INDESTRUCTIBLE PROPERTIES OF S- AND L-SPACES

L. SOUKUP

ABSTRACT. Building on a method of U. Abraham and S. Todorcevi¢ we prove a preservation
theorem on certain properties under c.c.c forcings. Applying this result we show that (1) an
uncountable, first countable, 0-dimensional space containing only countable and co-countable
open subspaces, and (2) S- and L-groups can exist under Martin’s Axiom.

1. INTRODUCTION

An uncountable topological space is called O-space if its every open subspace is either countable
or co-countable.

In [8], a locally compact ( and so first countable) O-space on w; was constructed using {». Such
a space can not exist under Martin’s Axiom because O-spaces are S-spaces and, by [10] or [11],
there are no (locally) compact S-spaces under M Ay, .

On the other hand, by [1] a first countable S-space can exist under M Ay, . This result will be
strengthened here: in theorem 3.7 we show that a first countable O-space can exist under M Ay, .
Answering a question of J. Roitman [9] we show that S- and L-groups can also exist under M Ay, .
These proofs are based on the preservation theorem 2.2 proved in section 2.

We use the standard notation, see e.g. [5]. Given a structure X and a property ¢ we say
that the property ¢ of X is c.c.c-indestructible if for each c.c.c poset Q we have 1g IFg “X has

property ¢”.

2. THE PRESERVATION THEOREM

Given a set K and m € w denote by Fn,,(w;, K) the family of functions mapping an m-
element subset of w; into K. A function s with ran(s) C Fn,, (w1, K) is called dom-disjoint iff
dom (s(t)) N dom (s(t')) = 0 for each {t,#'} € [dom(s)]”

Fn,, (w1, K) is dom-disjoint iff dom(s,) N dom(sg) =
sets s and t write [s,t] = {{a,ﬁ} TaESNPE t}.

. Especially, a sequence (s, : @ < wy) C
for all @ < 8 < wi. Given two disjoint

Definition 2.1. Let G be a graph on w; X K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (s, : @ < w1) C Fn,, (w1, K) there are o < § < w; such that

[Sa,ss] C G.

G is called strongly solid iff it is m-solid for each m € w.
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Theorem 2.2. Assume 2%t = wy. If G is a strongly solid graph on wy x K, where |[K| < 2“1,
then for each m € w there is a c.c.c poset P of size wy such that

VP = “G is c.c.c-indestructibly m-solid.”

Proof. We will argue in the following way. In definition 2.3 we introduce property (x),, and
in lemma 2.4 we show that in some c.c.c extension of the ground model G has property ().
Then, in lemma 2.7 we prove that property (x),, is c.c.c-indesctuctible. This concludes the proof
of theorem 2.2 because it will be clear from definition 2.3 that property (x),, implies that G is
m-solid.

To start with let T,,,+1 be the everywhere wy-branching tree of height m + 1 with w; minimal
points whose underlying set is (J{‘w; : 1 < £ < m + 1} ordered by the inclusion. The m + 1-
branches of T},;1 will be denoted by b,,, ;1. Let

B,,1 ={B Cbpy1:bNb =0 for each {b,V'} € [8]2 }
and
B ={B€B,, 1 : Bl =w}
The following definition is modeled after [1, Definition 4.2]: their property () corresponds to

our property (*); for a certain graph G .

Definition 2.3. We say that G has property (x),, iff for each dom-disjoint function s : Tp, 41 —
Fng, (w1, K) there is B € B! | such that

(Vs5) V{bt'} € [B]* 3t eb 3t el [s(t),s(t)] CG.
Lemma 2.4. There is a c.c.c poset P of size wy such that VE = “G has property (), ”.

Proof of lemma 2.4. We start with some definitions. Let C'= {7, : n < w1} C w1 be a club set.
We say that two subsets A and B of wy are C-separated iff AN[vy,,v4+1) = 0 or BN [y, ¥y+1) =0
for each n < wy. A function s: I — Fn,, (w1, K) is called dom-separated by C' iff dom(s(i)) and
dom(s(i’)) are C-separated for each {i,i'} € [1]2, i.e. for each n < wy there is at most one i € T
such that (dom s(i)) N[y, Vn+1) # 0. Let us remark that s is dom-disjoint iff it is dom-separated
by wy.

Definition 2.5. If B€ B, and s : |JB — Fn,, (w1, K) is dom-disjoint put
E(s)={y <w :Vbe B [(Uepdoms(t)) C vV (Uepdoms(t)) Ny =0]}.

Observe that E(s) is club in wy because the sets (Uze, dom s(t)) for b € B are pairwise disjoint.

We will define a c.c.c. iterated forcing <Py, Q,:v< w2> with finite support such that 1p,, H—“|QV| =
w1”. In this case (2“’1)pr2 = w9 and so the family
S={seVF: :5:T,,1 — Fn,,(wi,K) is a dom-disjoint function }

will be of size ws because | Fn,, (w1, K)| = wy + |K| < ws. Thus, using a bookkeeping function,
we can pick s, € &NV for v < wy such that {s, : v < wy} enumerates &.

We will also define a mod countable decreasing sequence of club sets (C, : v < wy) and se-
quences B, € %Z;H such that s, [ UB, will be dom-separated by C, and C,41 C C, N E(s, |
UB,).

Assume that P, and C, are constructed.

We will work in V. Using our book-keeping function pick the next dom-disjoint function
Sy Tnp1 — Frgy(we, K).
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Since s, is dom-disjoint, we can find a B, € B!, | such that s, [ UB, is dom-separated by

C,. Let C, 41 be a club subset of C, N E(s, | UB,) from the ground model.
Let Q!, = (Q,,, D), where
Q,={Be[B]™:vbb}te B> IHebat' et [s,(t),s () G}

Thus, if T', is the Q) -generic filter then B = UT satisfies (V, g). In lemma 2.6 we will show that
Q), satisfies c.c.c thus we can pick B € Q! such that B I+ “the Q! -generic filter is uncountable”.
PuwQ,={B €@, :B D> B}and P,;1 = P, *xQ,. Thus UI', witnesses property (x),, for s, in
VP,

If 11 < wy is limit and (C,, : v < p) is constructed, then let C,, be a club subset of w; from the
ground model such that |C,, \ C,| < w for each v < p.
Lemma 2.6. P, satisfies c.c.c. for v < ws.
Proof of lemma 2.6. By induction on v < wy we prove statement (e, ) below which clearly yields
that P, is c.c.c:
(o) If {pe : € < w1} C P, {I¢ : £ < wi} are pairwise disjoint finite sets, I = U€<w1 I,
s: I — Fn,,(wr, K) is dom-separated by C,,, then there is a pair {£p,&1} € [wlf such
that pe, and pe, are compatible in P, and [s(po), s(p1)] C G for each py € I¢, and p; € I, .
Case 1. v =0.

Let te = U{s(p) : p € I¢} for £ < w;. Since s is dom-disjoint it follows that t¢ € Fnz,|.p (w1, K)

and that the sequence (t¢ : § € wq) is dom-disjoint. So there is a pair {{p, &1} € [w1]2 such that
[teyste,) C G because G is strongly solid. Thus [s(pg), s(p1)] C G for each py € I, and p1 € I, .
Since Py = {1} and so pg, = p¢, = 1p,, we are done.

Case 2. v is limit.

Let Je = supppe. By thinning out our sequences we can assume that {J¢ : { < wq} forms a
A-system with kernel J. Let ¢ = (maxJ) + 1 < v. Since |C, \ C,| < w, there is { < wy such
that s’ = s [ Ug>cle is dom-separated by C),. Applying (e,) for {pe [ p: &> (}, {Ie : € > ¢}
and s' we can find {£, &1} € [wr \d2 such that pe, [ p and pe, | p are compatible in P, and
[s(po),s(p1)] C G for each py € I¢, and py € I¢,. But supp pe, Nsupp pe, C i, SO pe, and pg, are
compatible in P, as well.

Case 3. v=p+1.

We can assume that for each £ < w; we have a finite set B; C by,41 and a finite function
re : U Be — Fn,, (w1, K) such that
pe | plF “pe(p) = Be A $, | UBe = r¢”.
By thinning out our sequences we can assume that (i)—(v) below hold:
(i) {B¢: €& <wi} forms a A-system with kernel B.
(ii) 7¢(t) is independent of £ for each t € UB.
(iii) Writing Bg = Be \ B the sets {UB; : { < w} are pairwise disjoint, i.e. <Bé E< w1> €
B
(iv) the sets D¢ = U{domr¢(t) : t € UB;} are pairwise disjoint.
(v) for each {¢,(} € [w1]2 the sets D¢ and D¢ are separated by C,,.
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Indeed, (i) and (ii) are straightforward. As for (iii), since 1p, I- “the elements of B, are pairwise
disjoint” and P, satisfies c.c.c by the induction hypothesis, for each ¢t € T,,;1 the set {b €
bpi1:t €bAIp € Py pl-be B} is countable and so [{§ : t € UB{}| < w as well. Thus
(iii) can be guaranteed. Similarly, since 1p, |- “5, [ UB, is dom-disjoint” and P, satisfies
c.c.c, for each o € wy the set {t € Tp,41 : Ip € P, p IF o € dom$,(t)} is countable. Thus
[{&: e U{domre(t) : t € UBé}}| < w, too. So we can ensure (iv). Finally, (v) is straightforward
by (iv).

Since pe I+ “re C §,” it follows that pe I “E(r¢) D E($,) D C,”, and so E(r¢) D C,. Thus for
each b € Be there is v € C, such that U{domr¢(t) : t € b} C [v,7'), where 4/ = min(C'\ v+ 1).
Since s is dom-separated by C,, there is at most one i, € I such that dom s(ip) intersects [y,7’)
and so

(1) dom s(7) and U{domr¢(t) : t € b} are C,-separated for each i € I\ {i)}.

Since |dom s(ip)| = m < m+ 1 = |b| and the sets {dom(r¢(t)) : t € b} are pairwise C),-separated,
there is ¢, € b such that dom(s(i)) and dom(r¢(t)) are C),-separated. Thus

i dom s(i) and domr¢(t) are C),-separated for each i € I.
3 H

Let I} = I¢ U Bg for § <wy, I = U{I{ : { <wi} and define the function s* : I* — Fn,, (w1, K)
by stipulations s* [ I = s and s*(b) = r¢(tp) for b € Be. By (1) and by (v) the function s* is dom-
separated by C,. So we can apply induction hypothesis (e,,) for {pe [ p: & <wi}, {If : § <wi}
and for s* to find {£,&} € [w1]2 such that pe, [ @ and pe; [ p are compatible in P, and
[s*(po), 8*(p1)] C G for each pg € I and p1 € I . Then (pg, | )\ (pe, | 1) Ibp, “Be,UBg, € Q)7
because for each by € Be, and by € Bg, we have [r¢, (to,), 7, (t5,)] = [s*(bo), s*(b1)] C G. Thus

(Peo T )N (e, T 1) IFp, “pey () and pe, (1) are compatible in Q" i.e. pg, and pe, are compatible
in P,. Thus the pair {&, &} witnesses (e,). Lemma 2.6 is proved. O

To verify property (%), in V2 let s : Tp,,401 — Fn,, (w1, K) from V2. Since P, is c.c.c
and we used a suitable book-keeping function there is v < w9 such that s, = s. Let G be the
Q,-generic filter over V». Then UG € B!, | witnesses (), for s. This completes the proof of
2.4. O

Lemma 2.7. Property (*),, is c.c.c-indestructible.

Proof of lemma 2.7. Let @ be a c.c.c poset and assume that 1g IF % : T}, 41 — Fn, (w1, K) s
dom-disjoint’. Let q € Q be arbitrary. By induction on ¢ < m for each t € ‘w; choose a condition
q(t) < ¢ from @ and an element r(t) € Fn,, (w1, K) such that

(a) (¢(0) =q) and q(t) < q(t [ £~ 1) for £ >0,
(b) q(t) IF “s(t) = r(t)”.
Since @ is c.c.c and 1g IF “$ is dom-disjoint”, for each n € wy
H{t € Trpy1 :m € domr(t)}| < w.
Thus there is an everywhere wi-branching subtree T' C T,,,+1 of height m + 1 with w;-many
minimal points such that r [ T is dom-disjoint. Since T and 75,41 are isomorphic, we can apply
(*)m for r in the ground model to find B € B, | such that
() V{bt'} e [B]* 3t eb 3t el [r(t),r(t)] CG.
For b € B let ¢, be the maximal element of the branch b in T},4+1 and put ¢'(b) = q(t).

Since @ is c.c.c. there is a condition ¢’ < g such that

(00) ¢ |- “the set C = {b € B: ¢ (b) € G} is uncountable,”
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where G is the canonical name of the @-generic filter.
Since ¢'(b) <q q(t) for each t € b it follows that ¢'(b) IF “$(¢) = r(t) for each t € b”. Thus by
(0) and (oo)
¢ IF “property (), for § is witnessed by C”,
which completes the proof of lemma 2.7. |

It is straightforward from the definitions that if G has property ()., then G is m-solid. Thus
theorem 2.2 is proved. O

3. APPLICATIONS

We start this section with a simple application: we show that if 2“1 = ws then every strong
HFD,, (strong HFC,,) gives a c.c.c-indestructible S-space (L-space)in a suitable generic extension
Let us recall the definition:

Definition 3.1. A subset X = {x, : v <w;y} C 2*! is called HFDY, (HFCY) iff

Vf:w xn5w1Vm<ng:w1xm5w1VH:nxm—>2
Ja<f<w (A< a<w) Vi<nVj<mzpa(9(B,5)) =H(3,j).
X is strong HFD,, (strong HFC,,) iff it is HFD? (HFC!) for each n < w.

Definition 3.2. For X = {x, : v < w1} C 2* define two graphs Gy and G as follows. Fix a
countable dense subset D of 2“1, let K = [wl} ““ % D and

G = {{(vo, (a0, do)) , (w1, (o, da))} € [won x K]

(Vomao#q)\/l/lmal#@Vdo#dl)\/(l/o<V1/\£CVO [G,l:dl [al}

and

G = {{(vo, (a0, do)) , (w1, (a1, da))} € [won x K]
(l/oﬂa()?é@\/l/lﬂal#@\/do;’édl)\/(l/o>yl/\$yo [ ay = dq [al}.

Lemma 3.3. X is HF'D}, if and only if G; is n-solid. Similarly, X is HFC, iff G} is n-solid.

Proof. We prove only the first equivalence because second one can be obtained by the same
arguments.

Assume first that X is HF D], and fix a dom-disjoint sequence (s¢ : £ < wq) C Fny(wi, K).
For each £ < wy write domse = {vg; : ¢ < n} and s¢(ve;) = (ag;,de;). We can assume that
veiNag,; =0 for each i <n and & < wy.

Let ag = J{ee,; : i < n} and write ag = {a¢ j : j < me}. Define the function He : nxme — 2
by the stipulation

(0) He (i, j) = dg,i(ag,j)-
By thinning out our sequence we can assume that m¢ = m, He = H and d¢; = d; for each i <n

and £ < wi, moreover maxac < minag for ¢ < & < wy.
Since X is a HFD? there are ¢ < £ < w; such that

(%) Vi<nVj<ma,  (ae;) = H(i,j).

Let 49,41 < n and prove {(v¢ iy, (acios dig)) » (Ve,ivs (g,ir diy )} € G. Putting (%) and (o)
together, we have @, , [ a¢ = d;, | ag. Since by the definition of G; we can assume d;, = d;,
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it follows that =, , [ agi, = di, [ agi, = di, [ ag;, which was to be proved. Thus G; is really
n-solid.

Assume now that G; is n-solid. Let f : w; X n -1 wi, M E w, g:wg Xm -1 w1 and
H:nxm— 2. Put aq = {g(,j) : j <m} and t, = {f(«,7) : i <n} for @ < w;. By thinning
out our sequences we can assume that that max(a, Uts) < min(ag Utg) for a < § < ws.

For @ < w; define the function s, € Fn, (w1, K) as follows: let dom(s,) = t,, for each i <n
pick do; € D such that dq ;(g(a+1, 7)) = H(i,j) for each j < m and let s, (f(, 7)) = (aat1,dai)-
By thinning out our sequences we can assume that d,; = d; for each ¢ < n and a < w;y. Since
G is n-solid there are o < 3 < wy such that [s,,ss] C Gy. Especially, for each i < n we have
{{f(a, i), (@as1,di)) , (f(B,i), (aps1,di))} € G, ie. @pa) | aps1 = di | app1. Thus, by the
choice of d; = dg; we have x5, ;)(g(8+1,5)) = H(i,j) for each i <n and j < m, so a and f+1
satisfy the requirements of 3.1. Thus X is HF D].. ]

Theorem 3.4. Assume that 2t = wy. If X = {z, : v < w1} C 2“1 is a strong HFD,,, then for
each natural number m we have a c.c.c-poset Py, of cardinality wy such that

yEm E “X is a c.c.c-indestructible HFD'”.

Proof. By lemma 3.3, G; is strongly solid . Since 2“! = wy we can apply theorem 2.2 to obtain
a c.c.c-poset P, of cardinality ws such that

VP = G; is c.c.c-indestructibly m-solid.”
By lemma 3.3 this implies that
VP = “the space X is a c.c.c-indestructible HFD™”

w

that is, the poset P, satisfies the requirements. O
The same argument gives the following theorem.

Theorem 3.5. Assume that 21 = wy. If X = {x, : v <wi} C 2% is a strong HFC,,, then for
each natural number m we have a c.c.c-poset Py, of cardinality wy such that

VP = “ X is a c.c.c-indestructible HFCT'”.

K. Kunen [7] proved that under MA there are no strong S- and L-spaces. Theorems 3.4 and
3.5 above clearly yield corollary 3.6 below which shows that Kunen’s result is sharp. It should be
mentioned that this corollary is not new: by folklore it was known that the method of [1] can be
applied to prove it but its proof was never published.

Corollary 3.6. If ZF is consistent then so is ZFC + Martin’s Axiom + “for each natural number
n there are topological spaces spaces X, and Yy, such that (X,)™ is an S-space and (Y,)™ is an
L-space”.

The next application of theorem 2.2 is less straightforward.
Theorem 3.7. A first countable O-space can exist under Martin’s Aziom.

Proof of theorem 8.7. First we sketch the idea of our proof. Assume that 2“1 = ws in the ground
model. We construct a c.c.c poset Q of size wy; to get a 0-dimensional, first countable space
X = (wy,7) in V<. Then we define a graph G on w; x K, where K = w x w, and in lemma 3.8
we show that G is strongly solid.
Since (2“’1)‘/Q = (2¢1)V = wy, we can apply theorem 2.2 to get a c.c.c poset R in V< such
that
VR = 4G s c.c.c-indestructibly 2-solid”.
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So introducing Martin’s axiom by forcing with a c.c.c poset P we obtain
VR = 0 Ay 4 G s 2-solid.”

Now to complete the proof of the theorem we prove in lemma 3.9 that if G is 2-solid, then X is
an O-space.
To start with we define the poset Q = (Q, <) as follows.
The underlying set of Q consists of triples ¢ = (I,n,u), where I € [w1]<w, n € w and
u: I xn— P(I)such that @ € u(o, k) C u(er,0) = IN(a+ 1) for each o € I and k < n.
Ifg=(I,n,u),q = <I/,n,,ul> € @ put
g<q iff I'CI,
n’ <n,
(o, k) =u(a, k)N T,
if u' (v, i) N/ (B, 7) = 0 then u(a,i) Nu(B,j) =0,
if v/ (1) Cu'(6,7) then u(a,i) C u(B,J)
for each o, € I’ and 1 <14,5,k <n'.
Write ¢ = (I7,n9,u9) for ¢ € Q. Theset D, = {q € Q : @ € I} is dense in Q for each o € wy.
If G is a Q-generic filter let

U9(a, k) = U{uq(a,k) tq€G,aell k<nt}
for « < wq and k < w and let
BY = {U%,k): a €w,k<w}
and
BY = {U%(a,k):a €w,1 <k <wl

We show that

(*) BJgr is a clopen base of a T topological space X9 on w.

Let D ={q € @ :n?>2and u?(a,n? — 1) = {a} for each a € I9}. If ¢ € D then for each

{a, 8} € [Iq]2 and 1 <k < n9 we have

qIFU%a,n? —1) c U9(B,k) or U9(a,n? — 1) NUY (B, k) = 0, and
U9(a,n? —1)nU9(B,n?—1) =0

by the definition of the order on Q. Since the set D is dense in Q, it follows that () holds.
A standard density argument gives that w is dense in X9.
Let K =w xw, J = {{a,(k,d)) €w; x K :d € U9(a,k)} and

6% = ([n x K"\ [7]%) U {{ao, ko, do))  (en, (hr, di)) } € [7]°
do 7& diVag € Ug(al,kl) Vap € Ug(ao,ko)}.
The following lemma yields that Q is c.c.c and GY is n-solid in V<.

Lemma 3.8. Ifn € w, {ga: a <wi1} C 9, {sq :a <wi} C Fny(wi, K) is dom-disjoint, then
there are {a, 3} € [wl]Q and q € Q such that q < qa,qp and q & [sa, s3] C GY.

Proof of lemma 3.8. Write qo, = (In, Mo, Ua ). We can assume that s, C Iy X (no X ny). By the
definition of GY we can also assume that s, C J because of 1g IF [so \ J,w; x K] C GY9. By
standard A-system and counting arguments we can find {«, 3} € [w1]2 such that

(1) a<p,
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(2) InNIg< I \Is<Is\ I,
(3) |Ia| = |Ig| and ny =ng =mn,
(4) the natural bijection o between I, and Ig gives an isomorphism between ¢, and ¢g, and
between s, and sg in the following sense:
(i) (Vv e ly) (Vk <n) c"ue(v, k) =ug(o(v), k),
(i) sp={{c(v),x): (v,z) € 54}
Now define the condition ¢ = (I,n,u) as follows. Roughly speaking, ¢ will be the minimal
amalgamation of g, and gz which may force “[s,,sg] C G9”. Let I = I, UIg. For v € I, and
m < n let u(v, k) = ua(v, k). For v e Ig\ I, let u(v,0) =IN(r+1) and for 1 <m < n put

u(v,m) =ug(v,m)U{€ € doms, : 3¢ € domsg Id € w
sa(§) = (ke, d) A sp(C) = (k¢ d) Aug(C, ke) C ug(v,m)}.

Then ¢ € Q and q IF [s4, s3] C GY, so we need to check only ¢ < g,qs. First observe that
q < qq, is straightforward because I, is an initial segment of I and w [ I, X n = u,.

To check g < gg assume that vy, 1 € Ig\ I, and mgy, m1 < n such that u(vg, me) Nu(vi, m1)N
(Io \ Ig) # 0. We need to show ug(vo, mo) Nug(v1,m1) # 0. If mg = 0 or m; = 0 then it is clear
because ug(v,0) = (v+1)NIg. So assume mg, my > 1 and pick & € u(vg, mo)Nu(vy, m1)N(Ia\Ig).
Then ¢ € doms, and there are {p,¢1 € domsg such that s,(§) = (ke,d), sg(¢;) = (ke,,d) and
ug(Gis ke,) C ug(vi,m;) for i =0, 1.

Since sg C J, it follows that d € ug(vo, mo) Nug(v1,mq), i.e. ug(vo, mo) Nug(vy, my) # 0.

Since ug(vo, mo) C ug(vi, m1) clearly implies u(vp, my) C u(v1,mq) by the construction of u
it follows that ¢ < gz. O

Carrying out our plan we apply theorem 2.2 to find a c.c.c extension V*B#*F of V< such that
VAP L “N Ay holds 4+ GY s 2-solid.”
Thus the following lemma completes the proof of theorem 3.7.
Lemma 3.9. If GY is 2-solid then every open set in XY is either countable or co-countable.

Proof of the lemma 3.9. Let V. C X9 be an uncountable open set and YV € [X]wl. To show
V NY # 0 pick pairwise disjoint, infinite ordinals {v4, s : @ < wi} and natural numbers
{ka,dn : @ < w1} such that

(i) vo €V and UY (vy, ko) C V,
(ii) do € U9 (va, ka),
(iii) pa €Y,
(iv) Vo < po <vg < pg for a < f < wy.
By thinning out our sequence we can assume that d, = d. Let s, = {(ya, (ka,d)), (tta, (0, d))}
for « < wy. Then s, € J because of d € w C Ug(,ua,O).
Since G is 2-solid there are o < 8 < wy such that [s,, sg] C G, especially,
{</~La, <07 d>> ) <Vﬁ7 <k5a d>>} €q.
Since vg ¢ pio + 1 = U9%(pia,0) it follows that p, € U9 (vs,kg) C V and so V NY # () which was
to be proved. 0
Theorem 3.7 is proved. O

Denote by 2%t the w!® power of the discrete, additive topological group 2 = {0, 1}.
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Theorem 3.10. If GCH holds then there is a c.c.c poset P such that
VP = ¥t contains an S-group and M Ay, holds”.
Proof. Since 2¥ = w; we have a strong HFD,, X = {z, : v < w1} C 2¢1.

We can assume that z, (v +1) =0 and z,(§) = 1 for each £ <v < w;. Let A be the subgroup
of 2«1 generated by X. We show that A will be a c.c.c-indestructible S-group in a certain generic
extension.

Ifa e [w1]<w \ {0} write z, = > {x, : v € a} and let xy be the unit element of 2. Since
Za + Tp = Tapp and so —(24) = x4, we have A = {x,:0a € [w1]<w}.

Fix a countable dense subset D of 2“t. Let K = [wl] < x [wl] < < D and

J ={{v,{a,t,d)) €wy x K :v=mina < mint,x, [t =d | t}.
Put
2
G = (lor x K]*\ [7]

2)U

{0, (ao,t0, o)) (11, (a1, 1, 1))} € [7]7

do #dl\/(l/o <V A g, rtl =d; [tl)}
Lemma 3.11. G is strongly solid.
Proof. Let n € w. Fix a dom-disjoint sequence (sq : @ <wy) C Fn,(wy, K). For each a < wy
write dom s, = {04 : i <n} and let s4(04:) = (Aa,ista, dai)-
By the definition of G we can assume that s, C J.
Let aq = U{aq,; : i <n}and t, = U{ta,; : ¢ < n} and fix increasing enumerations aq = {Va,; :
J<kolandty, ={70s: €< mu}.
By thinning out our sequence we may assume that
(i) ko =k and m, = m for each o < wy,
(ii) there are elements {d; : i < m} C B such that d,; = d; for each o < wy and i < n,
(ili) maxaq Uty <minagUtg for a < 8 < ws.
(iV) Ya,j € Gay iff v5; € ag,; for each a < f <wy and i < n,j < k.
Define functions H, : k x m — 2 as follows. Fix £ < m. We will determine the values of
Ho(k—1,0), Hy(k — 2,0),..., H(0,¢) successively. Assume j < k and H,(j',¢) is defined for
Jj<j <k If~v,,; ¢ doms,, then let H,(j,£) be arbitrary. If v, ; = 04, € dom s, then let

(+) Ho(5,0) = di(tae) = Y {Ha(',0) 15 < §' <k Yajr € Gai}-
Observe that for each i < n and £ < m by (*) and by Oa,; = mina,,; we have

(*) Ta E Z {H .77 *Ya,j € a’Oé,i} .

We can assume that H, = H for each a < wi.
Since X is a HFDE there are o < 3 < wy such that

Vi <kVl<mx,, (150 = H(j,0).

We claim that [sq, sg] C G.
Fix 40,11 < n and check {(0a,is (Qaigs tasios i) » (08,115 (.4 t8,i1, diy )} € G. By the defini-
tion of G we can assume d;, = d;,. To show zq, , [1g: =di, [tg,, let 750 € tg,,. Then

Tanig (78.0) = D ATy, (78.0) Yoy € Gaio} = Y {H (G, ) Yoy € Gaig} =
D {HG ) 98 € apy} = dig(T50) = diy (75.0),
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where the first equality holds by definition, the second is satisfied by the choice of a and 3, the
third is fulfilled by (iv) , and the fourth holds by (x). This completes the proof of the lemma. O

Lemma 3.12. If G is 1-solid in some model W D'V then W |= “A is hereditarily separable”.

Proof. Assume on the contrary that {x,, :a < w;} C A is a left separated subspace witnessed
by basic open sets [cq], 1.e. ¢o € Fn(ws,2) such that ¢, C z,, and ¢, ¢ z,, for v < a. Pick
d, € D with ¢, C dg,.

We can assume that

(a) do =d for a < wy,
(b) {aq : @ < w;} forms a A-system with kernel a,
(¢) a =0 because the mapping g — g + x, is a homeomorphism of A,

(d) max(aq) < min(ag) for o < f < wy,

(e) {dom(cy) : @ < wy} forms a A-system with kernel r,

(f) co I' 7 =cand so r = () because ¢, can be replaced by ¢, [ (dome, \ 7),

(g) max((domecy) U aq) < min((domeg) Uag) for o < § < wi.
For a < wy let 0, = mina, and s, = {{04, (a4, domca41,d))}.

Since G is 1-solid, there are a@ < § < wy such that [sq,s3] C G, i.e. z,, [ domegyr =d |

dom cg41 = cg41 which contradicts the choice of cg41. |

By lemma 3.11, G is strongly solid , so applying theorem 2.2 we obtain a c.c.c. poset P such

that

VP = “G is 1-solid + M Ay, holds”.
Then, by lemma 3.12,

VP = “A is hereditarily separable”.
Finally we show that A is not Lindeléf. Indeed, take U, = {f € A: f(v) = 0} for v < wy. Then
U={U, :v <w}is an open cover of A, because for each a € [w1]<w \ {0}, taking @ = mina,
we have xq(a) + 24(a@+ 1) =1 and so 24 € Uy UUqg+1. On the other hand, & does not contain
a countable subcover, because x, ¢ UCSV U¢. Thus the group A and the poset P satisfy the
requirements of the theorem. O

Using similar arguments we can also get the following result.

Theorem 3.13. If GCH holds then there is a c.c.c poset P such that
VP = ¥t contains an L-group and M Ay, holds”.
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