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Exercise 4.9 If you’re standing in Klein space and look

through the front wall, what do you see? What about the

other walls?

Imagine this new three-manifold to contain a jungle

gym like the one we built in the three-torus (Figure 2.9).

This would be great fun to play in with a friend. Some-

times when you ran into your friend he would be right-

handed, and other times you’d find him to be left-handed.

You could play a special form of tag in which catching

someone doesn’t count unless you can guess which hand is

his left hand. Obviously there’s a big advantage for people

who part their hair in the middle, and T-shirts with writing

on them would be out of the question.

Exercise 4.10 Think up other fun things to do in a nonori-

entable three-manifold. You could, for example, steal one

shoe from your friend during the night, take it around an

orientation-reversing path, and quietly replace it before

dawn.

The projective plane is a surface that is locally like a

sphere, but has different global topology. It’s made by glu-

ing together the opposite points on the rim of a hemisphere

(Figure 4.13). Figure 4.14 shows what this gluing looks

like locally, along a short section of the rim. We can show

the gluing along any section of the rim we like, but we can’t

show the entire gluing at once because of its peculiar global

properties. Thus you should concentrate on understanding

how opposite sections of rim fit together, rather than trying

to visualize the whole thing at once the way you’d visualize
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Figure 4.13: The projective plane is made by gluing

together opposite points on the rim of a hemisphere.

a sphere. The most important thing is that the hemisphere’s

geometry matches up perfectly when opposite sections of

rim are glued, so the projective plane has the same local

geometry as a sphere, even along the “seams” where the

gluing took place. The projective plane is our fourth ho-

mogeneous surface.

Exercise 4.11 Is the projective plane orientable? That is,

if a Flatlander crosses the “rim”, does he come back normal

or mirror-reversed?

Exercise 4.12 A Flatlander lives on a projective plane,

which we visualize as a hemisphere with opposite rim

points glued. The Flatlander’s house is at the “south pole”.

One day he leaves his house and travels in a straight line

(i.e., a geodesic) until he gets back home again. At what

point along the route is he furthest from home?
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Figure 4.14: How to glue opposite sections of rim.
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Figure 4.15: Topologically, a projective plane

is a disk with opposite boundary points glued.

Still working topologically we can construct projective

three-space by gluing opposite boundary points of a solid

three-dimensional ball. We’ll study its geometry in Chapter

14 when we study the geometry of the hypersphere.

Exercise 4.16 Is projective three-space orientable? If you

cross the boundary, how do you come back?

Exercise 4.17 Is orientability a local or a global property?

Is it topological or geometrical?
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Exercise 4.13 A society of Flatlanders lives on a projec-

tive plane. They plan to build two fire stations. For max-

imal effectiveness the fire stations should be as far apart

as possible. Where might the Flatlanders build them? (Be

careful: opposite points on the rim of a hemisphere repre-

sent the same point in the projective plane.) How should

three fire stations be positioned for maximal effectiveness?

Exercise 4.14 A Flatlander knows she lives on either a

sphere or a projective plane. How can she tell which it is?

A second Flatlander knows he lives on either a projective

plane or a Klein bottle; how can he decide?

Exercise 4.15 So far we have seen four homogeneous sur-

faces: the sphere, the torus, the Klein bottle, and the pro-

jective plane. Use them to fill in the following table:

If we are interested in only the topological properties

of the projective plane, we can flatten the hemisphere into

a disk, still remembering to glue opposite boundary points

(Figure 4.15). The main advantage of doing this is that a

disk is easier to draw than a hemisphere.
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