A LIFTING THEOREM ON FORCING LCS SPACES
LAJOS SOUKUP

ABSTRACT. Denote by THZN (o) the statement that there is an
LCS space of height a and width w. We prove, for each regular
cardinal x, that if there is a “natural” c.c.c poset P such that
THIN (k) holds in V¥ then there is a “natural” c.c.c poset @ as
well such that 7HZA () holds in V? for each § < .

1. INTRODUCTION

A topological space X is called scattered if its every non-empty sub-
space has an isolated point. Denoting by I(Y) the isolated points of a
subspace Y C X for each ordinal a define the at" Cantor-Bendizson
level of the space X, 1,(X), as follows:

[o(X) = T(X\U{Ip(X) : 7 < a}).

The minimal o with I,(X) = 0 is called the height of X and de-
noted by ht(X). Define the width of X, wd(X), as follows: wd(X) =
sup{|I.(X)|: a < ht(X)}. The cardinal sequence of X, CS(X), is the
sequence of the cardinalities of its Candor-Bendixson levels, i.e.

CS(X) = ( |1a(X)] : a < ht(X) ).

The following problem was first posed by R. Telgarsky in 1968 (un-
published): Does there exist a locally compact, scattered ( in short:
LCS) space with height wy and width w? After some consistency re-
sults Rajagopalan, in [8], constructed such a space in ZFC.

To simplify the formulation of the forthcoming results denote by
THIN («) the statement that there is an LCS space of height o and
width w. (A scattered space is called thin iff it has width w.)

In [4] I. Juhdsz and W. Weiss showed THZN («) for each a < wy.
W. Just proved, in [5], that this result is sharp in the following sense.
Add wy Cohen reals to a ZFC model satisfying CH. Then, in the
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generic extension, 2¥ = wy and 7 HZN (wy) fails. So you can not prove
THIN (a) for each o < (2¥)" in ZFC.

Just’s result was improved in [3] by I. Juhdsz, S. Shelah, L. Soukup
and Z. Szentmikléssy: if we add Cohen reals to a model of set theory
satisfying CH, then, in the new model, every LCS space has at most
wy many countable levels.

The notion of A-function (see definition 1.1 below) was introduced
in [2]. In that paper Baumgartner and Shelah proved that (a) the
existence of a A-function is consistent with ZFC, (b) if there is a A-
function then 7HZN (wz) holds in a natural c.c.c forcing extension. We
will explain later, in section 3, what we mean under “natural poset”.
Roughly speaking, “natural” means that the elements of the posets
are just finite approximations of the locally compact right-separating
neighbourhoods of the points of the desired space. Building on their
method, but using much more involved combinatorics, Martinez [6]
proved that if there is a strong A-function, then for each § < ws there
is a c.c.c poset P5 such that THZN () holds in V. These results
naturally raised the following problem.

Problem 1. Does THIN (ws) imply THIN () for each 6 < w3?

Although this question remains still open we prove a “lifting theo-
rem” claiming that if there is a natural poset P,,, such that THZN (ws)
holds in V2 then for each § < ws there is a natural poset P; such
that 7HZN () holds in V%5: the posets used by Martinez can be con-
structed directly from the poset applied by Baumgartner and Shelah
without even mentioning the A-function. Moreover, our lifting the-
orem works for each cardinal x, not only for wy! Since there is no
A-function on w3 you can not expect to apply the method of Baum-
gartner and Shelah to prove 7THZN (w3). However, if anybody can
construct a “natural” c.c.c poset P such that 7HZN (ws3) holds in V7
then our theorem gives immediately the consistency of THZN («) for
each a < wy.

To formulate this statement more precisely we introduce some no-
tation, so we postpone the formulation of our main result till theorem
3.15.

First we recall some definition and results.

Definition 1.1. Let f : [wgf — [ws] = be a function with fla, 5} C

angfor {a, B} € [Wz}z. (1) We say that two finite subsets x and y of
wq are good for f provided that fora € z Ny, fex\yandy€ey\z
we always have

(a) a < B,y = a € f{G,7},
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(b) a <f = fHa,v} C f{B}

(c) B <v= o, 0} C fan}.

(2) The function f is a A-function if every uncountable family of finite
subsets of wy contains two elements x and y which are are good for f.
(3) The function f is a strong A-function if every uncountable family
A of finite subsets of w, contains an uncountable subfamily B such that
any two sets x and y from B are good for f.

Theorem (Velickovic). If,, holds then there is a strong A-function.

For the proof see [1].

2. A METHOD TO FORCE THIN LCS SPACES WITH PRESCRIBED
CARDINAL SEQUENCE

Recall that given a topological space (X, 7x) a function f : X — 7x
is called neighbourhood assignment iff x € f(x) for each z € X.

Assume that X is an LCS space. Define the function ht : X —
ht(X) by the formula x € Ipy(,)(X). Since LCS spaces are 0-dimensional,
we can fix a neighbourhood-assignment U : X — 7y such that U(z)
is a compact-open neighbourhood of x with

U@)\ {2} € Loy () = {3t @ < ht(a)}.
The family {U(z), X \ U(z) : € X'} is a subbase of X.

The space is coherent iff we can choose U in such a way that x € U(y)
implies U(x) C U(y). Such a U is a called coherent neighbourhood
assignment .

If U is coherent then we can define a partial order <y on X by taking
x<yy iff x € U(y). Since clearly U(z) = {y € X : y <y x} we have that
<y determines the neighbourhood assignment U.

If < is an arbitrary partial order on X then define the topology 7, on
X generated by the family {Ui(x), X \ Uy(z) : z € X} as a subbase,
where Ug(z) = {y € X : y<x}. As we have seen if U witnesses that
(X, 7) is coherent then 7, = 7.

So the topologies of coherent LCS spaces are determined by partial
orderings. We would like to determine certain properties of a partial
ordering in such a way that if some partial order (X, <) has those prop-
erties then (X, 74) is an LCS-space with prescribed Cantor-Bendixson
levels.

To formulate these properties we investigate some covering properties
of the family {U(x) : x € X}, where U is a coherent neighbourhood
assignment on some LCS-space X.
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Ifx ¢ Uy ) and y gé U(:r) then
) C | J{U(z) : 2 € U(z) nU(y)}.

Since U(z)NU(y) is compact there is a finite set i{z, y} € [U(z) N U(y)] =

such that
U(y) C U{U(z) cz €i{x,y}}.
We will enumerate some properties of < and the function i. Let
d = ht(X) and for a < ¢ write X, = [,(X).
(I) if z € X,,, y € X3 and x <y then either =y or a < 3,
(IT) Y{xz,y} € [X}Q (Vz € X (zaw Azay) iff 3t € i{z, y} 24t ).
(IT) if x € X, and B < « then the set {y € X : y<z} is infinite.

Proposition 2.1. Assume that {X, : « <} is a partition of a given
set X, < is a partial order on X and i : [X}2 — [X} s a function
satisfying (I)—(1II). Then X = (X, 74) is a (coherent) LCS space with
[,(X) = X, for a <.

Proof. X is right-separated, i.e. scattered, witnessed by any well-
ordering extending the well-founded partial ordering < because of (I).
For each z € X, the family

z) = { Us() \ |J Ualw) Ua() \ {=}] ™}
yel
is a neighbourhood base of . Indeed, if x # y then Uy(z) N Uy(y) =
U,(x) provided = € Uy(y) and

Ua(z) \ Ua(y) = Uq(z) \ U Ua(2)

z€i{z,y}
provided z ¢ Uq(y), where i{z,y} € [Uq(z) \ {z}] =
Lemma 2.2. [,(X) = X,.

Proof. First we show by induction on « that if z € X,, U € U(x)
and f < « then UN Xg # 0. For § = a we have x € U N Xj so
we can assume [ < «. Assume that U = Ug(z) \ U{U4(2) : z € F},
where F € [Uq(z) \ {z}] . Let p=max{r: FNX, # 0} and y =
max{u, 3}. Since v < a by (III) we can pick ¢t € (X,NUgq(z))\ F. Then
Uq(t) \U{U4(2) : z € F'} C U is a neighbourhood of ¢ which intersects
Xp by the inductive hypothesis because t € X, and 8 < v < .

Now prove the statement of the lemma by induction on «. Let
V=X \Upeo Is(X) = X\ U Xp. If 2 € X,y then U(z) NY = {2},
so X, C I(Y). If z € X, for some v > a then for any neighbourhood
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of U we have UN X, # 0, i.e. UNY # {z}, and so x ¢ I(Y). Thus
I(Y) = X, which was to be proved. O

Lemma 2.3. Uy(z) is compact in X.

Proof. We prove this statement by induction on ht(x). By Alexander’s
subbase lemma it suffices to show that any cover V of Uy(z) by members
of {Ui(y) : y € X} and their complements has a finite subcover. Let
V €V be such that x € V. If V.= Uy(y) then Uy(xz) C Uy(y) so we
have a one element covering. So we can assume that V = X \ Uy(y).
Then

Uq(z) \V = Uq(z) NUq(y) = | J{ Ual2) : z € i{a, 4} }.

For each z € i{x,y} we have ht(z) < ht(z) and so Uy(z) is compact,
and so Uy(x) \ V is compact as well. Thus there is a finite YW C V with
Uq(z) \ V C UW. Hence WU {V} is a finite cover of Uy(z) O

This completes the proof of proposition 2.1. Cloq

We say that < is an LCS-order on X iff (X, 7,) is an LCS-space.

So our strategy to force an LCS space with a prescribed cardinal
sequence (ko : @ < ) is the following. Let X, = {a} X k, for a < 6
and put X = [J{X, : a < d}. Now we try to add generically a partial
ordering < on X and a function i : [X]2 — [X} < satisfying (I)—(III)
using finite approximations. That is, a typical forcing condition is a
triple (a, <, i), where a is a finite subset of X, < is a partial order on a,
and 7 is a function on [a}Q such that (a, <,17) satisfies (I) and (IT). (III)
would be guaranteed by some density argument. This type of forcing
was introduced by Judy Roitmann to get thin superatomic Boolean
algebras (LCS spaces).

The main problem is that the poset of all the possible finite approx-
imations may not satisfy c.c.c. That is the point where the A-function
came into the picture. Baumgartner and Shelah, and later Martinez,
applied this function to select a suitable subfamily of the conditions
which satisfies c.c.c. Our strategy will be different: we show that if
there is a suitable poset which introduces 7HZN (k) then for each
d < kT there is a a suitable poset which introduces THZN(9).

This strategy will be carried out in the next section in a special
situation.

3. LIFTING THEOREM

Fix a cardinal K > w and let 7 : K© X w — KT be the natural
projection: 7({a,n)) = .
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Define the poset P° = (P° <) as follows. The underlying set P°
consists of triples (a, <,4) satisfying the following requirements:
(i) a € [T X W] =
(ii) <isa partlal ordering on a,
(iil) V{z, y} € la } if x <y the 7(z) < 7(y),
(iv) i: [a } — P(a) is a function,
(v) {z,y} € [a } if 7(z) = 7(y) then i{z,y} =0,
(vi) V{z,y} € [a } if x <y then i{z,y} = {x}.
Write p = (a?, <P, i) for p € P°. Define the function h? : a? — P(aP)
by the formula h?(z) = {y € a” : y <P x}. For b C a” write hP[b] =
U{r*(x) : x € b}.
Let p<q iff a? Ca?,
<I=<P N(a? x af),
11 C P,
Clearly < is a partial ordering on P°.
Let

P*={{a,<,i) € P’ : V{z,y} € [af Vzea
(z<azAz<y)iff It €ifz,y} 2 <t}
Fact 3.1. For p € PY,
p € P iff V{z,y} € [ap}z hP(x) N AP (y) = hP[iP{x, y}].

The elements of P* can be considered as the natural finite approxi-
mations of an LCS-order on k™ x w and the witnessing function i.

Definition 3.2. Two condition p,q € P° are twins iff (i)—(ii) below
hold, where a = a” N a?:

(i) <Pla=<"aq,

(ii) & | [a]* =49 | [a]’,
Definition 3.3. Let p,q € P° be twins. A condition r € PY is an
amalgamation of p and q iff
(a) a" = aP Ual
(b) <" is the partial ordering on a” generated by <P U <,
(c) i D P Uil
Let

amalg(p, q) = {r : r is an amalgamation of p and ¢}.

When we speak about amalgamations of two conditions we will al-
ways assume that these conditions are twins.
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Fact 3.4. Ifr € P° is an amalgamation of p and q, then

(1) <[ aP =<7,

(2) r<pandr < q,

(3) If x € a? and y € a? then x <" y iff there is z € a? N a? such that
x <Pz <1y.

Fact 3.5. Ifr € P° is an amalgamation of p and q, moreover p,q € P*
then
2 2 57 r (s
V{z,y} € [@] U [a"]" B (z) N 17 (y) = K7 [i{z, v},

Proof. Assume that {x,y} € [apf and let z € (h"(x) N A"(y)) N al.
Then there are u,v € aP Naf with z <?u <P r and z <% v <P y. Since
q € P* there is w € 1%{u,v} with z <? w. Since "{u,v} = i%{u,v}
we have w € a? Na?. Thus w € hP(z) N hP(y). Since g € P*, there is
t € iP{x,y} with w <P t. Thus z <9 w <P t € *{x,y} = i"{z,y} and
hence z € h"[i"{z,y}]. Oss

For A C kT let
Py={pe P :ad’ C Axuw}.

Next we introduce three properties, (K*), Df* and D3, of posets
(P, <), where P C P} for some A C x*. The first one is a strong
version of property (K), the two others are density requirements.

Definition 3.6. Let P C P*. The poset P = (P, <) has property
(K ) iff
VS € [P] “'3JT € [S}wl V{p,q} € [T}Q p and ¢ have an amal-

gamation in P.

Definition 3.7. For a condition p € P% and z € (kT x w) \ a? define
q=pW{x} € P° as follows:

e a? =aPU{x},

o <I=<"U{(z,2)},

o P C

o i{x,y}t =0 for y € a?.
Fact 3.8. pw{x} € P} for eachp € P} and x € (A xw) \ a”.

Definition 3.9. Let P C Pj. The poset P = (P, <) has property D;!
iff
pw{zr} € P foreach p € P and z € (A xw)\ a.

Definition 3.10. For p € P4, € a®; 4o, Y1, -, Yn—1 € (A X w) \ a®
with 7(yo) < m(y1) < ...7(yn—1) < 7w(z) define the condition ¢ =
pYe (Yo, .-, Yn1) € P° as follows:
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al = a’ U {yOa s 7yn—1}7

quép U{(yzay] : 7/ S] < n)} U {<yl7'z> 1z e ap’x Sp Z}a
P C il

i{Yi, Yi} = Ymin(ig)»

AL _J v if v <P 2
"y 2} { () otherwise

for z € aP.

Fact 3.11. If p € P}, © € a”, yo,y1,---,Yn-1 € (A X w) \ @ with
m(yo) < m(vh) < ... 7(Yn_1) < w(x), then ¢ = pW, (zg,...,x,_1) € P3.
Definition 3.12. Let P C Pj;. The poset P = (P, <) has property
Dyt iff
V{a, B} € A, a < 3, there is a finite set of ordinals L («, 3) =
{ag,...,an_1} € [Arw such that c =g < ay < ...ap_1 < f
and if p € P, x € a? with w(z) = f and x; € (A X w) \ a” with
m(x;) = o for i < n, then pW, (yo,...Yyn—1) € P.

Definition 3.13. Let A C k™ and P C P*. The poset P = (P, <) is
A-nice iff P C P} and P has properties (KT), (Df!) and (D4'). For
d <kt let N AT (0) be the statement that there is d-nice poset P;.

Proposition 3.14. If a poset P is §-nice then P has property (K) and
THIN (6) holds in V.

Proof. By fact 3.4(2) property (K*) implies property (K). Let G C P
be a generic filter. Put A = (J{a® : p € G}, i = J{* : p € G}
and <= |J{<": p € G}. Then A = § x w by (Dj). The partial
ordering < satisfies (I) because every p € P satisfies (iii). The function
i [5 X w]2 — [(5 X w} = satisfies (IT) because every element of P is
in P*. Finally (III) holds because (D3?) can be applied in a suitable
density argument. Thus (§ X w, 7<) is an LCS space with levels {a} xw
for a < 0. U314

After this preparation we are able to formulate the main lifting the-
orem.

Theorem 3.15. N AT (k) implies N AT () for each cardinal k and
ordinal § < kT.

First, in lemma 3.16 below, we show that our lifting theorem works
downwards. Although 7HZN (k) clearly implies THZN (8) for § < K
we should prove N AT (§) for 6 < k as well, because we will use the
posets witnessing this to prove N AT () for v > k.

If pe P°and I C k* let

p{lefmuxwxgwuxwyﬁarwfy
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Observe that
e p|lePiffir{z,y} C I xw foreach {z,y} € [a? N (I x w)f,
eifpc P andp|I€ P’thenp|Ic€ P

Lemma 3.16. N AT (k) implies N AT (§) for 6 < k.

Proof. Fix P, C Pf such that P, = (P,, <) has properties (K), (D})
and (Dj). Let Ps = (P5, <), where P° = {p | 0 : p € P.}.

We should check that Ps also has has properties (K), (D?) and
(D3).

(K*): Let {p, | 6 : v < wi} € [P]*". We can assume that for
each {v,u} € [wl]2 py and p have an amalgamation r,, € P,. Hence
Ty | 0 € Ps is an amalgamation of p, [ 0 and p,, | 9.

(D?) is easy: (p [ 0)W{z} = (pw{z}) |4 for n(x) < 4.

(Dg) is also easy: (p r 5) Wy <y07 s 7yn—1> = (p Wy <?JO; s 7yn—1>) r 0
for m(x) < 4. Us.16

Proof of theorem 3.15. Since we know the statement for 6 < x we prove
the theorem by induction on § > k. When we constructed Ps we will
also have P4 C Pj for each A C k% with order type 0 such that
Pa = (P4, <) has properties (KT), (D{!) and (D3}).

We will write LA(«, 3) for LP4(a, 8). Let LA (o, ) = 0.
Successor step:

Assume that Pj is constructed. Then we can get Ps,; as follows.

A pisin Ps,q iff

(i) pe P§+1>

(H) p f S P67
(iii) V{x,y} € [apf if m(x) < and 7(y) = § then either i{z,y} =«

(i.e. x <P y)ori{z,y} =0 (i.e. h?(x)NRP(y) = 0).

We show that Psyq = (Ps, <) works, i.e. it satisfies properties (K ™),

(D7) and (D3*h).

Lemma 3.17. Py satisfies (K™).

Proof. Let {p, : v < w} € [P(;H]wl, Py = (ay,<,,i,), h, = hP.
Without loss of generality

(a) Y{v,u} € [wl]Q r,, € Ps r,, is an amalgamation of p, and p,.

(b) It a, N ({0} xw) =1t.
(c) {a, v < wl} forms a A-system with kernel a.
(d) <ul'a=<,] a for each {v,u} € [wl}

(iii) and (d) together imply that
(¢) V{v,u} € [wn]” Vo €t Vy € (a\ 1) in{w, y} = infw, y}.
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Now for each {v,u} € [wl]2 the conditions p, and p, are twins and
we can define r € P? as follows:
e 1 is an amalgamation of p, and p,
o [d=r,,
If {z,y} € [a’“f \ ([apf U [aq]2) then {z,y} € [a”v“f. Hence
Ty € Py and fact 3.5 imply that r € Py, ;. Thus r € Fsy. Os 17

Lemma 3.18. Ps,, satisfies (D).
Straightforward.
Lemma 3.19. Ps,; satisfies (D).

Proof. For a < 8 < § let L‘;Jfﬁl = L2 5. For v < 0 let L‘;j%l = {a}.
U319

The successor step is done.
Limit step:

Assume that ¢ is limit ordinal, and P, is constructed for each A C k™
with order type < 4.

Fix a club C C 6, C = {v : ¢ < cf(0)}. Let It = [v¢,7cq1) for
¢ < cf(9).

Let p: 6 — cf(d) s.t. pla) =Ciff a € L.

Let p € Ps iff

2)
3) p | I € Py, for each ¢ < cf(9),
) Ve,y € a? if v <Py, v¢ < m(x) < Yep1 < 7(y) then Ju € a?
r <P u <Pyand 7(u) = yet1
(05) Vo,y € a? if © <P y, m(x) < v < m(y) < Yeq1 then Jv € aP
r <Py <Pyand 7(v) =
(66) Y,y € 0P, 7 < 7(x) < remr < 7 < W) < Yesn, & £P y then

i*{x,y} C U{ip{u,v} cu <P o <Py, m(u) =9, 7(v) = e}

We show that Ps = (Ps, <) works, i.e. it satisfies properties (K1),
(D3) and (D3).

Lemma 3.20. Pj satisfies (KT ).
Proof. Let {p, : v < w1} € [Pg]wl, Py = (ay, <,,i,), h, = h?". Let

¢, = {n < cf(9) : a, N I, # 0}. By thinning out the sequence {p, : v <
wy } we can assume that

(a) {a, : v € wy} forms a A-system with kernel d,
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(b) there is a partial ordering <¢ on d such that <, d =<¢ for each
vV E wy,

(¢) {¢y : v < w;} forms a A-system with kernel c.

(d) Vn € c3e, Vv € wy a, N ({1 + 1} xw) =e,

(e) Vn € ¢ Wy, u} € [w1]2 the conditions py | I, and p, [ I,, have an
amalgamation 7y} , = (al,, < o <ot u> in Pr,.

(f) v, u} € [w1]2 the cond1t10ns p, | C and p, [ C have an amalga-
mation 5, = (aS,, <C i) in Pe. ) ;

(g) i{z,y} = zu{x,y} for each {z,y} € [d]” and {v, u} € [wi]".

To ensure (g) fix {z,y} € [d]Q. If p(z) = p(y) = n then (g) holds

by (e): i{z,y} = i {z,y}. If {r(z),7(y)} € [C } then i,{z,y} =

. ef .

iy} = i{a,y} by (. If n = p(x) # p(y) = o then by (56) we

have

iu{xay} - U{iu{u>v} u <, v <, Yy, W(u) = 7p($)77r(v) = Vp(y)} -

{i%u, 0} - u € epy,v € e}

ie. i,{x,y} is a subset of a fixed finite set for each v € w;. So, by
thinning out our sequence we can guarantee that (g) holds.

Claim 3.20.1. p, and p, are twins for each {v, u} € [w1]2.

Fix {v,u} € [wlf. Define r = {(a, <,i) € PY as follows:

(rl) a =a, Uay,,
(r2) < is the partial ordering on a generated by <, U <,,

(r3) ( ,
i{zr,y} if{z,y} € [a,,] ,
i r,y}t i {z,y} € [a“}Q,

iz, y} = igy{x,y} if {x,y} € [C’]Q,
i {z,y} i {z,y} € [L,]",

M (z,y) otherwise,

where

y) = U{@{u,v} Au,v} € [a}Q,u <z,v<y,
(1) = Yo(a), T(V) = Vo) }-



12 L. SOUKUP

Claim 3.20.2. r is an amalgamation of p, and p,.
Claim 3.20.3. <| C' x w =<7 .

Proof. Let z,y € anN (C X w), z < y. We can assume that z € a,
and y € a,, and p(x) < p(y). Then, by fact 3.4(3), there is z € d
with © <, z <, y. Then, applying (65) for x and z in p, there is
v € a, such that x <, v <, 2z and 7(v) = 7,). Since z € a we have
p(z) €Ecand sowv € €p(z) C d. Thus z Sgu y because x <, v <, y and
vedn(C xw). 03903

Claim 3.20.4. r satisfies (62) and (63).

Proof. r | I, =}, € Py, is clear for each n < cf(0) and r | C =rf, €
P. follows from claim 3.20.3. L3904

Claim 3.20.5. 7 satisfies (64).

Proof. Assume that {z,y} € [a}Q, <y, < m(x) <y < w(y).
We can assume that = € a, \ a, and y € a,, \ a,. Pick z € d such that
r<,z<,y.

If v, < m(2) < Yy4+1 then applying (04) for the pair {z,y} in p, we
obtain u € a, such that z <, v <, y and 7(u) = y,+1. Then this u
works for {z,y}.

If v,41 < m(2) then applying (64) for the pair {x, 2z} in p, we obtain
v € a, such that x <, v <, z and 7(v) = Y41. 03905

Claim 3.20.6. r satisfies (05).

Proof. Assume that {z,y} € [a}Q, r <y, m(x) < < 7(Yy) < Y-
We can assume that z € a, \ a, and y € q,, \ a,. Pick 2z € d such that
<,z <,y

If v, < 7(z) < Yy41 then applying (65) for the pair {z, 2} in p, we
obtain an u € a, such that z <, v <, z and 7(u) = ,. Then this u
works for {z,y}.

If 7,41 < 7(z) then applying (05) for the pair {z,y} in p, we obtain
av € q, such that z <, v <, y and m(v) = ,. Os.90.6

Claim 3.20.7. r satisfies (00).
Straightforward from the construction of i.

Claim 3.20.8. r satisfies (01): r € Pj.

Proof. Write h = h". Let {z,y} € [a}z be <-incomparable elements..

By fact 3.5 we can assume that z € a, \ a, and y € a, \ a,. Let
z € h(z) N h(y).
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Case 1. p(z) = p(y).

Let n = p(z). Since r | I, = r],, € Py we can assume that 7(z) <
vy- Applying (85) for the pairs {z,2} and {z,y} we obtain v and v,
respectively, such that 7(u) = 7(v) =v,, 2 <u <z, z <v < y. Since
n € ¢, Nc, = c we have {u,v} C d. Since z € h(u) N h(v) we have
u = v by fact 3.5. Hence there is t € 7} {z,y} = i{z,y} with u <] 2.
Thus z <t € i{x,y}.

Case 2. p(z) = p(z) < p(y), 7(2) = Vp()-

Applying (5) for the pair {z,y} there is u € a such that z < u <y
and 7(u) = 7,¢). Then i{z,u} = {2} and i{z,u} C i{z,y}.

Case 3. p(z) = p(x) < p(y), 7(2) > Yp(@)-

Applying (§4) for the pair {z,y} there is u € a such that z < u <y
and 7(u) = Vp@)+1- If v € a, then there is w € d N (I,x) X w) such
that either z <, w <, wor z <, w <, z by fact 3.4(3). Hence p(x) € ¢
and so u € e,y C d C a,. Thus u € a,. Thus z € h,(x) Nh,(u), hence
by fact 3.5 and by (66) we have x <, u. Hence z < y, contradiction,
this case is not possible.

Case 4. p(z) < p(x) < p(y).

Applying (64) for the pairs {z,z} and {z,y} we obtain u and v,
respectively, such that 7(u) = 7(v) =o€ C, z <u <z, 2z <v <y.
Then 2z € h(u) N h(v) so, by case 1, we have u = v. Applying (5) for
the pairs {u,x} and {u,y} we obtain ¢ and w such that v < t < =z,
u < w <y, (V) = V), T(W) = Yy Since v | C =71l € Pg there
is s € i{t,w} with u < s. Then z < s and s € i{z,y}.

L3208

Hence Pj satisfies (K™). O3 90
Lemma 3.21. Ps satisfies (D3).

Proof. Assume that p € Ps and z € (§ X w) \ @”. Let ¢ =p W {z}. We
need to show that ¢ € Fy, i.e., ¢ satisfies (01)—(56).

(1) follows from fact 3.8.

If 2¢ C xwthen q] C =p|C € Pobecause p € Ps. If z € C xw
then ¢ C = (p| C) W {z} € Pc because p| C € Pc and P satisfies
(D). Hence (62) holds. Similar arguments work for (§3).

As for (04), let {z,y} € [aq]g with x <? y. Then {z,y} € [ap]2
because z and the elements of a? are <%-incomparable. So we can
apply property (64) for {z,y} in p to get a suitable v € a? C af.
Similar arguments work for (65).
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As for (06), let z,y € [aq]2. If z € {z,y} then i?{z,y} = 0 so the

required inclusion holds trivially. Otherwise {z,y} € [aﬂz SO we can
use property (66) for p to get the required inclusion. O30

Lemma 3.22. P; satisfies (DS).

Proof. If {«a, B} € [[n]2 for some 7 then let L°(«a, 3) = L' («, 3). Oth-
erwise, if « € I, § € I,, n < o, then let a™ = min(C' \ o + 1) and
put

L(a, B) = {a, 0} U L (a*, %) UL (76, ).
Enumerate L (a,3) as a = ap < oy < -+ < a1 < 3. Let p € Ps,
z € a? with 7(z) = f and z; € (6 X w) \ @ with 7(z;) = «; for i < n.
Let g =pW, (20,...2n_1)-

We should show that ¢ € Ps, i.e. ¢ satisfies (01)—(96).

We will consider only the harder case, i.e. when o € I, 8 € I,
n < o. Fix 1 < m < n such that L (a™,7,) = {a1,...,ax_1} and
L (v,, 8) = {ag, ..., m_1}, i.e.

a0:a<a1:a+:%+1<---<am:%<---<an_1<ﬁ.

(61) follows from fact 3.11.

(02): If z ¢ C X w then

g C=((pl O)W{z}) Wiz} W{z} € P,

where £ =1 if ag ¢ C and £ = 0 if oy € C, because P satisfies ch.

If z € C x w then

qu: (pfp) W, <Z@,...,Zk> S Pc,

where £ = 1if ag ¢ C and £ = 0 if ag € C, because Pp satisfies D%,

(03): Let ¢ < cfd. If ( = o then

qr]cr: (prla) W, <Zka'-~7zn—1> € PIU
because Py, satisfies D} . If 7 = o; for some ¢ € {0,...k — 1} then
ql e = (pl 1) ¥ {z} € P

because P, satisfies Dj .

Otherwise q [ Ic = p| I¢ € P,.

2 .

(64): Let {z,y} € [a?]” with 2 <7y and 7 < 7(z) < e < 7(Yy)
If 2 € a? then y € a” so we can apply (d4) in p the get a suitable u. So
we can assume that x € {2,...,2,-1}. Since 7. < 7(z) < yep1 < 7(y)
we have © = zg or z € {zy1,...,2n_1}. If @ = 2z then u = 2z; works.

If x = 2; for some k < i < n then £ = 0 s0 V,41 < 7(y) implies y € aP.
Hence 7, < 7(2) < 7o41 < 7(y) and so applying (d4) in p for the pair
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{z,y} we get u € a” with z <P u <Y and 7(u) = Yy41. Thus this u
works for {x,y} in q.

(05): Let {z,y} € [aq}z with z <? y and 7(z) < v < 7(y) < Vet
If € a” then y € a? so we can apply 04 in p the get a suitable v. So
we can assume that € {zp,..., 2,1}

If ¢ = o then v = 2, works.

If € > 0 then z <P y and 7(2) = 75 < Ve < 7(y) < Yc41 SO We can
apply (05) in p for the pair {z,y} to get a suitable v.

If ¢ <othenye {z,...2,1} so v =1y works.

(06): Let {z,y} € [apf If {x,y} € [ap]2 then we can apply (46) for

p to get the required inclusion. We can assume that x € {zo,...,2,-1}.
Then i?{z,y} = 0 by the construction of ¢ = pW, (o, . .., z,_1) because
x and y are incomparable and so z £P y. (399

Thus the limit step is done as well, which completes the inductive
construction, so theorem 3.15 is proved. Us1s

We conclude the paper with the result we quoted in the abstract.

Theorem 3.23. If there is a k-nice poset P for some reqular cardinal
Kk then there is a c.c.c poset Q such that THIN (8) holds in V@ for
each 6 < k™.

Proof. Using theorem 3.15 we fix, for each § < k™, a d-nice poset Ps.
Let @ be the finite-support product of {Ps : 6 < kT}. Since every P
has property (K), so has Q.

Let G be a Q-generic filter and let 6 < k' be arbitrary. Then G5 =
{p(0) : p € GAJ € domp} is a Ps-generic filter, hence THIN ()
holds in V[Gs] winessed by some space X5 by proposition 3.14. Since
V[Gs] € V[G] the space X witnesses THZN (9) in V[G]. O
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