
A LIFTING THEOREM ON FORCING LCS SPACES

LAJOS SOUKUP

Abstract. Denote by T HIN (α) the statement that there is an
LCS space of height α and width ω. We prove, for each regular
cardinal κ, that if there is a “natural” c.c.c poset P such that
T HIN (κ) holds in V P then there is a “natural” c.c.c poset Q as
well such that T HIN (δ) holds in V Q for each δ < κ+.

1. Introduction

A topological space X is called scattered if its every non-empty sub-
space has an isolated point. Denoting by I(Y ) the isolated points of a
subspace Y ⊂ X for each ordinal α define the αth Cantor-Bendixson
level of the space X, Iα(X), as follows:

Iα(X) = I(X \ ∪{Iβ(X) : β < α}).
The minimal α with Iα(X) = ∅ is called the height of X and de-
noted by ht(X). Define the width of X, wd(X), as follows: wd(X) =
sup{|Iα(X)| : α < ht(X)}. The cardinal sequence of X, CS(X), is the
sequence of the cardinalities of its Candor-Bendixson levels, i.e.

CS(X) =
〈
|Iα(X)| : α < ht(X)

〉
.

The following problem was first posed by R. Telgarsky in 1968 (un-
published): Does there exist a locally compact, scattered ( in short:
LCS) space with height ω1 and width ω? After some consistency re-
sults Rajagopalan, in [8], constructed such a space in ZFC.

To simplify the formulation of the forthcoming results denote by
T HIN (α) the statement that there is an LCS space of height α and
width ω. (A scattered space is called thin iff it has width ω.)

In [4] I. Juhász and W. Weiss showed T HIN (α) for each α < ω2.
W. Just proved, in [5], that this result is sharp in the following sense.
Add ω2 Cohen reals to a ZFC model satisfying CH. Then, in the
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generic extension, 2ω = ω2 and T HIN (ω2) fails. So you can not prove
T HIN (α) for each α < (2ω)+ in ZFC.

Just’s result was improved in [3] by I. Juhász, S. Shelah, L. Soukup
and Z. Szentmiklóssy: if we add Cohen reals to a model of set theory
satisfying CH, then, in the new model, every LCS space has at most
ω1 many countable levels.

The notion of ∆-function (see definition 1.1 below) was introduced
in [2]. In that paper Baumgartner and Shelah proved that (a) the
existence of a ∆-function is consistent with ZFC, (b) if there is a ∆-
function then T HIN (ω2) holds in a natural c.c.c forcing extension. We
will explain later, in section 3, what we mean under “natural poset”.
Roughly speaking, “natural” means that the elements of the posets
are just finite approximations of the locally compact right-separating
neighbourhoods of the points of the desired space. Building on their
method, but using much more involved combinatorics, Martinez [6]
proved that if there is a strong ∆-function, then for each δ < ω3 there
is a c.c.c poset Pδ such that T HIN (δ) holds in V Pδ . These results
naturally raised the following problem.

Problem 1. Does T HIN (ω2) imply T HIN (δ) for each δ < ω3?

Although this question remains still open we prove a “lifting theo-
rem” claiming that if there is a natural poset Pω2 such that T HIN (ω2)
holds in V Pω2 then for each δ < ω3 there is a natural poset Pδ such
that T HIN (δ) holds in V Pδ : the posets used by Martinez can be con-
structed directly from the poset applied by Baumgartner and Shelah
without even mentioning the ∆-function. Moreover, our lifting the-
orem works for each cardinal κ, not only for ω2! Since there is no
∆-function on ω3 you can not expect to apply the method of Baum-
gartner and Shelah to prove T HIN (ω3). However, if anybody can
construct a “natural” c.c.c poset P such that T HIN (ω3) holds in V P

then our theorem gives immediately the consistency of T HIN (α) for
each α < ω4.

To formulate this statement more precisely we introduce some no-
tation, so we postpone the formulation of our main result till theorem
3.15.

First we recall some definition and results.

Definition 1.1. Let f :
[
ω2

]2 −→
[
ω2

]≤ω
be a function with f{α, β} ⊂

α∩ β for {α, β} ∈
[
ω2

]2
. (1) We say that two finite subsets x and y of

ω2 are good for f provided that for α ∈ x ∩ y, β ∈ x \ y and γ ∈ y \ x
we always have

(a) α < β, γ =⇒ α ∈ f{β, γ},
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(b) α < β =⇒ f{α, γ} ⊂ f{β, γ},
(c) β < γ =⇒ f{α, β} ⊂ f{α, γ}.
(2) The function f is a ∆-function if every uncountable family of finite
subsets of ω2 contains two elements x and y which are are good for f .
(3) The function f is a strong ∆-function if every uncountable family
A of finite subsets of ω2 contains an uncountable subfamily B such that
any two sets x and y from B are good for f .

Theorem (Velickovic). If ω1 holds then there is a strong ∆-function.

For the proof see [1].

2. A method to force thin LCS spaces with prescribed
cardinal sequence

Recall that given a topological space 〈X, τX〉 a function f : X −→ τX

is called neighbourhood assignment iff x ∈ f(x) for each x ∈ X.
Assume that X is an LCS space. Define the function ht : X −→

ht(X) by the formula x ∈ Iht(x)(X). Since LCS spaces are 0-dimensional,
we can fix a neighbourhood-assignment U : X −→ τX such that U(x)
is a compact-open neighbourhood of x with

U(x) \ {x} ⊂ I<ht(x)(X) =
⋃
{Iα(X) : α < ht(x)}.

The family {U(x), X \ U(x) : x ∈ X} is a subbase of X.
The space is coherent iff we can choose U in such a way that x ∈ U(y)

implies U(x) ⊂ U(y). Such a U is a called coherent neighbourhood
assignment .

If U is coherent then we can define a partial order /U on X by taking
x /U y iff x ∈ U(y). Since clearly U(x) = {y ∈ X : y /U x} we have that
/U determines the neighbourhood assignment U.

If / is an arbitrary partial order on X then define the topology τ/ on
X generated by the family {U/(x), X \ U/(x) : x ∈ X} as a subbase,
where U/(x) = {y ∈ X : y / x}. As we have seen if U witnesses that
〈X, τ〉 is coherent then τ/U

= τ .
So the topologies of coherent LCS spaces are determined by partial

orderings. We would like to determine certain properties of a partial
ordering in such a way that if some partial order 〈X, /〉 has those prop-
erties then 〈X, τ/〉 is an LCS-space with prescribed Cantor-Bendixson
levels.

To formulate these properties we investigate some covering properties
of the family {U(x) : x ∈ X}, where U is a coherent neighbourhood
assignment on some LCS-space X.
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If x /∈ U(y) and y /∈ U(x) then

U(x) ∩ U(y) ⊂
⋃
{U(z) : z ∈ U(x) ∩ U(y)}.

Since U(x)∩U(y) is compact there is a finite set i{x, y} ∈
[
U(x) ∩ U(y)

]<ω

such that

U(x) ∩ U(y) ⊂
⋃
{U(z) : z ∈ i{x, y}}.

We will enumerate some properties of / and the function i. Let
δ = ht(X) and for α < δ write Xα = Iα(X).

(I) if x ∈ Xα, y ∈ Xβ and x / y then either x = y or α < β,

(II) ∀{x, y} ∈
[
X

]2 (
∀z ∈ X (z / x ∧ z / y) iff ∃t ∈ i{x, y} z / t

)
.

(III) if x ∈ Xα and β < α then the set {y ∈ Xβ : y / x} is infinite.

Proposition 2.1. Assume that {Xα : α < δ} is a partition of a given

set X, / is a partial order on X and i :
[
X

]2 −→
[
X

]<ω
is a function

satisfying (I)–(III). Then X = 〈X, τ/〉 is a (coherent) LCS space with
Iα(X ) = Xα for α < δ.

Proof. X is right-separated, i.e. scattered, witnessed by any well-
ordering extending the well-founded partial ordering / because of (I).

For each x ∈ X, the family

U(x) =
{

U/(x) \
⋃
y∈F

U/(y) : F ∈
[
U/(x) \ {x}

]<ω}
is a neighbourhood base of x. Indeed, if x 6= y then U/(x) ∩ U/(y) =
U/(x) provided x ∈ U/(y) and

U/(x) \ U/(y) = U/(x) \
⋃

z∈i{x,y}

U/(z)

provided x /∈ U/(y), where i{x, y} ∈
[
U/(x) \ {x}

]<ω
.

Lemma 2.2. Iα(X ) = Xα.

Proof. First we show by induction on α that if x ∈ Xα, U ∈ U(x)
and β ≤ α then U ∩ Xβ 6= ∅. For β = α we have x ∈ U ∩ Xβ so
we can assume β < α. Assume that U = U/(x) \

⋃
{U/(z) : z ∈ F},

where F ∈
[
U/(x) \ {x}

]<ω
. Let µ = max{ν : F ∩ Xν 6= ∅} and γ =

max{µ, β}. Since γ < α by (III) we can pick t ∈ (Xγ∩U/(x))\F . Then
U/(t) \

⋃
{U/(z) : z ∈ F} ⊂ U is a neighbourhood of t which intersects

Xβ by the inductive hypothesis because t ∈ Xγ and β ≤ γ < α.
Now prove the statement of the lemma by induction on α. Let

Y = X \
⋃

β<α Iβ(X) = X \
⋃

‘β<α Xβ. If x ∈ Xα then U(x)∩Y = {x},
so Xα ⊂ I(Y ). If x ∈ Xγ for some γ > α then for any neighbourhood
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of U we have U ∩Xα 6= ∅, i.e. U ∩ Y 6= {x}, and so x /∈ I(Y ). Thus
I(Y ) = Xα which was to be proved. �

Lemma 2.3. U/(x) is compact in X .

Proof. We prove this statement by induction on ht(x). By Alexander’s
subbase lemma it suffices to show that any cover V of U/(x) by members
of {U/(y) : y ∈ X} and their complements has a finite subcover. Let
V ∈ V be such that x ∈ V . If V = U/(y) then U/(x) ⊂ U/(y) so we
have a one element covering. So we can assume that V = X \ U/(y).
Then

U/(x) \ V = U/(x) ∩ U/(y) =
⋃ {

U/(z) : z ∈ i{x, y}
}
.

For each z ∈ i{x, y} we have ht(z) < ht(x) and so U/(z) is compact,
and so U/(x)\V is compact as well. Thus there is a finite W ⊂ V with
U/(x) \ V ⊂

⋃
W . Hence W ∪ {V } is a finite cover of U/(x) �

This completes the proof of proposition 2.1. �2.1

We say that / is an LCS-order on X iff 〈X, τ/〉 is an LCS-space.
So our strategy to force an LCS space with a prescribed cardinal

sequence 〈κα : α < δ〉 is the following. Let Xα = {α} × κα for α < δ
and put X =

⋃
{Xα : α < δ}. Now we try to add generically a partial

ordering / on X and a function i :
[
X

]2 −→
[
X

]<ω
satisfying (I)–(III)

using finite approximations. That is, a typical forcing condition is a
triple 〈a,≤, i〉, where a is a finite subset of X, ≤ is a partial order on a,

and i is a function on
[
a
]2

such that 〈a,≤, i〉 satisfies (I) and (II). (III)
would be guaranteed by some density argument. This type of forcing
was introduced by Judy Roitmann to get thin superatomic Boolean
algebras (LCS spaces).

The main problem is that the poset of all the possible finite approx-
imations may not satisfy c.c.c. That is the point where the ∆-function
came into the picture. Baumgartner and Shelah, and later Martinez,
applied this function to select a suitable subfamily of the conditions
which satisfies c.c.c. Our strategy will be different: we show that if
there is a suitable poset which introduces T HIN (κ) then for each
δ < κ+ there is a a suitable poset which introduces T HIN (δ).

This strategy will be carried out in the next section in a special
situation.

3. Lifting theorem

Fix a cardinal κ ≥ ω and let π : κ+ × ω −→ κ+ be the natural
projection: π(〈α, n〉) = α.
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Define the poset P 0 = 〈P 0,≺〉 as follows. The underlying set P 0

consists of triples 〈a,≤, i〉 satisfying the following requirements:

(i) a ∈
[
κ+ × ω

]<ω
,

(ii) ≤ is a partial ordering on a,

(iii) ∀{x, y} ∈
[
a
]2

if x ≤ y the π(x) < π(y),

(iv) i :
[
a
]2 −→ P(a) is a function,

(v) ∀{x, y} ∈
[
a
]2

if π(x) = π(y) then i{x, y} = ∅,
(vi) ∀{x, y} ∈

[
a
]2

if x ≤ y then i{x, y} = {x}.
Write p = 〈ap,≤p, ip〉 for p ∈ P 0. Define the function hp : ap −→ P(ap)
by the formula hp(x) = {y ∈ ap : y ≤p x}. For b ⊂ ap write hp[b] =⋃
{hp(x) : x ∈ b}.
Let p ≺ q iff aq ⊂ ap,

≤q=≤p ∩(aq × aq),
iq ⊂ ip.

Clearly ≺ is a partial ordering on P 0.
Let

P ∗ =
{
〈a,≤, i〉 ∈ P 0 : ∀{x, y} ∈

[
a
]2 ∀z ∈ a

(z ≤ x ∧ z ≤ y) iff ∃t ∈ i{x, y} z ≤ t.
}

Fact 3.1. For p ∈ P 0,

p ∈ P ∗ iff ∀{x, y} ∈
[
ap

]2
hp(x) ∩ hp(y) = hp[ip{x, y}].

The elements of P ∗ can be considered as the natural finite approxi-
mations of an LCS-order on κ+ × ω and the witnessing function i.

Definition 3.2. Two condition p, q ∈ P 0 are twins iff (i)–(ii) below
hold, where a = ap ∩ aq:

(i) ≤p� a =≤q� a,

(ii) ip �
[
a
]2

= iq �
[
a
]2

.

Definition 3.3. Let p, q ∈ P 0 be twins. A condition r ∈ P 0 is an
amalgamation of p and q iff

(a) ar = ap ∪ aq

(b) ≤r is the partial ordering on ar generated by ≤p ∪ ≤q,
(c) ir ⊃ ip ∪ iq.

Let

amalg(p, q) = {r : r is an amalgamation of p and q}.

When we speak about amalgamations of two conditions we will al-
ways assume that these conditions are twins.
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Fact 3.4. If r ∈ P 0 is an amalgamation of p and q, then

(1) ≤r� ap =≤p,
(2) r ≺ p and r ≺ q,
(3) If x ∈ ap and y ∈ aq then x ≤r y iff there is z ∈ ap ∩ aq such that

x ≤p z ≤q y.

Fact 3.5. If r ∈ P 0 is an amalgamation of p and q, moreover p, q ∈ P ∗

then
∀{x, y} ∈

[
ap

]2 ∪
[
aq

]2
hr(x) ∩ hr(y) = hr[i{x, y}].

Proof. Assume that {x, y} ∈
[
ap

]2
and let z ∈ (hr(x) ∩ hr(y)) ∩ aq.

Then there are u, v ∈ ap ∩ aq with z ≤q u ≤p x and z ≤q v ≤p y. Since
q ∈ P ∗ there is w ∈ iq{u, v} with z ≤q w. Since ip{u, v} = iq{u, v}
we have w ∈ ap ∩ aq. Thus w ∈ hp(x) ∩ hp(y). Since q ∈ P ∗, there is
t ∈ ip{x, y} with w ≤p t. Thus z ≤q w ≤p t ∈ ip{x, y} = ir{x, y} and
hence z ∈ hr[ir{x, y}]. �3.5

For A ⊂ κ+ let

P ∗
A = {p ∈ P ∗ : ap ⊂ A× ω}.

Next we introduce three properties, (K+), DA
1 and DA

2 , of posets
〈P,≺〉, where P ⊂ P ∗

A for some A ⊂ κ+. The first one is a strong
version of property (K), the two others are density requirements.

Definition 3.6. Let P ⊂ P ∗. The poset P = 〈P,≺〉 has property
(K+) iff

∀S ∈
[
P

]ω1 ∃T ∈
[
S
]ω1 ∀{p, q} ∈

[
T

]2
p and q have an amal-

gamation in P .

Definition 3.7. For a condition p ∈ P 0 and x ∈ (κ+ × ω) \ ap define
q = p ] {x} ∈ P 0 as follows:

• aq = ap ∪ {x},
• ≤q=≤p ∪{〈x, x〉},
• ip ⊂ iq,
• iq{x, y} = ∅ for y ∈ ap.

Fact 3.8. p ] {x} ∈ P ∗
A for each p ∈ P ∗

A and x ∈ (A× ω) \ ap.

Definition 3.9. Let P ⊂ P ∗
A. The poset P = 〈P,≺〉 has property DA

1

iff

p ] {x} ∈ P for each p ∈ P and x ∈ (A× ω) \ ap.

Definition 3.10. For p ∈ PA, x ∈ ap, y0, y1, . . . , yn−1 ∈ (A × ω) \ ap

with π(y0) < π(y1) < . . . π(yn−1) < π(x) define the condition q =
p ]x 〈y0, . . . , yn−1〉 ∈ P 0 as follows:
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• aq = ap ∪ {y0, . . . , yn−1},
• ≤q=≤p ∪{〈yi, yj : i ≤ j < n〉} ∪ {〈yi, z〉 : z ∈ ap, x ≤p z},
• ip ⊂ iq,
• iq{yi, yj} = ymin(i,j),

• iq{yi, z} =

{
yi if x ≤p z
∅ otherwise

for z ∈ ap.

Fact 3.11. If p ∈ P ∗
A, x ∈ ap, y0, y1, . . . , yn−1 ∈ (A × ω) \ ap with

π(y0) < π(y1) < . . . π(yn−1) < π(x), then q = p]x 〈x0, . . . , xn−1〉 ∈ P ∗
A.

Definition 3.12. Let P ⊂ P ∗
A. The poset P = 〈P,≺〉 has property

DA
2 iff

∀{α, β} ∈ A, α < β, there is a finite set of ordinals LP (α, β) =

{α0, . . . , αn−1} ∈
[
A

]<ω
such that α = α0 < α1 < . . . αn−1 < β

and if p ∈ P , x ∈ ap with π(x) = β and xi ∈ (A× ω) \ ap with
π(xi) = αi for i < n, then p ]x 〈y0, . . . yn−1〉 ∈ P .

Definition 3.13. Let A ⊂ κ+ and P ⊂ P ∗. The poset P = 〈P,≺〉 is
A-nice iff P ⊂ P ∗

A and P has properties (K+), (DA
1 ) and (DA

2 ). For
δ < κ+ let NAT (δ) be the statement that there is δ-nice poset Pδ.

Proposition 3.14. If a poset P is δ-nice then P has property (K) and
T HIN (δ) holds in V P .

Proof. By fact 3.4(2) property (K+) implies property (K). Let G ⊂ P
be a generic filter. Put A =

⋃
{ap : p ∈ G}, i =

⋃
{ip : p ∈ G}

and ≺=
⋃
{≺p: p ∈ G}. Then A = δ × ω by (Dδ

1). The partial
ordering ≺ satisfies (I) because every p ∈ P satisfies (iii). The function

i :
[
δ × ω

]2 −→
[
δ × ω

]<ω
satisfies (II) because every element of P is

in P ∗. Finally (III) holds because (D2
δ) can be applied in a suitable

density argument. Thus 〈δ × ω, τ≺〉 is an LCS space with levels {α}×ω
for α < δ. �3.14

After this preparation we are able to formulate the main lifting the-
orem.

Theorem 3.15. NAT (κ) implies NAT (δ) for each cardinal κ and
ordinal δ < κ+.

First, in lemma 3.16 below, we show that our lifting theorem works
downwards. Although T HIN (κ) clearly implies T HIN (δ) for δ < κ
we should prove NAT (δ) for δ < κ as well, because we will use the
posets witnessing this to prove NAT (γ) for γ ≥ κ.

If p ∈ P 0 and I ⊂ κ+ let

p � I =
〈
ap ∩ (I × ω),≤p� (I × ω), ip �

[
I × ω

]2
〉

.
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Observe that

• p � I ∈ P 0 iff ip{x, y} ⊂ I×ω for each {x, y} ∈
[
ap ∩ (I × ω)

]2
,

• if p ∈ P ∗ and p � I ∈ P 0 then p � I ∈ P ∗.

Lemma 3.16. NAT (κ) implies NAT (δ) for δ < κ.

Proof. Fix Pκ ⊂ P ∗
κ such that Pκ = 〈Pκ,≺〉 has properties (K+), (Dκ

1 )
and (Dκ

2 ). Let Pδ = 〈Pδ,≺〉, where P δ = {p � δ : p ∈ Pκ}.
We should check that Pδ also has has properties (K+), (Dδ

1) and
(Dδ

2).
(K+): Let {pν � δ : ν < ω1} ∈

[
Pδ

]ω1 . We can assume that for

each {ν, µ} ∈
[
ω1

]2
pν and µ have an amalgamation rν,µ ∈ Pκ. Hence

rν,µ � δ ∈ Pδ is an amalgamation of pν � δ and pµ � δ.
(Dδ

1) is easy: (p � δ) ] {x} = (p ] {x}) � δ for π(x) < δ.
(Dδ

2) is also easy: (p � δ) ]x 〈y0, . . . , yn−1〉 = (p ]x 〈y0, . . . , yn−1〉) � δ
for π(x) < δ. �3.16

Proof of theorem 3.15. Since we know the statement for δ < κ we prove
the theorem by induction on δ ≥ κ. When we constructed Pδ we will
also have PA ⊂ P ∗

A for each A ⊂ κ+ with order type δ such that
PA = 〈PA,≺〉 has properties (K+), (DA

1 ) and (DA
2 ).

We will write LA(α, β) for LPA(α, β). Let LA(α, α) = ∅.
Successor step:

Assume that Pδ is constructed. Then we can get Pδ+1 as follows.
A p is in Pδ+1 iff

(i) p ∈ P ∗
δ+1,

(ii) p � δ ∈ Pδ,

(iii) ∀{x, y} ∈
[
ap

]2
if π(x) < δ and π(y) = δ then either i{x, y} = x

(i.e. x ≤p y) or i{x, y} = ∅ (i.e. hp(x) ∩ hp(y) = ∅).
We show that Pδ+1 = 〈Pδ,≺〉 works, i.e. it satisfies properties (K+),

(Dδ+1
1 ) and (Dδ+1

2 ).

Lemma 3.17. Pδ+1 satisfies (K+).

Proof. Let {pν : ν < ω1} ∈
[
Pδ+1

]ω1 , pν = 〈aν ,≤ν , iν〉, hν = hpν .
Without loss of generality

(a) ∀{ν, µ} ∈
[
ω1

]2 ∃rν,µ ∈ Pδ rν,µ is an amalgamation of pν and pµ.
(b) ∃t aν ∩ ({δ} × ω) = t.
(c) {aν : ν < ω1} forms a ∆-system with kernel a.

(d) ≤ν� a =≤µ� a for each {ν, µ} ∈
[
ω1

]2

(iii) and (d) together imply that

(e) ∀{ν, µ} ∈
[
ω1

]2 ∀x ∈ t ∀y ∈ (a \ t) iν{x, y} = iµ{x, y}.
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Now for each {ν, µ} ∈
[
ω1

]2
the conditions pν and pµ are twins and

we can define r ∈ P 0 as follows:

• r is an amalgamation of pν and pµ

• r � δ = rν,µ.

If {x, y} ∈
[
ar

]2 \
([

ap
]2 ∪

[
aq

]2)
then {x, y} ∈

[
arν,µ

]2
. Hence

rν,µ ∈ P ∗
δ and fact 3.5 imply that r ∈ P ∗

δ+1. Thus r ∈ Pδ+1. �3.17

Lemma 3.18. Pδ+1 satisfies (Dδ+1
1 ).

Straightforward.

Lemma 3.19. Pδ+1 satisfies (Dδ+1
2 ).

Proof. For α < β < δ let Lδ+1
α,β = Lδ

α,β. For α < δ let Lδ+1
α,δ = {α}.

�3.19

The successor step is done.
Limit step:

Assume that δ is limit ordinal, and PA is constructed for each A ⊂ κ+

with order type < δ.
Fix a club C ⊂ δ, C = {γζ : ζ < cf(δ)}. Let Iζ = [γζ , γζ+1) for

ζ < cf(δ).
Let ρ : δ −→ cf(δ) s.t. ρ(α) = ζ iff α ∈ Iζ .
Let p ∈ Pδ iff

(δ1) p ∈ P ∗
δ ,

(δ2) p � C ∈ PC ,
(δ3) p � Iζ ∈ PIζ

for each ζ < cf(δ),
(δ4) ∀x, y ∈ ap if x ≤p y, γζ < π(x) < γζ+1 ≤ π(y) then ∃u ∈ ap

x ≤p u ≤p y and π(u) = γζ+1

(δ5) ∀x, y ∈ ap if x ≤p y, π(x) < γξ ≤ π(y) < γξ+1 then ∃v ∈ ap

x ≤p v ≤p y and π(v) = γξ

(δ6) ∀x, y ∈ ap, γζ ≤ π(x) < γζ+1 ≤ γξ ≤ π(y) < γξ+1, x 6≤p y then

ip{x, y} ⊂
⋃
{ip{u, v} : u ≤p x, v ≤p y, π(u) = γζ , π(v) = γξ}.

We show that Pδ = 〈Pδ,≺〉 works, i.e. it satisfies properties (K+),
(Dδ

1) and (Dδ
2).

Lemma 3.20. Pδ satisfies (K+).

Proof. Let {pν : ν < ω1} ∈
[
Pδ

]ω1 , pν = 〈aν ,≤ν , iν〉, hν = hpν . Let
cν = {η < cf(δ) : aν ∩ Iη 6= ∅}. By thinning out the sequence {pν : ν <
ω1} we can assume that

(a) {aν : ν ∈ ω1} forms a ∆-system with kernel d,
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(b) there is a partial ordering ≤d on d such that ≤ν� d =≤d for each
ν ∈ ω1,

(c) {cν : ν < ω1} forms a ∆-system with kernel c.
(d) ∀η ∈ c ∃eη ∀ν ∈ ω1 aν ∩ ({γη, γη + 1} × ω) = eη

(e) ∀η ∈ c ∀{ν, µ} ∈
[
ω1

]2
the conditions pν � Iη and pµ � Iη have an

amalgamation rη
ν,µ =

〈
aη

ν,µ,≤η
ν,µ, i

η
ν,µ

〉
in PIη .

(f) ∀{ν, µ} ∈
[
ω1

]2
the conditions pν � C and pµ � C have an amalga-

mation rC
ν,µ =

〈
aC

ν,µ,≤C
ν,µ, i

C
ν,µ

〉
in PC .

(g) iν{x, y} = iµ{x, y} for each {x, y} ∈
[
d
]2

and {ν, µ} ∈
[
ω1

]2
.

To ensure (g) fix {x, y} ∈
[
d
]2

. If ρ(x) = ρ(y) = η then (g) holds

by (e): iν{x, y} = iµ{x, y}. If {π(x), π(y)} ∈
[
C

]2
then iν{x, y} =

iµ{x, y} def
= iC{x, y} by (f). If η = ρ(x) 6= ρ(y) = σ then by (δ6) we

have

iν{x, y} ⊂
⋃
{iν{u, v} : u ≤ν x, v ≤ν y, π(u) = γρ(x), π(v) = γρ(y)} ⊂⋃

{iC{u, v} : u ∈ eρ(x), v ∈ eρ(y)},

i.e. iν{x, y} is a subset of a fixed finite set for each ν ∈ ω1. So, by
thinning out our sequence we can guarantee that (g) holds.

Claim 3.20.1. pν and pµ are twins for each {ν, µ} ∈
[
ω1

]2
.

Fix {ν, µ} ∈
[
ω1

]2
. Define r = 〈a,≤, i〉 ∈ P 0 as follows:

(r1) a = aν ∪ aµ,
(r2) ≤ is the partial ordering on a generated by ≤ν ∪ ≤µ,
(r3)

i{x, y} =



iν{x, y} if {x, y} ∈
[
aν

]2
,

iµ{x, y} if {x, y} ∈
[
aµ

]2
,

iCν,µ{x, y} if {x, y} ∈
[
C

]2
,

iην,µ{x, y} if {x, y} ∈
[
Iη

]2
,

M(x, y) otherwise,

where

M(x, y) =
⋃
{i{u, v} : {u, v} ∈

[
a
]2

, u ≤ x, v ≤ y,

π(u) = γρ(x), π(v) = γρ(y)}.
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Claim 3.20.2. r is an amalgamation of pν and pµ.

Claim 3.20.3. ≤� C × ω =≤C
ν,µ.

Proof. Let x, y ∈ a ∩ (C × ω), x ≤ y. We can assume that x ∈ aν

and y ∈ aµ, and ρ(x) < ρ(y). Then, by fact 3.4(3), there is z ∈ d
with x ≤ν z ≤µ y. Then, applying (δ5) for x and z in pν there is
v ∈ aν such that x ≤ν v ≤ν z and π(ν) = γρ(z). Since z ∈ a we have
ρ(z) ∈ c and so v ∈ eρ(z) ⊂ d. Thus x ≤C

ν,µ y because x ≤ν v ≤µ y and
v ∈ d ∩ (C × ω). �3.20.3

Claim 3.20.4. r satisfies (δ2) and (δ3).

Proof. r � Iη = rη
ν,µ ∈ PIη is clear for each η < cf(δ) and r � C = rC

ν,µ ∈
PC follows from claim 3.20.3. �3.20.4

Claim 3.20.5. r satisfies (δ4).

Proof. Assume that {x, y} ∈
[
a
]2

, x ≤ y, γη < π(x) < γη+1 ≤ π(y).
We can assume that x ∈ aν \ aµ and y ∈ aµ \ aν . Pick z ∈ d such that
x ≤ν z ≤µ y.

If γη < π(z) < γη+1 then applying (δ4) for the pair {z, y} in pµ we
obtain u ∈ aµ such that z ≤µ u ≤µ y and π(u) = γη+1. Then this u
works for {x, y}.

If γη+1 ≤ π(z) then applying (δ4) for the pair {x, z} in pν we obtain
v ∈ aν such that x ≤ν v ≤ν z and π(v) = γη+1. �3.20.5

Claim 3.20.6. r satisfies (δ5).

Proof. Assume that {x, y} ∈
[
a
]2

, x ≤ y, π(x) < γη ≤ π(y) < γη+1.
We can assume that x ∈ aν \ aµ and y ∈ aµ \ aν . Pick z ∈ d such that
x ≤ν z ≤µ y.

If γη ≤ π(z) < γη+1 then applying (δ5) for the pair {x, z} in pν we
obtain an u ∈ aν such that x ≤ν u ≤ν z and π(u) = γη. Then this u
works for {x, y}.

If γη+1 < π(z) then applying (δ5) for the pair {z, y} in pµ we obtain
a v ∈ aµ such that z ≤µ v ≤µ y and π(v) = γη. �3.20.6

Claim 3.20.7. r satisfies (δ6).

Straightforward from the construction of i.

Claim 3.20.8. r satisfies (δ1): r ∈ P ∗
δ .

Proof. Write h = hr. Let {x, y} ∈
[
a
]2

be ≤-incomparable elements..
By fact 3.5 we can assume that x ∈ aν \ aµ and y ∈ aµ \ aν . Let
z ∈ h(x) ∩ h(y).
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Case 1. ρ(x) = ρ(y).

Let η = ρ(x). Since r � Iη = rη
ν,µ ∈ P ∗

Iη
we can assume that π(z) <

γη. Applying (δ5) for the pairs {z, x} and {z, y} we obtain u and v,
respectively, such that π(u) = π(v) = γη, z ≤ u ≤ x, z ≤ v ≤ y. Since
η ∈ cν ∩ cµ = c we have {u, v} ⊂ d. Since z ∈ h(u) ∩ h(v) we have
u = v by fact 3.5. Hence there is t ∈ iην,µ{x, y} = i{x, y} with u ≤η

ν,µ t.
Thus z ≤ t ∈ i{x, y}.

Case 2. ρ(z) = ρ(x) < ρ(y), π(z) = γρ(x).

Applying (δ5) for the pair {z, y} there is u ∈ a such that z ≤ u ≤ y
and π(u) = γρ(y). Then i{z, u} = {z} and i{z, u} ⊂ i{x, y}.

Case 3. ρ(z) = ρ(x) < ρ(y), π(z) > γρ(x).

Applying (δ4) for the pair {z, y} there is u ∈ a such that z ≤ u ≤ y
and π(u) = γρ(x)+1. If u ∈ aµ then there is w ∈ d ∩ (Iρ(X) × ω) such
that either z ≤ν w ≤µ u or z ≤µ w ≤ν x by fact 3.4(3). Hence ρ(x) ∈ c
and so u ∈ eρ(x) ⊂ d ⊂ aν . Thus u ∈ aν . Thus z ∈ hν(x)∩hν(u), hence
by fact 3.5 and by (δ6) we have x ≤ν u. Hence x ≤ y, contradiction,
this case is not possible.

Case 4. ρ(z) < ρ(x) < ρ(y).

Applying (δ4) for the pairs {z, x} and {z, y} we obtain u and v,
respectively, such that π(u) = π(v) = σ ∈ C, z ≤ u ≤ x, z ≤ v ≤ y.
Then z ∈ h(u) ∩ h(v) so, by case 1, we have u = v. Applying (δ5) for
the pairs {u, x} and {u, y} we obtain t and w such that u ≤ t ≤ x,
u ≤ w ≤ y, π(v) = γρ(x), π(w) = γρ(y). Since r � C = rC

ν,µ ∈ P ∗
C there

is s ∈ i{t, w} with u ≤ s. Then z ≤ s and s ∈ i{x, y}.
�3.20.8

Hence Pδ satisfies (K+). �3.20

Lemma 3.21. Pδ satisfies (Dδ
1).

Proof. Assume that p ∈ Pδ and z ∈ (δ × ω) \ ap. Let q = p ] {x}. We
need to show that q ∈ Pδ, i.e., q satisfies (δ1)–(δ6).

(δ1) follows from fact 3.8.
If z /∈ C × ω then q |̀ C = p |̀ C ∈ PC because p ∈ Pδ. If z ∈ C × ω

then q |̀ C = (p |̀ C) ] {z} ∈ PC because p |̀ C ∈ PC and PC satisfies
(DC

1 ). Hence (δ2) holds. Similar arguments work for (δ3).

As for (δ4), let {x, y} ∈
[
aq

]2
with x ≤q y. Then {x, y} ∈

[
ap

]2

because z and the elements of ap are ≤q-incomparable. So we can
apply property (δ4) for {x, y} in p to get a suitable u ∈ ap ⊂ aq.
Similar arguments work for (δ5).
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As for (δ6), let x, y ∈
[
aq

]2
. If z ∈ {x, y} then iq{x, y} = ∅ so the

required inclusion holds trivially. Otherwise {x, y} ∈
[
ap

]2
so we can

use property (δ6) for p to get the required inclusion. �3.21

Lemma 3.22. Pδ satisfies (Dδ
2).

Proof. If {α, β} ∈
[
Iη

]2
for some η then let Lδ(α, β) = LIη(α, β). Oth-

erwise, if α ∈ Iη, β ∈ Iσ, η < σ, then let α+ = min(C \ α + 1) and
put

Lδ(α, β) = {α, α+} ∪ LC(α+, γσ) ∪ LIσ(γσ, β).

Enumerate LP (α, β) as α = α0 < α1 < · · · < αn−1 < β. Let p ∈ Pδ,
z ∈ ap with π(z) = β and zi ∈ (δ × ω) \ ap with π(zi) = αi for i < n.
Let q = p ]z 〈z0, . . . zn−1〉.

We should show that q ∈ Pδ, i.e. q satisfies (δ1)–(δ6).
We will consider only the harder case, i.e. when α ∈ Iη, β ∈ Iσ,

η < σ. Fix 1 ≤ m < n such that LC(α+, γσ) = {α1, . . . , αk−1} and
LIσ(γσ, β) = {αk, . . . , αm−1}, i.e.

α0 = α < α1 = α+ = γη+1 < · · · < αm = γσ < · · · < αn−1 < β.

(δ1) follows from fact 3.11.
(δ2): If z /∈ C × ω then

q |̀ C = ((p |̀ C) ] {zk}) ] {zk−1} · · · ] {z`} ∈ PC ,

where ` = 1 if α0 /∈ C and ` = 0 if α0 ∈ C, because PC satisfies D1
C .

If z ∈ C × ω then

q |̀ C = (p |̀ p) ]z 〈z`, . . . , zk〉 ∈ PC ,

where ` = 1 if α0 /∈ C and ` = 0 if α0 ∈ C, because PC satisfies D2
C .

(δ3): Let ζ < cf δ. If ζ = σ then

q |̀ Iσ = (p |̀ Iσ) ]z 〈zk, . . . , zn−1〉 ∈ PIσ

because PIσ satisfies D2
Iσ

. If γζ = αi for some i ∈ {0, . . . k − 1} then

q |̀ Iζ = (p |̀ Iζ) ] {zi} ∈ PIζ

because PIζ
satisfies D1

Iζ
.

Otherwise q |̀ Iζ = p |̀ Iζ ∈ PIζ
.

(δ4): Let {x, y} ∈
[
aq

]2
with x ≤q y and γζ < π(x) < γζ+1 ≤ π(y) .

If x ∈ ap then y ∈ ap so we can apply (δ4) in p the get a suitable u. So
we can assume that x ∈ {z0, . . . , zn−1}. Since γζ < π(x) < γζ+1 ≤ π(y)
we have x = z0 or z ∈ {zk+1, . . . , zn−1}. If x = z0 then u = z1 works.
If x = zi for some k < i < n then ξ = σ so γσ+1 ≤ π(y) implies y ∈ ap.
Hence γσ < π(z) < γσ+1 ≤ π(y) and so applying (δ4) in p for the pair
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{z, y} we get u ∈ ap with z ≤p u ≤y and π(u) = γσ+1. Thus this u
works for {x, y} in q.

(δ5): Let {x, y} ∈
[
aq

]2
with x ≤q y and π(x) < γξ ≤ π(y) < γξ+1.

If x ∈ ap then y ∈ aq so we can apply δ4 in p the get a suitable v. So
we can assume that x ∈ {z0, . . . , zn−1}.

If ξ = σ then v = zk works.
If ξ > σ then z ≤p y and π(z) = γσ < γξ ≤ π(y) < γζ+1 so we can

apply (δ5) in p for the pair {z, y} to get a suitable v.
If ξ < σ then y ∈ {z1, . . . zk−1} so v = y works.

(δ6): Let {x, y} ∈
[
ap

]2
If {x, y} ∈

[
ap

]2
then we can apply (δ6) for

p to get the required inclusion. We can assume that x ∈ {z0, . . . , zn−1}.
Then iq{z, y} = ∅ by the construction of q = p]z 〈z0, . . . , zn−1〉 because
x and y are incomparable and so z 6≤p y. �3.22

Thus the limit step is done as well, which completes the inductive
construction, so theorem 3.15 is proved. �3.15

We conclude the paper with the result we quoted in the abstract.

Theorem 3.23. If there is a κ-nice poset P for some regular cardinal
κ then there is a c.c.c poset Q such that T HIN (δ) holds in V Q for
each δ < κ+.

Proof. Using theorem 3.15 we fix, for each δ < κ+, a δ-nice poset Pδ.
Let Q be the finite-support product of {Pδ : δ < κ+}. Since every Pδ

has property (K), so has Q.
Let G be a Q-generic filter and let δ < κ+ be arbitrary. Then Gδ =

{p(δ) : p ∈ G ∧ δ ∈ dom p} is a Pδ-generic filter, hence T HIN (δ)
holds in V [Gδ] winessed by some space Xδ by proposition 3.14. Since
V [Gδ] ⊂ V [G] the space Xδ witnesses T HIN (δ) in V [G]. �
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