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ABSTRACT. We answer several questions of V. Tkachuk from [Point-
countable w-bases in first countable and similar spaces, Fund. Math.
186 (2005), pp. 55-69.] by showing that

(1) there is a ZFC example of a first countable, 0-dimensional
Hausdorff space with no point-countable 7-base (in fact, the
minimum order of a m-base of the space can be made arbi-
trarily large);

(2) if there is a k-Suslin line then there is a first countable GO
space of cardinality x1 in which the order of any 7-base is at
least k;

(3) it is consistent to have a first countable, hereditarily Lindel6f
regular space having uncountable m-weight and w; as a caliber
(of course, such a space cannot have a point-countable -
base).

1. INTRODUCTION

V. Tkachuk in [9] has recently proved under CH that any first count-
able Hausdorff space that is Lindelof or CCC has a point-countable
m-base. (Actually, in [9] all spaces are assumed to be Tychonov, but
the proof only needs Hausdorff.) Tkachuk’s motivation was to extend
(at least partially) Shapirovskii’s celebrated ZFC result saying that any
countably tight compactum has a point-countable m-base, from com-
pact spaces to Lindelof ones. So it was natural to ask if his use of CH
was necessary. Also, 27 years after Shapirovskii’s result was published,
Tkachuk could not come up with even a consistent example of a first
countable space not having a point-countable 7-base.

Our aim here is to remedy this situation and provide ZFC (and sev-
eral consistent) examples of first countable (Tychonov) spaces with-
out point-countable m-bases, as well as examples which show that
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Tkachuk’s CH results cannot be proved in ZFC alone. In this man-
ner we succeeded in answering 7 of the 12 questions that were listed at
the end of [9].

In what follows, we shall use the notation and terminology of [4].
In particular, wsw(X) denotes the m-separating weight of X, that is
the minimum order of a m-base of the space X, see p. 74 of [4]. Note
that msw(X) < w is then equivalent to the statement: X has a point-
countable 7-base.

2. ZFC EXAMPLES

The key to Tkachuk’s above mentioned CH results in [9] was his The-
orem 3.1 which says that if X has countable tightness and m-character,
moreover d(X) < wy then msw(X) < w. In his list of problems (Prob-
lem 4.11), Tkachuk asked if the assumption of countable tightness could
be omitted here. It is immediate from our next result that this question
has an affirmative answer.

Theorem 1. Let X be any topological space with d(X) < my(X)*.
Then msw(X) < mx(X).

Proof. Let usset my(X) = k. If d(X) < k then we even have 7(X) = k.
So we may assume d(X) = kT and, as is well-known, we may then fix
a dense set D = {x, : @ < k*} that is left-separated in this well-
ordering. This means that for every a < x* there is a neighbourhood
U, of x, with
{xﬂ:ﬁ<a}ﬂUa:@.

Let us now fix a local m-base B, of the point z, such that |B,| < k
and B C U, whenever B € B,,. Then B = |J{B, : a < k"} is a m-base
of X such that for every g € D we have

ord(xs,B) = |{B € B:x € B} <.
We claim that then we have
ord(B) = sup{ord(z,B) :x € X} <k

as well. Assume, on the contrary, that ord(x,B) = k™ for some point
x € X. Since wx(z, X) < k, this implies that there are x*-many mem-
bers of B (containing z) that include a fixed non-empty open set V.
This, however, is impossible because D NV # (). O

We may now turn to our first aim that is to produce, in ZFC, first
countable spaces without point-countable 7-bases.

Theorem 2. There is a first countable, 0-dimensional Hausdorff (hence
Tychonov) space X with tsw(X) > N,.
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Proof. The underlying set of our space is X = [[{w, : n < w}. For
fyg € X we write f < g to denote that f(n) < g(n) for all n < w. The
topology 7 that we shall consider on X will be generated by all sets of
the form U, (f) (with f € X and n < w), where

Uf)={9eX:f<gand f[n=g]n}

Note that if g € U,(f) then U,(g9) C U,(f), and if g ¢ U,(f) then
there is k < w such that Uy(g) N U,(f) = 0. Tt follows that, for any
f € X, the family {U,(f) : n < w} forms a clopen neighbourhood base
of f with respect to the topology 7, consequently the space (X, 7) is
indeed first countable, 0-dimensional, and Hausdorff.

It is also easy to see from the definitions that if {U,_(f.) : @ < k}
is a m-base of 7 then {f, : @ < k} must be cofinal in the partial order
(X,<). But it is well-known that the cofinality of (X, <) is greater
than N, consequently we have w(X) > X,. (Actually, it is easy to see
that m(X) = cf ((X, <)) but we shall not need this.)

Next we claim that, for any k < w, the pair (X1, R) is a pair caliber
of the space X, i.e. among any N, ,; open sets one can find N; whose
intersection is non-empty. Without any loss of generality, it suffices to
check this for a family of basic open sets of the form {U,(f) : f € F}
where F' € [X]®+! and n > k is fixed. We may also assume that
f In=oforafixed o € [],_, w; whenever f € F. Now let G C F
with |G| = Ny then there is g € X with g [ n = o, moreover f(i) < g(i)
for all i > n and f € G. But then we have g € ("{U,(f): f € G}.

Putting together the previous two paragraphs we conclude that the

order of any m-base of (X,7) must be at least N,, that is we have
msw(X) > N, O

It is clear that if we replace in the above proof the sequence of car-
dinals (w, : n < w) with any other strictly increasing w-sequence of
regular cardinals, say (s, : n < w), then we obtain a first countable, 0-
dimensional space in which the order of any 7-base is at least > _ #n.

The referee has pointed out that the method of constructing such
spaces was published by Todor¢evic in [10], Theorem 0.5 (of course, the
fact that they do not have a point-countable 7-base is not mentioned
there).

The cardinality of our above example is ¥ that is much larger than
the optimal value Ry permitted by Theorem 1. So it is natural to raise
the question if we could find other examples of smaller cardinality.
As it turns out, we can do slightly better by choosing an appropriate
subspace Y of the space X from Theorem 2. First, however, we need
to fix some notation. For f,g € X = [[{wn, : n < w} we write
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f <* g to denote that |{n < w : f(n) > g(n)}| is finite, i.e. f is
below g modulo finite. Similarly, we write f =* g to denote that
{n <w: f(n) # g(n)}| is finite. Finally, it is well-known that there is
in X a transfinite sequence of order type w, 1 that is increasing with
respect to <*.

Theorem 3. Let {f,: @ <wyi1} C X be an increasing sequence with
respect to <* and set

Y={f€eX: Ja<w, with f =" f,}.

Then the subspace Y of X, with the subspace topology inherited from
T, also satisfies msw(Y) > N,,.

Proof. The proof is very similar to that of Theorem 2. First we note
that, trivially, again we have 7(Y) > W,,. Next, we show that (N1, Ng)
is a pair caliber of Y for each k < w. To see this, we again consider a
family {U,(f) : f € F} where F € [Y]*+! and n > k > 0, moreover
[ I n=oforafixed o € [],_, w; whenever f € F'. Let us choose any
subset G C F with |G| = N, then there is an ordinal o < w1 such
that g <* f, for all ¢ € G. We may find an integer m > n such that
the set

G ={geG:Vix>m (g(i) < fali))}

also has cardinality Nj.

Note that if n < j < m then {¢(j) : ¢ € G*} is bounded in w;, hence
we may find a function f € Y such that f [ n =0, if n < j < m then
g(7) < f(j) for all g € G*, moreover f(i) = f,(i) whenever m < i < w.
Clearly, then we have f € (\{U,(g9) : g € G} NY. O

We were unable to produce a ZFC example of a first countable space
without a point-countable 7-base of cardinality less than W, ;. This
leads us to the following intriguing open question.

Problem 4. Is there, in ZFC, a first countable (Tychonov) space of
cardinality less than N, that has no point-countable w-base?

Actually, at this point we do not even have such an example of
cardinality N,. We conjecture, however, that having such an example
is equivalent to having one of size < N,,. In fact, we could verify this
conjecture under the assumption 2% < R,

Theorem 5. Assume that 2% < R, and X is a first countable space
of cardinality N,,. If every subspace of X of cardinality < N, has a
point-countable w-base then so does X.
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Proof. Let us start by giving a (very natural) definition. A family B of
non-empty open sets in X is said to be an outer m-base of a subspace
Y C X if for every open set U with U N'Y # () there is a member
B € B such that B C U. We claim that, under the assumptions of
our theorem, every subspace of X of cardinality < N, even has a point-
countable outer m-base. Thus if we have X =, __ Y, where |V, | <R,
for all n < w and B,, is a point-countable outer m-base of Y,, in X then
U< Br is a point-countable m-base of X.

To prove the above claim let us consider an wq-closed elementary
submodel M of a "universe” H(#) with |M| < N,. (As usual, here
6 is a large enough regular cardinal, H(f) is the collection of all sets
of hereditary cardinality < 0, and for M to be wi-closed means that
[M]=“* C M.) The regular cardinal 6 is chosen so large that H () (and
also M) contains X and everything else that is relevant, e.g. a map
V that assigns to every point z € X a countable open neighbourhood
base V,. Now, 2" < R, implies that for every Y € [X]<® there is such
an elementary submodel M with Y C M. Consequently, our claim will
be proven if we show that X N M has a point-countable outer m-base
in X whenever M is like above.

To see this, note first that for every point x € XNM we have V, € M
and hence V, C M as well. Consequently Vyy = U{V,:x € XNM} C
M is an outer base of X N M in X, hence we may choose a subfamily
B C Vy such that B | M = {BNM : B € B} is a point-countable
m-base of the subspace X N M.

It suffices to show now that B is a point-countable outer m-base of
XNMin X. Indeed, B is point-countable for if i/ € [B]** thenU € M
because M is wi-closed, and thus NU # () would imply N\U N M # ),
contradicting that B [ M is point-countable. (Here we used the fact
that, by elementarity, the correspondance B — B N M is one-to-one
on B C M.) Finally, B is an outer m-base of X N M in X because
if U is open with & € U N M # () then there is V € V, C M with
V C U, hence if B € B with BN M C V € M then we also have
BcVvcU. O

3. EXAMPLES FROM HIGHER SUSLIN LINES

We start this section by giving a theorem that, quite naturally, will
turn out to be very useful in finding (first countable) spaces without
point-countable m-bases.

Theorem 6. Assume that X is a topological space which has a w-base
B such that ord(B)t < d(X). Then X has a discrete subspace D with
|D| > d(X).
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Proof. Let us first choose a point g € B from each B € B. | then the
set S = {xp: B € B} is dense in X, hence we have

1] > d(X) > ord(B)*.

We now define a set mapping F' on S by the following stipulation: For
any point x € S let us put

F(z)={zp € S:x € B} € [S]=1®)

By Hajnal’s set mapping theorem (see [2]) then there is a free set D C S
for the set mapping F' with |D| = |S|. This means that for every x € D
we have DN F(x) C {z}. But every member of D is of the form x5 for
some B € B, and we claim that for this point we have BN D = {xp}.
Indeed, xp € BN D is obvious, and if z € D is different from xp then
xrp ¢ F(z) implies x ¢ B. Consequently, D is as required. O

The referee has pointed out to us that Theorem 6 is an easy conse-
quence of the following result of Shapirovskii [7], Lemma 3.1, see also
4], 3.26: If B is any family of non-empty open sets in a space X with
ord(B) < k then there are discrete subspaces {D, : a < KT} of X
such that |J{D, : « < KT} N B # () for any B € B. Since our above
proof of Theorem 6 is quite different and very short, for the reader’s
convenience we decided to keep it.

It is an immediate consequence of Theorem 6 that a space X satis-
fying s(X) < d(X) > we cannot have a point-countable m-base. Un-
fortunately, we do not know if there is in ZFC a first countable Ty-
chonov space like that. (Recall that solving Tkachuk’s problems from
[9] requires Tychonov examples.) If, however, we are satisfied with
Hausdorff examples then we are much better off. In fact it was shown
in [3] that there is a natural left-separated refinement o of the eu-
clidean topology 7 on the real line R that is first countable and hered-
itarily Lindelof. Consequently, by Theorem 6, a subspace of (R, o)
which is left-separated in order-type ws, and thus of density wy, has no
point-countable m-base. This shows that, at least for Hausdorff spaces,
Tkachuk’s CH results mentioned in the introduction simply fail with-
out CH, for (R, o) is hereditarily Lindel6f. Actually, it is very easy to
show that something stronger than CCC can be established for such
a subspace, namely that w; is a caliber of it. For Hausdorff spaces,
this settles one more question of Tkachuk from [9]. In the next section
we shall produce (consistent) Tychonov examples with these properties
but that will require more work.

Next we shall consider higher Suslin lines; these are ordered spaces
whose spread (equal in this case with cellularity) is less than their
density. More precisely, we shall consider first countable variations of
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them that retain this property. For different purposes, this construction
had been already used in Theorem 1.1 of [5], although there CH was
additionally assumed.

Let x be an infinite cardinal. We shall call a continuous linear order
(L, <), equipped with the order topology generated by <, a k-Suslin
line if there are no more than x disjoint open intervals in L (i.e. ¢(L) <
k), although the density d(L) of L is larger than . (It is known that
the existence of a k-Suslin line is equivalent to the existence of a x-
Suslin tree, but this will be irrelevant for us.) Thus, an ordinary Suslin
line is the same as an w-Suslin line and by a higher Suslin line we mean
a k-Suslin line where k > w.

The main result of this section is the following theorem that, in
particular, yields us a consistent example of a first countable GO-space
without a point-countable 7w-base of the minimum possible cardinality
wo. (Recall that GO-spaces, or generalized ordered spaces, are the
subspaces of linearly ordered spaces.)

Theorem 7. If there is a k-Suslin line (L, <) then there is a first
countable GO-space X with | X| =T and msw(X) = k.

Proof. Let Z be the set of all those points x € L that have left-character
w, that is the open half line («—, z) has cofinality w with respect to <.
Since (L, <) is continuous, Z is dense in L. It follows that d(Z) =
d(L) = kT because d(L) < ¢(L)* holds for any linearly ordered space
L, see e. g. [1]. Now let X be any dense subspace of Z (and hence of
L) with | X| = k™.

We consider X with the left-Sorgenfrey topology o, i.e. for any
x € X the half-open intervals (y,z] form a o-local base. Then o is
finer than the order topology on X, hence the density of (X, o) must
be larger than x. It is clear from the definition that o is a first countable
topology.

Also, (X, o) is a GO space because it is homeomorphic to the sub-
space topology on X x {0} inherited from the order topology on L x 2
taken with the lexicographic order. Finally, we have ¢(X,0) = ¢(L),
moreover s(X, o) = ¢(X, o) is known to hold for GO-spaces, see 2.23 of
[4]. Consequently we have s(X) < xk < d(X) and so Theorem 6 implies
msw(X) > k. By Theorem 1, then msw(X) = k. O

In particular, the existence of an w;-Suslin line implies that of a first
countable GO space of cardinality wy without a point-countable m-base.
Finally, we mention here the curious fact that it is an outstanding
open question of set theory whether one can find a model of ZFC that
does not contain any higher Suslin line. Consequently there is a chance
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that Theorem 7 yields us a ZFC example of a first countable GO space
with no point-countable m-base.

4. EXAMPLES FROM SUBFAMILIES OF P(w)

In this section we are going to introduce a (quite simple but appar-
ently new) way of constructing first countable, 0-dimensional Hausdorff
topologies on subfamilies of P(w), the power set of w. Then we shall
use some of the spaces obtained in this manner to present examples
that demonstrate the necessity of the use of CH in Tkachuk’s results
mentioned in the introduction.

We start with fixing some notation and terminology. We shall use
U to denote the family of all co-finite subsets of w. For a given family
7 C P(w) and for I € Z and U € U we put

[ILU);={JeI:1CJcCU}

If Z = P(w) then we shall omit the subscript.

Finally, we say that the family Z C P(w) is stableif € Z and I =* J
for J C wimply J € Z as well. (Of course, here I =* J means that
I and J are equal mod finite, i.e. their symmetric difference IAJ is
finite.)

Definition 8. Let us fix a family 7 C P(w). We shall denote by 77 the
topology on Z generated by all sets of the form [I,U)z, where [ € 7
and U € U, and by X7 the space (Z, 7).

Of course, X7 is identical with the appropriate subspace of the max-
imal such space Xp(.). A few basic (pleasant) properties of the spaces
X7 are given by the following proposition.

Proposition 9. The spaces X7 are first countable, 0-dimensional and
Hausdorff.

Proof. 1t suffices to show this for Z = P(w) because all three properties
are inherited by subspaces.
Observe first that if J € [I,U) N [I’,U’) then

JeLUNU) C[LU)N[I,U,

hence the “intervals” [/,U) form an open basis of 7p(,, moreover
{lI,U) : I c U € U} forms a countable neighbourhood base of the
point I of X7.

Next, if J ¢ [I,U) then either J\U # () and then [J,w)N[I,U) = 0,
or J C U and I\J # (). In the latter case we may pick n € I'\J and
then we have J C U\{n}, moreover [J,U\{n}) N [I,U) = () because
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n € I. This means that all basic open sets [I,U) are also closed, hence
Xp(w) is indeed 0-dimensional.
Finally, for every I € P(w) we have

(WIL.U): I cUeuy={1},
implying that Xp(w) is also Hausdorff. O

For any family Z C P(w) we shall denote by cof(Z) the cofinality of
the partial order (Z,C). Also, we say that a cardinal number x is a
set caliber of T if for every subfamily J € [Z]" there are K € [J]" and
I € T such that UK C I or, less formally, among any x-many members
of 7 there are k-many that have an upper bound in Z. We now connect
these concepts concerning 7 with properties of the associated space X7.

Proposition 10. For any subfamily T C P(w) we have

(i) d(Xz) =cof(Z) - w;
(11) if T is stable and k is a cardinal with cf(k) > w then k is a caliber
of the space X7 if and only if k is a set caliber of the family T.

Proof. The proof of (i) and the left-to-right direction of (ii) follows
immediately from the fact that K C Z has an upper bound in Z iff
([L,w)z : I € K} # 0. To see the other direction, assume that s is
a set caliber of the family Z and consider a family B of k-many basic
open sets. Since cf(k) > w we may assume that B = {[[,U): [ € J}
for 7 € [Z]" and a fixed U € U. By our assumption there is a K € [J]"
which has an upper bound K € Z. Then K NU € 7 as 7 is stable and

EnUe({[L,U): I €K}.
0

After these preparatory propositions we can now present a result
that will yield us further nice examples of first countable spaces without
point-countable m-bases.

Theorem 11. Assume that T C P(w) is stable, cof(Z) > w, and w; is
a set caliber of T. Then msw(Xz) > w.

Proof. Since X7 is first countable, and by (i) of Proposition 10, we have
W(XI) = d(XI) = COf(I) > w.

But, in view of part (ii) of Proposition 10, w; is a caliber of X7, con-
sequently no m-base of X7 can be point-countable. 0
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Corollary 12. Assume that there is a mod finite strictly increasing
wo-sequence in P(w). Then there is a first countable, 0-dimensional
and Hausdorff space of cardinality wy which has wy as a caliber. In
particular, MA,, implies the existence of such a space.

Proof. Let {A, @ a < we} C P(w) be a mod finite strictly increasing
wo-sequence, i.e. we have |A,\Asz| < w and |Ag\A,| = w whenever
a < B < wsy. It is obvious that the family

IT={ICw:Ja<w, with I ="A4,}

is stable and satisfies |Z| = cof(Z) = wy. Next, we claim that w; is a
set caliber of 7.

To see this, consider any family J = {I, : « € a} C Z where
a € [we]“t and I, =* A, for all o € a and pick f < wy such that a C .
Then |A,\Ap| < w for all « € a, hence there is a fixed s € [w]<* such
that

b={a€ca:A\Asz C s}

is uncountable, while s U Ag is an upper bound of {I, : @ € b} in Z.
By Theorem 11, the space X7 is as required. O

This result takes care of Problems 4.6 and 4.7 from [9] by showing
that it is consistent to have first countable Tychonov spaces with caliber
wy (and hence also CCC) without any point-countable 7-base. With
some further elaboration we shall find examples that, in addition, are
also hereditarily Lindelof, and thus provide a solution to Problem 4.3
from [9] as well.

Theorem 13. Let {A, : @ < ws} C P(w) be a mod finite strictly
increasing wo-sequence with the additional property that in every un-
countable index set a € [wo]** there is a pair {a, 3} € [a]* such that
A, C Ag, (i.e. A, is really a subset of Ag, not just mod finite). Then,
with T defined as in Corollary 12, the space Xt is hereditarily Lindeldf.

Proof. Assume, on the contrary, that Xz has an uncountable right-
separated subspace. Without loss of generality this may be taken of
the form {1, : « € a}, right separated in the natural well-ordering of
its indices, where a € |wq]“* and I, =* A, for all & € a. Moreover, we
may assume that we have a fixed U € U such that [I,,U)z is a right
separating neighbourhood of I, for any « € a.

Now, there is a fixed finite set s € [w]<“ such that

b={a€a:l,AA, = s}

is uncountable. By our assumption, there is a pair {a, 3} € [b]* (with
a < 3) for which A, C Ag and hence I, C Ig. This, however, would
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imply I3 € [I,,U)z, contradicting that [I,,U)z is a right separating
neighbourhood of I,,. U

Note that a space as in Theorem 13 is a first countable L-space,
hence unlike the spaces in Corollary 12, it does not exist under M A,,,
see [8]. Instead, there is a “natural” forcing construction that produces
mod finite strictly increasing wy-sequences in P(w) with the additional
property required in Theorem 13.

Theorem 14. There is a CCC forcing that, to any ground model, adds
a mod finite strictly increasing sequence {Ay : o < we} C P(w) in any
uncountable subsequence of which there are two members with proper
inclusion.

Proof. Let P consist of those finite functions p € Fn(ws X w,2) for
which dom(p) = a x n with a € [ws]<* and n < w. We define p’ < p
(i.e. p’ extends p) as follows: p’ D p, moreover p'(a,i) = 1 implies
P (3,i) = 1 whenever «, 8 € a with o < § and i € n’ \ n (of course,
here dom(p) = a x n and dom(p’) = o’ x n’). It is straightforward to
show that (P, <) is a CCC notion of forcing.

Let G C P be generic, then it follows from standard density argu-
ments that g = UG maps wy X w into 2 and if we set

Ay ={i<w:g(a,i) =1}

then {A, : @ < wq} is mod finite strictly increasing.

To finish the proof, let us assume that p € P forces that k is an order
preserving injection of w; into we. It suffices to show that p has an
extension ¢ which forces Aj . C Ay, for some § <n < w;.

To see this, let us choose first for each £ < w; a condition pe < p and
an ordinal o < wy such that pe IF A(€) = ae. We may assume without
any loss of generality that for some n < w we have dom(pg) = a¢ xn and
ag € ag for all . Using standard A-system and counting arguments,
it is easy to find then { < n < w; such that p; and p, are compatible
as functions and for any i < n we have p¢(ag, i) = py(a,, 7). But then
we have ¢ = p¢ Up, € P and g < p, moreover it is obvious that ¢ forces
A% C A,, and hence Ah(g) - Ah(n) as well. O

JFrom Theorems 13 and 14 we immediately obtain a joint solution
to Problems 4.3 and 4.7 (and hence 4.6) of Tkachuk from [9)].

Corollary 15. It is consistent that there exists a first countable, hered-
itarily Lindelof 0-dimensional space X of size wy which has no point-
countable mw-base while wy 1s a caliber of X.
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Let us recall here that the failure of CH is not sufficient to produce a
mod finite strictly increasing we-sequence in P(w), the basic ingredient
of our examples in this section. In fact, Kunen had proved (see e.g.
[6]) that if one adds ws Cohen reals to a model of CH then no such
sequence exists in the extension. Actually, we have shown the following
strengthening of this: In the same model, if w; is a set caliber of a
subfamily Z of P(w) then cof(Z) < w. This implies that we may not
use the methods of this section to find similar examples just assuming
the negation of CH. The following natural problem can thus be raised.

Problem 16. Does 2¥ > wy imply the existence of a first countable Lin-
delof and/or CCC Tychonov space having no point-countable m-base?
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