, u)−Ψ(ρ, u)Sρ(ρ, u)| ≤ C
√

r

log(r/r)
(r + u2)11D3(r,r)(ρ, u). (3.79)

See subsection 3.9.3 for the proof of this lemma.
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The scaled functions Sn(ρ, u), Fn(ρ, u) are defined on the scaled domain Dn given in (3.56), as

follows: fix 0 < r < r < ∞ and define the unscaled Lax entropy/flux pair as in the previous

section but with downscaled initial conditions

S(r, 0) = n−2βs(n2βr), Su(r, 0) = 0. r ∈ [0, ρ∗), (3.80)

with the function r 7→ s(r) given in (3.68). Now, define the pair of scaled functions Sn, Fn :

Dn → R as

Sn(ρ, u) := n2βS(n−2βρ, n−βu), Fn(ρ, u) := n3βF (n−2βρ, n−βu). (3.81)

It is straightforward to check that Sn, Fn form a Lax entropy/flux pair of the pde (3.62):

Fn
ρ = Ψn

ρSn
ρ + Φn

ρSn
u , Fn

u = Ψn
uSn

ρ + Φn
uSn

u , (3.82)

in particular Sn solves the pde (3.63).

We partition the scaled domain

Dn = Dn
1 (r) ∪ Dn

2 (r) ∪ Dn
3 (r, r)

with the partition elements

Dn
1 (r) := {(ρ, u) ∈ Dn : (n−2βρ, n−βu) ∈ D1(n−2βr)}

Dn
2 (r) := {(ρ, u) ∈ Dn : (n−2βρ, n−βu) ∈ D2(n−2βr)}

Dn
3 (r, r) := {(ρ, u) ∈ Dn : (n−2βρ, n−βu) ∈ D3(n−2βr, n−2βr)}.

In the following Proposition we summarize our main estimates formulated in terms of the

scaled objects. The statement is a mere corollary of the previous lemmas. It follows by simple

scaling from (3.70) and (3.74)-(3.79).

Proposition 1. There exists a constant C < ∞, such that given any 0 < r < r < ∞ and the

scaled Lax entropy/flux pair defined as prescribed above, the following bounds hold uniformly in

n:

Dn
1 (r) ⊃ {(ρ, u) : 0 ≤ ρ ≤ r − C−1√r|u|} (3.83)

Dn
3 (r, r) ⊂ {(ρ, u) : ρ ≤ r + C

√
r|u|} (3.84)
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|Sn
ρ (ρ, u)− 11Dn

2 (r)(ρ, u)| ≤ C 11Dn
3 (r,r)(ρ, u), (3.85)

|Sn
u (ρ, u)| ≤ C(

√
r −√r)

log(r/r)
11Dn

3 (r,r)(ρ, u), (3.86)

|Sn
ρρ(ρ, u)| ≤ C

log(r/r)
1

r + ρ
11Dn

3 (r,r)(ρ, u), (3.87)

|Sn
ρu(ρ, u)| ≤ C

log(r/r)
1√

r +
√

ρ + |u| 11Dn
3 (r,r)(ρ, u), (3.88)

|Sn
uu(ρ, u)| ≤ C

log(r/r)
11Dn

3 (r,r)(ρ, u), (3.89)

|Fn(ρ, u)−Ψn(ρ, u)Sn
ρ (ρ, u)| ≤ C

√
r

log(r/r)
(r + u2)11Dn

3 (r,r)(ρ, u). (3.90)

Due to (3.83) we can choose r large enough to ensure that for all n

{(ρ, u) : ρ ∨ |u| ≤ M} ⊂ Dn
1 (r), (3.91)

where M is specified by the large deviation bounds given in Proposition 2 (via Lemma 10).

Further on, we choose r so large that

C

log(r/r)
<

(
100 sup

(t,x)∈[0,T ]×T
|log ρ(t, x)|

)−1

, (3.92)

and thus the bounds (3.87)-(3.89) of Proposition 1 are sufficient for our further purposes.

3.5.3 Outline of the further steps of proof

In section 3.6 we present the main probabilistic technical ingredients of the forthcoming proof.

These are variants of entropy inequalities and of the celebrated one and two block estimates.

In Section 3.7 we give an estimate for the terms with ’large’ values of (ρ, u), we prove that
∣∣∣∣∣∣
E




∫ t

0

1
n

∑

j∈Tn

{(
∂xv

)(
n3βψ̂n

)
Jn(ρ̂n, ûn)

}
(s,

j

n
) ds




∣∣∣∣∣∣
(3.93)

≤ 1
2

hn(t) +
1
2

sn(t) + C

∫ t

0
hn(s) ds + o(1).

In Section 3.8 we estimate the terms with ’small’ values of (ρ, u), the section is divided into

four subsections.

In subsection 3.8.1 we prove
∣∣∣∣∣∣
E


 1

n

∑

j∈Tn

{(
∂xv

) (
ρ̂nu + ρûn − ρu

)
Jn(ρ̂n, ûn)

}
(s,

j

n
)




∣∣∣∣∣∣
(3.94)

≤ C hn(s) + o(1).
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In subsection 3.8.2 we prove the one block estimate
∣∣∣∣∣∣
E




∫ t

0

1
n

∑

j∈Tn

{(
∂xv

)
n3β

(
ψ̂n −Ψ(η̂n, ζ̂n)

)
In(ρ̂n, ûn)

}
(s,

j

n
) ds




∣∣∣∣∣∣
(3.95)

= o(1).

In subsection 3.8.3 we control the Taylor approximation
∣∣∣∣∣∣
E


 1

n

∑

j∈Tn

{(
∂xv

) (
Ψn(ρ̂n, ûn)− ρ̂nûn

)
In(ρ̂n, ûn)

}
(s,

j

n
)




∣∣∣∣∣∣
(3.96)

≤ C hn(s) + o(1).

Finally, in subsection 3.8.4 we control the fluctuations
∣∣∣∣∣∣
E


 1

n

∑

j∈Tn

{(
∂xv

) (
ρ̂n − ρ

)(
ûn − u

)
In(ρ̂n, ûn)

}
(s,

j

n
)




∣∣∣∣∣∣
(3.97)

≤ C hn(s) + o(1).

Having all these done, from (3.52), (3.60) and the bounds (3.93), (3.94), (3.95), (3.96), (3.97)

it follows that
∫ t

0
An(s)ds ≤ 1

2
hn(t) +

1
2

sn(t) + C

∫ t

0
hn(s)ds + o(1). (3.98)

Finally, from (3.51), (3.54), (3.98) and noting that sn(t) ≥ 0 we get the desired Grönwall

inequality (3.34) and the Theorem follows. Note the importance of the term −∂ts
n(t) on the

right hand side of (3.36).

3.6 Tools

3.6.1 Fixed time estimates

In the estimates with fixed time s ∈ [0, T ] we shall use the notation

L = L(n) := n−2βl. (3.99)

Note that L À 1 as n →∞.

The following general entropy estimate will be exploited all over:

Lemma 6. (Fixed time entropy inequality)

Let l ≤ n, V : Ωl → R and denote Vj(ω) := V(ωj , . . . , ωj+l−1). Then for any γ > 0

E
( 1

n

∑

j∈Tn

Vj(X n
s )

)
≤ 1

γ
hn(s) +

1
γ L

1
n

∑

j∈Tn

log Eνn
s

(
exp

{
γ LVj

})
.

(3.100)
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This lemma is standard tool in the context of relative entropy method. For its proof we refer

the reader to the original paper [41] or the monograph [13].

Proposition 2. (Fixed time large deviation bounds)

(i) For any ε > 0 there exists M < ∞ such that for any s ∈ [0, T ]

E
( 1

n

∑

j∈Tn

{(
1 + ρ̂n + |ûn| )11{bρn∨|bun|>M}

}
(s,

j

n
)
)
≤ ε hn(s) + o(1). (3.101)

(ii) There exist C < ∞ and M < ∞ such that for any s ∈ [0, T ]

E
( 1

n

∑

j∈Tn

{ |ûn|2 11{bρn∨|bun|>M}
}
(s,

j

n
)
)
≤ C hn(s) + o(1). (3.102)

The proof of Proposition 2 is postponed to subsection 3.10.1. It relies on the entropy in-

equality (3.100) of Lemma 6, the stochastic dominations formulated in Lemma 9 (see subsection

3.10.1) and standard large deviation bounds.

We shall refer to (3.101) and (3.102) as large deviation bounds.

Proposition 3. (Fixed time fluctuation bounds)

For any M < ∞ there exists a C < ∞ such that the following bounds hold:

E
( 1

n

∑

j∈Tn

|ûn − u|2 (s,
j

n
)
)
≤ C hn(s) + o(1), (3.103)

E
( 1

n

∑

j∈Tn

{ |ρ̂n − ρ|2 11{bρn≤M}
}
(s,

j

n
)
)
≤ C hn(s) + o(1). (3.104)

The proof of Proposition 3 is postponed to subsection 3.10.2. It relies on the entropy

inequality (3.100) of Lemma 6, and Gaussian fluctuation estimates.

We shall refer to (3.103) and (3.104) as fluctuation bounds.

3.6.2 Convergence to local equilibrium and a priori bounds

The hydrodynamic limit relies on macroscopically fast convergence to (local) equilibrium in

blocks of mesoscopic size l. Fix the block size l and (N, Z) ∈ N× (w0/2)Z with the restriction

N ∈ [0, l max η], Z ∈ [l min ζ, l max ζ] and denote

Ωl
N,Z :=

{
ω ∈ Ωl :

l∑

j=1

ηj = N,

l∑

j=1

ζj = Z
}
,

πl
N,Z(ω) := πl

λ,θ(ω |
l∑

j=1

ηj = N.
l∑

j=1

ζj = Z),
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Expectation with respect to the measure πl
N,Z is denoted by El

N,Z

( · ). For f : Ωl
N,Z → R let

K l
N,Zf(ω) :=

l−1∑

j=1

∑

ω′,ω′′
s(ωj , ωj+1; ω′, ω′′)

(
f(Θω′,ω′′

j,j+1ω)− f(ω)
)
,

Dl
N,Z(f) :=

1
2

l−1∑

j=1

El
N,Z


 ∑

ω′,ω′′
s(ωj , ωj+1;ω′, ω′′)

(
f(Θω′,ω′′

j,j+1ω)− f(ω)
)2


 .

In plain words: Ωl
N,Z is the hyperplane of configurations ω ∈ Ωl with fixed values of the

conserved quantities, πl
N,Z is the microcanonical distribution on this hyperplane, K l

N,Z is the

symmetric infinitesimal generator restricted to the hyperplane Ωl
N,Z , and finally Dl

N,Z is the

Dirichlet form associated to K l
N,Z . Note, that K l

N,Z is defined with free boundary conditions.

The convergence to local equilibrium is quantitatively controlled by the following uniform

logarithmic Sobolev estimate, assumed to hold:

(I) Logarithmic Sobolev inequality: There exists a finite constant ℵ such that for any l ∈ N,

(N,Z) ∈ N× (w0/2)Z with the restriction N ∈ [0, l max η], Z ∈ [l min ζ, l max ζ], and any

h : Ωl
N,Z → R+ with El

N,Z(h) = 1 the following bound holds:

El
N,Z

(
h log h

) ≤ ℵ l2Dl
N,Z

(√
h
)

. (3.105)

Remark: The uniform logarithmic Sobolev inequality (3.105) is expected to hold for a very

wide range of locally finite interacting particle systems, though we do not know about a fully

general proof. In [42] the logarithmic Sobolev inequality is proved for symmetric K-exclusion

processes. This implies that (3.105) holds for the two lane models defined in subsection 3.2.

In [8] Yau’s method of proving logarithmic Sobolev inequality is applied and the logarithmic

Sobolev inequality is stated for random stirring models with arbitrary number of colors. In

particular, (3.105) follows for the {−1, 0, +1}-model defined in subsection 3.2.

The following large deviation bound goes back to Varadhan [39]. See also the monographs

[13] and [6].

Lemma 7. (Time-averaged entropy inequality, local equilibrium)

Let l ≤ n, V : Ωl → R+ and denote Vj(ω) := V(ωj , . . . , ωj+l−1). Then for any γ > 0

E


 1

n

∑

j∈Tn

∫ t

0
Vj(X n

s ) ds


 ≤ (3.106)

ℵ l3

2 γ n1+3β+δ

(
sn(t) +

2n1+3β+δ t

ℵl3
max
N,Z

log El
N,Z

(
exp {γV} ))

.

Remarks: (1) Since
n1+3β+δ

l3
= o(1),



3.6. TOOLS 77

in order to apply efficiently Lemma 7 one has to chose γ = γ(n) so that

El
N,Z

(
exp {γV} )

= O(1),

uniformly in the block size l = l(n) ∈ N, and in N ∈ [0, l max η] and Z ∈ [l min ζ, l max ζ].

(2) Assuming only uniform bound of size ∼ (ℵl2
)−1 on the spectral gap of K l

N,Z (rather than the

stronger logarithmic Sobolev inequality (3.105)) and using Rayleigh-Schrödinger perturbation

(see Appendix 3 of [13]) we would get

E


 1

n

∑

j∈Tn

∫ t

0
Vj(X n

s ) ds


 ≤

ℵ l3 ‖V‖∞
2n1+3β+δ

sn(t) + t ‖V‖∞
(maxN,Z El

N,Z

(V)

‖V‖∞ +
maxN,Z Varl

N,Z

(V)

‖V‖2∞

)
,

which would not be sufficient for our needs.

(3) The proof of the bound (3.106) explicitly relies on the logarithmic Sobolev inequality (3.105).

It appears in [43] and it is reproduced in several places, see e.g. [6], [7]. We do not repeat it

here.

The main probabilistic ingredients of our proof are summarized in Proposition 4 which is

consequence of Lemma 7. These are variants of the celebrated one block estimate, respectively,

two blocks estimate of Varadhan and co-authors.

Proposition 4. (Time-averaged block replacement and gradient bounds)

Given a local variable ξ : Ωm → R there exists a constant C such that the following bounds hold:

(i)

E
(∫ t

0

∫

T

∣∣{ξ̂n − Ξ(η̂n, ζ̂n)
}
(s, x)

∣∣2 dx ds

)
≤ C

l2

n1+3β+δ

(
sn(t) + o(1)

)
. (3.107)

(ii)

E
(∫ t

0

∫

T

∣∣∂xξ̂n(s, x)
∣∣2 dx ds

)
≤ Cn1−3β−δ

(
sn(t) + o(1)

)
. (3.108)

(iii) Further on, if ξ : Ω → R (that is: it depends on a single spin) and ξ(ω) = 0 whenever

η(ω) = 0 then the following stronger version of the gradient bound holds:

E

(∫ t

0

∫

T

∣∣∂xξ̂n(s, x)
∣∣2

η̂n(s, x)
dx ds

)
≤ Cn1−3β−δ

(
sn(t) + o(1)

)
. (3.109)

The proof of Proposition 4 is postponed to subsection 3.10.3. It relies on the large deviation

bound (3.106) and some elementary probability estimates stated in Lemma 13 (see subsection

3.10.3).

We shall refer to (3.107), respectively, (3.108) and (3.109) as the block replacement bounds,

respectively, the gradient bounds.



78 CHAPTER 3. PERTURBATION OF SINGULAR EQUILIBRIUM

We shall apply (3.107) to ξ = φ and ξ = ψ. From (3.108) it follows that

E
(∫ t

0

∫

T

∣∣∂xûn(s, x)
∣∣2 dx ds

)
≤ Cn1−β−δ

(
sn(t) + o(1)

)
, (3.110)

E
(∫ t

0

∫

T

∣∣∂xρ̂n(s, x)
∣∣2 dx ds

)
≤ Cn1+β−δ

(
sn(t) + o(1)

)
. (3.111)

Using (3.109) the last bound is improved to

E

(∫ t

0

∫

T

∣∣∂xρ̂n(s, x)
∣∣2

ρ̂n(s, x)
dx ds

)
≤ Cn1−β−δ

(
sn(t) + o(1)

)
. (3.112)

The bound (3.109) will also be applied to ξ = κ (see (3.12) and (3.13)) to get

E

(∫ t

0

∫

T

∣∣n2β∂xκ̂n(s, x)
∣∣2

ρ̂n(s, x)
dx ds

)
≤ Cn1−β−δ

(
sn(t) + o(1)

)
. (3.113)

3.7 Control of the large values of (ρ, u): proof of (3.93)

3.7.1 Preparations

In the present section we prove (3.93). First we replace 1
n

∑
j∈Tn · · · by

∫
T · · · dx. Note that

given a smooth function F : T→ R
∣∣∣∣∣∣
1
n

∑

j∈Tn

F (
j

n
)−

∫

T
F (x) dx

∣∣∣∣∣∣
≤ 1

n

(∫

T
|∂xF (x)|2 dx

)1/2

. (3.114)

Hence it follows that

E




∫ t

0

1
n

∑

j∈Tn

{(
∂xv

) (
n3βψ̂n

)
Jn(ρ̂n, ûn)

}
(s,

j

n
) ds


 = (3.115)

E
(∫ t

0

∫

T

{(
∂xv

) (
n3βψ̂n

)
Jn(ρ̂n, ûn)

}
(s, x) dx ds

)
+ An

13,

where An
13 is again a simple numerical error term:

|An
13| ≤ Cn3β−1

{
1 +

√
E

(∫ s

0

∫

T

∣∣∣∂xψ̂n(s, x)
∣∣∣
2

dx ds

)
+

√
E

(∫ t

0

∫

T
|∂xρ̂n(s, x)|2 dx ds

)

+

√
E

(∫ t

0

∫

T
|∂xûn(s, x)|2 dx ds

) }

= O(n5βl−1) = o(1). (3.116)

In the last step we use the most straightforward gradient bound (3.42). (Using the gradient

bound (3.108) we could obtain the much better upper bound

|An
13| = O(n(−1−δ+7β)/2) = o(n5βl−1),
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but we do not need this sharper estimate at this stage.)

So, we have to prove that the first term on the right hand side of (3.115) is negligible. Recall

that Jn = Sn
ρ . We start with the application of the martingale identity:

E
(∫

T

{{
vSn(ρ̂n, ûn)

}
(t, x)− {

vSn(ρ̂n, ûn)
}
(0, x)−

∫ t

0

{
(∂tv)Sn(ρ̂n, ûn)

}
(s, x) ds

}
dx

)
=

E
(∫ t

0

∫

T
v(s, x)

(
n1+βLnSn(ρ̂n(x), ûn(x))

)
(X n

s ) dx ds

)

(3.117)

+ E
(∫ t

0

∫

T
v(s, x)

(
n1+β+δKnSn(ρ̂n(x), ûn(x))

)
(X n

s ) dx ds

)

3.7.2 The left hand side of (3.117)

From (3.85), (3.86), and (3.91), we conclude that

|Sn(ρ, u)| ≤ C
(
ρ + |u| ) 11{ρ∨|u|>M}.

Hence, using the large deviation bound (3.101) it follows that, by choosing M sufficiently large

we obtain

E
( 1

n

∑

j∈Tn

∣∣∣∣Sn(ρ̂n, ûn)(s,
j

n
)
∣∣∣∣
)
≤ ε hn(s) + o(1).

Hence, applying again (3.114) we get

| l.h.s. of (3.117) | ≤ 1
2

hn(t) + C

∫ t

0
hn(s) ds + o(1). (3.118)

Remark: Note that this is the point where M and thus the lower edge of the cutoff is fixed.

Also note the importance of the factor 1/2 in fromt of hn(t) on the right hand side.

3.7.3 The right hand side of (3.117): first computations

First we compute how the infinitesimal generators n1+βLn and n1+β+δKn act on the function

ω 7→ Sn(ρ̂n(x), ûn(x)):

n1+βLnSn(ρ̂n(x), ûn(x)) = (3.119)
{

Sn
ρ (ρ̂n, ûn)

(
n3β∂xψ̂n

)
+ Sn

u (ρ̂n, ûn)
(
n2β∂xφ̂n

)}
(x) + An

14(x),

n1+β+δKnSn(ρ̂n(x), ûn(x)) = (3.120)

n−1+β+δ
{

Sn
ρ (ρ̂n, ûn)

(
n2β∂2

xκ̂n
)

+ Sn
u (ρ̂n, ûn)

(
nβ∂2

xχ̂n
)}

(x) + An
15(x),
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where An
14(x) and An

15(x) are the following numerical error terms:

An
14(x) = An

14(ω, x) := n1+β
∑

j∈Tn

∑

ω′,ω′∈Ω

r(ωj , ωj+1; ω′, ω′)×

{
Sn

(
ρ̂n(x) +

n2β

l

(
a
(nx− j

l

)− a
(nx− j − 1

l

))
(η′ − ηj),

ûn(x) +
nβ

l

(
a
(nx− j

l

)− a
(nx− j − 1

l

))
(ζ ′ − ζj)

)

−Sn
(
ρ̂n(x), ûn(x)

)

−Sn
ρ

(
ρ̂n(x), ûn(x)

)n2β

l2
a′

(nx− j

l

)
(η′ − ηj)

−Sn
u

(
ρ̂n(x), ûn(x)

)nβ

l2
a′

(nx− j

l

)
(ζ ′ − ζj)

}
.

An
15(x) = An

15(ω, x) := n1+β+δ
∑

j∈Tn

∑

ω′,ω′∈Ω

s(ωj , ωj+1; ω′, ω′)×

{
Sn

(
ρ̂n(x) +

n2β

l

(
a
(nx− j

l

)− a
(nx− j − 1

l

))
(η′ − ηj),

ûn(x) +
nβ

l

(
a
(nx− j

l

)− a
(nx− j − 1

l

))
(ζ ′ − ζj)

)

−Sn
(
ρ̂n(x), ûn(x)

)

−Sn
ρ

(
ρ̂n(x), ûn(x)

)n2β

l2
a′

(nx− j

l

)
(η′ − ηj)

−Sn
u

(
ρ̂n(x), ûn(x)

)nβ

l2
a′

(nx− j

l

)
(ζ ′ − ζj)

}

+Sn
ρ

(
ρ̂n(x), ûn(x)

)×
n1+3β+δ

l2

∑

j∈Tn

{
a′

(nx− j

l

)
(κj+1 − κj) +

1
l
a′′

(nx− j

l

)
κj

}

+Sn
u

(
ρ̂n(x), ûn(x)

)×
n1+2β+δ

l2

∑

j∈Tn

{
a′

(nx− j

l

)
(χj+1 − χj) +

1
l
a′′

(nx− j

l

)
χj

}
.

These error terms are easily estimated: using the fact that the second partial derivatives of Sn

are uniformly bounded and ζ and η are bounded, by simple Taylor expansion after tedious but

otherwise straightforward computations we find:

sup
ω∈Ωn

sup
x∈T

|An
14(ω, x)| ≤ Cn1+3βl−2 = o(1), (3.121)

sup
ω∈Ωn

sup
x∈T

|An
15(ω, x)| ≤ Cn1+5β+δl−3 = o(1). (3.122)
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No probabilistic arguments are involved in these bounds. The global (averaged and integrated)

error introduced by these terms will be of the same order.

Next we do some further transformations on the main terms coming from the right hand

sides of (3.119) and (3.120). Performing integrations by part, introducing the macroscopic fluxes

and using (3.82) we obtain:

−
∫

T
v(x)

{
Sn

ρ (ρ̂n, ûn)∂x

(
n3βψ̂n

)
+ Sn

u (ρ̂n, ûn)∂x

(
n2βφ̂n

)}
(x) dx =

∫

T
∂xv(x)

{(
n3βψ̂n

)
Sn

ρ (ρ̂n, ûn)
}

(x) dx

+
∫

T
∂xv(x)

{
Fn(ρ̂n, ûn)−Ψn(ρ̂n, ûn)Sn

ρ (ρ̂n, ûn)
}

(x) dx

+
∫

T
∂xv(x)

{
n2βSn

u (ρ̂n, ûn)
(
φ̂n − Φ(η̂n, ζ̂n)

)}
(x) dx

+
∫

T
v(x)

{
n3βSn

ρρ(ρ̂
n, ûn)

(
∂xρ̂n

)(
ψ̂n −Ψ(η̂n, ζ̂n)

)

+n3βSn
ρu(ρ̂n, ûn)

(
∂xûn

)(
ψ̂n −Ψ(η̂n, ζ̂n)

)

+n2βSn
uρ(ρ̂

n, ûn)
(
∂xρ̂n

)(
φ̂n − Φ(η̂n, ζ̂n)

)

+n2βSn
uu(ρ̂n, ûn)

(
∂xûn

)(
φ̂n − Φ(η̂n, ζ̂n)

)}
(x) dx

Note that, since Jn = Sn
ρ , the first term on the right hand side is exactly the expression in the

main term on the right hand side of (3.115). Estimating the other terms on the right hand side

of (3.123) is the object of the next subsection.

Now we turn to the main term on the right hand side of (3.120). Here, straightforward

integration by parts yields

−
∫

T
v(x)

{
Sn

ρ (ρ̂n, ûn)
(
n2β∂2

xκ̂n
)

+ Sn
u (ρ̂n, ûn)

(
nβ∂2

xχ̂n
)}

(x) dx = (3.123)

∫

T
∂xv(x)

{
Sn

ρ (ρ̂n, ûn)
(
n2β∂xκ̂n

)
+ Sn

u (ρ̂n, ûn)
(
nβ∂xχ̂n

)}
(x) dx

+
∫

T
v(x)

{
Sn

ρρ(ρ̂
n, ûn)

(
∂xρ̂n

)(
n2β∂xκ̂n

)

+ Sn
ρu(ρ̂n, ûn)

((
∂xûn

)(
n2β∂xκ̂n

)
+

(
∂xρ̂n

)(
nβ∂xχ̂n

))

+ Sn
uu(ρ̂n, ûn)

(
∂xûn

)(
nβ∂xχ̂n

)}
(x) dx

We will estimate the terms emerging from the right hand side in the next subsection.
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3.7.4 The right hand side of (3.117): bounds

We note that
∣∣Fn(ρ̂n, ûn)−Ψn(ρ̂n, ûn)Sn

ρ (ρ̂n, ûn)
∣∣ ≤ C

(
1 + |ûn|2 )

11{bρn∨|bun|>M},

see (3.90) and (3.91). Hence, applying the large deviation bounds (3.101) and (3.102) we obtain

E
(∫

T

∣∣∣
{

Fn(ρ̂n, ûn)−Ψn(ρ̂n, ûn)Sn
ρ (ρ̂n, ûn)

}
(s, x)

∣∣∣ dx

)
(3.124)

≤ C hn(s) + o(1).

We use

|Sn
u (ρ̂n, ûn)| ≤ C,

see (3.86) and the first block replacement bound (3.107) to obtain:

E
(∫ t

0

∫

T

∣∣∣
{

n2βSn
u (ρ̂n, ûn)

(
φ̂n − Φ(η̂n, ζ̂n)

)}
(s, x)

∣∣∣ dx ds

)
(3.125)

≤ C l n(−1−δ+β)/2 = o(1).

Next we use
∣∣Sn

ρρ(ρ̂
n, ûn)

∣∣ ≤ C

log(r/r)
1

r + ρ̂n
,

∣∣Sn
ρu(ρ̂n, ûn)

∣∣ ≤ C

log(r/r)
1

√
r +

√
ρ̂n

|Sn
uu(ρ̂n, ûn)| ≤ C

log(r/r)
, (3.126)

see (3.87), (3.88), respectively, (3.89), and note that here we do not exploit the fact that the

constant factors on the right hand side are actually small. These, together with the block

replacement bounds (3.107), the gradient bounds (3.110), (3.112) and the bound (3.31) on the

relative entropy sn(t) yield the following four estimates:

E
(∫ t

0

∫

T

∣∣∣
{

n3βSn
ρρ(ρ̂

n, ûn)
(
∂xρ̂n

)(
ψ̂n −Ψ(η̂n, ζ̂n)

)}
(s, x)

∣∣∣ dx ds

)
≤ C l nβ−δ = o(1),

E
(∫ t

0

∫

T

∣∣∣
{

n3βSn
ρu(ρ̂n, ûn)

(
∂xûn

)(
ψ̂n −Ψ(η̂n, ζ̂n)

)}
(s, x)

∣∣∣ dx ds

)
≤ C l nβ−δ = o(1),

E
(∫ t

0

∫

T

∣∣∣
{

n2βSn
uρ(ρ̂

n, ûn)
(
∂xρ̂n

)(
φ̂n − Φ(η̂n, ζ̂n)

)}
(s, x)

∣∣∣ dx ds

)
≤ C l n−δ = o(1),(3.127)

E
(∫ t

0

∫

T

∣∣∣
{

n2βSn
uu(ρ̂n, ûn)

(
∂xûn

)(
φ̂n − Φ(η̂n, ζ̂n)

)}
(s, x)

∣∣∣ dx ds

)
≤ C l n−δ = o(1).
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Using
∣∣Sn

ρ (ρ̂n, ûn)
∣∣ ≤ C, |Sn

u (ρ̂n, ûn)| ≤ C,

see (3.85) and (3.86), and the gradient bounds (3.110), (3.111) we obtain the following two

bounds:

n−1+β+δE
(∫ t

0

∫

T

∣∣∣
{

Sn
ρ (ρ̂n, ûn)

(
∂xρ̂n

)}
(s, x)

∣∣∣ dx ds

)

≤ C n(−1+δ+3β)/2 = o(1),
(3.128)

n−1+β+δE
(∫ t

0

∫

T

∣∣∣
{

Sn
u (ρ̂n, ûn)

(
∂xûn

)}
(s, x)

∣∣∣ dx ds

)

≤ C n(−1+δ+β)/2 = o(1).

The following bounds are of paramount importance and they are sharp. We use (3.126) again

and note that here we exploit it in its full power : the constant factor on the right hand side is

small. These and the gradient bounds (3.110) and (3.112) yield the following three bounds:

n−1+β+δE
(∫ t

0

∫

T

∣∣∣
{

Sn
ρρ(ρ̂

n, ûn)
(
∂xρ̂n

)(
n2β∂xκ̂n

)}
(s, x)

∣∣∣ dx ds

)

≤ c sn(t) + o(1),

n−1+β+δE
(∫ t

0

∫

T

∣∣∣
{

Sn
ρu(ρ̂n, ûn)

(
∂xûn

)(
n2β∂xκ̂n

)}
(s, x)

∣∣∣ dx ds

)

≤ c sn(t) + o(1),

n−1+β+δE
(∫ t

0

∫

T

∣∣∣
{

Sn
ρu(ρ̂n, ûn)

(
∂xρ̂n

)(
nβ∂xχ̂n

)}
(s, x)

∣∣∣ dx ds

)
(3.129)

≤ c sn(t) + o(1),

n−1+β+δE
(∫ t

0

∫

T

∣∣∣
{

Sn
uu(ρ̂n, ûn)

(
∂xûn

)(
nβ∂xχ̂n

)}
(s, x)

∣∣∣ dx ds

)

≤ c sn(t) + o(1).

The ratio r/r is chosen so large that

c sup
(t,x)∈[0,T ]×T

|v(t, x)| < 1
2
. (3.130)
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3.7.5 Sumup

The identities (3.119), (3.120), (3.123), (3.123) and the bounds (3.121), (3.122), (3.124), (3.125),

(3.127), (3.128), (3.129) yield
∣∣∣∣E

(∫ t

0

∫

T

{(
∂xv

) (
n3βψ̂n

)
Sn

ρ (ρ̂n, ûn)
}

(s, x) dx ds

)
−

(
r.h.s. of (3.117)

)∣∣∣∣

≤ 1
2

sn(t) + c

∫ t

0
hn(s) ds + o(1). (3.131)

Finally, from (3.115), (3.116), (3.117), (3.118) and (3.131) we obtain (3.93).

3.8 Control of the small values of (ρ, u): proof of the bounds
(3.94) to (3.97)

3.8.1 Proof of (3.94)

We exploit the straightforward inequality

|Jn(ρ̂n, ûn)| = ∣∣Sn
ρ (ρ̂n, ûn)

∣∣ ≤ C 11{bρn∨|bun|>M},

see (3.85) and (3.91), and boundedness of the functions ρ(t, x), u(t, x), ∂xv(t, x). Thus, applying

the large deviation bound (3.101) we readily obtain (3.94).

3.8.2 Proof of (3.95)

This is very similar to what has been done in various parts of subsection 3.7.4. We use the

block replacement bound (3.107) and the bound

|In(ρ̂n, ûn)| = ∣∣1− Sn
ρ (ρ̂n, ûn)

∣∣ ≤ C (3.132)

which follows from (3.85). We readily obtain

E
(∫ t

0

∫

T

∣∣∣
{

n3β
(
ψ̂n −Ψ(η̂n, ζ̂n)

) ∣∣In(ρ̂n, ûn)
∣∣
}

(s, x)
∣∣∣ ds dx

)

≤ C l n(−1−δ+3β)/2 = o(1),

which proves (3.95).

3.8.3 Proof of (3.96)

We write

In(ρ̂n, ûn) = 11{bρn∨|bun|≤M} + 11{bρn∨|bun|>M}In(ρ̂n, ûn), (3.133)

and note that, by Taylor expansion of the function (ρ, u) 7→ Ψ(ρ, u)

|Ψn(ρ̂n, ûn)− ρ̂nûn| 11{bρn∨|bun|≤M} ≤ C n−2β.
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On the other hand

|Ψn(ρ̂n, ûn)| ≤ C ρ̂n |ûn|

and

ρ̂n |In(ρ̂n, ûn)| ≤ C(1 + |ûn|), (3.134)

see (3.70) and (3.85). Thus

|Ψn(ρ̂n, ûn)− ρ̂nûn| |In(ρ̂n, ûn)| ≤ C
(
n−2β +

( |ûn|+ |ûn|2 )
11{bρn∨|bun|>M}

)
.

From this, using the large deviation bounds (3.101) and (3.102) we obtain (3.96).

3.8.4 Proof of (3.97)

We use again (3.133) and (3.134) and get

∣∣(ρ̂n − ρ
)(

ûn − u
)
In(ρ̂n, ûn)

∣∣ ≤ ∣∣(ρ̂n − ρ
)(

ûn − u
)∣∣ 11{bρn∨|bun|≤M}

+C
(
1 + |ûn|+ |ûn|2

)
11{bρn∨|bun|>M}

Now the fluctuation bounds (3.103), (3.104), and the large deviation bounds (3.101), (3.102)

together yield (3.97).

3.9 Construction of the cutoff function: proofs

3.9.1 Proof of Lemma 3

Proof. We sketch the proof for u ≥ 0 and leave the very similar u ≤ 0 case for the reader. Let

ρ1 > 0, u1 > 0 be so chosen that for (ρ, u) ∈ [0, ρ1] × [0, u1] the following bounds hold with a

fixed c > 0:

|Φu(ρ, u)−Ψρ(ρ, u)− (2γ − 1)u| ≤ cu(u2 + ρ),

|Φρ(ρ, u)− 1| ≤ c(u2 + ρ),

|Ψu(ρ, u)− ρ| ≤ cρ(u2 + ρ),

and

Φu(ρ, u)−Ψρ(ρ, u) 6= 0 for (ρ, u) 6= (0, 0).

This can be done due to the (ρ, u) → (0, 0) asymptotics of the macroscopic fluxes Φ and Ψ.

It follows that as long as (σ(u; r), u) ∈ [0, ρ1]× [0, u1]

dρ

du
≤ 2ρ(1 + c′(ρ + u2))√

(2γ − 1)2u2 + 4ρ + (2γ − 1)u
.



86 CHAPTER 3. PERTURBATION OF SINGULAR EQUILIBRIUM

This implies

σ(u; r) ≤ r + C
(√

ru ∧ r
4γ−3
4γ−2 u

1
2γ−1

)

with a positive C, as long as (σ(u; r), u) ∈ [0, ρ1]× [0, u1].

From our assumptions it also follows that for ρ ≤ ρ1 and u > u1

dρ

du
≤ b ρ,

where

b := sup
ρ<ρ1
u>u1

2Ψu(ρ, u)
ρ

(
Φu(ρ, u)−Ψρ(ρ, u)

) < ∞.

Hence it follows that for u ≥ u1

σ(u; r) ≤ σ(u1; r) exp{b(u− u1)}

as long as σ(u; r) ≤ ρ1.

Putting these two arguments together the upper bound

σ(u; r) ≤ r + C1

(√
ru ∧ r

4γ−3
4γ−2 u

1
2γ−1

)
, u ≥ 0, r < r0,

follows with

r0 := sup
{

r :
(

r + C

(√
ru1 ∧ r

4γ−3
4γ−2 u

1
2γ−1

1

))
exp{b(u∗ − u1)} ≤ ρ1

}
,

and

C1 =
r

1
4γ−2

0

(
exp{b(u∗ − u1)} − 1

)

u1
+ C exp{b(u∗ − u1)}.

3.9.2 Proof of Lemma 4

Note first that given the bounds (3.25) and condition (H) of subsection 3.3.1, (3.78) follows

directly from (3.77), (3.76) and (3.65). So, we shall concentrate on (3.74)-(3.77) only.

By differentiating in the pde (3.65) and applying straightforward transformations we obtain

the following differential equations for Sρ, Su, Sρρ, and Sρu, respectively:

Ψu(Sρ)ρρ +
(
Φu −Ψρ

)
(Sρ)ρu − Φρ(Sρ)uu + (3.135)

+Φρ

(
Ψu

Φρ

)

ρ

(Sρ)ρ + Φρ

(
Φu −Ψρ

Φρ

)

ρ

(Sρ)u = 0,

Ψu(Su)ρρ +
(
Φu −Ψρ

)
(Su)ρu − Φρ(Su)uu + (3.136)

+Ψu

(
Φu −Ψρ

Ψu

)

u

(Su)ρ −Ψu

(
Φρ

Ψu

)

u

(Su)u = 0,
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Ψu(Sρρ)ρρ +
(
Φu −Ψρ

)
(Sρρ)ρu − Φρ(Sρρ)uu + (3.137)

+2Φρ

(
Ψu

Φρ

)

ρ

(Sρρ)ρ + 2Φρ

(
Φu −Ψρ

Φρ

)

ρ

(Sρρ)u − Φρ

(
Ψu

Φρ

)

ρρ

Sρρ

= −Φρ

(
Φu −Ψρ

Φρ

)

ρρ

Sρu,

Ψu(Sρu)ρρ +
(
Φu −Ψρ

)
(Sρu)ρu − Φρ(Sρu)uu + (3.138)

+

{
Ψu

(
Φu −Ψρ

Ψu

)

u

+ Φρ

(
Ψu

Φρ

)

ρ

}
(Sρu)ρ +

+

{
Φρ

(
Φu −Ψρ

Φρ

)

ρ

−Ψu

(
Φρ

Ψu

)

u

}
(Sρu)u +

+

{
Ψu

(
Φρ

Ψu

)

u

(
Φu −Ψρ

Φρ

)

ρ

+ Φρ

(
Φu −Ψρ

Φρ

)

ρu

}
Sρu

= −
{

Ψu

(
Φρ

Ψu

)

u

(
Ψu

Φρ

)

ρ

+ Φρ

(
Ψu

Φρ

)

ρu

}
Sρρ.

Because of the conditions outlined in subsection 3.3.1 all the coefficients are smooth functions,

if ρ is small enough.

The respective initial conditions are

Sρ(ρ, 0) =
log(r/r)
log(r/r)

11{ρ∈[r,r]} + 11{ρ∈[r,r0]}, (Sρ)u(ρ, 0) = 0, (3.139)

Su(ρ, 0) = 0, (Su)u(ρ, 0) =
1

log(r/r)
Ψu(ρ, 0)
ρΦρ(ρ, 0)

11{ρ∈[r,r]}, (3.140)

Sρρ(ρ, 0) =
ρ−1

log(r/r)
11{ρ∈[r,r]}, (Sρρ)u(ρ, 0) = 0, (3.141)

Sρu(ρ, 0) = 0,

(Sρu)u(ρ, 0) =
1

log(r/r)

(
Ψu(ρ, 0)
ρ Φρ(ρ, 0)

)

ρ

+
1

log(r/r)
Ψu(ρ, 0)
ρ Φρ(ρ, 0)

{δ(ρ− r)− δ(ρ− r)} . (3.142)

Observe, that because of the asymptotics (3.25) we have

Ψu(ρ, 0)
ρ Φρ(ρ, 0)

= 1 +O(ρ),
(

Ψu(ρ, 0)
ρ Φρ(ρ, 0)

)

ρ

(ρ, 0) = O(1). (3.143)

In order to understand the pdes (3.135)-(3.138) first we analyze in general the pde

Ψufρρ +
(
Φu −Ψρ

)
fρu − Φρfuu + Afρ + Bfu + Gf = 0, (3.144)

the functions {A , B , G} = {A , B , G}(ρ, u) being given on the left hand side of the pdes

(3.135)-(3.138). It is easy to check that A and G are even, B is odd with respect to u and also

that κ := A(0, 0) is 1, 2γ − 1, 2, 2γ, respectively, in the four cases.
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We solve in D̃ the Cauchy problem (3.144) with the initial condition

f(ρ, 0) = s(ρ), fu(ρ, 0) = t(ρ), ρ ∈ [0, r0]. (3.145)

The functions s(ρ) and t(ρ) will be identified with the various expressions in (3.139)-(3.142).

Then, in D3(r) \ D̃ we solve the Goursat problem (3.144) with boundary conditions

f(ρ, u) =





f(r1, 0) on ∂D3(r) \ D̃,

given by the solution of
the previous Cauchy problem

on ∂D̃ ∩ D3(r).
(3.146)

Mind that f(r1, 0) = 1 in the case of (3.135) and f(r1, 0) = 0 in the cases (3.136)-(3.138).

The pde (3.144) is hyperbolic in the domains considered. Its Jacobian matrix is

D = D(ρ, u) :=

(
Ψρ Ψu

Φρ Φu

)
. (3.147)

The eigenvalues of D(ρ, u) are

λ
µ

}
= ±1

2

{√(
Φu −Ψρ

)2 + 4ΦρΨu ∓
(
Φu −Ψρ

)}
+ Φu (3.148)

Mind that from the Onsager relation (3.15) it follows that for any (ρ, u) ∈ D (
Φu − Ψρ

)2 +

4ΦρΨu ≥ 0.

The characteristic coordinates (or Riemann invariants) w = w(ρ, u), z = z(ρ, u) of the pde

(3.144) are determined, up to a functional relation

w̃(ρ, u) = g(w(ρ, u)), z̃(ρ, u) = h(z(ρ, u)), (3.149)

by the eigenvalue equations

(wρ, wu)D = λ (wρ, wu), (zρ, zu)D = µ (zρ, zu). (3.150)

Due to the gauge invariance (3.149) we can choose the characteristic coordinates w and z so

that

w(0, u) = u11{u>0}, z(0, u) = −u11{u<0}.

This choice determines uniquely the characteristic coordinates. Observe, that as a corollary of

Lemma 3 we have

c1 (
√

ρ + u) < w(ρ, u) < c2 (
√

ρ + u) , (3.151)

ρ < c z(ρ, u)
4γ−3
2γ−1 w(ρ, u)

1
2γ−1 . (3.152)
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We denote

w◦ := w(r0, 0) = z(r0, 0) =: z◦

w := w(r, 0) = z(r, 0) =: z

w := w(r, 0) = z(r, 0) =: z

In characteristic coordinates

D̃ = [0, w◦]× [0, z◦],

D̃ ∩ {u = 0} = [0, w◦]× [0, z◦] ∩ {w = z},

D3(r) \ D̃ = [w◦, u∗]× [0, z] ∪ [0, w]× [z◦, u∗],

∂D3(r) \ D̃ = {(w, z) : w ∈ [w◦, u∗]} ∪ {(w, z) : z ∈ [z◦, u∗]}

∂D̃ ∩ D3(r) = {(w◦, z) : z ∈ [0, z◦]} ∪ {(w, z◦) : w ∈ [0, w◦]}.

The pde (3.144) written in characteristic coordinates reads

fwz + αfw + βfz + νf = 0, (3.153)

where

α = α(w, z) :=
λz −Auz + Bρz

λ− µ

β = β(w, z) := −µw −Auw + Bρw

λ− µ
(3.154)

ν = ν(w, z) :=
G(ρwuz − ρzuw)

λ− µ

(Now all the functions on the right are understood as functions of (w, z).) In characteristic

coordinates the initial conditions of the Cauchy problem in D̃ are

f(v, v) = s(ρ(v, v)) =: s̃(v),
(3.155)(

fw − fz)(v, v) = 2uw(v, v) t(ρ(v, v)) =: t̃(v).

The Cauchy problem (3.153)+(3.155) in the domain D̃ ∩ {z ≤ w} is solved by

f(w0, z0) =
1
2
ϕ(z0, z0)s̃(z0) +

1
2
ϕ(w0, w0)s̃(w0) (3.156)

+
1
2

∫ w0

z0

ϕ(v, v)t̃(v)dv +
1
2

∫ w0

z0

(
ϕw − ϕz

)
(v, v)s̃(v)dv

+
∫ w0

z0

ϕ(v, v)(β(v, v)− α(v, v))s̃(v)dv
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where the Riemann function ϕ is a solution of the adjoint Goursat problem:

ϕwz − (αϕ)w − (βϕ)z + νϕ = 0, (3.157)

with boundary conditions:
{

ϕ(w0, t) = exp
∫ t
z0

α(w0, v)dv, t ∈ [z0, w0],

ϕ(s, z0) = exp
∫ s
w0

β(v, z0)dv, s ∈ [z0, w0].
(3.158)

Actually, the Riemann function depends also on (w0, z0): ϕ(w, z) = ϕ(w0, z0;w, z). In order to

avoid heavy typography we omit explicit notation of this dependence. Note that in our cases

(because of the left-right reflection symmetry of the respective pde), we will have β(v, v) =

α(v, v), thus on the right hand side of (3.156) the last term cancels.

Also, if we consider the non-homogeneous pde

hwz + αhw + βhz + νh = g

with the same initial conditions then it is solved by

h(w0, z0) = f(w0, z0) +
∫ ∫

4w0,z0

g(s, t)ϕ(s, t)dsdt, (3.159)

where 4w0,z0 is the triangle with vertices (z0, z0), (w0, w0), (w0, z0).

For details see any advanced textbook on partial differential equations, e.g. [11], [9], [5],

[30].

In order to estimate f we will give a uniform estimate on the Riemann function ϕ.

Proposition 5 (Bounds on the Riemann function). Let ϕ be the Riemann function as-

sociated to the equation (3.144) (where the coefficients A, B,G are given on the left hand side

of (3.135), (3.136), (3.137) or (3.138)) and w0 > z0 > 0. Then the following bounds hold

uniformly for (w0, z0) ∈ D̃ with z0 < t < s < w0 and (s, t) ∈ D̃:

|ϕ(s, t)| < c

(
s

w0

) κ−1
2γ−1

(3.160)

|(∂wϕ− ∂zϕ)(s, s)| < c
1
w0

(
s

w0

) κ−1
2γ−1

−1

.

Using Proposition 5 with (3.156), the initial conditions (3.139)-(3.142) and with Lemma 3

we can estimate f in D̃ which gives (3.74) and (3.75) in this domain.

The equations (3.137) and (3.138) are not closed for Sρρ and Sρu, respectively, with the

previous method one can only prove the required estimates for the solution of the respective

homogeneous pdes. However, with (3.159) it is easy to show that these estimates can be

extended for Sρρ and Sρu, too.

As an example, we show how to get the bound (3.76) for the homogeneous solution f of

(3.137) with initial conditions (3.141).



3.9. CONSTRUCTION OF THE CUTOFF FUNCTION: PROOFS 91

For the initial conditions we have the following bounds (using (3.151),(3.152)):

|s̃(v)| <
c

log(r/r)v2
11{v∈[z,z]},

∣∣t̃(v)
∣∣ = 0.

From Proposition 5 we have that for any z0 < w0

|ϕ(v, v)| < c

(
v

w0

) 1
2γ−1

, |∂wϕ(v, v)− ∂zϕ(v, v)| < c

w0

(
v

w0

) 1
2γ−1

−1

.

Together with (3.156) we get

|f(w0, z0)| < c

log(r/r)
w
− 1

2γ−1

0 z
2− 1

2γ−1 11{z0∈[z,z],z≤w0}, (3.161)

for any z0 < w0. This means

|f(w0, z0)| < c

log(r/r)
z211{z0∈[z,z],z≤w0},

which (using (3.151)) translates to the (ρ, u) coordinates the following way:

|f(ρ, u)| < c

log(r/r)
1
r
11D3(r,r)(ρ, u).

(We only get this for u ≥ 0, but from the symmetry of the pde this is also true for u < 0.) Also

from (3.161) we get

|f(w0, z0)| < c

log(r/r)
w
− 1

2γ−1

0 z
2− 1

2γ−1

0 11{z0∈[z,z],z≤w0},

which (using (3.152)) gives

|f(ρ, u)| < c

log(r/r)
1
ρ
11D3(r,r)(ρ, u).

Putting together the two bounds on f we get the required estimate of (3.76).

Now back to the proof of Proposition 5. The following lemma will be a basic tool for our

estimates:

Lemma 8 (Goursat estimate). Suppose the functions A(w, z), B(w, z), C(w, z) are defined

on [x1, x2]× [y1, y2] where 0 ≤ y1 < y2 ≤ x1 < x2 ≤ ∞ and have the following properties:

sup
z∈[y1,y2]

∫ x2

x1

|B(s, z)| ds <
1
6
,

sup
w∈[x1,x2]

∫ y2

y1

|A(w, t)| dt <
1
6
, (3.162)

∫ x2

x1

∫ y2

y1

|C(s, t)| dsdt <
1
6
.
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Let U be a solution of

Uwz − (AU)w − (BU)z + CU = 0 (3.163)

on the rectangle [x1, x2]× [y1, y2] and let

sup
y1≤z≤y2

|U(x1, z)|+ sup
x1≤w≤x2

|U(w, y2)| = M.

Then

sup
(w,z)∈[x1,x2]×[y1,y2]

|U(w, z)| ≤ 5M.

Proof. Denote U(w, y2) = f(w), U(x1, z) = g(z). Denote

f̃(w) = f(w)−
∫ w

x1

B(s, y2)f(s)ds,

g̃(z) = g(z)−
∫ z

y2

A(x1, t)g(t)dt.

Then U satisfies the following integral equation (for every (w, z) ∈ [x1, x2]× [y1, y2]):

U(w, z) = f̃(w) + g̃(z)− U(x1, y2) +
∫ w

y2

A(w, t)U(w, t)dt +
∫ z

x1

B(s, z)U(s, z)ds

−
∫ w

x1

∫ z

y2

C(s, t)U(s, t)dsdt. (3.164)

Taking absolute values after some trivial estimates we get:

|U(w, z)| ≤ 13
6

M +
1
2

sup
(s,t)∈[x1,w]×[z,y2]

|U(s, t)| ,

from that the needed bound follows immediately.

Remark. Observe, that if we have some additional estimates on Az, Bw and C then differ-

entiating (3.164) with respect to w or z and using the Grönwall inequality, one could also get

bounds on |Uw| and |Uz| in [x1, x2]× [y1, y2].

Proof of Proposition 5.

(i) We first prove the proposition in the case when Ψ(ρ, u) = ρu and Φ(ρ, u) = ρ + γu2. In that

case the coefficient functions in (3.144) take the following form: A = κ, B = C = 0. Also, the

Riemann invariants can be computed explicitly:

w(ρ, u) :=
(√

(2γ−1)u2+4ρ+(2γ−1)u

4γ−2

) 2γ−1
4γ−3 (√

(2γ − 1)u2 + 4ρ− (2γ − 2)u
) 2γ−2

4γ−3

z(ρ, u) :=
(√

(2γ−1)u2+4ρ−(2γ−1)u

4γ−2

) 2γ−1
4γ−3 (√

(2γ − 1)u2 + 4ρ + (2γ − 2)u
) 2γ−2

4γ−3
.

(3.165)

One can easily check that the equations (3.150) hold. We define

β0(w) := β(w, 0) and U(w, z) := ϕ(w, z) exp
(
−

∫ w

w0

β0(s)ds

)
(3.166)
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(for 0 ≤ z < w). From the definitions one can calculate that

β0(w) =
κ− 1
2γ − 1

uw(w, 0)
u(w, 0)

=
κ− 1
2γ − 1

w−1.

Thus, it is enough to prove, that

|U(s, t)| < C, |∂wU(s, s)| < C
1
s
, |∂zU(s, s)| < C (3.167)

for z0 ≤ t ≤ s ≤ w0 uniformly, with a constant depending only on κ. To show (3.167) we will

apply Lemma 8.

From (3.157), (3.158) and (3.166) we get that

Uwz − (αU)w − ((β − β0)U)z − αβ0U = 0, (3.168)

and

U(w0, z) = exp
(∫ z

z0

α(w0, t)dt

)
,

U(w, z0) = exp
(∫ w

w0

(β(s, z0)− β(s, 0))ds

)
.

Using the explicit formulas for the Riemann-invariants one can get estimates for the integrals

needed for Lemma 8. Suppose [x1, x2]× [y1, y2] ⊆ [v, w0]× [v, z0] for some z0 < v < w0. Then

it can be shown that for z0 ≤ z ≤ w ≤ w0

∣∣∣∣
∫ y2

y1

α(w, t)dt

∣∣∣∣ < c
x2 − x1

w
,

∣∣∣∣
∫ x2

x1

β(s, z)− β(s, 0)ds

∣∣∣∣ < cz

(
1
x1
− 1

x2

)
, (3.169)

∣∣∣∣
∫ x2

x1

∫ y2

y1

(αβ0)(s, t)ds dt

∣∣∣∣ < c

(
1
x1
− 1

x2

)
(y2 − y1),

where c only depends on κ. From the first and second inequality it follows that |U(w0, z)| and

|U(w, z0)| can be bounded by a constant depending only on κ. Now fix s, t with z0 < t < s < w0.

Using (3.169) one can partition [v, w0]× [z0, v] into smaller rectangles in a way that the number

of rectangles only depends on the value of κ and on each small rectangle the conditions of

Lemma 8 hold (with A = α, B = β − β0, C = −αβ0). Applying successively Lemma 8 for the

small rectangles (starting with the vertex (w0, z0)) one gets |U(s, t)| < c(κ). Using the remark

after Lemma 8 one can also get the results of (3.167) for the partial derivatives of U .

(ii) In the general case we do not know the explicit forms of the coefficients in (3.144) only their

asymptotics:

A(ρ, u) = κ(1 +O(ρ + u2))

B(ρ, u) = c1u(1 +O(ρ + u2))

C(ρ, u) = c2(1 +O(ρ + u2)).
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We also do not have explicit formulas for the Riemann-invariants, but because Ψ(ρ, u) = ρu(1+

O(ρ + u2)) and Φ(ρ, u) = (ρ + γu2)(1 +O(ρ + u2)) if ρ, |u| ¿ 1 the level-lines will approximate

the respective level-lines of the system examined in (i). We will follow the steps of the proof

for the specific case. We define β0 and U as in (3.166). From the asymptotics we have β0(w) =
κ−1
2γ−1w−1+O(1) which means it is again enough to prove (3.167). We have the following equation

for U :

Uwz − (αU)w − ((β − β0)U)z + (ν − αβ0)U = 0, (3.170)

with

U(w0, z) = exp
(∫ z

z0

α(w0, t)dt

)
,

U(w, z0) = exp
(∫ w

w0

(β(s, z0)− β(s, 0))ds

)
.

If we can prove similar bounds for the integrals of coefficients as in (3.169) then using Lemma

8 the required estimates follow. From (3.154) we have that
∫ x2

x1

∫ y2

y1

ν(s, t)ds dt =
∫ ∫

∆

G

λ− µ
dρ du

where ∆ is the domain corresponding to the [x1, x2] × [y1, y2] rectangle on the (ρ, u) plane. If

r0 is small enough, then for (ρ, u) ∈ D̃
∣∣∣∣

C

λ− µ

∣∣∣∣ < c
1√

u2 + ρ

and since the right-hand side is integrable this gives uniform bounds on the previous integral.

To get bounds on the integrals
∫ y2

y1

α(w, t)dt,

∫ x2

x1

β(s, z)− β(s, 0)ds,

∫ x2

x1

∫ y2

y1

(αβ0)(s, t)ds dt,

we observe that because of the asymptotics described earlier if r0 → 0 these integrals will be

uniformly close to the respective integrals of the (i) case. Thus, again if r0 is small enough (but

fixed!) then the arguments of (i) may be repeated.

We have proved that the bounds (3.74)-(3.77) hold in D̃ if r0 is small enough, now we have

to extend this to the domain D3(r) \ D̃ for the solution of the respective Goursat-problems

with boundary conditions (3.146). The solution of these Goursat-problems can be expressed

by integral equations similar to (3.164) (see [11], [9]). Thus if we have some estimates for the

solution on the boundary (which we have from (3.146) and the previous estimates of the Cauchy

problem) then these may be extended (up to a constant multiplier) if we have uniform bounds

on the integrals of the respective coefficients.

If r is small enough then for (ρ, u) ∈ D3(r) \ D̃ we have

|Φρ(ρ, u)−Ψu(ρ, u)| > c > 0
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which also implies that in this domain λ − µ > c′ > 0. From this it follows, that we can fix

a small enough r0 > 0 such that in the domain D3(r0) \ D̃ all the respective coefficients are

well-defined smooth functions. Moreover, since this domain is compact, they are all bounded

with a fixed constant which means that we have uniform bounds on the respective integrals.

Using similar arguments as in the estimate of the solution of the Cauchy-problem one can get

the bounds (3.74)-(3.77) also in this domain which completes the proof of Lemma 4.

3.9.3 Proof of Lemma 5

Proof. Note that

(
F −ΨSρ

)
ρ

= ΦρSu −ΨSρρ,

(
F −ΨSρ

)
u

= ΦuSu −ΨSρu.

Also, there exists a constant C < ∞ such that for any (ρ, u) ∈ D

|Ψ(ρ, u)| ≤ Cρ|u|, |Φρ(ρ, u)| ≤ C, |Φu(ρ, u)| ≤ C|u|.

From these and the bounds (3.75), (3.76), (3.77) of Lemma 4 it follows that

∣∣(F −ΨSρ

)
ρ

∣∣(ρ, u) ≤ C

log(r/r)
(√

r + |u|) 11D3(r,r)(ρ, u),

∣∣(F −ΨSρ

)
u

∣∣(ρ, u) ≤ C

log(r/r)
(
ρ +

√
r|u|) 11D3(r,r)(ρ, u).

Integrating these and using (3.70), the bound (3.79) follows.

3.10 Proof of the “Tools”

3.10.1 Proof of the large deviation bounds (Proposition 2)

Recall the definition (3.99) of L. The following lemma follows from simple coupling arguments.

Lemma 9. (Stochastic dominations)

There exists a constant C depending only on max(s,x)∈[0,T ]×T ρ(s, x) and max(s,x)∈[0,T ]×T |u(s, x)|
such that for any fixed (s, x) ∈ [0, T ]× T the following stochastic dominations hold:

Pνn
s

(
ρ̂n(x) > z

)
≤ P

(
POI(L) > (z/C)L

)
, (3.171)

Pνn
s

(
|ûn(x)| > z

)
≤ P

(
|GAU| > (

(z/C)− 1
)√

L
)
, (3.172)

where POI(L) is a Poissonian random variable with expectation L, and GAU is a standard

Gaussian random variable.
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Lemma 10. (Large deviation bounds)

(i) For any γ < ∞ there exists M < ∞, such that for any n, j ∈ Tn and s ∈ [0, T ]

log Eνn
s

(
exp

{
γLρ̂n(

j

n
)11{bρn( j

n
)>M}

})
≤ 1,

log Eνn
s

(
exp

{
γLρ̂n(

j

n
)11{|bun( j

n
)|>M}

})
≤ 1,

(3.173)
log Eνn

s

(
exp

{
γL

∣∣ûn(
j

n
)
∣∣11{bρn( j

n
)>M}

})
≤ 1,

log Eνn
s

(
exp

{
γL

∣∣ûn(
j

n
)
∣∣11{|bun( j

n
)|>M}

})
≤ 1.

(ii) For any γ ∈ (0, 1/(8C2)) there exists M < ∞, such that for any n, j ∈ Tn and s ∈ [0, T ]

log Eνn
s

(
exp

{
γL

∣∣ûn(
j

n
)
∣∣211{bρn( j

n
)>M}

})
≤ 1,

(3.174)
log Eνn

s

(
exp

{
γL

∣∣ûn(
j

n
)
∣∣211{|bun( j

n
)|>M}

})
≤ 1.

Proof. (i) We prove the first bound of (3.173), the other ones are done very similarly.

Let ZL be a POI(L)-distributed random variable. Using the stochastic domination (3.171)

we obtain

log Eνn
s

(
exp

{
γLρ̂n(

j

n
)11{bρn( j

n
)>M}

})

≤ log
(
1 + Eνn

s

(
exp

{
γLρ̂n(

j

n
)
}
11{bρn( j

n
)>M}

))

≤
√

Eνn
s

(
exp

{
2γLρ̂n(

j

n
)
})√

Pνn
s

(
ρ̂n(

j

n
) > M

)

≤
√

E
(

exp
{
γCZL

})√
P

(
(C/M)ZL > L

)

≤ exp
{L

2
(
(e(αC)/M − 1) + (eγC − 1)− α

)}
,

where α is arbitrary positive number. In the last step Markov’s inequality is being used. Now,

choosing α > exp(2γC) and M > (Cα)/(ln 2) we obtain (3.173).

(ii) Again, we prove the first bound in (3.174). The other one is done in an identical way.

Let again ZL be a POI(L)-distributed and X be a standard Gaussian random variable.
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Using the stochastic dominations (3.171) and (3.172) we obtain

log Eνn
s

(
exp

{
γL

∣∣ûn(
j

n
)
∣∣211{bρn( j

n
)>M}

})

≤ log
(
1 + Eνn

s

(
exp

{
γL

∣∣ûn(
j

n
)
∣∣2}11{bρn( j

n
)>M}

))

≤
√

Eνn
s

(
exp

{
2γL

∣∣ûn(
j

n
)
∣∣2}

)√
Pνn

s

(
ρ̂n(

j

n
) > M

)

≤
√

E
(

exp
{
4γC2

(
X2 + L

)})√
P

(
ZL > (M/C)L

)

≤ (
1− 8γC2

)−1/4 exp
{L

2
(
4γC2 + (e(αC)/M − 1)− α

)}
,

where α is arbitrary positive number. Given γ < 1/(8C2), we choose α sufficiently large and

M > (Cα)/(ln 2) to obtain (3.174).

Now we turn to the proof of Proposition 2:

Proof. The bounds (3.101), respectively, (3.102) follow directly from the entropy inequality

(3.100) of Lemma 6 and the bounds (3.173), respectively, (3.174) of Lemma 10. Recall that

L À 1, as n →∞.

3.10.2 Proof of the fluctuation bounds (Proposition 3)

Within this proof we need the notation

ũn(s, x) :=
nβ

l

∑

k

a
(nx− k

l

)(
ζk − n−βu

(
s,

k

n

))
= ûn(x)−Eνn

s

(
ûn(x)

)
,

ρ̃n(s, x) :=
n2β

l

∑

k

a
(nx− k

l

)(
ηk − n−2βρ

(
s,

k

n

))
= ρ̂n(x)−Eνn

s

(
ρ̂n(x)

)
.

Since

∣∣∣
∣∣ ûn

(
s,

j

n

)− u
(
s,

j

n

) ∣∣− ∣∣ ũn
(
s,

j

n

) ∣∣
∣∣∣

≤ ∣∣ 1− 1
l

∑

k

a
(j − k

l

) ∣∣ ∣∣u
(
s,

j

n

) ∣∣ +
1
l

∑

k

a
(j − k

l

) ∣∣u
(
s,

j

n

)− u
(
s,

k

n

) ∣∣

≤ C

(
1
l

+
l

n

)
= o(1),
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and, similarly
∣∣∣
∣∣ ρ̂n

(
s,

j

n

)− ρ
(
s,

j

n

) ∣∣− ∣∣ ρ̃n
(
s,

j

n

) ∣∣
∣∣∣

≤ ∣∣ 1− 1
l

∑

k

a
(j − k

l

) ∣∣ ∣∣ ρ
(
s,

j

n

) ∣∣ +
1
l

∑

k

a
(j − k

l

) ∣∣ ρ
(
s,

j

n

)− ρ
(
s,

k

n

) ∣∣

≤ C

(
1
l

+
l

n

)
= o(1),

we have to prove

E
( 1

n

∑

j∈Tn

∣∣ ũn(s,
j

n
)
∣∣2

)
≤ C hn(s) + o(1), (3.175)

respectively,

E
( 1

n

∑

j∈Tn

∣∣ ρ̃n(s,
j

n
)
∣∣2 11{| eρn(s, j

n
) | ≤M}

)
≤ C hn(s) + o(1). (3.176)

Lemma 11. (i) There exists γ > 0 (sufficiently small) such that for all n, j ∈ Tn and s ∈ [0, T ]

log Eνn
s

(
exp

{
γL

∣∣ ũn
(
s,

j

n

) ∣∣2}
)
≤ 1 (3.177)

(ii) For any M < ∞ there exists γ > 0 (sufficiently small) such that for all n, j ∈ Tn and

s ∈ [0, T ]

log Eνn
s

(
exp

{
γL

∣∣ ρ̃n
(
s,

j

n

) ∣∣211{ | eρn(s, j
n

) | ≤M}
})

≤ 1. (3.178)

Proof. (i) Let X be a standard Gaussian random variable, which is independent of all other

random variables appearing in this paper, and denote by 〈. . . 〉 expectation with respect to X.

log Eνn
s

(
exp

{
γL

∣∣ ũn
(
s,

j

n

) ∣∣2}
)

(3.179)

= log Eνn
s

(
exp

{γ

l

∣∣ ∑

k

a
(j − k

l

)(
ζk −Eνn

s
(ζk)

) ∣∣2}
)

= log
〈
Eνn

s

(
exp

{
X

√
2γ

l

∑

k

a
(j − k

l

)(
ζk −Eνn

s
(ζk)

)})〉
.

Now, note that the random variables ζk − Eνn
s
(ζk), k ∈ Tn, are uniformly bounded and under

the distribution Pνn
s

they are independent and have zero mean. Hence there exists a finite

constant C such that for any collection of real numbers λk, k ∈ Tn

Eνn
s

(
exp

{∑

k

λk

(
ζk −Eνn

s
(ζk)

)})
≤ exp

{
C

∑

k

λ2
k

}
.

Further on, there exists a finite constant C such that for any l

1
l

∑

k

∣∣ a
(k

l

) ∣∣2 ≤ C. (3.180)
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From these it follows that for some finite constant C,

r.h.s. of (3.179) ≤ log
〈
exp

{
C γ X2

}〉
.

Choosing γ sufficiently small in this last inequality we obtain (3.177).

(ii) Note first that, given M < ∞ fixed, there exists a zero mean bounded random variable

Y such that for any r ∈ R

r211{ | r | ≤M } ≤ log E
(

exp
{

r Y
})

.

Let Y1, Y2, . . . be i.i.d. copies of Y which are also independent of all other random variables

appearing in this paper, and denote by 〈. . . 〉 expectation with respect to these. Then we have

log Eνn
s

(
exp

{
γL

∣∣ ρ̃n
(
s,

j

n

) ∣∣211{ | eρn(s, j
n

) | ≤M}
})

(3.181)

≤ log
〈
Eνn

s

(
exp

{∑dγLe
p=1 Yp

L

∑

k

a
(j − k

l

)(
ηk −Eνn

s
(ηk)

)})〉
.

Next note that for any λ < ∞ there exists a constant C < ∞ such that for any n ∈ N, any

s ∈ [0, T ] and any collection of real numbers λk ∈ [−λ, λ], k ∈ Tn

Eνn
s

(
exp

{∑

k

λk

(
ηk −Eνn

s
(ηk)

)})
≤ exp

{
Cn−2β

∑

k

λ2
k

}
.

Hence, using again (3.180),

r.h.s. of (3.181) ≤ log
〈

exp
{
Cγ

((
Y1 + . . .+ YdγLe

)
/
√
dγLe

)2 }〉
.

Now, since the i.i.d. random variables Y1, Y2, . . . are bounded and have zero mean, choosing

γ sufficiently small this last expression can be made arbitrarily small, uniformly in L. Hence

(3.178).

Now back to the proof of Proposition 3.

Proof. From (3.100) and (3.177), respectively, from (3.100) and (3.178) we deduce (3.175),

respectively, (3.176). Finally, these two bounds and the arguments at the beginning of the

present subsection imply (3.103), respectively, (3.104).

3.10.3 Proof of the block replacement and gradient bounds (Proposition 4)

An elementary probability lemma

Let (Ω, π) be a finite probability space and ωi, i ∈ Z i.i.d. Ω-valued random variables with

distribution π. Further on let

ζ : Ω → Rd, ζi := ζ(ωi),

ξ : Ωm → R, ξi := ξ(ωi . . . , ωi+m−1).
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For x ∈ co(Ran(ζ)) denote

Ξ(x) :=
Eπ

(
ξ1 exp{∑m

i=1 λ · ζi}}
)

Eπ

(
exp{λ · ζ1}}

)m ,

where co(·) stands for ‘convex hull’ and λ ∈ Rd is chosen so that

Eπ

(
ζ1 exp{λ · ζ1}}

)

Eπ

(
exp{λ · ζ1}}

) = x.

For l ∈ N we denote plain block averages by

ζl :=
1
l

l∑

j=1

ζj .

Finally, let b : [0, 1] → R be a fixed smooth function and denote

M(b) :=
∫ 1

0
b(s) ds, V (b) := M(b2)−M(b)2.

We also define the block averages weighted by b

〈b , ζ〉l :=
1
l

l∑

j=0

b(j/l)ζj , 〈b , ξ〉l :=
1
l

l∑

j=0

b(j/l)ξj ,

The following lemma relies on elementary probability arguments:

Lemma 12. (Microcanonical exponential moments of block averages)

There exists a constant C < ∞, depending only on m, on the joint distribution of (ξi, ζi) and

on the function b, such that the following bounds hold uniformly in l ∈ N and x ∈ (Ran(ζ) +

· · ·+ Ran(ζ))/l:

(i) If M(b) = 0, then

E
(

exp
{
γ
√

l〈b , ξ〉l
} ∣∣∣ ζl = x

)
≤ exp{C(γ2 + γ/

√
l)}. (3.182)

(ii) If M(b) = 1 then

E
(

exp
{
γ
√

l
(〈b , ξ〉l − Ξ(〈b , ζ〉l)

)} ∣∣∣ ζl = x
)
≤ exp{C(γ2 + γ/

√
l)}. (3.183)

Proof. We prove the lemma with m = 1, that is with (ξi)
l
i=1 independent rather than m-

dependent. The m-dependent case follows by applying Jensen’s inequality in a rather straight-

forward way.

(i) In order to simplify the argument we make the assumption that the function s 7→ b(s) is

odd:

b(1− s) = −b(s). (3.184)
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The same argument works if the function s 7→ b(s) can be rearranged (by permutation of finitely

many subintervals of [0, 1]) into a piecewise continuous odd function. This case is sufficient for

our purposes. The proof of the fully general case — which goes through induction on l — is

more tedious and it is left as a fun exercise for the reader.

Assuming (3.184) we have

√
l〈b , ξ〉l = l−1/2

[l/2]∑

j=0

b(j/l)(ξj − ξl−j)

and hence

E
(

exp
{
γ
√

l〈b , ξ〉l
} ∣∣∣ ζl = x

)

= E
(
E

(
exp

{
γ
√

l〈b , ξ〉l
} ∣∣∣ ζj + ζl−j : j = 0, . . . , l

) ∣∣∣ ζl = x
)

= E
( [l/2]∏

j=0

E
(

exp
{
γl−1/2b(j/l)(ξj − ξl−j)

} ∣∣∣ ζj + ζl−j

) ∣∣∣ ζl = x
)

≤ exp
{
Cγ2

[l/2]∑

j=1

l−1b(j/l)2
}

= exp
{
Cγ2(V (b) +O(1/l))

}
.

In the second step we use the fact that the pairs
(
ξj , ξl−j

)
, j = 0, . . . , [l/2] are independent,

given ζj + ζl−j , j = 0, . . . , [l/2]. In the third step we note that the variables ξj are bounded

and E
(
ξj − ξl−j

∣∣ζj + ζl−j

)
= 0.

(ii) Beside Ξ(x) we also introduce the functions

Ξl :
(
Ran(ζ) + · · ·+ Ran(ζ)

)
/l → R, Ξl(x) := E

(
ξ1

∣∣ζl = x
)
.

We shall exploit the following facts

(1) The functions Ξ(x) and Ξl(x) are uniformly bounded. This follows from the boundedness

of ξj .

(2) The function x 7→ Ξ(x) is smooth with bounded first two derivatives. This follows from

direct computations.

(3) There exists a finite constant C, such that

|Ξl(x)− Ξ(x)| ≤ Cl−1.

This follows from the so-called equivalence of ensembles (see e.g. Appendix 2 of [13]).

We write

〈b , ξ〉l − Ξ(〈b , ζ〉l) =
(〈b , ξ〉l − ξl

)
+

(
ξl − Ξl(ζl)

)
(3.185)

+
(
Ξl(ζl)− Ξ(ζl)

)
+

(
Ξ(ζl)− Ξ(〈b , ζ〉l)

)
.
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By applying Jensen’s inequality we conclude that we have to bound the exponential moments

of type (3.183), separately for the four terms.

Bounding the first and last terms reduces directly to (3.182), the third term is uniformly

O(l−1), so we only have to bound the exponential moments of the second term in (3.185). This

is done by induction on l. Let C(l) be the best constant such that for any γ ∈ R

E
(

exp
{
γ
√

l
(
ξl − Ξl(ζl)

)} ∣∣∣ ζl = x
)
≤ exp{C(l)γ2}.

We prove that C(l) stays bounded as l →∞.

The following identity holds

√
l + 1

(
ξl+1 − Ξl+1(ζl+1)

)
=

l√
l + 1

(
ξl − Ξl(ζl)

)

+
1√

l + 1

(
ξl+1 − Ξ1(ζl+1)

)

+
l√

l + 1

(
Ξl(ζl)− Ξl+1(ζl+1)

)

+
1√

l + 1

(
Ξ1(ζl+1)− Ξl+1(ζl+1)

)

Thus

E
(

exp
{
γ
√

l + 1
(
ξl+1 − Ξl+1(ζl+1)

)} ∣∣∣ ζl+1 = x
)

=

E
(
E

(
exp

{
γ
√

l + 1
(
ξl+1 − Ξl+1(ζl+1)

)} ∣∣∣ ζl , ζl+1

) ∣∣∣ ζl+1 = x
)

=

E

(
E

(
exp

{ γl√
l + 1

(
ξl − Ξl(ζl)

)} ∣∣∣ ζl

)
×

E
(

exp
{ γ√

l + 1

(
ξl+1 − Ξ1(ζl+1)

)} ∣∣∣ ζl+1

)
×

exp
{ γl√

l + 1

(
Ξl(ζl)− Ξl+1(ζl+1)

)}×

exp
{ γ√

l + 1

(
Ξ1(ζl+1)− Ξl+1(ζl+1)

)}
∣∣∣∣∣ ζl = x

)
.

The terms
(
ξl+1 − Ξ1(ζl+1)

)
, l

(
Ξl(ζl)− Ξl+1(ζl+1)

)
,

(
Ξ1(ζl+1)− Ξl+1(ζl+1)

)

are uniformly bounded and

E
(
ξl+1 − Ξ1(ζl+1)

∣∣ ζl+1

)
= 0,

E
(
Ξl(ζl)− Ξl+1(ζl+1)

∣∣ ζl+1

)
= 0,

E
(
Ξ1(ζl+1)− Ξl+1(ζl+1)

∣∣ ζl+1

)
= 0.
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Using the induction hypothesis it follows that there exists a finite constant B such that

C(l + 1) ≤ l

l + 1
C(l) +

1
l + 1

B.

Hence, lim supl→∞C(l) ≤ B and the lemma follows.

Lemma 13. (Microcanonical Gaussian bounds)

There exists a γ0 > 0, depending only on m, on the joint distribution of (ξi, ζi) and on the

function b, such that the following bounds hold uniformly in l ∈ N and x ∈ (Ran(ζ) + · · · +
Ran(ζ))/l:

(i) If M(b) = 0, then

log E
(

exp
{
γ0l〈b , ξ〉2l

} ∣∣∣ ζl = x
)
≤ 1. (3.186)

(ii) If M(b) = 1 then

log E
(

exp
{
γ0l

(〈b , ξ〉l − Ξ(〈b , ζ〉l)
)2} ∣∣∣ ζl = x

)
≤ 1. (3.187)

Proof. This is actually a corollary of Lemma 12: The bounds (3.186) and (3.187) follow from

(3.182), respectively, (3.183) by exponential Gaussian averaging (as in the proof of Lemma

11).

Proof of Proposition 4

Now we turn to the proof of Proposition 4.

Proof. (i) In order to prove (3.107) first note that by simple numerical approximation (no

probability bounds involved)
∣∣∣∣∣∣

∫

T

∣∣{ξ̂n − Ξ(η̂n, ζ̂n)
}
(x)

∣∣2 dx− 1
n

∑

j∈Tn

∣∣{ξ̂n − Ξ(η̂n, ζ̂n)
}
(
j

n
)
∣∣2

∣∣∣∣∣∣

≤ C

l
= o

(
l2

n1+3β+δ

)
.

We apply Lemma 7 with

V =
∣∣ {

ξ̂n − Ξ(η̂n, ζ̂n)
}
(0)

∣∣2 =
∣∣ 〈a , ξ〉l − Ξ

(〈a , η〉l, 〈a , ζ〉l
) ∣∣2

We use the bound (3.187) of Lemma 13 with the function b = a. Note that γ = γ0l can be

chosen in (3.106). This yields the bound (3.107).

(ii) In order to prove (3.108) we start again with numerical approximation:
∣∣∣∣∣∣

∫

T

∣∣∂xξ̂n(x)
∣∣2 dx− 1

n

∑

j∈Tn

∣∣∂xξ̂n(
j

n
)
∣∣2

∣∣∣∣∣∣
≤ C

n2

l3
= o(n1−3β−δ).
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We apply Lemma 7 with

V =
∣∣∂xξ̂n(0)

∣∣2 =
n2

l2
∣∣ 〈a′ , ξ〉l

∣∣2.

We use now the bound (3.186) of Lemma 13 with the function b = a′. Now we can choose

γ = γ0l
3/n2 and this will yield the bound (3.108).

(iii) Next we prove (3.109). We apply Lemma 7 with

V =
| ∂xξ̂n(0) |2

η̂n(0)
=

n2

l3

∣∣ ∑
k a′(k/l)ξk

∣∣2
∑

k a(k/l)ηk

=
n2

2l3

∣∣ ∑
k a′(k/l)(ξk − ξ−k)

∣∣2
∑

k a(k/l)(ηk + η−k)
,

where in the last equality we use the fact that the weighting function x 7→ a(x) is even. We

compute the exponential moment E2l+1
N,Z

(
exp{γV}). Let X be a standard Gaussian random

variable, which is independent of all other random variables appearing in this paper and denote

by 〈. . . 〉 averaging with respect to it. We have

E2l+1
N,Z

(
exp

{
γV})

= E2l+1
N,Z

(
exp

{
γ

n2

2l3

∣∣ ∑
k a′(k/l)(ξk − ξ−k)

∣∣2
∑

k a(k/l)(ηk + η−k)
})

=
〈
E2l+1

N,Z

(
exp

{
X
√

γ
n

l3/2

∑
k a′(k/l)(ξk − ξ−k)√∑

k a(k/l)(ηk + η−k)

})〉

=
〈
E2l+1

N,Z

(
E2l+1

N,Z

(
exp

{
X
√

γ
n

l3/2

∑
k a′(k/l)(ξk − ξ−k)√∑

k a(k/l)(ηk + η−k)

} ∣∣∣
{
ηk + η−k

}l

k=0

))〉

≤
〈
E2l+1

N,Z

(
exp

{
CX2γ

n2

l3

∑
k a′(k/l)2(ηk + η−k)∑
k a(k/l)(ηk + η−k)

})〉

≤
〈

exp
{
CX2γ

n2

l3
}〉

,

where we used the facts that the random variables ηk are non-negative, Ω is finite and η(ω) = 0

implies ξ(ω) = 0. In the last step we used the inequality

a′(x)2 ≤ Ca(x),

which follows from the conditions on a(x), see subsection 3.4.3.

From this bound it follows that in Lemma 7 we can choose γ = γ0l
3/n2, with a small but

fixed γ0, and hence the second bound in (3.109) follows.
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3.11 Appendix: Some details about the PDE (3.1)

Hyperbolicity: One has to analyze Jacobian the matrix

D :=

( (
ρu

)
ρ

(
ρu

)
u(

ρ + γu2)ρ

(
ρ + γu2)u

)
=

(
u ρ

1 2γu

)
.

The eigenvalues with the corresponding right and left eigenvectors are:

Dr = λr, Ds = µs, l†D = λl†, m†D = µm†,

(v† stands for the transpose of the column 2-vector v). The eigenvalues and eigenvectors are

λ
µ

}
= ±1

2

{√
(2γ − 1)2u2 + 4ρ± (2γ + 1)u,

}

and

r†

s†

}
=

(
1
2

{
∓

√
(2γ − 1)2u2 + 4ρ− (2γ − 1)u

}
, 1

)
,

l†

m†

}
=

(
1,−1

2

{
±

√
(2γ − 1)2u2 + 4ρ− (2γ − 1)u

})
.

So, we can conclude that the pde (3.1) is (strictly) hyperbolic in the domain

γ 6= 1/2 : {(ρ, u) ∈ R+ × R : (ρ, u) 6= (0, 0)} ,

γ = 1/2 : {(ρ, u) ∈ R+ × R : ρ 6= 0} .

Riemann invariants: The Riemann invariants w = w(ρ, u), z = z(ρ, u) of the pde are given by

the relations

(wρ, wu) · s = 0 = (zρ, zu) · r.

That is, the level lines w = const., respectively z = const. are determined by the ordinary

differential equations

w = const.
z = const.

}
:

dρ

du
= ∓1

2

{√
(2γ − 1)2u2 + 4ρ± (2γ − 1)u

}

Actually only the level lines of the functions w(ρ, u), respectively, z(ρ, u) are determined. In

our case the Riemann invariants can be found explicitly. For γ 6= 3/4 we get

w(ρ, u)
z(ρ, u)

}
= F

{(√
(2γ − 1)2u2 + 4ρ± (2γ − 1)u

) 2γ−1
2γ−2

(√
(2γ − 1)2u2 + 4ρ∓ (2γ − 2)u

)}

Where F : R → R is an appropriately chosen bijection (mind, that only the level sets of the

Riemann invariants are determined).
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Note that due to the changes of sign of 2γ− 1 and 2γ− 2, the above expression gives rise to

qualitatively different behavior of the Riemann invariants. The picture changes qualitatively at

the critical values γ = 1/2, γ = 3/4 and γ = 1. In Figure 3.3 we present the qualitative picture

of the level lines of w(ρ, u) and z(ρ, u) for 3/4 < γ < 1, and γ > 1, respectively. (For economy

reasons we omit the graphical representation of the other cases, but encourage the reader to

sketch it.) In all cases the Riemann invariants satisfy the convexity conditions

u

Ρ

(a) 3/4 < γ < 1

u

Ρ

(b) 1 < γ

Figure 3.3: Level lines of Riemann-invariants

wρρw
2
u − 2wρuwρwu + wuuw2

ρ ≥ 0,

zρρz
2
u − 2zρuzρzu + zuuz2

ρ ≥ 0,
(3.188)

in R+ × R for all γ. (The sign of the function F (·) is so chosen, that these expressions be non-

negative.) The inequalities are strict in the interior of R+ × R, except for the γ = 1 case, when

these expressions identically vanish. These conditions are equivalent to saying that the level

sets {(ρ, u) ∈ [0,∞)× (−∞,∞) : w(ρ, u) < c} and {(ρ, u) ∈ [0,∞)× (−∞,∞) : z(ρ, u) < c} be

convex. See [17], [18] or [29] for the importance of these convexity conditions.

It is of crucial importance for our problem that the level curves w(ρ, u) = w = const.

expressed as u 7→ ρ(u, w) are convex for γ < 1, linear for γ = 1 and concave for γ > 1.

Genuine nonlinearity: Genuine nonlinearity holds if and only if

(λρ, λu) · r 6= 0 6= (µρ, µu) · s.

in the interior of the domain R+ × R. Elementary computations show that

(λρ, λu) · r = 0
(µρ, µu) · s = 0

}
⇔ ρ = −4γ(2γ − 1)2

(γ + 1)2
u2 and

{
u ≤ 0
u ≥ 0

. (3.189)

Thus, for γ ≥ 0, γ 6= 0, 1/2 the system is genuinely nonlinear on the closed domain R+ × R;

for γ = 0, 1/2 it is genuinely nonlinear in the interior of R+ × R (with genuine nonlinearity

marginally lost on the boundary, ρ = 0). For γ < 0 genuine nonlinearity is lost in the interior

of R+ × R.
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Lax entropies and entropy solutions: Lax entropies of the pde (3.1) are solutions of the linear

hyperbolic partial differential equation

ρSρρ + (2γ − 1)uSρu − Suu = 0.

It turns out that the system is sufficiently rich in Lax entropies. In particular a Lax entropy

globally convex in R+ × R is

S(ρ, u) = ρ log ρ +
u2

2
. (3.190)

Construction of other Lax entropies with particular features (e.g. possessing scale similarity, or

polynomial in
√

ρ and u, etc.) is a very instructive exercise.

The Maximum Principle and positively invariant domains: For γ ≥ 0 our systems satisfy the

conditions of the Lax’s Maximum Principle proved in [17]. Namely: (i) they do posses a globally

strictly convex Lax entropy bounded from below, see (3.190); (ii) the Riemann invariants w(ρ, u)

and z(ρ, u) satisfy the convexity condition (3.188); (iii) they are genuinely nonlinear in the

interior of D, see (3.189).

Hence it follows that convex domains bounded by level curves of w(ρ, u) and z(ρ, u) are

positively invariant for entropy solutions.

First we conclude, that D itself is positively invariant domain, as it should be.

Second: a very essential difference between the cases γ < 1, γ = 1 and γ > 1 follows, which

is of crucial importance for the main result of the present paper. In the case γ < 1 all convex

domains bounded by level curves of the Riemann invariants are unbounded (non-compact) and

thus there is no a priori bound on the solutions. Even starting with smooth initial data with

compact support nothing prevents the entropy solutions to blow up indefinitely after appearance

of the shocks. On the other hand, if γ ≥ 1 any compact subset of D is contained in a compact

convex domain bounded by level sets of the Riemann invariants, which fact yields a priori

bounds on the entropy solutions, given bounded initial data. A microscopic consequence of this

fact is that the proof of our main theorem is valid only for γ > 0.
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Chapter 4

Hydrodynamic limit for
perturbation of a hyperbolic
equilibrium point in two-component
systems†

We consider one-dimensional, locally finite interacting particle systems with two conservation

laws. The models have a family of stationary measures with product structure and we assume

the existence of a uniform bound on the inverse of the spectral gap which is quadratic in the

size of the system. Under Eulerian scaling the hydrodynamic limit for the macroscopic density

profiles leads to a two-component system of conservation laws. The resulting pde is hyperbolic

inside the physical domain of the macroscopic densities, with possible loss of hyperbolicity at

the boundary.

We investigate the propagation of small perturbations around a hyperbolic equilibrium point.

We prove that the perturbations essentially evolve according to two decoupled Burgers equations.

The scaling is not Eulerian: if the lattice constant is n−1, the perturbations are of order n−β

then time is speeded up by n1+β. Our derivation holds for 0 < β < 1
5 . The proof relies on Yau’s

relative entropy method, thus it applies only in the regime of smooth solutions.

This result is an extension of [28] and [34] where the analogue result was proved for systems

with one conservation law. It also complements [36] where it was shown that perturbations

around a non-hyperbolic boundary equilibrium point are driven by a universal two-by-two

system of conservation laws.

4.1 Introduction

There are several results dealing with the perturbation analysis of hydrodynamic limits for in-

teracting particle systems. In the landmark paper [4] the authors prove that for the asymmetric

simple exclusion, in dimensions higher than 2, perturbations of order n−1 of a constant profile
†This chapter contains the submitted paper [40].

109
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evolve according to a certain parabolic equation under diffusive scaling (time rescaled by n2,

space by n). It is well-known, that under Eulerian scaling (time rescaled by n, space by n) the

hydrodynamic limit leads to a hyperbolic conservation law (the Burgers equation), the pertur-

bation limit gives the same equation with the Navier-Stokes correction. (For a survey on the

microscopic interpretations of the Navier-Stokes equations see the end of Chapter 7 of [13].)

Motivated by [4] T. Seppäläinen investigated a similar problem in one dimension for the

so-called totally asymmetric stick process. In [28] he proves that an O(n−β) perturbation of

the constant profile is governed by the Burgers equation (even after the appearance of shocks)

if time is rescaled by n1+β and space by n, where β ∈ (0, 1
2) is a fixed constant. Independently,

in [34] the authors partially extend this result by proving that one gets universally the Burgers

equation in the hydrodynamic limit for similar perturbations of equilibrium for a wide class

of one-dimensional interacting particle systems with one conservation law. The models are

not reversible and not necessarily attractive. The proof relies on H. T. Yau’s relative entropy

method, it only applies in the smooth regime of solutions and it only works for β ∈ (0, 1
5). It is

conjectured that the result should hold for all β ∈ (0, 1
2) even without the smoothness condition

as in the result of [28].

This universal result may be explained by the following arguments. Under Eulerian scaling

these systems admit in the hydrodynamic limit a hyperbolic conservation law of the form

∂tu + ∂xJ(u) = 0. (4.1)

Taking a point u0 with J ′′(u0) 6= 0 simple (although formal) calculations yield that solutions

of (4.1), with initial conditions which are small perturbations u0, are governed by the Burgers

equation. See [34] for the ’more precise’ formulation.

In the present paper we give an extension of the results of [28, 34] for systems with 2

conserved quantities. In [35] a general one-dimensional family of lattice-models was introduced.

The models are locally finite interacting particle systems with two conservation laws which

possess a family of stationary measures with product structure. In that paper it is shown (in

the regime of smooth solutions) that in Eulerian scaling we get a hydrodynamic limit of the

form
{

∂tu + ∂xΦ(u, v) = 0,

∂tv + ∂xΨ(u, v) = 0,
(4.2)

where (u, v) ∈ D and D is a convex compact polygon, the the physical domain (see (4.6) for the

definition). We note, that [21] gives the first major result about the Eulerian hydrodynamic

limit for multi-component hyperbolic systems, namely for Hamiltonian systems perturbed by

a weak noise. In [35] it was also shown that an Onsager-type symmetry relation holds for the

macroscopic flux functions Φ, Ψ (see Lemma 14). One of the consequences of this relation is

that inside the physical domain D the pde (4.2) is (weakly) hyperbolic, i.e. the Jacobian can be

diagonalized in the real sense. Experience shows, that the limiting pde is strongly hyperbolic
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(the Jacobian has two distinct real eigenvalues) in the whole physical domain except some

special points on the boundary ∂D.

We consider perturbations of order n−β around a constant equilibrium point (u0, v0) ∈ D,

which is strictly hyperbolic. We prove that rescaling time by n1+β and space by n the evolution

of the perturbations are governed by two decoupled equations. (These are ’usually’ Burgers

equations, see the remark at the end of subsection 4.3.1.) This result agrees with the formal

perturbation of the pde (4.2) e.g. with the method of weakly nonlinear geometric optics (see

[3, 10]).

The reason for the decoupling of the resulting pde system is the strict hyperbolicity, basically,

the two different eigenvalues (sound speeds) cause the equations to separate. In the paper [36]

perturbation around a special non-hyperbolic point was considered in a similar setting, it was

proved that in that case in the limit the evolution obeys a two-by-two system of conservation

laws which cannot be decoupled. The treatment of that problem needs more complex tools

than our proofs, sophisticated pde methods are used besides Yau’s method.

Our proof follows the relative entropy method using similar steps as [34] (thus it only applies

in the regime of smooth solutions), but it also heavily relies on the Onsager-type symmetry

relation proved in [35]. We assume the existence of a uniform bound on the inverse of the

spectral gap, quadratic in system size, to be able to prove the so-called one block estimate. We

do not deal with the proof of the spectral gap bound, but we remark that with the techniques

of [16] one can get the desired gap estimates for a large class of systems. Our result holds for

β ∈ (0, 1
5). Assuming the stronger (but harder to prove) logarithmic-Sobolev bound we could

get the result for β ∈ (0, 1
3).

4.2 Microscopic models

We consider the family of microscopic models investigated in [35]. We go over the definitions

and the important properties, for the details we refer the reader to the original paper. There

are several concrete examples introduced in [35], we do not list them here.

4.2.1 State space, conserved quantities, generator

Throughout this paper we denote by Tn the discrete tori Z/nZ, n ∈ N, and by T the continuous

torus R/Z. We will denote the local spin state by Ω, we only consider the case when Ω is finite.

The state space of the interacting particle system is

Ωn := ΩTn
.

Configurations will be denoted

ω := (ωj)j∈Tn ∈ Ωn,

The two conserved quantities are denoted by

ζ : Ω → Z, η : Ω → Z,
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we also use the notations ζj = ζ(ωj), ηj = η(ωj). We assume that the conserved quantities are

different and non-trivial, i.e. the functions ζ, η and the constant function 1 on Ω are linearly

independent.

We consider the rate function r : Ω×Ω×Ω×Ω → R+. The dynamics of the system consists

of elementary jumps effecting nearest neighbor spins, (ωj , ωj+1) −→ (ω′j , ω
′
j+1), performed with

rate r(ωj , ωj+1;ω′j , ω
′
j+1).

We require that the rate function r satisfy the following conditions:

(A) If r(ω1, ω2; ω′1, ω
′
2) > 0 then

ζ(ω1) + ζ(ω2) = ζ(ω′1) + ζ(ω′2),
η(ω1) + η(ω2) = η(ω′1) + η(ω′2).

(4.3)

This means that ζ and η are indeed conserved quantities.

(B) For every Z ∈ [nmin ζ, nmax ζ] ∩ Z, N ∈ [nmin η, n max η] ∩ Z the set

Ωn
Z,N :=



ω ∈ Ωn :

∑

j∈Tn

ζj = Z,
∑

j∈Tn

ηj = N





is an irreducible component of Ωn, i.e. if ω, ω′ ∈ Ωn
Z,N then there exists a series of ele-

mentary jumps with positive rates transforming ω into ω′. This ensures that there are no

hidden conservation laws.

(C) There exists a probability measure π on Ω which puts positive mass on each element of Ω

and for any ω1, ω2, ω′1, ω′2 ∈ Ω

Q(ω1, ω2) + Q(ω2, ω3) + Q(ω3, ω1) = 0,

where

Q(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

{
π(ω′1)π(ω′2)
π(ω1)π(ω2)

r(ω′1, ω
′
2;ω1, ω2)− r(ω1, ω2; ω′1, ω

′
2)

}
.

This condition will imply that the measure
∏

j∈Tn π is stationary for our process on Ωn.

For a precise formulation of the infinitesimal generator on Ωn we first define the map Θω′,ω′′
j :

Ωn → Ωn for every ω′, ω′′ ∈ Ω, j ∈ Tn:

(
Θω′,ω′′

j ω
)

i
=





ω′ if i = j
ω′′ if i = j + 1
ωi if i 6= j, j + 1.

The infinitesimal generator of the process defined on Ωn is

Lnf(ω) =
∑

j∈Tn

∑

ω′,ω′′∈Ω

r(ωj , ωj+1;ω′, ω′′)(f(Θω′,ω′′
j ω)− f(ω)).

We denote by X n
t the Markov process on the state space Ωn with infinitesimal generator Ln.
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4.2.2 Stationary measures

For every θ, τ ∈ R let G(θ, τ) be the moment generating function defined below:

G(θ, τ) := log
∑

ω∈Ω

eθζ(ω)+τη(ω)π(ω).

We define the probability measures

πθ,τ (ω) := π(ω) exp(θζ(ω) + τη(ω)−G(θ, τ)) (4.4)

on Ω. Using condition (C), by very similar considerations as in [1], [2], [26] or [34] one can show

that for any θ, τ ∈ R the product measure

πn
θ,τ :=

∏

j∈Tn

πθ,τ

is stationary for the Markov process X n
t on Ωn with infinitesimal generator Ln. We will refer to

these measures as the canonical measures. Since
∑

j ζj and
∑

j ηj are conserved, the canonical

measures on Ωn are not ergodic. The conditioned measures defined on Ωn
Z,N by:

πn
Z,N (ω) := πn

θ,τ


ω

∣∣∣∣∣∣
∑

j

ζj = Z,
∑

j

ηj = N


 =

πn
θ,τ (ω)11{ω ∈ Ωn

Z,N}
πn

θ,τ (Ω
n
Z,N )

are also stationary and due to condition (B) satisfied by the rate functions they are also ergodic.

We shall call these measures the microcanonical measures of our system. It is easy to see that

the measure πn
Z,N does not depend on the values of θ, τ .

4.2.3 Expectations, fluxes

Expectation, variance, covariance with respect to the measures πn
θ,τ will be denoted by Eθ,τ (.),

Varθ,τ (.), Covθ,τ (.).

We compute the expectations of the conserved quantities with respect to the canonical

measures, as functions of the parameters θ and τ :

u(θ, τ) := Eθ,τ (ζ) =
∑

ω∈Ω

ζ(ω)πθ,τ (ω) = ∂θG(θ, τ) = Gθ,

v(θ, τ) := Eθ,τ (η) =
∑

ω∈Ω

η(ω)πθ,τ (ω) = ∂τG(θ, τ) = Gτ .

We will usually note partial derivatives by using the respective subscripts, as long as it does

not cause confusion. Elementary calculations show, that the matrix-valued function
(

uθ uτ

vθ vτ

)
=

(
Gθθ Gθτ

Gθτ Gττ

)
=: G(θ, τ)

is equal to the covariance matrix Covθ,τ (ζ, η) and as a consequence the function (θ, τ) 7→
(u(θ, τ), v(θ, τ)) is invertible. We denote the inverse function by (u, v) 7→ (θ(u, v), τ(u, v)).
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Denote by (u, v) 7→ S(u, v) the convex conjugate (Legendre transform) of the strictly convex

function (θ, τ) 7→ G(θ, τ):

S(u, v) := sup
θ,τ

(
uθ + vτ −G(θ, τ)

)
, (4.5)

and

D := {(u, v) ∈ R+ × R : S(u, v) < ∞} (4.6)

= co{(ζ(ω), η(ω)) : ω ∈ Ω},

where co stands for convex hull. In probabilistic terms: S(u, v) is the rate function for joint

large deviations of (
∑

j ζj ,
∑

j ηj). If (u, v) is inside D then we have

θ(u, v) = Su(u, v), τ(u, v) = Sv(u, v).

With slight abuse of notation we shall denote: πθ(u,v),τ(u,v) =: πu,v, πn
θ(u,v),τ(u,v) =: πn

u,v,

Eθ(u,v),τ(u,v) =: Eu,v, etc. Clearly, πu,v can be defined naturally on the boundary of D, in

that case πu,v does not puts zero weight on some of the elements of Ω.

We introduce the flux of the conserved quantities. The infinitesimal generator Ln acts on

the conserved quantities as follows:

Lnζi = −φ(ωi, ωi+1) + φ(ωi−1, ωi) =: −φi + φi−1,

Lnηi = −ψ(ωi, ωi+1) + ψ(ωi−1, ωi) =: −ψi + ψi−1,

where

φ(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

r(ω1, ω2; ω′1, ω
′
2)(ζ(ω′2)− ζ(ω2)) + C1

ψ(ω1, ω2) :=
∑

ω′1,ω′2∈Ω

r(ω1, ω2; ω′1, ω
′
2)(η(ω′2)− η(ω2)) + C2

(4.7)

(The constants C1, C2 may be chosen arbitrarily, we will fix them later.) We shall denote the

expectations of these functions with respect to the canonical measure π2

u,v by

Φ(u, v) := Eu,v(φ), Ψ(u, v) := Eu,v(ψ). (4.8)

The following lemma was proved in [35].

Lemma 14. Suppose we have a particle system with two conserved quantities and rates satis-

fying conditions (A) and (C). Then

∂θΨ(u(θ, τ), v(θ, τ)) = ∂τΦ(u(θ, τ), v(θ, τ)) .



4.2. MICROSCOPIC MODELS 115

The first derivative matrix of the fluxes Φ and Ψ (with resp. to u, v) will be denoted by

D = D(u, v) :=
(

Φu Φv

Ψu Ψv

)
. (4.9)

From Lemma 14 it follows that D(u, v) is (weakly) hyperbolic, it can be diagonalized in a real

sense (see [35]). We denote the two eigenvalues of D by λ and µ, and the corresponding right

and left eigenvectors by r = (r1, r2)†, s = (s1, s2)† and l = (l1, l2),m = (m1,m2):

Dr = λr, lD = λl,

Ds = µs, mD = µm.

Although we do not denote it explicitly, all of these are functions of (u, v). We can assume

|r| = |s| = 1, l · r = 1, m · s = 1.

The second derivatives of the macroscopic fluxes are denoted by Φ′′, Ψ′′, these are symmetric

two-by-two matrices depending on (u, v).

4.2.4 The spectral gap condition

Let l be a positive integer and (Z, N) integers with Z ∈ [l min ζ, l max ζ], N ∈ [l min η, l max η].

Expectation with respect to the measure πl
Z,N is denoted by El

Z,N

( · ). For f : Ωl
Z,N → R let

Ll
Z,Nf(ω) :=

l−1∑

j=1

∑

ω′,ω′′
r(ωj , ωj+1; ω′, ω′′)

(
f(Θω′,ω′′

j,j+1ω)− f(ω)
)
,

Dl
Z,N (f) :=

1
2

l−1∑

j=1

El
Z,N


 ∑

ω′,ω′′
r(ωj , ωj+1; ω′, ω′′)

(
f(Θω′,ω′′

j,j+1ω)− f(ω)
)2


 .

Ll
Z,N is the infinitesimal generator restricted to the hyperplane Ωl

Z,N , and Dl
Z,N is the Dirichlet

form associated to Ll
Z,N (or to its symmetric part). Note, that Ll

Z,N is defined with free boundary

conditions.

We will assume the following additional condition on our models:

(D) There exists a positive constant W independent of l, Z, N such that for any f : Ωl
Z,N → R

with El
Z,Nf = 0

El
N,Zf2 ≤ W l2 Dl

Z,N (f).

Remark. Presumably (D) is true for all (or a large class of) the models satisfying conditions

(A)-(C). The techniques of [16] should be suitable to get the desired gap estimates, but we do

not know about any published results covering our case.
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4.3 Perturbation of the Eulerian hdl

In [35] it was proved by the application of Yau’s relative entropy method, that under Eulerian

scaling the local density profiles of the conserved quantities evolve according to the following

system of partial differential equations:
{

∂tu + ∂xΦ(u, v) = 0

∂tv + ∂xΨ(u, v) = 0.
(4.10)

This pde is usually a strictly hyperbolic conservation law (i.e. D(u, v) has two distinct real

eigenvalues), weak hyperbolicity follows from Lemma 14 (see [35]). Since the relative entropy

method needs smoothness conditions for the solution of the limiting equation, the previous

result holds only up to a finite time, till the appearance of the first shock. We note, that

[21] gives the first major result about the Eulerian hydrodynamic limit for multi-component

hyperbolic systems, also with the application of Yau’s method.

4.3.1 Formal perturbation

We will investigate the hydrodynamic behavior of small perturbations of an equilibrium point.

For that we need to understand the asymptotics of small perturbations of a constant solution of

(4.10). One of the perturbation techniques is the so-called method of weakly nonlinear geometric

optics (see e.g. [3, 10]) which gives the following formal result.

Fix a point (u0, v0) in D and suppose that this point is strictly hyperbolic, i.e.

λ 6= µ, (4.11)

at (u0, v0). Suppose (uε(t, x), vε(t, x)) is the solution of the pde (4.10) with initial conditions

uε(0, x) = u0 + εu∗(x),

vε(0, x) = v0 + εv∗(x),

where u∗(x), v∗(x) are fixed T 7→ R smooth functions. Denote

σ0(x) := l · (u∗(x), v∗(x))†, cσ :=
∫
T σ0(y)dy,

δ0(x) := m · (u∗(x), v∗(x))†, cδ :=
∫
T δ0(y)dy,

(4.12)

and

a1 := l · (r†Φ′′ r, r†Ψ′′ r)†, a2 := l · (r†Φ′′ s, r†Ψ′′ s)†,

b1 := m · (s†Φ′′ s, s†Ψ′′s)†, b2 := m · (r†Φ′′ s, r†Ψ′′s)†,
(4.13)

where l,m, r, s and Φ′′, Ψ′′ are the respective vector- and matrix-valued functions taken at

(u0, v0).

Then, according to the formal computations of the geometric optics method,
(

uε(t, x)
vε(t, x)

)
=

(
u0

v0

)
+ εσ(εt, x− λt)

(
r1

r2

)
+ εδ(εt, x− µt)

(
s1

s2

)
+O(ε2), (4.14)
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as ε → 0, where σ and δ are the solutions of the following Cauchy problems:
{

∂tσ(t, x) + ∂x

(
a1 · 1

2σ(t, x)2 + cδ a2 σ(t, x)
)

= 0,

σ(0, x) = σ0(x),
(4.15)

and
{

∂tδ(t, x) + ∂x

(
b1 · 1

2δ(t, x)2 + cσ b2 δ(t, x)
)

= 0,

δ(0, x) = δ0(x).
(4.16)

Remarks

1. This result means that a small perturbation of a constant solution of (4.10) is governed by

the solutions of two decoupled equations (at least, by formal computations). If a1 and b1 are

nonzero, then these equations are linear transforms of the Burgers equation. Otherwise the

respective equations become linear transport equations. It is easy to check, that a1 6= 0, b1 6= 0

hold exactly when the point (u0, v0) is genuinely nonlinear, i.e.

∇λ · r 6= 0, ∇µ · s 6= 0

at (u0, v0).

2. The geometric optics method is based on series expansion, thus it needs smoothness as a

condition which could only be true up to a finite time in our case. Surprisingly, this formal

method gives good approximation of the solutions even after the shocks. In [3] the authors

prove that the equation (4.14) is valid, in the sense that for any t > 0 the L1-norm of the

difference of the two sides is bounded by C t ε2. In fact, this result is valid for the case if we

consider the pde (4.10) on T (as we do), on R they have even stronger bounds.

4.3.2 The main result

Our main theorem is a similar result on the microscopic level. We will apply Yau’s method,

thus our results will hold in the regime of smooth solutions, only up to a finite time before the

first appearance of shocks.

Suppose, that (u0, v0) is a point in the physical domain which is strictly hyperbolic, see

(4.11). Let u∗(x), v∗(x) be smooth real functions on T. Define σ(t, x), δ(t, x) according to

(4.12), (4.13), (4.15) and (4.16), and suppose that they are smooth in T × [0, T ]. Fix a small

positive parameter β, and suppose that a particle system on Ωn satisfying conditions (A)-(D)

has initial distribution for which the density profiles of the two conserved quantities are ’close’

to the functions u0 + n−βu∗(·), v0 + n−βv∗(·). I.e. the profiles are a small perturbation of the

constant (u0, v0) profile. We also assume, that (u0 + n−βu∗(x), v0 + n−βv∗(x)) ∈ D holds for

every x ∈ T, at least for n > n0. Then, uniformly for 0 ≤ t ≤ T , at time n1+βt the respective

density profiles will be ’close’ to the functions u0 + n−βu(n)(t, ·), v0 + n−βv(n)(t, ·), where
(

u(n)(t, x)
v(n)(t, x)

)
:= σ(t, x− λnβt)

(
r1

r2

)
+ δ(t, x− µnβt)

(
s1

s2

)
. (4.17)
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For the precise formulation of the result we need to introduce some additional notations. We

will denote by µn
t the true distribution of the system at microscopic time n1+βt:

µn
t := µn

0 exp{n1+βtLn} (4.18)

We define the time-dependent reference measure νn
t as

νn
t :=

∏

j∈Tn

πu0+n−βu(n)(t, j
n

),v0+n−βv(n)(t, j
n

), (4.19)

with u(n), v(n) defined in (4.17). This measure mimics on a microscopic level the macroscopic

profiles u0 + n−βu(n)(t, ·), v0 + n−βv(n)(t, ·). We also choose an absolute reference measure

πn :=
∏

j∈Tn

πun
0 ,vn

0
, (4.20)

which is a stationary measure of our Markov process on Ωn. The point (un
0 , vn

0 ) is chosen in a

way that it lies inside the domain D and

|u0 − un
0 |+ |v0 − vn

0 | < n−β. (4.21)

If (u0, v0) is inside D, then we may choose (un
0 , vn

0 ) = (u0, v0). By choosing (un
0 , vn

0 ) inside D we

get that any probability measure on Ωn is absolutely continuous with respect to πn. Condition

(4.21) ensures that πn is ’close enough’ to µn
t in entropy sense, uniformly in t.

Theorem. Let β ∈ (0, 1
5) be fixed. Under the stated conditions, if

H(µn
0 |νn

0 ) = o(n1−2β), (4.22)

then

H(µn
t |νn

t ) = o(n1−2β), (4.23)

uniformly for 0 ≤ t ≤ T .

The following corollary is a simple consequence of the Theorem and the entropy inequality.

Corollary. Assume the conditions of Theorem 4.3.2. Let g : T → R be a test function. Then

for any t ∈ [0, T ]∣∣∣∣∣∣
n−1+β

∑

j∈Tn

g(
j

n
)
(
ζj(n1+βt)− u0

)
−

∫

T
g(x)

(
σ(t, x− λnβt)r1 + δ(t, x− µnβt)s1

)
dx

∣∣∣∣∣∣
P→ 0,

∣∣∣∣∣∣
n−1+β

∑

j∈Tn

g(
j

n
)
(
ηj(n1+βt)− v0

)
−

∫

T
g(x)

(
σ(t, x− λnβt)r2 + δ(t, x− µnβt)s2

)
dx

∣∣∣∣∣∣
P→ 0.

Remarks.

1. The Theorem states that if the initial distribution of the system is ’close’ to νn
0 in relative

entropy sense then at time n1+βt it will be close to νn
t . The fact, that ’close’ should mean

o(n1−2β) can be easily justified, see e.g. [34] or [35].

2. If instead of condition (D) we assume a similar uniform bound on the logarithmic-Sobolev

constant then our Theorem is valid for β ∈ (0, 1
3).



4.4. PROOF 119

4.4 Proof

We will assume, that

(u0, v0) = (0, 0), Φv(0, 0) = Ψu(0, 0) = 0. (4.24)

It is easy to see, that we can always reduce the general case to get (4.24), via some suitable

linear transformations on (ζ, η). Also, with the proper choice of the constants in the definition

(4.7) we can set

Φ(0, 0) = Ψ(0, 0) = 0. (4.25)

Assumptions (4.24) imply, that

D =
(

λ 0
0 µ

)
, l = r† = (1, 0), m = s† = (0, 1), (4.26)

and

u(n)(t, x) = σ(t, x− λnβt), v(n)(t, x) = δ(t, x− µnβt). (4.27)

We introduce the notations

Φ′′ =
(

Φuu Φuv

Φvu Φvv

)
=:

(
a1 a2

a2 a3

)
, Ψ′′ =

(
Ψuu Ψuv

Ψvu Ψvv

)
=:

(
b3 b2

b2 b1

)
. (4.28)

Clearly, these definitions agree with the definition (4.13).

We define the functions σ(t, x1, x2), δ(t, x1, x2) as

σ(t, x1, x2) :=
1

λ− µ

(
a2 σ(t, x1)δ(t, x2) + a2 σx(t, x1)

∫ x2

0
(δ(t, z)− cδ)dz +

a3

2
δ(t, x2)2

)

(4.29)

δ(t, x1, x2) :=
1

µ− λ

(
b2 σ(t, x1)δ(t, x2) + b2 δx(t, x2)

∫ x1

0
(σ(t, z)− cσ)dz +

b3

2
σ(t, x1)2

)

The defining partial differential equations (4.15), (4.16) of the functions σ, δ are conservation

laws, thus for any 0 ≤ t ≤ T :
∫

T
σ(z, t)dz = cσ,

∫

T
δ(z, t)dz = cδ.

From that it follows that σ, δ are well-defined smooth functions on [0, T ]× T× T (i.e. periodic

in x1 and x2) with bounded derivatives.

4.4.1 Changing the time-dependent reference measure

The usual way to prove a result like Theorem 4.3.2 is to get a Grönwall-type estimate on

H(µn
t |νn

t ):

H(µn
t |νn

t )−H(µn
0 |νn

0 ) ≤ C

∫ t

0
H(µn

s |νn
s ) + o(n1−2β),
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via bounding the derivative ∂tH(µn
t |νn

t ). We will use a slightly different approach, by proving

a similar estimate for H(µn
t |ν̃n

t ):

H(µn
t |ν̃n

t )−H(µn
0 |ν̃n

0 ) ≤ C

∫ t

0
H(µn

s |ν̃n
s ) + o(n1−2β). (4.30)

Here

ν̃n
t :=

∏

j∈Tn

πn−βeu(n)(t, j
n

),n−βev(n)(t, j
n

) (4.31)

and ũ(n), ṽ(n) are smooth functions defined as

ũ(n)(x, t) := u(n)(x, t) + n−β σ(t, x− λnβt, x− µnβt)

= σ(t, x− λnβt) + n−β σ(t, x− λnβt, x− µnβt),

ṽ(n)(x, t) := v(n)(x, t) + n−β δ(t, x− λnβt, x− µnβt), (4.32)

= δ(t, x− µnβt) + n−β δ(t, x− λnβt, x− µnβt).

Because of Lemma 15 and condition (4.22) we have H(µn
0 |ν̃n

0 ) = o(n1−2β) and therefore from

(4.30)

H(µn
t |ν̃n

t ) = o(n1−2β)

will follow uniformly for 0 ≤ t ≤ T . Using Lemma 15 again we get Theorem 4.3.2.

Lemma 15. Let µn
t , νn

t , ν̃n
t be the measures defined as before, with t ∈ [0, T ]. Then

H(µn
t |νn

t ) = o(n1−2β) ⇐⇒ H(µn
t |ν̃n

t ) = o(n1−2β).

Proof. We start with

H(µn
t |νn

t )−H(µn
t |ν̃n

t ) = −
∫

Ωn

log
dνn

t

dν̃n
t

dµn
t . (4.33)

By subsections 4.2.2 and 4.2.3 we can calculate that

log
dνn

t

dν̃n
t

(ω) =
∑

j∈Tn

{ (
θ(n−βu(n), n−βv(n))− θ(n−βũ(n), n−β ṽ(n))

)
ζj

+
(
τ(n−βu(n), n−βv(n))− τ(n−βũ(n), n−β ṽ(n))

)
ηj

−G
(
θ(n−βu(n), n−βv(n)), τ(n−βu(n), n−βv(n))

)

+G
(
θ(n−βũ(n), n−β ṽ(n)), τ(n−βũ(n), n−β ṽ(n))

)}
,

where, for typographical reasons, we omitted the arguments (t, j
n) from the functions u(n), v(n), ũ(n), ṽ(n).

From the previous expression via power-series expansion:

log
dνn

t

dν̃n
t

(ω) ≤ O(n1−3β) + Cn−2β
∑

j∈Tn

(∣∣∣∣ζj − u(n)(t,
j

n
)
∣∣∣∣ +

∣∣∣∣ηj − v(n)(t,
j

n
)
∣∣∣∣
)

,

= O(n1−3β) + Cn−2β
∑

j∈Tn

(∣∣∣∣ζj − ũ(n)(t,
j

n
)
∣∣∣∣ +

∣∣∣∣ηj − ṽ(n)(t,
j

n
)
∣∣∣∣
)

,
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with uniform error terms. Using this with (4.33) and the entropy inequality with respect to νn
t

and ν̃n
t the lemma follows.

We also note, that applying the same arguments as in the proof of Lemma 15 we get that

from the conditions (4.21) and (4.22)

H(µn
0 |πn) = O(n1−2β)

follows. Since πn is a stationary measure,

H(µn
t |πn) ≤ H(µn

0 |πn) = O(n1−2β) (4.34)

for all t ≥ 0.

The proof of the following lemma is a simple application of the entropy inequality with the

entropy bound (4.34). Mind that because of (4.24) and (4.25) we have
∫

Ωn

ζidπn =
∫

Ωn

ηidπn =
∫

Ωn

φidπn =
∫

Ωn

ψidπn = 0.

Lemma 16. Suppose b1, b2, . . . are real numbers with |bj | ≤ 1 and ξj stands for either of ηj,

ζj, ψj or φj. Then
∫

Ωn

1
n

∑

j∈Tn

bjξj dµn
t ≤ Cn−β.

with an absolute constant C.

In the rest of the paper we prove inequality (4.30).

4.4.2 Preparatory computations

We define

θ̃(n)(t, x) := nβθ(n−βũ(n)(t, x), n−β ṽ(n)(t, x)),

τ̃ (n)(t, x) := nβτ(n−βũ(n)(t, x), n−β ṽ(n)(t, x)), (4.35)

θn
0 := nβθ(n−βun

0 , n−βvn
0 ),

τn
0 := nβτ(n−βun

0 , n−βvn
0 ).

It is easy to check, that the partial derivatives ∂xθ̃(n)(t, x), ∂xτ̃ (n)(t, x), ∂2
xθ̃(n)(t, x), ∂2

xτ̃ (n)(t, x)

are uniformly bounded in [0, T ]× T. From subsection 4.2.2 we have

f̃n
t :=

dν̃n
t

dπn

= exp
∑

j∈Tn

{
n−β(θ̃(n)(t,

j

n
)− θn

0 )ζj + n−β(τ̃ (n)(t,
j

n
)− τn

0 )ηj (4.36)

−G

(
n−β θ̃(n)(t,

j

n
), n−β τ̃ (n)(t,

j

n
)
)

+ G
(
n−β θ̃

(n)
0 , n−β τ̃

(n)
0

)}
.
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Differentiating the identity

H(µn
t |ν̃n

t )−H(µn
t |πn) = −

∫

Ωn

log f̃n
t µn

t

and noting that ∂tH(µn
t |πn) ≤ 0 we get the following bound on ∂tH(µn

t |ν̃n
t ):

n2β−1∂tH(µn
t |ν̃n

t ) ≤ −
∫

Ωn

(
n3βLn log f̃n

t + n−1+2β∂t log f̃n
t

)
dµn

t .

Integrating with respect to the time:

n2β−1(H(µn
t |ν̃n

t )−H(µn
0 |ν̃n

0 )) ≤ −
∫ t

0

∫

Ωn

(
n3βLn log f̃n

s + n−1+2β∂t log f̃n
s

)
dµn

s dt. (4.37)

We estimate the two terms on the right-hand side separately in the next two subsections.

4.4.3 Estimating the first term of (4.37)

From the definitions

n3βLn log f̃n
t (ω) = n−1+2β

∑

j∈Tn

(
φj − Φ(n−βũ

(n)
j , n−β ṽ

(n)
j )

)
∂xθ̃(n)(t,

j

n
)

+
(
ψj −Ψ(n−βũ

(n)
j , n−β ṽ

(n)
j )

)
∂xτ̃ (n)(t,

j

n
) (4.38)

+Errn
1 (t, ω) + Errn

2 (t),

where

Errn
1 (t, ω) := n−1+2β

∑

j∈Tn

{
φj

(
∇nθ̃(n)(t,

j

n
)− ∂xθ̃(n)(t,

j

n
)
)

+ ψj

(
∇nτ̃ (n)(t,

j

n
)− ∂xτ̃ (n)(t,

j

n
)
)}

, (4.39)

Errn
2 (t) := n−1+2β

∑

j∈Tn

{
Φ

(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xθ̃(n)(t,

j

n
)

+ Ψ
(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xτ̃ (n)(t,

j

n
)
}

. (4.40)

We used the (slightly abused) shorthanded notations

ũ
(n)
j = ũ(n)(t,

j

n
), ṽ

(n)
j = ṽ(n)(t,

j

n
),

and ∇n denotes the discrete gradient:

∇ng(x) := n

(
g(x +

1
n

)− g(x)
)

.

Using the smoothness of θ̃(n) and τ̃ (n) and Lemma 16 the expectation of the first error term

can be easily estimated uniformly in t ∈ [0, T ]:
∫

Ωn

|Errn
1 (t, ω)| dµn

t = O(n−1+β). (4.41)
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Using Lemma 14 it is easy to see that there exists a smooth function U(u, v) such that

∂θU (u(θ, τ), v(θ, τ)) = Φ (u(θ, τ), v(θ, τ)) , ∂τU (u(θ, τ), v(θ, τ)) = Ψ (u(θ, τ), v(θ, τ)) .

Thus Errn
2 (t) takes the form:

Errn
2 (t) = n3β−1

∑

j∈Tn

∂xU

(
n−βũ(n)(t,

j

n
), n−β ṽ(n)(t,

j

n
)
)

,

from which

Err2(t) = O(n−1+2β), (4.42)

uniformly for t ∈ [0, T ]. From previous bounds we have
∫ t

0

∫

Ωn

n3βLn log f̃n
s (ω)dµn

s ds =

n−1+2β

∫ t

0

∫

Ωn

∑

j∈Tn

(
φj − Φ(n−βũ

(n)
j , n−β ṽ

(n)
j )

)
∂xθ̃(n)(s,

j

n
)

+
(
ψj −Ψ(n−βũ

(n)
j , n−β ṽ

(n)
j )

)
∂xτ̃ (n)(s,

j

n
)dµn

t ds (4.43)

+O(n−1+2β)

In the next step we introduce the block averages. We will denote the block size with l = l(n),

it will be large microscopically, but small on the macroscopic scale. In the first computations

we only assume l À n2β, the exact order of l will only be determined at the end of the proof,

after collecting all the error terms. For a local function κj (j ∈ Tn) we define its block average

with

κl
j :=

1
l

l−1∑

i=0

κj+i.

By partial summation for a smooth function ρ(x) : T 7→ R we have
∣∣∣∣∣∣
∑

j∈Tn

κj ρ(
j

n
)−

∑

j∈Tn

κl
j ρ(

j

n
)

∣∣∣∣∣∣
≤ ‖∂xρ‖∞

∣∣∣∣∣∣
∑

j∈Tn

κj

∣∣∣∣∣∣
l

n

Using this with Lemma 16 we can replace φj , ψj in (4.43) with the the respective block averages:

∫ t

0

∫

Ωn

n3βLn log f̃n
s (ω)dµn

s ds =

n−1+2β

∫ t

0

∫

Ωn

∑

j∈Tn

{(
φl

j − Φ(n−βũ
(n)
j , n−β ṽ

(n)
j )

)
∂xθ̃(n)(s,

j

n
)

+
(
ψl

j −Ψ(n−βũ
(n)
j , n−β ṽ

(n)
j )

)
∂xτ̃ (n)(s,

j

n
)
}

dµn
t ds (4.44)

+O(nβ−1l).
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Finally, using Lemma 17 (the one-block estimate), we replace the block averages φl
j , ψ

l
j by their

’local equilibrium value’: Φ(ζ l
j , η

l
j) and Ψ(ζ l

j , η
l
j), respectively:

∫ t

0

∫

Ωn

n3βLn log f̃n
s (ω)dµn

s ds =

n−1+2β

∫ t

0

∫

Ωn

∑

j∈Tn

(
Φ(ζ l

j , η
l
j)− Φ(n−βũ

(n)
j , n−β ṽ

(n)
j )

)
∂xθ̃(n)(s,

j

n
)

+
(
Ψ(ζ l

j , η
l
j)−Ψ(n−βũ

(n)
j , n−β ṽ

(n)
j )

)
∂xτ̃ (n)(s,

j

n
)dµn

t ds (4.45)

+O(nβ−1l ∨ n−1−βl3 ∨ l−1)

Lemma 17 (One block estimate).

1
n

∫ t

0

∫

Ωn

∑

j∈Tn

∣∣∣φl
j − Φ(ζ l

j , η
l
j)

∣∣∣ dµn
s dt ≤ C(n−1−3βl3 + l−1),

1
n

∫ t

0

∫

Ωn

∑

j∈Tn

∣∣∣ψl
j −Ψ(ζ l

j , η
l
j)

∣∣∣ dµn
s dt ≤ C(n−1−3βl3 + l−1).

The proof relies on the spectral gap condition (D). It uses the Feynman-Kac formula,

the Raleigh-Schrödinger perturbation technique and the ’equivalence of ensembles’ (see the

Appendix of [13] for all three). A detailed proof can be found in [34] for the one component

case which can be easily adapted for our purposes.

Remark. If instead of the condition (D) we have a similar uniform bound on the logarithmic-

Sobolev constant, then the previous lemma may be strengthened: it holds with the bound

C(n−1−3βl2 + l−1).

4.4.4 Estimating the second term of (4.37)

Performing the time-derivation we obtain:

n−1+2β∂t log f̃n
t =

1
n

∑

j∈Tn

{(
nβζj − ũ

(n)
j

)
∂tθ̃

(n)(t,
j

n
) +

(
nβηj − ṽ

(n)
j

)
∂tτ̃

(n)(t,
j

n
)
}

(4.46)

By the definitions of ũ(n), ṽ(n) and Taylor-expansion we readily get that

∂tũ
(n)(t, x) = σt(t, x− λnβt)− λnβσx(t, x− λnβt)

−λσx1(t, x− λnβt, x− µnβt)− µσx2(t, x− λnβt, x− µnβt)

+O(n−β),
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and

n2β∂xΦ
(
n−βũ(n)(x, t), n−β ṽ(n)(x, t)

)

= λnβσx(t, x− λnβt)

+λσx1(t, x− λnβt, x− µnβt) + λσx2(t, x− λnβt, x− µnβt)

+∂x

(
1
2
a1σ(t, x− λnβt)2 + cδa2σ(t, x− λnβt)

)

+∂x

(
a2σ(t, x− λnβt)(δ(t, x− µnβt)− cδ) +

1
2
a3δ(t, x− µnβt)2

)

+O(n−β),

with uniform error terms. (σx1 and σx2 are the partial derivatives of σ(t, x1, x2) with respect

to the second and third variable.) Adding up these equations and checking the definitions for

σ, δ, σ we see that all the significant terms on the right hand side cancel to give:

∂tũ
(n) + ∂x

(
n2βΦ(n−βũ(n), n−β ṽ(n))

)
= O(n−β). (4.47)

Similarly,

∂tṽ
(n) + ∂x

(
n2βΨ(n−βũ(n), n−β ṽ(n))

)
= O(n−β). (4.48)

From (4.47) and (4.48):

∂tθ̃
(n) = θu∂tũ

(n) + θv∂tṽ
(n)

= −n2βθu∂x

(
Φ(n−βũ(n), n−β ṽ(n))

)
− n2βθv∂x

(
Ψ(n−βũ(n), n−β ṽ(n))

)
+O(n−β)

= −nβ(θuΦu + θvΨu)∂xũ(n) − nβ(θuΦv + θvΨv)∂xṽ(n) +O(n−β)

= −nβ(θuΦu + τuΨu)∂xũ(n) − nβ(θvΦu + τvΨu)∂xṽ(n) +O(n−β)

= −nβΦu∂xθ̃(n) − nβΨu∂xτ̃ (n) +O(n−β) (4.49)

In the fourth line we used τu = θv and Lemma 14. To simplify notations, we omitted the

arguments (t, x) from the functions θ̃(n), τ̃ (n), ũ(n), ṽ(n), and the arguments (n−βũ(n), n−β ṽ(n))

from all the partial derivatives of θ, τ, Φ, Ψ with respect to u, v. Similarly,

∂tτ̃
(n) = −nβΦv∂xθ̃(n) − nβΨv∂xτ̃ (n) +O(n−β). (4.50)
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Hence from (4.46):

n−1+2β∂t log f̃n
t

= −n−1+2β
∑

j∈Tn

{(
ζj − n−βũ

(n)
j

)
Φu

(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xθ̃(n)(t,

j

n
)

+
(
ζj − n−βũ

(n)
j

)
Ψu

(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xτ̃ (n)(t,

j

n
) (4.51)

+
(
ηj − n−β ṽ

(n)
j

)
Φv

(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xθ̃(n)(t,

j

n
)

+
(
ηj − n−β ṽ

(n)
j

)
Ψv

(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xτ̃ (n)(t,

j

n
)
}

+Err3(t, ω),

where

Err3(t, ω) =
1
n

∑

j∈Tn

(ζj − n−βũ
(n)
j ) bj(t) + (ηj − n−β ṽ

(n)
j ) cj(t) (4.52)

and bj(t) and cj(t) are uniformly bounded constants. Using Lemma 16 we get that

∫

Ωn

|Err3(t, ω)| dµn
t = O(n−β). (4.53)

We can exchange ζj , ηj with their block-averages ζ l
j , η

l
j (as in the previous subsection) which

(after the time-integration) gives the following estimate:

∫ t

0

∫

Ωn

n−1+2β∂t log f̃n
s dµn

s ds

= −
∫ t

0

∫

Ωn

n−1+2β
∑

j∈Tn

{(
ζ l
j − n−βũ

(n)
j

)
Φu

(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xθ̃(n)(s,

j

n
)

+
(
ζ l
j − n−βũ

(n)
j

)
Ψu

(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xτ̃ (n)(s,

j

n
) (4.54)

+
(
ηl

j − n−β ṽ
(n)
j

)
Φv

(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xθ̃(n)(s,

j

n
)

+
(
ηl

j − n−β ṽ
(n)
j

)
Ψv

(
n−βũ

(n)
j , n−β ṽ

(n)
j

)
∂xτ̃ (n)(s,

j

n
)
}

dµn
s ds

+O(n−β ∨ nβ−1l),

4.4.5 Block replacement

For a function Υ(u, v) we denote

RΥ(u1, v1; u2, v2) := Υ(u1, v1)−Υ(u2, v2)−Υu(u2, v2)(u1 − u2)−Υv(u2, v2)(v1 − v2).
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Collecting the estimates of the previous subsections we have

H(µn
t |ν̃n

t )−H(µn
t |ν̃n

0 )

≤ C n2β−1

∫ t

0

∫

Ωn

∑

j∈Tn

(∣∣∣∣RΦ

(
ζ l
j , η

l
j ; n

−βũ(n)(s,
j

n
), n−β ṽ(n)(s,

j

n
)
)∣∣∣∣

(4.55)

+
∣∣∣∣RΨ

(
ζ l
j , η

l
j ;n

−βũ(n)(s,
j

n
), n−β ṽ(n)(s,

j

n
)
)∣∣∣∣

)
dµn

s ds

+O(n−β ∨ nβ−1l ∨ n−1−βl3)

The second derivatives of Φ and Ψ are bounded thus
∣∣∣∣RΦ

(
ζ l
j , η

l
j ; n

−β ṽ(n)(s,
j

n
), n−βũ(n)(s,

j

n
)
)∣∣∣∣ +

∣∣∣∣RΨ

(
ζ l
j , η

l
j ;n

−β ṽ(n)(s,
j

n
), n−βũ(n)(s,

j

n
)
)∣∣∣∣

≤ C

(
(ζ l

j − n−βũ(n)(s,
j

n
))2 + (ηl

j − n−β ṽ(n)(s,
j

n
))2

)
,

which means that it is sufficient to estimate

n2β−1

∫

Ωn

∑

j∈Tn

(
ζ l
j − n−βũ(n)(t,

j

n
)
)2

dµn
t and n2β−1

∫

Ωn

∑

j∈Tn

(
ηl

j − n−β ṽ(n)(t,
j

n
)
)2

dµn
t

uniformly in t. We estimate the first expression, the other will follow the same way. We denote

ζ̂ l
j := ζ̂ l

j(t, ω) =
1
l

l−1∑

i=0

(
ζj+i − n−βũ(n)(t,

j + i

n
)
)

.

Since ∂xũ(n)(t, x) is uniformly bounded for (t, x) ∈ [0, T ]× T, we have

(ζ̂ l
j)

2 − (ζ l
j − n−βũ

(n)
j )2 = O(n−β−1l)

uniformly in j ∈ Tn, t ∈ [0, T ] and it is enough to estimate

n2β−1

∫

Ωn

∑

j∈Tn

(
ζ̂ l
j

)2
dµn

t .

Applying the entropy inequality with respect to the time-dependent reference measure ν̃n
t and

using Hölder’s inequality:

n2β−1

∫

Ωn

∑

j∈Tn

(
ζ̂ l
j

)2
dµn

t ≤
1
γ

n2β−1H(µn
t |ν̃n

t ) +
1
γ

l−1 n2β−1
∑

j∈Tn

log Eeνn
t

exp
(
γl(ζ̂ l

j)
2
)

,(4.56)

for any γ > 0. D is compact, ζ is bounded thus there exists a positive constant C such that

log Eu,v exp
(
(ζ − u)y

) ≤ Cy2

for all (u, v) ∈ D and y ∈ R. Thus as a consequence of Lemma 18, there exists a small γ > 0

for which
1
n

∑

j∈Tn

log Eeνn
t

exp
(
γl(ζ̂ l

j)
2
)

< 1.
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Substituting into (4.56):

n2β−1

∫

Ωn

∑

j∈Tn

(
ζ l
j − n−βũ(n)(t,

j

n
)
)2

dµn
t < Cn2β−1H(µn

t |ν̃n
t ) +O(n2βl−1).

Collecting all the estimates, from (4.55) we get

n2β−1 (H(µn
t |ν̃n

t )−H(µn
0 |ν̃n

0 )) ≤ Cn2β−1

∫ t

0
H(µn

s |ν̃n
s )ds +O(n−β ∨ nβ−1l ∨ n−1−βl3 ∨ n2βl−1).

Choosing l with

n2β ¿ l ¿ n
1+β

3

the error term becomes o(1) and the Theorem follows via the Grönwall inequality. (If we have

the logarithmic-Sobolev condition, and thus a stronger version of Lemma 17, then l can be

chosen with n2β ¿ l ¿ n
1+β

2 to make all the error terms o(1).)

The proof of Lemma 18 can be found in [34] or [36].

Lemma 18. Suppose ξ1, ξ2, . . . are independent random variables with Eξi = 0 for which

log E exp(yξi) ≤ Cy2

with a positive constant C independent of i and y. Then there exists a small positive constants

γ depending only on C such that

log E exp
(
γl(ξl

i)
2
)

< 1.
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[35] B. Tóth, B. Valkó: Onsager relations and Eulerian hydrodynamic limit for systems with

several conservation laws. Journal of Statistical Physics 112: 497-521 (2003)
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