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1. Introduction

Our goal in this paper is to prove the following result.

L1 Main Theorem. Ler X pe a compact 3-manifold which admits a Rieman-
nian metric with strictly positive Ricci curvature. Then X also admits a metric of
constant positive curvature.

All manifolds of constant curvature have been completely classified by Wolf
[6]. For positive curvature in dimension three there is a pleasant variety of
examples, of which the best known are the lens spaces L, .. Wolf gives five

-_
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256 RICHARD S. HAMILTON

different types. By our theorem, these are the only compact three.-manifolds
which can carry metrics of strictly positive Ricci curvature. This answers
affirmatively a conjecture in Bourguignon [1]. .

It is known by a theorem of Myers (see Cheeger and. Ffbm [2]) that a
compact manifold of strictly positive Ricci curvature l}as finite fundamental
group, so its universal cover is also compact and 51mply connected. The
Poincaré conjecture would imply that the universal cover is the sphere. Tben
one version of the Smith conjecture would imply that the group of covering
transformations is conjugate to a group of isometries in the sta.ndard metric,
and the original space would admit a metric of constant positive curvature.
Thus if both these famous conjectures were known to be true, our result w.ould
follow immediately. On the other hand if either of them fails, then there will b.e
a compact three-manifold with finite fundamental group which does not admit
a metric of strictly positive Ricci curvature. . .

The product manifold S X S' has a metric of nonnegatlve. Ricci curva.ture,
with two eigenvalues +1 and the third 0. It does not admit any m?trlc of
constant curvature, and hence represents an obstruction to improving the
result.

Our method of proof is inspired by the ideas of Eells and Sampson [3]. We
start with any metric g;; of strictly positive Ricci curvature R;; and. tg .to
improve it by means of a heat equation. It would be natural to try to minimize
an energy functional. Unfortunately we cannot form any georpetncally
meaningful quadratic expression in the first derivatives of the g,;, since they
always vanish in normal coordinates. It has been suggested to use the 1ntegral
JRdp of the scalar curvature as an energy. This leads to the evolution
equation (with n = dim X)

d 2

Egij:; ij°

Rg,;— 2R

which unfortunately will not have solutions even for a short time, since it
implies a backward heat equation in R. To eliminate this problem, we solve

instead the evolution equation

s 2
gigij - ;rg,‘j - 2Rij’

where 7 is the average of the scalar curvature R,

erRdu/fdu.

This equation always has a solution at least for a short time on any compac.t
manifold of any dimension for any initial value of the metric at 7 = 0. This
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involves some work, for the equation is not strictly parabolic, as its lineariza-
tion involves some zero eigenvalues in the symbol. (But at least they are not
negative, as is the case for the first equation.) We prove this result using the
Nash-Moser inverse function theorem.

It is worth noting that the degeneracies are there because the equation is
invariant under the full diffeomorphism group of X. This has the interesting
consequence that any isometries which exist in the metric to begin with are
preserved as the metric evolves. Hence if the initial metric is homogeneous or
symmetric then it remains so. For such spaces the evolution may be described
by the change in a finite number of parameters. For example, on the product
space S X S' the factor S? shrinks and the factor S' expands. Our normaliza-
tion r is chosen so that the volume is always preserved. We also note that if X
has a fixed complex structure and if the initial metric is Kihler, then it will
remain so.

The rest of our results are peculiar to three dimensions. The essential
simplification here is that the full Riemannian curvature tensor R, ki can be
recovered from the Ricci tensor R,;, which is much smaller and easier to
analyze. However, we have not used the Sobolev inequality in a delicate way,
so there is hope that the method may also yield some results in higher
dimensions.

For a compact three-manifold, we prove that if the initial metric has strictly
positive Ricci curvature, then it continues so for all time, and converges as
t - o0 to a metric of constant positive curvature. The proof of this result
requires three a priori estimates peculiar to this problem. The first shows the
Ricci curvature remains positive, the second, shows the eigenvalues of the Ricci
tensor at each point approach each other, and the third shows the gradient of
the scalar curvature R goes to zero, so that we can compare the curvature at
distant points. All three of these estimates are consequences of the maximum
principle for parabolic equations. Once these estimates are established, we can
control all the higher derivatives by some straightforward interpolation in-
equalities.

We would like to express our gratitude to the Harwood Foundation for a
generous grant for the research in this paper, and to Professor O’Donnell for
many inspirational remarks.

2. Notations and conventions
We will use the old-fashioned index notation for tensors, since it is well-
adapted to the intense computations we must perform. We denote vectors as
v', covectors as v, and mixed tensors as 7;/, etc. The summation convention
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will always hold. The Riemannian metric is g, 4> 1ts inverse is g/, and the
induced measure is dp = p(x)dx where p(x) = ydetg; ;. The Levi-Civita con-
nection is given by the Christdffel symbols

1 d 9 9
=1 [ 9 L,
=38 ( x'gjk+8xfgik ax"gij)’

a H
and the Riemannian curvature tensor is
a ad
h —_ Y 1h _ h hrp _ ThTP
Rl = —Tj === Tj + TAT, — TAIZ.

We lower the index to the middle position, so that
— h
Rijkl = ghkRijI'
Then R, is anti-symmetric in the pairs i, j and k, / and symmetric in their
interchange, and satisfies a Bianchi identity on the cyclic permutation of any
three. For the sphere we have
R(u,v,u,0) = R, u'v/u*v' > 0,
which is the opposite of the usual convention, but more symmetric. The Ricci
curvature is the contraction
— il
Ry = ijijkl’
and on the sphere we have
R(u,u) =R, u'u’ >0,
which agrees with the usual convention. The scalar curvature R = g"/R, 5 We
denote the covariant derivative of a vector v/ by

. J . .

30/ = —v/ + Tho¥,
ox'

and this definition extends uniquely to tensors so as to preserve the product

rule and contractions. For the interchange of two covariant derivatives we have

9,0;0" — 9,3,0" = RI 0¥,
3,90, — 9,0,0, = R, ;4,8"v,,,

and similar formulas for more complicated tensors. To see how to convert from
the old coordinate notation to the new coordinate-free notation the reader
should consider the formulas

for a vector v: v = v'9 /9x’,

for a covector L: L = L,dx’,

for a pairing: L(v) = L0,

for a tensor: T(3,/0x/, 3/0x*) = T3 /ox’,
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for a covariant derivative:

0 d 0
aUT(—., —) = 0"3, T —
ax’/  9x* 0T axt

For any tensor 7 such as T, we define its length | T | by
| T * = gug/mg* 1!
and we define its Laplacian AT by
Aj;;c = gpqapaq ji’
the trace of the second iterated covari ivati
e tr ant derivative. We hope th
will aid the reader in following the paper. e fhese remarks

3. The evolution equaiion
We consider the evolution equation on X"
(14) d 2

w8~ PR 2Rij9

where r= JRdu/( .du is the average scalar curvature. The factor r serves to
normalize the equation so that the volume is constant. To see this we observe

that if du = #(x)dx is the measure then B = ydetg, ; and

d 1,9
a—tlogu—gg’a—tg,,=r—R,

%fdu:f(r—R)duZO.

Now it is awkward to have the no

: rmalizing factor present unti
need it. Therefore we will deal first wit o ovotutiom e Aot

h the unnormalized evolution equation
d

. 9., _

(+) atgij = —2Rij’
which is easier to handle, The two equations differ only by a change of scale in
space and a chapge of parametrization in time, To see thiswe lett, g... R.. R
r denote thc.: variables for the unnormalized equation (x) and 7, §,,, R Al<j ’15 ’;"’thé
corresponding variables for the normalized equation. To make ’t]he Conve
f~roT (*) to (xx), we first choose the normalization factor ¥ = Y(¢) so that if
8, =vg;, thel? fdi = l~, so that the new manifold has measure 1. Then we
choose a new time scale / = f¥(t)de Ttis €asy to see that

R,=R,, R={R, F=1,

€l
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and [di=15s0 [dp= y~"/%. Arguing as before we have (3/0t)logp = -R
and so :

d _ d _2
Elogfdp.— -r, dtlog\P— n

Then it follows that

9. _ 0 d 2. a5

‘a_{gij = _a_tgij + (Ek’g ‘P)gij = ;rgij 2R;;.

It is worth noting that for a sphere S” the normalized equation is constant,
while the unnormalized equation shrinks to a point in a finite time.

4. Solution for a short time

Consider the evolution equation 9g,;/dt = E(g;;) where E is the second
order nonlinear partial differential operator E(g;;) = —2R;;. The linearization
of this equatioin is 3g,,/9t = DE(g;,)§;; where DE is the derivative of E and
g, is the variation in g;;. We must compute DE, but all we need is its symbol.
This is obtained by taking the highest order derivatives and replacing 0/9x’ by
the Fourier transform variable ;.

The variation g,; in the metric produces a variation IH‘J',; in the connection,
and this produces a variation R" Lk in the curvature. Working in normal
coordinates where I‘Jﬁ = 0 at a point and using the formulas in §2, we see that

r,';c = %ghl(ajgkl + 0.8y~ algjk)’
5h — o Tk h
Rijk - airjk - ajrik'
Now an interchange of two covariant derivatives produces a lower order term.
Also the Ricci curvature is given by R, = R} . Then it is easy to compute

. 2 . -
{ a2gjk aghj _ azgik + azghi }+

DE(g,)gx= 2R, = g" A : : _
(gjk)gjk jk— & axox! axidxk oxhox/ Ax/oxk

where the dots denote lower order terms. The symbol of the linear differential
operator DE(gj,) in the direction {1

ODE(gjk)(fi)gjk = 8hi{§h§igjk - §i§kghj - fhfjgik + §j§kghi}'
To see what the symbol does, we can always choose coordinates at a point $0O

that g;, = 8, = (1 if j = k, 0 otherwise), and without loss of generality since
the function is homogeneous we may assume §; has length 1, and rotate so
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¢, = 1and {; = 0 for i # 1. Then the effect of ¢DE on a tensor T}, is

[oDE(8)($)T] =Ty ifj#*1,k#1,
[oDE(g)($) T} =0 ifk#1,
[eDE(g)($)T) 1y =Ty + T3 + -+ +T,,,.

The presence of the zero eigenvalues shows that the equation is not strictly
parabolic. There is actually a good reason for the presence of these zero
eigenvalues. The first way to see it is to consider the steady state equation
R,; = 0. If the evolution equation were parabolic, the steady state equation
would be elliptic, and its solution space would be finite dimensional. But the
solutions of R;; =0 (when they exist) are invariant under the full diffeomor-
phism group, which is infinite dimensional.

The second way is to recall the second contracted Bianchi identity, which
tells us

gijaiRjk = 30, R.

For any tenso.r T, we define the linear operator L(g,,), depending on the
metric g,; and its connection, by

L(ghi)T;'k = gij(axj}k - %akTij)'
Note that L has degree 1 in g,; and degree 1 in T,. If E(g;,) = -2R, then
L(gjk)E(gjk) =0.
Taking first variations, we see that
L(g;x)DE(gu )8 + DL(gjk){E(gjk)’ gjk} =0.

Now the operator in g;, given by DL is only of degree 1, so its symbol of
degree 3 is zero, and 3 is the degree of the other term L o DE, because L has
degree 1 and DF has degree 2. Therefore

UL(gjk)(fi) ° C’DE(gjk)({i)gjk =0,

and the image of 0DE(g;,) must lie in the null space of oL(g,). This symbol
is

UL(gjk)(fi)T}k = gij(fﬂ}k - %gkj;j)'
Normalizing g, and §; as before we have

[eL(g)($)T] =T, ifk#1,
["L(g)(f)T]l =37y — T =Ty — - _Tnn)-
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The null space of oL(g)({) consists of all those symmetric tens.ors T, with
=T, +Ty+ ---+T,,and T\, =T)3= - = T‘,,, =0. It is clear that
oDE(g)({) lies in this space. We can also see the following result. ,

4.1 Lemma. The symbol sDE(g)({) acts as multiplication by | { |* on the null

space of the symbol oL(g)($). o
PThis shows that there are no degeneracies other than those implied by the

second contracted Bianchi identity. The following theorem is then an im-
mediate consequence of the general result in the next section. .

4.2 Theorem. The evolution equation dg; /3t = -2 R, has a solution for a
short time on any compact Riemannian manifold with any initial metric at t = 0.

5. Evolution equations with an integrability condition
We shall consider evolution equations
A af

L =F ,

L)
where E( f) is a nonlinear differential operator of degree 2 in f. We suppose f
belongs to an open set U in a vector bundle F over a compact manifold X, and
E( f) takes its values in F also. Then E is a smooth map

E:C®(X,U) CC®(X,F)-C>(X, F)

of an open set in a Fréchet space to itself. In studying the evoluti.onl eql%atlon it
is important to consider its linearization. Letting f denote a variation in f, we
get

af _ .

where the derivative DE( f)f is a linear differential operator in f of fiegree 2.
We say E is parabolic if its linearization is parabolic around any /. This can.be
expressed in terms of the symbol e DE( f)(§), which is obta{ned .b.y replacmg
each derivative 9 /dx/ by ¢ . in the highest order terms. (For simplicity we omit
the factor i = y—1.) If in local coordinates

of/at = E*(x', B, fF, 1),
then the symbol of DE(f) is

9E® ;| 8 8

The symbol is an automorphism of the vector bundie F to itself.. Then DE(f)
is parabolic if all the eigenvalues of o DE( f )(£) have strictly positive real parts

THREE-MANIFOLDS WITH POSITIVE RICCI CURVATURE 263

when £ # 0. In this case it is well known that the evolution equation 9f/dr =
E( f) has a unique smooth solution for the initial value problem f = fatt=20
for at least a short time interval 0 < < ¢ (where £ may depend on fo)

We shall consider problems where some of the eigenvalues of o DE( F)E) are
zero. This happens when E(f) satisfies an integrability condition. Let g=
L(f)h be a differential operator of degree 1 on sections f € UC Fand h € F
with values g in another vector bundle G over X, such that the operator
O(f)=L(HE(Sf) only has degree at most 1 in J. We call L(f) the integra-
bility condition for E( f ). Taking a variation fin f we see that

L(f)DE(f)] + DL(f){E(f), f} = DO(f)f.

Now the operators DL(f)YE(f), f } and DQ( f)f only have degree 1 in f, and
hence the operator L(f)DE(f)f also has degree 1 only. Therefore taking the
symbols, oL( f)(¢) - 6DE (/)(§) = 0. From this we see that

ImoDE(f)(£) C NulloL( f)(£).

If L is not trivial then oDE( f)(£¢) must have a null eigenspace. The most we
can hope is that the restriction of ¢DE (/X€) to Null 6L( £)(¢) is positive, We
shall prove the following result.

5.1 Theorem. Ler 9 f/0t = E(f) be an evolution equation with integrability
condition L( ). Suppose that

(A) LE(f) = Q(f) has degree 1,

(B) all the eigenvalues of the eigenspaces of 6 DE (/X&) in NulloL( f )¢ ) have
strictly positive real parts.

Then the initial value problem f=fatt=0hasa unique smooth solution for
a short time 0 < t < ¢ where ¢ may depend on f,.

Proof. We shall use the Nash-Moser inverse function theorem (see [5] for a
complete exposition by the author). We shall show that if 9 f /0t — E(f)=his
a solution of the evolution equation on 0 < ¢ < 1, with f = f at r = 0, then for
any f, near f, and A near # there exists a unique solution of the equation
df/8t — E(f) = h over the interval 0 < t<1withf=f att=0. To see that
this implies the theorem, choose f to be any function whose formal Taylor
series at ¢ = 0 is what it must be to solve of/9r = E(f) with f = f at t = 0,
and let h = af/at — E(f). Then the formal Taylor series of 4 at t =0 is
identically zero. By translating 4 a little, we can find 4 arbitrarily close to 4 and
vanishing for a short time 0 < 7 < ¢. Then the solution of 9 f/ot — E(f)=h
with f = £ at t = 0 solves the equation up to time e.

We can apply the Nash-Moser inverse function theorem to the operator

&:C2(X X [0,1], F) - €=(X X [0,1], F) x €*(X, F),
&(f) = (3f/8t — E(£), f] {t = 0}).
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Its derivative is the operator

D&(f)f = (3//8¢ = DE(f)f, ]| {r=0}).
We must show that the linearized equation d f~ /ot — DE(f) f=h 1.1as a unique
solution for the initial value problem f=f; at =0, and verify that the

solution fis a smooth tame function of h and . ‘
We make the substitution § = L(f)f. Then g will satisfy the evolution

equation

%_ 1Y oun{rY).

However df/9t = DE(f) f + h. Moreover differentiating the integrability con-
dition L( f)E(f) = Q(f) we get

L(f)DE(f)f+ DL(f){E(f). f} = DQ(f)].

Then we get the equation

where k = L( f)h and
m(Ni=pLN{7 L} = DLINE. T) + Do)

is a linear differential operator in f of degree 1 whose coefficients depend
smoothly on f and its derivatives (possibly of degree 3 in space, or 1 in space

and 1 in time).
If we choose a measure on X and inner products on the vector bundles F

and G, we can form a differential operator L*( f)g = h, of degree 1 in f and g,
which is the adjoint of L( f). Let us write

P(f)=DE(f) + L*(f)L([).

We claim that the equation 3f/dt = P(f) f is parabolic. To see this, we must
examine the symbol

oP(f)(£) = oDE(f)(§) + oL*(f)(§) - sL(f)(£).
Suppose v is an eigenvector in F with eigenvalue A. Then oP( f)&)v = Av. But
oL(fX§) - oDE(f)§) =0,s0

oL(f)(§) - oL*(f)(£) - oL(f)(&)v = AoL(f)(§)v.

It follows that
|oL*(£)(£) - sL(f)(&)o > = N|oL(f)(§)v[".
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Now if oL*(f)(§€) - oL(f)§)v = 0 then oL(f)(é)v = 0, and otherwise A is

real and strictly positive. When oL( f)(§)v = 0 then oDE( f }£)v = Av, and A

has strictly positive real part by our hypothesis (B). Thus P( f) is parabolic.
We proceed to solve the system of equations

= P(f)f+LXf)g=h,
ag —M(f)=F

for the unknown functions f and g for given 4 and k and given f, with initial
dataf=fyand g = g, = L(fy)fyatt = 0. i

It follows from the theorem in the next section that the solution ( £, ) exists
and is unique, and is a smooth tame function of ( f, kK, fo, &;)- Then putting
['= g — L(f)f we see that [ satisfies the evolution equation

al .
S = L)L,

and /= 0 at ¢ = 0. But then the obvious integral inequality
d ¢ - .

a NP dn+ 2 [L(f)IPdu=0

proves that /= 0. Then it follows that 3f/dt — DE( f)f = k. This completes
the proof of the theorem, except for the result of the following section.

6. Weakly parabolic linear systems
Let X be a compact manifold and let F and G be vector bundles over X. We
consider a system of linear evolution equations on 0 < ¢ < T for sections f of F
and gof G

g{ Pf+ Lg+ h, %—f:Mf+Ng+k,

where P, L, M and N are linear differential operators involving only space
derivatives whose coefficients are smooth functions of both space and time. We
assume P has degree 2, L and M have degree 1, and N has degree 0.

6. Theorem. Suppose the equation df/dt = Pf is parabolic. Then for any
given ( fy, 8o, h, k) there exists a unique smooth solution ( f, g) of the system
withf = fyandg = gyatt = 0.

Proof. We can use the equation to solve formally for the Taylor series of f
and g at ¢ = 0. Choose functions f and g with the given Taylor series, and
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subtract them off from f and g. This reduces us to the case where f, g, h, k are
all known to vanish for 1 < 0. We can then use the following regularization

device.
We introduce a time lag 8 > 0 into the second equation, so that

(%) =(Mf+ Ng+h),.
0t / 1+

The resulting system clearly has a unique smooth solution on 0 < ¢ < T, for we
can alternatively use the first and second equations separately to advance the
solution on intervals of length 8 > 0. In the sequel we shall derive a priori
estimates for the solutions f and g of the evolutionary system. These estimates
also clearly hold for the delayed system and are independent of § — 0. We
leave the necessary modification to the reader. Then by passing to a convergent
subsequence we get a solution for § = 0.

We turn to the a priori estimates. We introduce the following norms. For a
section of F (or G) over X we let |f|, measure the L, norm of f and its
derivatives up to degree n. For a time-dependent section fover X X [0, T] with
f={f:0<t<T} weput

I/ =/0T1f,|3dt,

so that | |, measures space derivatives of degree < n only. Then we put

HAIZ="3 13/ 3)f N, s,

2j<n

which is a weighted norm counting one time derivative equal to two space
derivatives. (We caution the reader that this weighted grading is not tamely
equivalent to the usual one.) The differential operators P, L, M, N are all
sections of some appropriate bundles over X, which could be interpreted in
terms of jet bundles. We measure P, L, M, N in terms of norms [[L]], where
[L], measures the supremum of L and its space derivatives up to degree n, and
|[ 1], is the corresponding norm counting one time derivative equal to two
space derivatives as before. (Note that the gradings || || . and |[ ]|, are tamely
equivalent. Also from a point of view of tamely equivalent gradings it does not
really matter that for odd n our grading || ||, has missed 4 of a time derivative,
compared to the usual one for parabolic equations. This allows us to avoid the
nuisance of discussing fractional derivatives.)

6.2 Theorem. Let the solution ( f, g) of the system of evolution equations be
written as a function

(fa g):S(P, L,M,N, h’k,f(),go)
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of the coefficients P, L, M, N, the data h, k and the initial values f,, g,. In the
open set where P is parabolic the solution S is q smooth tame map in the gradings
i, onf, g, h, k and | lnonﬁ)andgoandl[ Il,onP, L, M, N.

We shall prove these theorems by a sequence of lemmas.

6.3 Lemma. Ifdf/ot — Pf=hon0<:< Tandf=0att =0 then we can
find a constant C independent of O such that for0 <9< T

] 0
f0|f,|§dz<cf0 |k, dr.

Proof. When 6 = T this is a standard result for parabolic equations (see
[4]). To see that C is independent of 6 for 0 <6 < T we use the following
device. We extend P to be parabolic on the interval -T< ;< T Note that we
may assume all the derivatives of f vanish at ¢ = also, for the set of such
functions is dense in those with Jo =0in the norm || ||,. Then we may extend f
smoothly to be zero for -7 < ¢ < 0. Now we consider translations by T — @ of
the original equation. Then? and fon -T+o<r<@ correspond to their
translates on 0 < r < T, Since the estimate above is coercive for P, it follows
by the usual argument that the same constant C works for all operators in a
neighborhood of P. Hence we can make one constant C work for any compact
set of parabolic operators P. But the set of translates is compact, so the lemma
follows.

6.4 Corollary. If 0f/ot —Pf=hon0<t< Tand f=f at t =0 then we
can find a constant C independent of O suchthat for0 <9< T

6 (J
[lrBar<cfinRa+cip.

Proof. The norm |f, |, is equivalent to the quotient norm inf{|| f | ,: f= o
at 1 = 0}. It suffices to check this in local coordinates, where we can use the
Fourier transform. Given Jo(x) on 1 =0, we define the extension f(x, t) by
letting
1

=yl—T_}. 1
160 =4 575 LT EF

5(8),

where y(7) is a smooth function of compact support with [ y(7)dr = 1. Then
fextends fy and if 6 = 7/(1 + | £]?)

1A= [ [+ 1R + 1) 1i(E, ) [ dear

=IO P+ 1807 a8- [(1+)£7) () [ ag
<Clhk
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Conversely given on ¢ = 0 with f = f; at t = 0, we can first extend f to ¢ < 0
without increasing || fll, by more than a factor. Then using the Fourier
transform, since

Jo(§) = [f(g,7) dr

we have

ol = sup [(1+1£7)"/(£)8(¢) de

Iglo=1
= sup [ [(1+£1)* f(&, 7)8(¢) dgdr
Iglo=1
i , 1/2
< sup { [ /(14 18P + 17117 7) P dgar]
Iglo=1

1/2
1+ [£)]8(8) ]
Sy psatIRItG] d&h} .
(L+1£P+]7))
Now the first integral is bounded by || f 113, and the second is bounded by a
constant, since

LY €, 48 _
/(1+|§;2+|¢|)2 f(1+|01)2

Thus | f, |2 < C|| f lI3, proving our assertion. ‘
We can combine the extension operators in local coordinates to produce a
ok
linear extension operator C*( X, F) - C*(X X [0, T], F) such that if f .1s the
extension of f, then f*=f at t=0 and |l f*||,<C|f], Now' given f
satisfying 9f/0t — Pf=h and f=f, at t = 0, let f* be th~e extension of fQ
— *
constructed above and let 9f* /0t — Pf* = h*. If f= f* +f and }f_.h + h
then 3f/0t — Pf=h, and f= 0 at = 0. We can then estimate f using the
previous lemma, so

(] () 2 () 712

[l de < [C1ax e+ [17 R,
[lia< [Tl Rae< clriz<clgk,
0 0

(- 9 -~ 3
[litar<c[ih R a,

g -~ 0 2 ¢ * |2
[rhacs iR+ [ ga,
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) T
/0 | ¥ 2 dr </0 [B¥5dr < ClR*IZ< Cll 12 < C|f, .
Combining these estimates the result follows.
6.5 Lemma. Ifdg/0t =k, thenfor0<9<T
]
|goli < C[ 1k, R dt+ Clg, 2.
0

Proof. Since

9
gg=g0+‘[)k,dt

and every norm is convex, we have
¢

801 <180l + [|k,|, .
0

But we also have

2
([1xda) <ok pa
0 0

Therefore the above estimate holds with a constant C independent of @ for
O<sé<T

Note that if there is a delay 8 in time, so that (0g/01),,5s =k
k vanish for ¢ < 0, then g also vanishes for ¢t < §, and we have

()
|gorsli<Cf" [k, a,
t=0

» and if g and
a better estimate

for0<f<T7T-35.

Now we assume f and g are solutions of the system of evolution equations
df/0t = Pf+ Lg + h and dg/0t = Mf+ Ng + k with = f, and g=g, at
t = 0. To simplify the following formulas we let

E=|hly+ | k|, ol +18gh-
6.6 Lemma. We have estimates forO<éd<T

(4 (4
f|]§|§d1<cf lg, 2 dr + CE?,
0 0

()
|80t < C[ (4B + 15, R) de + cE2.

Proof. We apply our two previous estimates, replacing 4 by Lg + 4 and k
by Mf + Ng + k. Then
| Lg, + ko< C(lgt|l *1hdo),

IMf; + Ngt + kl,l < C(,fIIZ + lgt|l + Iktll)
and the result follows directly.
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6.7 Corollary. A solution of the system of evolution equations satisfies the a
priori estimate

[flat1gh<C(hlp+ |kl + 160+ 18)-

Proof. By the above estimates we have

(]
| 8 }"<Cf0 | g, |1 de + CE?.
Then for any A > 0 we have

T a6 240 < C r
Aj(;zoe | 8o 1 /l

{ T A6 dg}ed\t g, ﬁ dt
=0\Y0=r

+C fT Ae'“’de}Ez,
=0

and since the bracketed integrals are < 1, we have

(A=) [ e™N|gar<CE?
=0

with a constant C independent of A. When A > C we get | g |2 < CE?. Then
|f|5 < CE? also.
Note that if there is a time delay 6, so that
(0g/01),+5 = (Mf+ Ng + h),,

then we get a better estimate

4 2
|8owsli < C [l ke + CE?,

and since
T—8 T 4 5

[ e ggslido = [ e g [} af,

8=0 0=0
the same argument yields the same estimate with a constant independent of &
asé — 0. o . .

Next we show the same low-norm a priori estimate holds uniformly in a

neighborhood of a given system. Fix operators P, L, M, N and consider all
operators P, L, M, N in a neighborhood

[P—Ply+[L—-L]y+[M-—M],+[N-N] <é.
If Pis parabolic, and 8 > 0 is small enough, then so is P. .
6.8 Lemma. If 8 > 0 is small enough then for all systems P, L, M, N in the
given neighborhood the a priori estimate
Ifl+ gl <C(hlo+ klo+[hli +18h)

holds with a fixed constant C.
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Proof. 1f f and g solve the system of evolution equations for P, L, M, N,
then

s

g—{:Ff-FEg-i-(P—I—’)f-i-(L—lj)g%—h,
9g

gt =Mf+Ng+(M—M)f+(N—-N)g+k.
Applying the estimate for the fixed system P, L, M, N we get
b+ 18l <C((P—P)f+(L~L)g+h|,
"‘|(1‘4—]‘7)f+ (N_ﬁ)g"'kll 1AL+ lgo|1)’
I/l + 18l < CO(If L+ 1g1) + Chlo+ k|, + 1), + g0 |y)-
When § > 0 is sufficiently small, the estimate follows,
We can now estimate higher space derivatives in the usual way by differ-
entiating through the equation. Choose connections in the vector bundles F
and G and let 9,/ denote the covariant derivative of the section f in the

direction of a vector field v. There is then a natural way to define the covariant
derivative of the linear differential operators so that (for example)

80,(Lf) = L(3,1) + (3,L)/.
Note that 9, L will be a differential operator of the same degree as L, formed

by allowing the derivatives to fall on the coefficients. We will let 2, denote the

sum over a finite number of vector fields which span the tangent space at each
point of X.

6.9 Lemma. For all solutions of all systems in the 8-neighborhood given before
we have a priori estimates for all n = 0 of the form

[flasz T 18l < C(1h), + Lk laer + 1 fo bt + 180 lnsr)
+C([PL, + (L), + M),y + [N], ) X (R, + Lkl + 161+ 18h)-

Proof. This holds for n = 0. We proceed by induction. Suppose the esti-
mate above holds up to some . Differentiating through the equation, we have
G0 = POI+ Lag + (4,P)f + (3, L)g + .

S0,8= Ma,f+ No,g + (3,M)f +(3,N)g + o.k.
For simplicity we write

An :lf'n+2 + |g|n+1’
Bn = [P]n + [L]n + [M]n-H + [N]n+l’
E, =|h|, + k| + | folnt1 T 180 lns1s



272 RICHARD S. HAMILTON
in terms of which the induction hypothesis is 4, < C(E, + B,E,), and By <&
< C. Applying the induction hypothesis to the derived equation, we have
| aof|n+2 + | avg|n+l = C(En+1 + BlAn + Bn+lA0)'
Now A, < CE, and 4, < C(E, + B,E,). Moreover by interpolation we have
BIBn = CBOBn+l = CB’I+1’
BlEn = C(BOEn+1 + Bn+IEO)?

and hence

An+l :lf|n+3 + |g|n+2 = 2 | at>f|n+2 + |augln+l + An
v

< C(E,s, + B,+1Eo),

which completes the induction. . '
Finally we can estimate time derivatives also simply by using the equations.

We get the following result for the weighted gradings || II, and. |[ 1}, defined
earlier, in which one time derivative counts for two space derivatives. .
6.10 Lemma. For all solutions of all systems in the 8-neighborhood given
before we have a priori estimates for all n = 0 of the form
Wf e + gl < C(lhl, + 1kl uey 1 folnsr T | 80 ln+1)
+C(I [P] ‘n + | [L] |n + | [M] ln+l + l [N] |n+l)

X (Ilhllg + Nkl + 1] + |go|1)-
Proof. We must estimate the terms
1(8/30) flumajea + 1(3/01) 8lam2jv1

for 2 j < n. We can do this for j = 0 as before. We proceed by induction on .
Suppose we have estimates up to some value of j. Then for the j + 1 terms we

have
1(8/80)" ' flu—z; =1 (3/80) (P + Lg + 1) lu—2js
| (a/at)j+lg‘n—2j—1 =| (a/at)j(Mf"' Ng + k) ln—2-15

and by interpolation we need only consider the extreme cases where all the
derivatives in both space and time fall entirely on P, L, M, N or entirely on

f. g h, k.
For the first terms we get

l(a/at)jf|rz—2j+2 + | [P] |n|f|2 + |(a/at)jg‘n—2j+l + | [L] |n|g|| + &l
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and for the second terms we get

(2)4,, 1t +|(3)s

which is even better than we need. The above can be bounded by terms
1(8/80) Fluzzjia +1(3/08) g lyeryur + AN, + Nkl
+ ([P, + ILLY ] + [ [MT Ly + L INT L ) S+ (8 1)

We apply the induction hypothesis to the first part and our previous estimate
to | f|, + | g ;- This proves the lemma.

If the second equation contains a delay & in time, we can still differentiate
through the equation with respect to space or time, and the derived equation
has the same form with the same delay. Hence the estimates in Lemmas 6.9
and 6.10 still hold with a constant C independent of 6 as 6§ — 0. To prove
existence for a single equation we do not have to keep track of how the
constant depends on the coefficients P, L, M, N.

Now the last lemma clearly is a tame estimate on the solution map

(f’g)ZS(P’L’M9N’hak9fbsg0)

in the weighted gradings. It follows that & is continuous, since the spaces
C*®( X, F) and the others are all Montel spaces. Then it also follows that all the
derivatives of & are tame also, by the formula for the derivative of an inverse.

+l[N]|n71|g‘0+ Wkl ,—ys

n—2j—1

7. Evolution of the curvature
The evolution equation dg;;/dr = -2R;, for the metric implies a heat
equation for the Riemannian curvature R,;, which we now derive. This
equation will be the basis for all our a priori estimates on the evolution of the
curvature. Recall we define

ARijkl = gpqapaqRijkl‘

Various second order derivatives of the curvature tensor are likely to differ by
terms quadratic in the curvature tensor. To this end we introduce the tensors
B = gprgqupiqurksl‘
Note we have the obvious symmetries
B = Bk = Byyi;

but the other symmetries of the curvature tensor R, ;, may fail to hold for
B, ..
Jki
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7.1 Theorem. The curvature tensor satisfies the evolution equation
9
ot

H

R = ARijkI + Z(Bijkl B — By t Bikjl)
_gpq(Rpjkqui T RipiRyy + Rijp Ry + Rijkqul)'

Proof. Letting a prime denote differentiation with respect to time ¢, we see

: ; . - f r

by considering the formulas for I}, and R, in normal coordinates that fo
any evolution of a metric g;; we have

T = 48" (3,87 + 0,8 — dng)y),

Rl =T Ty,
R:'jkl = ghkR?jl + gllth?jl'

Combining these results and the identity

aiajgl,d - ajaig;d = gpq(Rijkpg;I + Riﬂpg;k)’
we get the identity

Rl = _%(aiakgj"l - aiazg}k - ajakgill + ajalgi/k)
+%gpq(Rijkpg;1 + Rijplgz/]k)’

which holds for any evolution of a metric. In our case g/ = -2R,;, and
substituting this gives

R = 8,0, R; — 8,0,R;, — 9,3, R, + 3,0,R,,

_gpq(R‘

:jkqul + Rijp/qu)'

Then Theorem 7.1 is an immediate consequence of the following identity,
ichisi i tion.

which is independent of any evolution equa N o
7.2 Lemma. For any metric g;; the curvature tensor R, ,,, satisfies the identity

ARijkI + Z(Bijkl - Bijlk - Biljk + Bikjl)
+gpq(Rpjk1qu + Ripkquj)'

Proof. This formula is obtained from the second Bianchi identity

aiRjkIm + aijiIm + akRijlm =0
by differentiating, exchanging derivatives, permuting indices and contracting.

To begin we have
AR, = 87983, R, jus = gpq(apaqujk[ - apaquikl)
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by differentiating the second Bianchi i
first term, since the second is s
derivatives we have

gmapa,.quk, — g%9,9,R

dentity and contracting. We examine the
ymmetric in / and ;. Interchanging the order of

qjki
= gpqgmn(Rpiqunjkl + RpiijanI + Rpikaanl +R

The first of these terms contracts to g?9R
use the first Bianchi identity to write it in t

R

pilm qjkn)'

pikiRgi- On the second term we can
erms of the tensor B, k> thus

gpqgmaniijanl = =B+ B
and the last two terms are —

ikjt T By Moreover we have the contracted
second Bianchi identity

gpqaqujkl = akRj[ - 31Rjk,
to which we apply the derivative 9;. Then
gwapa,.quk, = a,.akRj, —9,0,R
- (Bijkl - Bijlk - Bi[jk + Bikj/)
+g1"’Rpjk,Rq,..

Replacing this in our formula for AR, and doing the same for the term with ;

and j interchanged yields the formula in the lemma.
7.3 Corollary. The Ricci curvature satisfies the evolution equation
3 ’
ERik = ARik + 2gp gqupiqurs - 2gqupquk'

Proof. Recall AR,, = g798,0,R,,. We use the relation R, = gf’R,.jk, to
contract the previous equation. Now

(gjl)' = —g”’g’qgl’,q
by the usual formula for the derivative of the inverse of a matrix, and therefore
Ry = ngR;jkl + 2gjpglqRijk1qu'
Substituting for R/ jx @nd making the obvious contractions yields
Ry = AR, + 2ng(Bijk1 - 2Bijlk)
+2gprgqupiqurs - 2gqupquk'
Then the corollary follows from the following lemma.

7.4 Lemma. For any metric 8,; the tensor B, ,  satisfies the identity

ng(Bijkl - 2Bijlk) =0.
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Proof. Using the Bianchi identity
ngBijkl = gﬂgprgqupiqurksl
qij R rski
= gjlgprgqs( Rpiqj - Rqui )(Rrksl - ersk)
= Zgﬂ( B — Bijlk)
and the result follows. . ‘
7.5 Corollary.  The scalar curvature R satisfies the evolution equation
0

ER = AR+ 2g"8*R,R,.

. . . ik
Proof. Again we contract the previous equation. Since R = g'“R,, we have

R =g"R, + 2g"g"R,\R,,

= gﬂg”’gqup

where the second term comes from (g’*)’. Then the equation for R/, im-
mediately gives g'*R/, = AR. . .
7.6 Corollary. If the scalar curvature R > 0 at t = 0, then it remains so.
Proof. The term gg*'R,, R, is just the norm squared of the Ricci curva-
ture, and hence is always positive. The result now follows from the maximum
principle for the heat equation. This simple example is a mf)del for our
subsequent a priori estimates. It also shows why the evolution equation

“prefers” positive curvature.

8. Curvature in dimension three

The Weyl conformal curvature tensor is defined as
1
Wiiki= R — m(gikle — 8RR — guRy+ gleik)

1
————————R(gik & — 8uLir)-
+(n—1)(n—2) (8/(8]1 15 jk

This tensor is known to depend only on the conformal structure, so that if
g, = yg, then W, ki = YW, - In dimension n = 4 the conformal curvature
’j ’j . . . . . . Sion
tensor vanishes if and only if the metric g; j 15 conformavlly flat. .In fhmelz %
n = 3 this fails; instead there is a condition on the first derivative of the
curvature, and the conformal curvature tensor always vanishes. N
in di i i it has all the
To see that W,;, = 0 in dimension three, observe first that it
symmetries of the Riemannian curvature tensor R, ;,, so that
Wi = Wikt = Wi = Wik = Wiiij»

Wikt + Wiy T W =0,

1
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and in addition all its traces vanish, so
g* W, jkt = 0.
Thus
Win + Wiy, + Wias =0,

and so
Wiy = -Wy5 = Wiy = Wy, = Wi,
which implies W,,,, = 0. Moreover
Wizis + Wy + Wipss = 0,

and so W),,; = 0 also. Hence in general any term W, ikt = O unless i, j, k and /
are all distinct. In dimension 3 there are only 3 possible choices for the indices,
and the tensor must vanish identically.

This is just one special case of a general theory about tensors as representa-
tions of the orthogonal group O(n). Any tensor decomposes as a sum of
irreducible tensors, each of which is trace-free and has the maximum possible
symmetry. Tensors with sufficiently exotic symmetries will always vanish in
sufficiently low dimensions. In any case, we have the following result, which is
well known.

8.1 Theorem. In dimension three we have
R = 8ixR; — 8RR — 8RRy + giR; — %R(gikgjl - gilgjk)'
This result implies that we can recover the full Riemannian curvature tensor

R« just from the Ricci curvature R ij» Which is much easier to handle. For
example, we can always diagonalize R ;j at a point, so that

A0 O
R,;=10 p 0},
0 0 »

where A, p, v are the eigenvalues. Then the only nonzero components of R ikl
are those of the form

R = %(A +u—v),

and those derived from it by permutation. Thus the condition for positive
sectional curvature in three dimensions is that each eigenvalue of the Ricci
tensor is smaller than the sum of the other two,

8.2 Corollary. In dimension three a metric has positive sectional curvature if
and only if R, <13Rg, - This shows that the condition of positive Ricci curvature
is much weaker than that of positive sectional curvature.

As a consequence of the formula for R. ki the evolution equation for the

1

Ricci curvature R, , takes a particularly simple form in dimension three. To
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simplify the formulas we introduce the following notation. We let
Sy=R;= Rijgijkl’
T,=R}, = RijgijklglmRmn’

and we let S and T be the traces

S=g"s;, T=g"T,.
Then in terms of the previous diagonalization
A A2 e 3
R, = 1 T p? , I, = B . )
v V2 1 4

R=A+p+r, S=N+p2+r2 T=N+p+5%

We also introduce the tensor
Q,; = 6S;; —3RR;; t (R? — 25)g;
whose entry in the top corner is
2N — 2 — 2= Ap— Av + 2ur,

and whose other entries may be obtained by permuting the eigenvalues. T‘his
tensor may seem somewhat bizarre, but is characterized by the following
property. . .

8.3 Theorem. The tensor Q,; vanishes identically on any thre'e dtmens:enql
symmetric Riemannian manifold. Any symmetric tensor T}, wﬁich is quadratic in
the Ricci curvature and has this property must be a scalar multiple ?f Q. .

Proof. The Ricci curvature on a three dimensional symmetric space either
(a) has all its eigenvalues equal, as for S3, or else (b) has two equal eigenvalues
and the third is zero, as for S? X S'. In either case it is easy to cbec?c that
Q;; = 0. Conversely any tensor of the given type which is quadraztlc in the
Ricci tensor must be a linear combination of S;;, Sg,;, RR;;, and R’g; ;. The_n
considering the cases (a) and (b) gives enough conditions to show the tensor is
a multiple of Q, . N .

8.4 Theorem. In dimension three the Ricci tensor satisfies the evolution

equation

9 » _
aRij - ARij - Qij'
Proof. This follows directly from substituting the formula in Theorem 8.1
for the Riemannian curvature into the formula in Corollary 7.3 for the

o P
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evolution of the Ricci curvature. The reader can check for himself that
gprgqupiqurs = 3RR, — 28, + (S - %Rz)gik’

and since g”“R ;R gk = Sy the result holds.

9. Preserving positive Ricci curvature

We shall use the following result, which generalizes the maximum principle
to tensors. We say that a symmetric tensor M, ;=0 if M, v'v/ =0 for all
vectors v'. As usual, AM, ;= 8799,9, M, . We let u* be a vector field and we let
8ij» M;; and N,; be symmetric tensors on a compact manifold X which may all
depend on time .

We assume that N, ; = P(M;;, g,) is a polynomial in M, ; formed by contract-
ing products of M, ; With itself using the metric. We require that this poly-
nomial satisfy the condition that whenever o' is a null-eigenvector of M, s SO
that M, v' =0 for all j, then we have N,jv'v/ = 0. We prove the following
result.

9.1 Theorem. Suppose that on0 <1< T

%Mij =AM, +u9, M, + N,
where N, ;= P(M,;, g,.) satisfies the null-eigenvector condition above. If M, ;=0
att =0, then it remains soon 0 <t < T.

Proof. We will show M, ;= 0on 0 <7< § where § > 0 is small compared
to a constant C depending only on max | M,;| . Then repeated application of
this result will cover the entire interval in a finite number of steps. To this end,
we let

JWU« = ]Wij + 5(8 + t)gija
and we claim M, ;>0 o0n 0<r=<3$ for every € > 0. Then letting £ —» 0 will
finish the proof.

If not, there will be a first time 8 with 0 < § < § where M, ; acquires a null
eigenvector v’ of unit length at some point XEXIEN, =p(M, j» 8,), then by
our null-eigenvector condition N, ;jv'v’ = 0 at (x, 6). Moreover

|Nij—Nij|<CM:Iij_Mjl’
where the constant C depends only on max(|1\71,.jl +|M,;|) since p is a

polynomial. If we keep ¢, § < 1, then max | M; ;| depends only on max |M;;|.
Therefore

N, v'v/ = —Ce9,

where C depends only on max | M;;| and not on ¢ or 8.
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We can extend o' to a vector field in a neighborhood of x with 9,0' = 0 at x,
with ¢’ independent of . Let
f= M o'
Thenf=>0on0<¢<4§andall of X,s03f/0t <0andd,f=0and Af=0at
(x, 8), where f = 0. But

O (24, +
-a—t—-(atMij vv €,

and at (x, 8) where 9,0’ = 0 and M,-,-Ui =0,
3 f =0, M, v/, Af =AM, v'v’.

From the evolution equation

ot

which shows that N, ,v'v/ < —e. Combining this with the previous estimate, we
Ij . .
have ¢ < C8¢. This gives a contradiction when C§ < I. ‘ )
We will assume now that the evolution equation has a solution on the
interval 0 <t < T.
9.2 Corollary. IfR,;=0att=0thenR,;=00n0=<t<T. ~
Proof. We apply Theorem 9.1 with u* =0, M, =R and N; = -0,
When M;; has a null eigenvalue A = 0 the corresponding eigenvalue of N, is
1y
(p—v)=0. ‘ ]
To get more precise control on R, ; we need the following computation.

93 Lemma. If R # 0, then

(iMij) v'o/ = AM, v’/ + u*d, M, v'v/ + N, v'v/,

.+ 2SR ..
R, R, 2 Ri,\ _ RO, + ij
%(7) ZA(“ze")+ig”"apRaq(7) FIR
Proof. SincedR,;;/3t = AR,; — Q;;and 0R /3¢ = AR + 25, we have
d (R R(ARij_ Qij) — R,(AR +285)
5( R ) B R?

On the other hand

R,\ RAR,—R, AR 3 R,

The lemma follows. -
9.4 Theorem. If R=>0 and R,; > eRg;; for some constant ¢ >0 at t =0,

then both conditions continue to holdon 0 <t < T.
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Proof. We saw that R > 0 continues to hold in Corollary 7.6. We apply
Theorem 9.1 with

R,; 2
M, = _Ri —eg,, uk= ﬁg“a/R»
RQ,, + 28R,
R? '
It is an immediate consequence of Lemma 9.3 that the equation in Theorem 9.1
is satisfied. Let us consider what happens to N, ; when M, ; acquires a null
eigenvector. The analysis is easy since when R, ;18 diagonal so are M, jand N, .
Suppose the null eigenvalue of M;; occurs in the top position, corresponding to

the eigenvalue A of R i~ Then A = &(A + p + »). The corresponding entry in
R?N, .is
ij

28}\(}\+u+v)2—()\+,u+V)(Z)\Z—;Lz—uz—)\u—}\v+2uv)
20N+ p2 + v?).

Using the previous identity to eliminate ¢, and multiplying out and gathering
terms, this entry becomes

A+p+ V)[)\(,u +v)+ (p— v)z] —2A(N* + p? + v?),
which further simplifies to

Np+v—20)+ (p+ v)(p—»)

Now if R, > eRg,  then R = 3¢R, and if R > 0 then €< 3. Butthenpy+» =
(I/e=DA=2\sop+»—-2A=0. Therefore at any null eigenvector of M,
the matrix N, 5 1s positive. The theorem follows.

It is easy to obtain a bound above on R,;.

9.5 Lemma. IfR,;= 0 then R;;<Rg,,.

Proof. Since A, p, » = 0 we have A < \ + p+ o

The consequence of these estimates is that when R, ;>0ats=0 we have a
uniform bound A /u < C on the ratio of any two eigenvalues of R, , holding as
long as the solution exists. This allows us to control all the curvature R;;justin
terms of the scalar curvature R. The following estimate is also interesting.

9.6 Theorem. If eRg;; < R, < BRg, ; Jor some constants ¢ and B with
O<esi<B<larr= 0, then both conditions continue to holdon0 <t <T,

Proof. Note thatif e =1 or g = 3 then the manifold has constant curva-

ture and the result is trivial, while B =1 always holds. We apply Theorem 9.1
with

N,;= 2¢R;; — (

R,
M;; = Bg;; — TJ, uk = g*'o,R,

T
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i

RQ,; + 2SR;;

N, = (—flzz—— — 2BR,;.

It follows immediately from Lemma 9.3 that the equatior;win Theqrem a9.;u1;
isfi i i happens to N;; when M,; acquires.
tisfied. Again we consider what J

Z?g::nvector in the top position where R;; has eigenvalue A. In this case

A = B(X + p + »). The top entry in R*N; is

A+ p+9)2N — g2 — v = Ap = Ay + 2p0)
2
F2AN g+ v) = 28NN+ i+ )

Eliminating 8 with the above identity and gathering terms, this reduces to
NEA=p—») = (u+r)(p—»)
which we can rearrange as
A=) + (N — 2+ 9?)(u~ ),

which is clearly positive if A = p=» = 0. 1"0 handle the poss;bll)hti'hthla;r}\e;:
not the largest eigenvalue we use a continule argument. Let11 e :r - tgo p
time on which R, ;< (B+O)Rg; ;» Where 8 vs.nll be chosen smal 0011111pVe s
and e. If we can show R,; < BRg,; up to time 6, then we must lfl maues;
Now since A = B(A+u+v) and 8= 1 we see A cannot b;: t}\e+s P
eigenvalue. Assume p = A = ». Up to time 6 we haYe p=< (> ,B}\-f—_ X T @ . V),
and by Theorem 9.4 we have v = g(A + p + v).ISmce p=A= ,ff( A :ul )
and » < (A + p + ») we have u—v?(ﬁ.— 3)(}\+u+111).A me;;>1
manifold has constant curvature, and t?ns case 1s easy to handle. Assu 3-
The entry of N, in question by algebraic rearrangement becomes

p(p =) = (g = N[22 + (A + p)(p - »)],
which is at least
(B — 1) — 8[287 + (28 + 8)(B + 8)]

times (A + p + »)% This expression will be positive if § is small enough
i he proof.
ared to B and e. This completes t : N _ . '
Cogl‘r; Corollary. If the sectional curvature is positive at t = 0, then it remains
< t < T. . o . .

” ;" 0f We say in Corollary 8.2 that the sectional curvature was posm.ve 1§

drg(r)ll.y if R;; < 3Rg;,. The same result holds for weakly positive sectiona
an y i
curvature, taking 8 = 1.

as the reader may compute. Note tha
values which vanishes for an

condition characterizes C up to a multiple.
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10.  Pinching the eigenvalues

The next estimate shows, after a fashion,

tensor approach each other, at least at those

becomes large (for the unnormaliz

S — 3R? quadratic in the eigenvalues

SAR =4 =)’ + (A=) 4 (u— v)7].

Clearly § — 1R2 > 0, and vanishes only when A =y =, Thus it measures
how far the eigenvalues diverge from each other. If indeed the manifold is
becoming spherical, we expect S — {R? to become small, at least compared to
R? for the unnormalized equation. T

hat is the content of our result. We assume
as usual that our manifold is three dimensional, the initia] metric has strictly
positive Ricci curvature, and the (unnormalized) evolution €quation has a
solutionon0 <t < T

10.1 Theorem. We can find a
on the initial metric such thaton 0 <t < T ye have

that the eigenvalues of the Ricci
points where the scalar curvature
ed equation). Consider the expression

curvature.

Recall that

S =| Rij ,2 = gikgﬂR,-ij, =X+ u? + v?,
T = gingjkglmRURk[Rm" =N 440,
and let
, aiRjk ,2 = g”gjmgk"aiR,‘kalRmn,
C=18"g"0, R, = L(R’ - 5RS + 6T)
= (N + 3+ »?) — (N + Ap? + N2 + A+ 2y + wr?) + 3App

t C is a cubic expression in the eigen-
Y Symmetric metric; one can show that this

10.2 Lemma. 7pe expression S satisfies the evolution equation

9
7S =AS 2[R, P+ 4T - C),
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Proof. From the evolution equations for g;; and R, ; we have

%S =2g"*g/AR,;- Ry + 4T — C),

while we also have 2
AS = 2g”‘g/’AR,.j “R,, + 2|8,.Rj,(| .

10.3 Lemma. If R > 0 then for any y

(3]l B Loy

u\RY R
2 ) 2
- |R3,R; — R R, |
- 4R(T — C) — 2¢S?
Q=@ ¢ pp |
_TS|8iR| + I
Proof. We have
95 oR

a(s\_ Ry V% (i)_ R3S — YS3,R
5(?) = RY*! > J\RY
+1
A( S ) _ RAS — ySAR _ 2I|gijaiR . ajs+ %IE‘)Sla.-RIZ-
R/ RYH! RY
Introducing the obvious inner product of two tensors
(> Ui ) = 8"8""8*" T jlUsuns

- ’

Ry+1

we have
(0,R,3,8)=2(3,R;, O,R - R;,),

S 1 Y RP.
<a,R,a,(F)>=F<aiR,aiS> L SI0R|

and we also have
S|9,R|>=|9,R - R 1.

Thus the terms in the evolution equation for S/ Rzzwhjch are quadratic in the
first derivatives of the curvature are equal to 1 /RY™* times

2

~2R*|8,R;, |* + 2YR(3;R,3,S)— y(y + 1)S| ;R | 2
= 2| RO,R;, — R - R[>+ 2(y — 1)(R(3,R, S)— ¥S| ),R*)
+ (v = 2(y — DS|aR|,

and now the result follows directly.
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10.4 Lemma. If R > 0, then for any y

a 2 _ 2 Y — 1 :
a—tRh Y=AR¥ v 4 ¥gpqapRaq(R2 7)
C-v)r-1) )
T g RYQRP 4202 - )R,

Proof. We have
;%Rz_’ =2 - y)R"(AR +25),

AR*™ = (2~ y)R" MR + (2 — (1= y)R7|3RP?,
2(y —1 _
20D gret, ra(R2-7) = 2(2 - yy(y DR[4,RF,
and the result follows.
10.5 Lemma. Iff=S/RY — 1R?7Y then

9 _ 20v—1) . B
or ~AS+ — R 8"%3,R0,f

2
Ry+2

|R8,.Rjk — aiR . Rjk ,2

-2k ;392 D (s - 1r2))0rp
2
R7+l
where P = §? + R(C — 7).
Proof. This follows directly from Lemmas 10.3 and 10.4.
Now we must analyze the polynomial P, which is clearly a symmetric
polynomial of degree 4 in A p, .
10.6 Lemma.
P=NA = A=) + p2(n — Ay(p — ) +22(r — A)w — p).
Proof. Using our formulas for R,S5, T, and C (given just before Lemma
10.2) we can multiply out to get

-+

[@-v)s(s - 4r2) - 2],

P=(XN+ps+ v*) — (M + A+ Ny 4 A3 + Wy + pr?)
+ (Nuv + Ap2p + Apr?).

And if we multiply out the polynomial above we get the same thing. Note that
the polynomial P vanishes for any symmetric metric, since it vanishes when
A=p= vorwhenA = yand v = 0.

10.7 Lemma. IfR > 0 and R;; > eRg, then P = eS(S — 1R?).

Proof. Since both sides are homogeneous of degree 4 in A, p, », it suffices
to check the result on § = A2 + B2+ »2 = 1. Assume A > p=»>0. Since
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(A+p+9)*=N+p?>+v?=1,wehaver = g(A + p + ») = ¢ by the bound
R,; = eRg;;. Now we can rewrite P as

P=(\=p)[N+ A+p)p—»)]+2> A= »)(p—v),
which makes it clear that
P=N(A—p) +r¥(u—»),
and since A = » = ¢ we have

P= 82[(>\ - u)2 + (p— V)z]-

On the other hand, since

A=) =[(A=p)+ (=) <2[(A = p)’ + (p—»)?],

we see that
SR =4H(A =)+ (A= ») + (= »)} < (A= u) + (u— »)’,

and this proves the lemma.
10.8 Lemma. If § > 0 is chosen so small that 8 < 2¢?, then withy =2 — §
andf=S/RY — }R*"Y we have
S <ar+ua,g,
ot
where u* = (2(y — 1)/R)g*'3,R.
Proof. This follows from Lemma 10.5 and our estimate on P.
Now we can finish the proof of Theorem 10.1. Let 8 > 0 be as above and
choose C so that

S _

F — %Rz < (C
att = 0. Then f < C at ¢ = 0, and by the maximum principle we have f < C on
0 <t < T for the same C. Thus we have S — 1R? < CR?*7? as desired.

11. The gradient of the scalar curvature

Again we assume our manifold is compact and three dimensional, the initial
metric has strictly positive Ricci curvature, and the unnormalized evolution
equation has a solutionon 0 < ¢ < T.
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11.1 Theorem.

on n and the initial valuye of the metric, such

Proof. We star

11.2 Lemma. The gradient squared of the sc

evolution equation

9
az'

287
For every 1> 0 we can find a constant C(n) depending only
that on 0 < t < T we have

[3,RI> <qR>+ C(n).

t with the evolution equation for [O,R[> = 83, R3;R.

alar curvature satisfies the

IR|>=A[3R[* 2 OR[>+ 4g"3,RyS.

Proof. We compute

and the result follows easil

11.3 Lemma.

dt R

0 .
3 | %R =2g"8,AR - %R + 4g"/3,RY.S
+2g”‘gf’Rk,8iR8jR,
AR =2g"AQ,R - %R +2|3,3,R|,
Ad,R = 3,AR + g/R, 4, R,

¥y by combining terms.

We have the evolution equation

s ) a5 - 2

R )~ 7 |ROIR — 8RO R

4 . 28
TREVIRYS — SO RP.

Proof.  We compute

at R

while

(e

and the result follows,

2

i(|8,R|):RAlaiRlz—la,.RleR 2

= = 25 | RIYRP

4 28
+ 78 /8;R9.S — FH [O;R %,

_ RA|3,RP —|3,RPAR
R2

4 2
- F(RS,BJ.R, a,.Ra,R> + F | ;R 9;R [
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11.4 Lemma. We have evolution equations

aiR2 = AR?>—2|9,R|* + 4RS,
t
3 s=as—2|aR, P+ 4T-C),
2
i(S - %Rz) = A( - %Rz) - 2(' aiRjk ‘2 -3 IaiRl ) + 40,

ot

h =T-—41iRS - C. ‘
" ;’r.(;o(fz. The f;rst follows from dR/9tr = AR + 25, the second is Lemma
10.2, and the third follows by subtraction.

1 p2
11.5Lemma. Q < R(S — 3R*).
Proof. Recall that the polynomial P = § 24+ R(C — T)=0 from Lemma

10.5. Then since S < R? we have .

QR <P+ QR=S(S — {R?) <R*(S — {R?),
and the result follows by dividing by R

Now since ;R = gf"a,.Rjk, it is trivial to see that
|9,R 1 <3|8,Ry %,
ince (a + b + ¢)®> < 3(a®+ b> + ¢?). It is a little surprising that a slightly

sinc <
better estimate holds.

2
6Lemma. |J,R|*<Z2|d.R; | o
}’106of mThjs is| a consequence jof the contracted second Bianchi identity,

which says,

gijaiRjk = 30, R.
It is always a good idea to try writing a tensor as a sum of irreducible
components. Write

aiRjk =E;+ Ejk’
where

3
E = ‘zlﬁ(gijakR + gikajR) + ﬁgjkaiR-

Then it is easy to compute

IEijk l2 =% |9;R |2~
On the other hand, we can check that the tensor F,; = ;R — E,; is

trace-free, so that

g"F ;= 0, g"*F; =0, 8" Fy = 0.
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Indeed that was how we figured out what E, jk should be. It follows that

I

E, i, F ;)= 0 and the tensors E. , and F, ;. are perpendicular. Then
ijk Lijk ijk ijk p
laiRjk ,2 :'Eijk ,2 + 'Fijk |2 =% |9,R '2,
and this proves the lemma.
11.7 Lemma.  We have the estimate

2SS~ 1R?) <A(S - 4&?) - #[0.R, |2+ 4R(S — 1R?).

Proof. This follows from Lemmas 11.4, 11.5,and 11.6.

Now we return to the equation for |8;R[’/R in Lemma 11.3. The problem
with this equation is the term g’/ 9;R9;S, which we estimate as follows,
11.8 Lemma. We have

gifE),RajS <4R|9,R, |*.
Proof. We use the Cauchy-Schwartz inequality
gifaiRajS =2(R - R,, R )<2|0.R| [R;|]9,R

il s
and |R, =5 <R? and [9R[*<3|3,R, [ We take V3 <2 to avoid a
square root.

11.9 Lemma. We have the estimate forn <

3 (IGRP 2 [&R [
az( R "R)SA R

1
3

- nRz) + 16| 3,R, |> ~ 49R>.

Proof. We use the equation in Lemma 11.3 and the first equation in
Lemma 114, multiplied by 7. Since § = iR? the term 2(S/R*)| 3R |?
dominates 27| 3, R |? for 5 < . We bound the term g'/3, R3S by Lemma 11.8.

Now we want to combine Lemmas 11.7 and 11.9. The idea is to add enough
of S — R*t0 | 9,R |*/R to cancel off the term | 9;R, [*, and then use Theorem
10.1 to make R(S — 1R?) small compared to R, Note 168 - % = 16.

11.10 Lemma. Ler F=|8,R’/R — nR* + 168(S — $R?). Then for any 4
with 0 <n < 1 we can find a constant C(n) depending only on m and the initial
value of the metric at t = 0 sych that

—65 <AF+ C(9).

Proof. Using Lemmas 11.7 and 11.9, the terms which are left are
672R(S — R?) — 49R3.
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Now by Theorem 10.1 we can find a constant C and some § >_O dependipg
only on the initial value of the metric, such that § — $R? < CR?7%. Then with
a constant C(7n) depending only on C, §, and 5 we have
CR¥™® — 4R < C(7)
and the result follows. . .
It remains only to find a bound on 7, the time for which the solution exists.
Since S = 1R? we have

dR 2 5

- =AR+ 7R

ot 3

which forces the minimum value of the scalar curvature R to go to infinity in a

finite time.
11.11 Lemma. IfR = p at t = O for some constant p > 0 then T < 3 /(2p).
Proof. The solution of the ordinary differential equation

%’: %ﬁ with f= pats=0

is given by

Taking f as a function on X X ¢ constant in X we have
2
S(R=[)=AR=f)+ 2(R+1)R-/),

and the maximum principle implies R — f> 0 on 0 < ¢ < T. Since f - o0 as
t > 3/p, we must have T < 3 /p. o

Now the equation dF/dt < AF + C(n) implies max F,§ max F; + C(n)1.
Then our bound on T shows that F < C(#) for some (possibly larger)' const'fmt
C(7) depending only on 1 >0 and the initial value of the metric (which

determines F;). This gives

F=|9,R["/R — nR* + 168(S — {R?) < C(n),
|9,R|*<9R*+ C(n)R,

and of course
7R® + C(n)R < 29R* + C(n)

for some constant C(7). Since 5 > 0 is arbitrary, this proves the result.
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12. Interpolation inequalities for tensors

Let T= {T,...+} denote a tensor covariant in any number of indices. We
adopt the extended summation convention that if a

on the bottom, we should sum over that ind

respect to the metric g, ;- We let 0T = {0,7...,} be the covariant derivative
with respect to the Levi-Civita connection I'Z associated to 8> and we let

°T = 9,0,7,.. , be the second (iterated) covariant derivative. We also let

dp = pu(x)dx be the volume form associated to the metric. The tensor 7 = T..

has length | T| given by !

ITP=1T. 1.,

and 97| and | 927| are defined analogously. We prove the following interpo-
lation nequality by integration by parts.

12.1 Theorem. Ler X pe 4 compact Riemannian manifold of dimension m and
let T = T... ., be any tensor on X, Suppose

» 13 - withr = 1,

Then
{ﬂ aT|2'd,L} l/rg (2r—2+ m){/] BZT}”d,u} W{[j T]"dy} v

Proof. For simplicity we take 7 = {Z}}, since the more general case in-
volves nothing extra but is more cumbersome to write, Integrating by parts

/l 0T | dp. :/axj} 0T (0,7, 3,T,) ' dp
= __/7; ’ aiazj} “|aTr2 dp

~2r— 1) [(Td4,7;, 0T, - 9, T;)| 9T P~* dy.
Now
T LISmiTO T, T

(TOT, 0T, - 8, T,)<| T|[8°T) | oT 2,

and therefore

[1oTPrap<(2r—2+ m) [|T|| 92T || 0T 22 4.
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We can estimate the last integral using Holder’s inequality with
1,1, r—1_
—+ =+ =1,
p 9 r

and we get

/|8T|2’dp
t—1/r

s@—2em{f1erpa)”( firea) [ florera)

and hence

1 1/p . 1/4
{fI8T|2’dp.}/ <(2r—2+m){f|82T|’du} [/|T| d,u}
12.2 Corollary. Ifp =1 we have

{/waTPPdu}Vp<(2p—-2+—m)n?x|T|_[f“VTPd”}Vp

i i ment.
Proof. Take g = oo in the previous argum . '
N::xtf we need a result on convexity, which is geome'tncally obv19us. k fo
123 Lemma. Let f(k) be a real valued function of the integer

O<sks<nlf
f(k) <i[f(k— 1)+ f(k + 1],
then

fk) < (1 =%)f(0) + 5f(n).

Proof. If we replace f(k) by
flk) = f(k) = (1 = £)£(0) = £(n),

am le] is ho us we ma ume f(0) = 0 and f(n) = 0. Let
h hypothesis holds. Thus we y assume f( '

t((;c)S = ;(k) - f(e}cl— 1) for 1 < k < n. Then our hypothesis states that g(k) <
g

g(k + 1). Choose the integer m so that
g)<---<g(m)<O0<sg(m+1)<.--g(n).
For any &

flk) = é gi)=- 3 g0).

i=k+1
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When &k < m the first representation is negative, and when k >
is. This proves Ak)<0for 0<ik <
f(0) = 0 and f(n) = 0.

12.4 Corollary. If f(k) satisfies

Sk) <3[f(k = 1) + f(k + 1)] + ¢,

m the second
n, which is the desired conclusion for

then
(k) < (1 =3)£(0) + ££(n) + Ck(n — k).

Proof. Apply the previous result to g(k) = f(k) + Ck2.
12.5 Corollary. If f(k) satisfies

fk) < Cf(k = 1) f(k + 1),
then

J(k) < CH=DFQ) 4" o yh/m,

Proof. Apply the previous result to g( k) = log f(k).

We let 9"T = {9,.--- 9
tensor 7.

12.6 Corollary. If T is any tensor and if 1 <
C = C(n, m) depending only on n and m = dim X
8i; or the connection I‘,’j‘ we have the estimate

i, L. .k} be the nth iterated covariant derivative of the

< n — 1 then with a constant
and independent of the metric

J19T P/ ap < Cmax | TP/ [ 19T P dp.
X

Proof. Applying the previous estimate to the tensor 07T when
2<i<n-— 1with

we get

oo

) (i+1)/2n ) ) (i—1)/2n
< C{fl aH—lTIZn/(H—l) d[.l.} {/, az—lTIZn/(z—l) d,u}

where C = 25 /i

s

— 2 + m depends only on m and n. Or when i = 1 we have

{f]anz" d,U.} " c(/ga?r;n} . max| T|
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with C =2n — 2 + m. Let

A
n
=

. a:T 2n/i}i/2n 1
70 = max| 71, 1) = | f1OTE)
Then we have

iy = i+ )2 =17

from the previous estimates. Therefore

£(i) < €)' ™" fn)”"

with a constant C depending only on m. This proves the theorem, since

i i i/2n t—i/n T 2d v
{flatT|2n/1dM} <Cm}?xlT‘ /| | 1 .

12.7 Corollary. If T is any tensor then with a constant C = C(n, m) depend-
ing only on n and m = dim X and independent of the metric g;; and the
connection I‘i'j we have the estimate for 0 <i<n

[19TP du< c{f| onT P du}i/"{ﬂ TP dp.}l‘i/n.

Proof. 1f we apply Theorem 12.1 to the tensor 9~ 'T with p = ¢ =2 and
r=1we get

f| TR dp < c{f| 9TIT dp}l/z{/lai_‘le du}l/z,

and the result now follows from Corollary 12.5.

13. Higher derivatives of the curvature

If A and B are two tensors we write A x B for any linear combination of
. - k . -
tensors formed by contraction on 4;.. ;B .., using the g'*. To avoid confusion
between the Riemannian, Ricci and scalar curvatures we let

Rm={R,,,} andRc= {R,}.

As before 977 is the nth iterated covariant derivative of a tensor T. o
We want to derive the evolution equation for the nth covariant derivative
3"Rm of the Riemannian curvature. To that end the following lemma is useful.
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13.1 Lemma. If A and B are tensors satisfying the evolution equation
-a—A = AA + B,
ot
then the covariant derivative 0A satisfies an equation of the form
%8A=A8A+Rm*3A + A4« 0Rm + dB.
(In dimension 3 we may substitute Rc.)

Proof. The covariant derivative 9 involves the Christoffel symbols T, and
their time derivative is

Fj,li = %gil{ajgl’c[ + akg,"/ - alg,/'k},
which may be expressed in terms of dRc since g/, = ~2R; ;. Then

iaA = aa—A + 0Rm * A.
at ot

Now by interchanging derivatives
0AA = Ad4A + 0Rm x A + Rm = 34,
and this completes the proof.

13.2 Theorem. The nth covariant derivative 0"Rm of the Riemannian curva-
ture satisfies an evolution equation of the form

%G"Rm = Ad"Rm + 2 d'Rm = 0’'Rm.

i+j=n

Proof. 1f n =0 we know this is true by Theorem 7.1, which gives the
explicit form of the quadratic term. We proceed by induction on s, using the
previous lemma. This gives

%8"+'Rm = A" '"Rm + Rm* 3" 'Rm + 9"Rm * 0'Rm

+3( > Rmx 3ij),

i+j=n

and the result follows by the distributive rule for 9.
13.3 Corollary. For any n we have an evolution equation

%M"Rm P=A|0"Rm|? = 2|3""'Rm|* + 3 9'Rm=3/Rmx3"Rm.

i+j=n
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Proof. This follows from the previous theorem. We have
% | 9"Rm |2 = 2<8"Rm, %B"Rm> + Rm * 3"Rm * 0"Rm,

where the extra terms come from the variation of the g'/ defining the norm | |*.
The usual computation gives
A|3"Rm|* = 2(3"Rm, AO"Rm)+ 2|9""'Rm |?,
and the result follows.
13.4 Theorem. We have the estimate

d 2 g, 12 "R |2
" " du < R 0"Rm |~ d
dt/X|8Rm|dp,+2j:Y|a Rm|“dp Cm)a(1x| m|/;(| m|° dp

with a constant C independent of the metric, depending only on the number n of
derivatives and the dimension m of X.

Proof. Since [Afdp = 0 for any function f, if we integrate the equation in
the previous corollary over X we only need to estimate the terms

[|9Rm||3/Rm ||8"Rm | dp
X

i/2n 1 j/2n ,
< i 2n/i J n/j "R
< { fX| O'Rm| du} { fx| 9/Rm | du} { fx| m| du}

with i + j = n. By our interpolation result of Corollary 12.6 we have
i/2n

i/2n
{f|aiRm |2"/‘du} < Cmax|Rm|1—f/"{f|a"Rm P d,u} :
X X X

and doing the same for j the theorem follows. Recall the constant in Corollary
12.6 depends only on n and m.

1/2

14. Long time existence

Let X be a compact manifold of any dimension and let us be given any
initial metric at ¢ = 0.
14.1 Theorem. The evolution equation
0
agi i -2R; g
has a unique solution on a maximal time interval 0 <t < T < 0. If T < oo then
max y | R, |- 0 ast—>T.
Proof. Since we already know short time existence and uniqueness by the
Nash-Moser inverse function theorem, we can take the maximum time interval
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0 <7< T on which the solution exists. We will show that if T < oo and
| R;jri|< C as t - T, then the metric g;; converges as ¢ — T to a limit metric
(which is strictly positive-definite), and all the derivatives converge also,
showing the limit metric is smooth. We could then use the short time existence
result to continue the solution past 7, showing T is not maximal.

14.2 Lemma. Let g;; be a time-dependent metric on X for 0 <t <T < oo.
Suppose

T
f max | g/;|dt < C < c0.
=0 X

Then the metrics g, (1) for all different times are equivalent, and they converge as
t = T uniformly to a positive-definite metric tensor g; (T) which is continuous
and also equivalent.

Proof. Notice the argument is slightly subtle, since we measure the size of
g;; with respect to g;; which is changing;

’ ik jlor o
|85 1" = 8"8"8/,8k-
Fix a tangent vector v € TX at a point x € X and let

=

[v |t2 = gij(X, 1)v'v/.
Then we take
d .
ar |oli = g/;v'v/,

and it follows by Cauchy-Schwartz that

S|gi,j| ‘

d 2
Elog ' v |r

Then for 0 < 7 < @ < T we have
()
llog |03/ 02|< ["| i,  dr.

If the improper integral is finite, we see that all the metrics are equivalent.
Moreover | v, |* converges uniformly to a continuous function |v|> as t - T
and | v |, # 0if v % 0. Since the parallelogram law

lo+wlP+lo—wP=2(of+|w])
continues to hold in the limit, the limiting norm comes from an inner product
8;;(T), using the rule
glo,w)=1(lo+wlr—|o—w]?).

This completes the proof.
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143 Lemma. If|Rm|<Con0<t<Tand T < oo, then for any n we can
find a constant C, with

[|a"Rm [ dp < c,.
X

Proof. This follows directly from Theorem 13.4 and the observation that if
df/dt < Cf on a finite time interval then we can bound f in terms of its initial
data. (Hint: let f = e~Cf.)

We wish next to derive supremum norm estimates on 3"Rm. Since they are
tensors, we use the following trick. First note that from the interpolation
inequality in Corollary 12.6 we immediately get estimates

fX| O"Rm P dp < C, ,,

for all n and p < oo. Now let E, =|9"Rm |>. Then for all p < oo we have
estimates

JUEF +10E,p)du<,,

since E, and dE, can be expressed in terms of Rm and its covariant derivatives.
But E, is just a function, and by Sobolev’s inequality if p > n

max |1¢ < G [ (IfF + |afF) d.

Of course the constant C, depends on the metric g, (¢) and hence on time ¢.
But it does not depend on the derivatives of the g, o since it enters the
expression on the right only through |3f|* = g"9,fd,f and the measure
du = p(x)dx with p(x) = ydetg, ;. The derivative 9, f = 9f/0x" is independent
of the connection I}5. Thus for functions the constant C, is uniformly bounded
as t — T, since the metrics are all equivalent by Lemma 14.2. Applying this
estimate to E, we get the following result.

144 Lemma. If |Rm|<Cyon0<t<Tand T < oo then |3"Rm|< C, for
all n. The constant C, depends only on the initial value of the metric and the
constant C,,.

Of course the estimates on Rm = {R,,} imply ones on Rc = {R,,}. Since
dg;;,/0t = -2R,;, it is easy to see that the g, (¢) have all their derivatives
bounded, and converge to the limit metric g, (T') in the C* topology as t - T.
This completes the proof of Theorem 14.1.

T T —e——— o
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15. ControllingR_, /R _.

We return to the case where X is a compact three-manifold and the initial
metric has strictly positive Ricci curvature. The unnormalized evolution equa-
tiondg, /dt = -2R, ; Will have a solution on a maximal time interval 0 < ¢ < T.
We know from Lemma 11.11 that T < 0o, and then from Theorem 14.1 that
max R, |- o ast— T. Since |R;;[>= S <R* wehave R — oo ast — T,

s

where R, is the maximum value of R and R iy Will be its minimum value.
We want to estimate R /R min-
15.1 Theorem. We have Ropax/Rpin = last > T,

Proof. By Theorem 11.1 we know that for every 1 >0 we can find a
constant C(7) with

[9.R|<{n*R¥? + C(n)
on0=<¢<T. Since R,,,, » o as  » T, we can find 6 with C(n) < 3n*R3/2
for6 <1< T.Then |d,R|<*R¥2 fort > 4.

Fix a point x € X where R assumes its maximum. Then on any geodesic out
of x of length at most s = 1 /7R'/2 we have R > (1 = mR,,,,. We claim that
when 7 > 0 is small enough then this includes all of X. For R, = ¢Ryg, ; for
some ¢ > 0. It follows that every geodesic from x of length s has a conjugate
point when 7 is small by the following well-known theorem of Myers, which
the reader will find in Cheeger and Ebin [2, Theorem 1.26(1)).

15.2 Theorem ( Myers). IfR,;=(m — 1)Hg, ; along a geodesic of length at
least 7H™'/? on a manifold of dimension m then the geodesic has conjugate
points.

Thus we can reach every point of X by a geodesic of length at most s, and

hence R,;, = (1 — 9)R,,.. It follows that Rpax/Ryin > last > T,
15.3 Theorem. We have

Proof. Choose a function f(t) equal to R, .« at t=0 and solving the
ordinary differential equation

af _
dt _2Rmaxf5

which is possible since R, is a continuous function of t. Since S < R?, we
have

S (R=1) < AR~ 1) +2 Ry (R~ 1),
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and hence R < fon 0 < ¢ < T by the maximum principle. Since R, — oo as
t — T, we have f — o0 also. But

log £(2) /f(0) = 2 /0 Rna(8) 46,

and hence the integral diverges as ¢t —» T.
15.4 Corollary. If r is the average scalar curvature, then

fOTrdt = 0.

Proof. WehaveR ; <r<R_ , andR_, /R, —>last—>T.
15.5 Theorem. S/R>— 1 —>0ast— T.
Proof. By Theorem 10.1 we have

S/R*— { < CR™,

and R_; — oo (since R, — o and R, /R .. — 1.

16. Estimating the normalized equation
Next we consider how to convert our estimates for the unnormalized
equation

a - _
(*) Egij = _2Rij

into estimates on the normalized equation

J . . -
(**) Egij:%r ij_2Rij'

Let () have a solution on a maximal interval 0 < ¢ < T and le.t (*x) haYe a
corresponding solution on 0 < 7 < T related by the transformation equations
given in §3. 3 ) o

16.1 Lemma. R_, /R . — last— T o

Proof. Since we are dilating by a constant, the ratio is unchanged.

16.2 Lemma. R, = eRg,; for some € > 0. .

Proof. Again both sides stretch equa11~y un~der dilations.

163 Lemma. R, <C<owon0<i<T. ' ) ) ,

Proof. Let the rrl;letﬁc g;; have volume V' and diameter d. Then V < Cd°,
and since R,; = eRg;; we have d < CR;}/? by Myer’s Theorem 15.2. Thus
VR3/2 < C. But for the normalized equation the volume ¥ = 1. Thus R, < C.

nmn

Then R, < C also from Lemma 16.1.
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164 Lemma. 7T = oo.
Proof. Since di/dt = and Y7 = r we have

[)fd{:[)Trdtzw

by Corollary 15.4. But # < Rmax < C, so we must have T = oo.

16.5Lemma. S/R>— ! - 0asf - oo.

Proof. Again this follows from Theorem 15.5 since the expression is
invariant under dilation.

Since we have the relation
S—AR = (A= p) + A=5) + (i~ 5)],

i~t follows that~the ra~tio X/f of any two eigenvalues of R, ; converges to 1 as
t—o0.SinceR . /R .. —1last— oo also, it must eventually happen that the
sectional curvature is 4 pinched, or indeed as pinched as we like. At this point
it follows from the Sphere Theorem (see Cheeger and Ebin [2, Theorem 6.1)
that the universal cover of X is a sphere. However, we shall only borrow a
lemma.

16.6 Lemma. ( Klingenberg). Let X be a simply connected manifold of
dimension 3 or more whose sectional curvature is pinched between K and 1K.
Then the injectivity radius of X is at least w / VK.

Proof. See Cheeger and Ebin [2, Theorem 5.10].

We apply this result to the universal cover ¥ of X. The constant K will be
proportional to R ;.. The volume is at least some multiple of the injectivity
radius. Thus we get an estimate R/ < C - VoI(Y). But X has volume one for
the normalized equation, and then the volume of its universal cover Y is just
the number of elements in the fundamental group of X (which is finite by
Myer’s theorem). This gives a proof of the following.

16.7 Lemma. We can find € > 0 such that R min = E0n 0 <7< co.

17. Exponential convergence

We start with a principle for converting from the unnormalized to the
normalized evolution equation. Let P and Q be two expressions formed from
the metric and curvature tensors, and let P and Q be the corresponding
expressions for the normalized equation. Since they differ by dilations, they
differ by a power of . We say P has degree n if P = Y"P. Thus g, , has degree
1, R,; has degree 0, R has degree -1, and S has degree -2.
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17.1 Lemma. Suppose P satisfies

aP

o

for the unnormalized equation, and P has degree n. Then Q has degree n — 1,
and for the normalized equation

o _

o

=AP+Q

AP+ 0O+ %nﬂs.

Proof. We see Q has degree n — 1 since 37/0t =  and A = YA. Then
3 53 A -np -n+14
\Pa—t-(tl/""P) =yA(y7"P) +yH1Q,
0 ~ - ~ n 64/ -
—P=AP+ Q0+ ——=P.
ar ¢ ¥ ot
But from §3 we know dlogy/dt = 5r, so dlog \]//df = 37. This prove the

lemma.
Now from §16 we know that the normalized equation (+*) has a solution on

0 <t < oo with

Rpu/Ron—1 and S/RP—150  ast— oo.

We want to show the convergence is exponential.
17.2 Lemma. We can find constants C < oo and 8§ > 0 such that

S—1R*< Ce™?".

Proof. We let f=S/R?>— 1. Note f has degree 0. Then by Lemma. 10.5
with y = 2 we have

g_( <Af+ %gpqapzsaqf— 4B /R,
t

and by Lemma 10.7 we have

P=e(S - iR?).

This makes
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with @7 = 22799 R /R and § = 4¢2/3C since
4P/R* = 4e’Sf/R = 462/ /3R > 8f
with § = 1R% and R < C. But then

9
ar

(e‘”?) < A(e‘s;f) + akak(eﬂff),

and by the maximum principle eaff < C. Thus f< Ce~%. Since R is bounded
above and below, this is equivalent to the theorem.

173 Corollary. |R,, ~ 1Rz, |< Ce?".

Proof. The eigenvalues of the matrix are of the form

A=sAtptr)=4[A=p)+ (A=),
while
SR =4[(A — ) + (A=) 4 (u —»)7].

The estimate follows.

17.4 Lemma. We can find constants C < o0 and 8 > 0 such that

3 _p -8
Rpax — Ry < Ce™%,

Proof. This time we let
F=|0,RI?/R + 168($ — 1R?).
Then F has degree -2, and from Lemmas 11.7 and 11.9 (with 7 = 0) we get

a%ﬁs AF + 672R(S — 1R?) — gFF,

since Lemma 17.1 also works for inequalities. Using our estimate from Lemma
17.2
d ~ > -8r »
a—.F <AF+ Ce % — §F
t

for some C < 00,8 > 0 and ¢ > 0, sinceR<CandF>Rmin>e>O. But this
makes

3, - L
a—t.(ea’F — Ct) <A(e¥F - ),
and by the maximum principle we have e*F — Cf < C. Then £ < c( + De ¥,

and since § >0 is arbitrary this proves the theorem (by taking a slightly
smaller §).
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17.5 Corollary. |R,, — }7g,,|< Ce™®.
Proof. This follows from the last two lemmas since
|Rij - %ngj‘slﬁij - %Rgzﬂ +|R - f|/‘[§

Using Lemma 14.2, we get the following result. )

17.6 Theorem. The metrics g, j(f) are all equivalent, and converge as t > o0
uniformly to a continuous positive-definite metric g, (o).

To estimate higher derivatives we return to Theorem 13.4. Notice that all
three terms have the same degree of homogeneity, and hence the same result
holds for the normalized evolution equation. Since in three dimensions the
Riemannian curvature Rm is entirely determined by the Ricci curvature Re, we
have the estimate

d 5 00 g 152 g 5 nBA 2 g0
— " 2| | 9" Rel” dji < Cmax | Re 9"Rc |* dji
[ |0Re[Pdii+2[ |97 Re? dfi < Cmax | Re| [ 9"Re]
and max | Re|< C. We introduce the tensor E = {E, ;} defined by
E;, =R, — %~gij,

and observe that 3"Rc = 9"E for n > 0, since 7 is constant. Then interpolating
by Corollary 12.7

n/(n+1)
np. 12 i< n+1p 2 di Ezd"}
fxla Rc| du<C{/X|a Re| u} {fxl | di

Now for any ¢ > 0 and all x, y > 0 we have
xny < Cex"“ + CE_ny"+l,
and applying this above gives

1/(n+1)

"Re P dip < 3" RePdp+ Ce [ | E P dj.
fX|aRc| dji Cefx| cPdii + Ce fX| P dji

Then we get the following result.
17.7 Lemma. For every n we have

[a"RePdi<c
X
with a constant depending on n.

Proof. If we choose ¢ > 0 so small that Ce < 2 we can substitute this in the
previous equation and get

i np 2 7] < ~2d"
dtfx|a Re| dp\C/X[E| .
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But we know | E|< Ce™ for some & > 0 by Corollary 17.5, and the lemma
follows.

Next we use the interpolation estimate of Corollary 12.6, which immediately
gives the following result.
17.8 Lemma. For every n > 0 and every p < oo we have

3"Re P dii < Ce‘B;
f | i
X

for some constants C < 0 and 8 > ( depending on n and p.

Proof. This follows immediately from Corollary 12.6 since for 1 <i <
n—1

[ |9'Re P/ dji < Cmax |EPe/0 [ 9"Re P di,
X X X

and the maximum norm of E decreases exponentially while the L, norm of
0"Rc is bounded.

17.9 Theorem. For every n > 0 we have
max | 9"Rc |< Ced"
X

for some constants C < o and & > 0 depending on n.

Proof. We repeat the argument of Lemma 14.4. The function E, =|3"Rc |2
is exponentially decrea}sing in L, norm for all P < 0 as are its first derivatives.
Since the metrics g, (1) are all equivalent as f — oo, we can apply the Sobolev
estimate with a uniform constant to show the supremum norm of E, is also
exponentially decreasing.

17.10 Corollary. As 1 — oo the metrics g j(t~) converge to the limit metric
§,(0) in the C* topolog):. Hence g, (o) is smooth, and the curvatures R, (1)
converge to the curvature R, (00).

Proof. This follows directly from the previous result since

e . 2 __ ~
a_l;gij“ g"gij_ 2Rij'

17.11 Corollary.  The limit metric g, ;(00) has constant positive curvature.
Proof. By Corollary 17.5 the tensor R, [~ 3Fg; ; converges uniformly to
zero. This proves Main Theorem 1.1.
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