
INDESTRUCTIBLE PROPERTIES OF S- AND L-SPACES

L. SOUKUP

Abstract. Building on a method of U. Abraham and S. Todorčevič we prove a preservation

theorem on certain properties under c.c.c forcings. Applying this result we show that (1) an

uncountable, first countable, 0-dimensional space containing only countable and co-countable
open subspaces, and (2) S- and L-groups can exist under Martin’s Axiom.

1. Introduction

An uncountable topological space is called O-space if its every open subspace is either countable
or co-countable.

In [8], a locally compact ( and so first countable) O-space on ω1 was constructed using ♦. Such
a space can not exist under Martin’s Axiom because O-spaces are S-spaces and, by [10] or [11],
there are no (locally) compact S-spaces under MAℵ1 .

On the other hand, by [1] a first countable S-space can exist under MAℵ1 . This result will be
strengthened here: in theorem 3.7 we show that a first countable O-space can exist under MAℵ1 .
Answering a question of J. Roitman [9] we show that S- and L-groups can also exist under MAℵ1 .
These proofs are based on the preservation theorem 2.2 proved in section 2.

We use the standard notation, see e.g. [5]. Given a structure X and a property ϕ we say
that the property ϕ of X is c.c.c-indestructible if for each c.c.c poset Q we have 1Q 
Q “X has
property ϕ”.

2. The preservation theorem

Given a set K and m ∈ ω denote by Fnm(ω1,K) the family of functions mapping an m-
element subset of ω1 into K. A function s with ran(s) ⊂ Fnm(ω1,K) is called dom-disjoint iff
dom

(
s(t)

)
∩ dom

(
s(t′)

)
= ∅ for each {t, t′} ∈

[
dom(s)

]2. Especially, a sequence 〈sα : α < ω1〉 ⊂
Fnm(ω1,K) is dom-disjoint iff dom(sα) ∩ dom(sβ) = ∅ for all α < β < ω1. Given two disjoint
sets s and t write

[
s, t

]
=

{
{α, β} : α ∈ s ∧ β ∈ t

}
.

Definition 2.1. Let G be a graph on ω1 × K, m ∈ ω. We say that G is m-solid if given any
dom-disjoint sequence 〈sα : α < ω1〉 ⊂ Fnm(ω1,K) there are α < β < ω1 such that

[sα, sβ ] ⊂ G.

G is called strongly solid iff it is m-solid for each m ∈ ω.
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2 L. SOUKUP

Theorem 2.2. Assume 2ω1 = ω2. If G is a strongly solid graph on ω1 × K, where |K| ≤ 2ω1 ,
then for each m ∈ ω there is a c.c.c poset P of size ω2 such that

V P |= “G is c.c.c-indestructibly m-solid.”

Proof. We will argue in the following way. In definition 2.3 we introduce property (∗)m and
in lemma 2.4 we show that in some c.c.c extension of the ground model G has property (∗)m.
Then, in lemma 2.7 we prove that property (∗)m is c.c.c-indesctuctible. This concludes the proof
of theorem 2.2 because it will be clear from definition 2.3 that property (∗)m implies that G is
m-solid.

To start with let Tm+1 be the everywhere ω1-branching tree of height m + 1 with ω1 minimal
points whose underlying set is

⋃
{`ω1 : 1 ≤ ` ≤ m + 1} ordered by the inclusion. The m + 1-

branches of Tm+1 will be denoted by bm+1. Let

Bm+1 = {B ⊂ bm+1 : b ∩ b′ = ∅ for each {b, b′} ∈
[
B

]2 }
and

Bω1
m+1 = {B ∈ Bm+1 : |B| = ω1}.

The following definition is modeled after [1, Definition 4.2]: their property (∗) corresponds to
our property (∗)1 for a certain graph G .

Definition 2.3. We say that G has property (∗)m iff for each dom-disjoint function s : Tm+1 −→
Fnm(ω1,K) there is B ∈ Bω1

m+1 such that

(Os,B) ∀{b, b′} ∈
[
B

]2 ∃ t ∈ b ∃t′ ∈ b′ [s(t), s(t′)] ⊂ G.

Lemma 2.4. There is a c.c.c poset P of size ω2 such that V P |= “G has property (∗)m”.

Proof of lemma 2.4. We start with some definitions. Let C = {γη : η < ω1} ⊂ ω1 be a club set.
We say that two subsets A and B of ω1 are C-separated iff A∩ [γη, γη+1) = ∅ or B∩ [γη, γη+1) = ∅
for each η < ω1. A function s : I −→ Fnm(ω1,K) is called dom-separated by C iff dom(s(i)) and
dom(s(i′)) are C-separated for each {i, i′} ∈

[
I
]2, i.e. for each η < ω1 there is at most one i ∈ I

such that
(
dom s(i)

)
∩ [γη, γη+1) 6= ∅. Let us remark that s is dom-disjoint iff it is dom-separated

by ω1.

Definition 2.5. If B ∈ Bm+1 and s :
⋃
B −→ Fnm(ω1,K) is dom-disjoint put

E(s) =
{
γ < ω1 : ∀b ∈ B

[(
∪t∈b dom s(t)

)
⊂ γ ∨

(
∪t∈b dom s(t)

)
∩ γ = ∅

]}
.

Observe that E(s) is club in ω1 because the sets
(
∪t∈b dom s(t)

)
for b ∈ B are pairwise disjoint.

We will define a c.c.c. iterated forcing
〈
Pν , Q̇ν : ν < ω2

〉
with finite support such that 1Pν 
“|Q̇ν | =

ω1”. In this case (2ω1)V Pω2 = ω2 and so the family

S = {s ∈ V Pω2 : s : Tm+1 −→ Fnm(ω1,K) is a dom-disjoint function }

will be of size ω2 because |Fnm(ω1,K)| = ω1 + |K| ≤ ω2. Thus, using a bookkeeping function,
we can pick sν ∈ S ∩ V Pν for ν < ω2 such that {sν : ν < ω2} enumerates S.

We will also define a mod countable decreasing sequence of club sets 〈Cν : ν < ω2〉 and se-
quences Bν ∈ Bω1

m+1 such that sν � ∪Bν will be dom-separated by Cν and Cν+1 ⊂ Cν ∩ E(sν �
∪Bν).

Assume that Pν and Cν are constructed.
We will work in V Pν . Using our book-keeping function pick the next dom-disjoint function

sν : Tm+1 −→ Fnm(ω1,K).
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Since sν is dom-disjoint, we can find a Bν ∈ Bω1
m+1 such that sν � ∪Bν is dom-separated by

Cν . Let Cν+1 be a club subset of Cν ∩ E(sν � ∪Bν) from the ground model.
Let Q′

ν = 〈Q′
ν ,⊃〉, where

Q′
ν =

{
B ∈

[
Bν

]<ω : ∀{b, b′} ∈
[
B

]2 ∃t ∈ b ∃t′ ∈ b′ [sν(t), sν(t′)] ⊂ G
}
.

Thus, if Γν is the Q′
ν-generic filter then B = ∪Γ satisfies (Os,B). In lemma 2.6 we will show that

Q′
ν satisfies c.c.c thus we can pick B ∈ Q′

ν such that B 
 “the Q′
ν-generic filter is uncountable”.

Put Qν = {B′ ∈ Q′
ν : B′ ⊃ B} and Pν+1 = Pν ∗Qν . Thus ∪Γν witnesses property (∗)m for sν in

V Pν+1 .
If µ < ω2 is limit and 〈Cν : ν < µ〉 is constructed, then let Cµ be a club subset of ω1 from the

ground model such that |Cµ \ Cν | ≤ ω for each ν < µ.

Lemma 2.6. Pν satisfies c.c.c. for ν ≤ ω2.

Proof of lemma 2.6. By induction on ν ≤ ω2 we prove statement (•ν) below which clearly yields
that Pν is c.c.c:

(•ν) If {pξ : ξ < ω1} ⊂ Pν , {Iξ : ξ < ω1} are pairwise disjoint finite sets, I =
⋃

ξ<ω1
Iξ,

s : I −→ Fnm(ω1,K) is dom-separated by Cν , then there is a pair {ξ0, ξ1} ∈
[
ω1

]2 such
that pξ0 and pξ1 are compatible in Pν and [s(ρ0), s(ρ1)] ⊂ G for each ρ0 ∈ Iξ0 and ρ1 ∈ Iξ1 .

Case 1. ν = 0.

Let tξ =
⋃
{s(ρ) : ρ ∈ Iξ} for ξ < ω1. Since s is dom-disjoint it follows that tξ ∈ Fn|Iξ|·m(ω1,K)

and that the sequence 〈tξ : ξ ∈ ω1〉 is dom-disjoint. So there is a pair {ξ0, ξ1} ∈
[
ω1

]2 such that
[tξ0 , tξ1 ] ⊂ G because G is strongly solid. Thus [s(ρ0), s(ρ1)] ⊂ G for each ρ0 ∈ Iξ0 and ρ1 ∈ Iξ1 .
Since P0 = {1} and so pξ0 = pξ1 = 1P0 , we are done.

Case 2. ν is limit.

Let Jξ = supp pξ. By thinning out our sequences we can assume that {Jξ : ξ < ω1} forms a
∆-system with kernel J . Let µ = (max J) + 1 < ν. Since |Cν \ Cµ| ≤ ω, there is ζ < ω1 such
that s′ = s � ∪ξ≥ζIξ is dom-separated by Cµ. Applying (•µ) for {pξ � µ : ξ ≥ ζ}, {Iξ : ξ ≥ ζ}
and s′ we can find {ξ0, ξ1} ∈

[
ω1 \ ζ

]2 such that pξ0 � µ and pξ1 � µ are compatible in Pµ and
[s(ρ0), s(ρ1)] ⊂ G for each ρ0 ∈ Iξ0 and ρ1 ∈ Iξ1 . But supp pξ0 ∩ supp pξ1 ⊂ µ, so pξ0 and pξ1 are
compatible in Pν as well.

Case 3. ν = µ + 1.

We can assume that for each ξ < ω1 we have a finite set Bξ ⊂ bm+1 and a finite function
rξ : ∪ Bξ −→ Fnm(ω1,K) such that

pξ � µ 
 “ ˙pξ(µ) = Bξ ∧ ṡµ � ∪Bξ = rξ”.

By thinning out our sequences we can assume that (i)–(v) below hold:
(i) {Bξ : ξ < ω1} forms a ∆-system with kernel B.
(ii) rξ(t) is independent of ξ for each t ∈ ∪B.

(iii) Writing B′
ξ = Bξ \ B the sets {∪B′

ξ : ξ < ω} are pairwise disjoint, i.e.
〈
B′

ξ : ξ < ω1

〉
∈

Bω1
m+1.

(iv) the sets Dξ = ∪{dom rξ(t) : t ∈ ∪B′
ξ} are pairwise disjoint.

(v) for each {ξ, ζ} ∈
[
ω1

]2 the sets Dξ and Dζ are separated by Cν .
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Indeed, (i) and (ii) are straightforward. As for (iii), since 1Pµ 
 “the elements of Bµ are pairwise
disjoint” and Pµ satisfies c.c.c by the induction hypothesis, for each t ∈ Tm+1 the set {b ∈
bm+1 : t ∈ b ∧ ∃p ∈ Pµ p 
 b ∈ Bµ} is countable and so |{ξ : t ∈ ∪B′

ξ}| ≤ ω as well. Thus
(iii) can be guaranteed. Similarly, since 1Pµ 
 “ṡµ � ∪Bµ is dom-disjoint” and Pµ satisfies
c.c.c, for each α ∈ ω1 the set {t ∈ Tm+1 : ∃p ∈ Pµ p 
 α ∈ dom ṡµ(t)} is countable. Thus
|
{
ξ : α ∈ ∪{dom rξ(t) : t ∈ ∪B′

ξ}
}
| ≤ ω, too. So we can ensure (iv). Finally, (v) is straightforward

by (iv).
Since pξ 
 “rξ ⊂ ṡµ” it follows that pξ 
 “E(rξ) ⊃ E(ṡµ) ⊃ Cν”, and so E(rξ) ⊃ Cν . Thus for

each b ∈ Bξ there is γ ∈ Cν such that ∪{dom rξ(t) : t ∈ b} ⊂ [γ, γ′), where γ′ = min(C \ γ + 1).
Since s is dom-separated by Cν there is at most one ib ∈ I such that dom s(ib) intersects [γ, γ′)
and so

(†) dom s(i) and ∪{dom rξ(t) : t ∈ b} are Cν-separated for each i ∈ I \ {ib}.
Since |dom s(ib)| = m < m + 1 = |b| and the sets {dom(rξ(t)) : t ∈ b} are pairwise Cµ-separated,
there is tb ∈ b such that dom(s(ib)) and dom(rξ(t)) are Cµ-separated. Thus

(‡) dom s(i) and dom rξ(tb) are Cµ-separated for each i ∈ I.

Let I∗ξ = Iξ ∪Bξ for ξ < ω1, I∗ = ∪{I∗ξ : ξ < ω1} and define the function s∗ : I∗ −→ Fnm(ω1,K)
by stipulations s∗ � I = s and s∗(b) = rξ(tb) for b ∈ Bξ. By (‡) and by (v) the function s∗ is dom-
separated by Cµ. So we can apply induction hypothesis (•µ) for {pξ � µ : ξ < ω1}, {I∗ξ : ξ < ω1}
and for s∗ to find {ξ0, ξ1} ∈

[
ω1

]2 such that pξ0 � µ and pξ1 � µ are compatible in Pµ and
[s∗(ρ0), s∗(ρ1)] ⊂ G for each ρ0 ∈ I∗ξ0

and ρ1 ∈ I∗ξ1
. Then (pξ0 � µ)∧(pξ1 � µ) 
Pµ

“Bξ0∪Bξ1 ∈ Qµ”
because for each b0 ∈ Bξ0 and b1 ∈ Bξ1 we have [rξ0(tb0), rξ1(tb1)] = [s∗(b0), s∗(b1)] ⊂ G. Thus
(pξ0 � µ)∧(pξ1 � µ) 
Pµ

“pξ0(µ) and pξ1(µ) are compatible in Qµ”, i.e. pξ0 and pξ1 are compatible
in Pν . Thus the pair {ξ0, ξ1} witnesses (•ν). Lemma 2.6 is proved. �

To verify property (∗)m in V Pω2 let s : Tm+1 −→ Fnm(ω1,K) from V Pω2 . Since Pω2 is c.c.c
and we used a suitable book-keeping function there is ν < ω2 such that sν = s. Let G be the
Qν-generic filter over V Pν . Then ∪G ∈ Bω1

m+1 witnesses (∗)m for s. This completes the proof of
2.4. �

Lemma 2.7. Property (∗)m is c.c.c-indestructible.

Proof of lemma 2.7. Let Q be a c.c.c poset and assume that 1Q 
 “ṡ : Tm+1 −→ Fnm(ω1,K) is
dom-disjoint”. Let q ∈ Q be arbitrary. By induction on ` ≤ m for each t ∈ `ω1 choose a condition
q(t) ≤ q from Q and an element r(t) ∈ Fnm(ω1,K) such that

(a) (q(∅) = q) and q(t) ≤ q(t � `− 1) for ` > 0,
(b) q(t) 
 “ṡ(t) = r(t)”.

Since Q is c.c.c and 1Q 
 “ṡ is dom-disjoint”, for each η ∈ ω1

|{t ∈ Tm+1 : η ∈ dom r(t)}| ≤ ω.

Thus there is an everywhere ω1-branching subtree T ⊂ Tm+1 of height m + 1 with ω1-many
minimal points such that r � T is dom-disjoint. Since T and Tm+1 are isomorphic, we can apply
(∗)m for r in the ground model to find B ∈ Bω1

m+1 such that

(◦) ∀{b, b′} ∈
[
B

]2 ∃ t ∈ b ∃t′ ∈ b′ [r(t), r(t′)] ⊂ G.

For b ∈ B let tb be the maximal element of the branch b in Tm+1 and put q′(b) = q(tb).
Since Q is c.c.c. there is a condition q′ ≤ q such that

(◦◦) q′ 
 “the set Ċ = {b ∈ B : q′(b) ∈ G} is uncountable,”
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where G is the canonical name of the Q-generic filter.
Since q′(b) ≤Q q(t) for each t ∈ b it follows that q′(b) 
 “ṡ(t) = r(t) for each t ∈ b”. Thus by

(◦) and (◦◦)
q′ 
 “property (∗)m for ṡ is witnessed by Ċ”,

which completes the proof of lemma 2.7. �

It is straightforward from the definitions that if G has property (∗)m then G is m-solid. Thus
theorem 2.2 is proved. �

3. Applications

We start this section with a simple application: we show that if 2ω1 = ω2 then every strong
HFDw (strong HFCw) gives a c.c.c-indestructible S-space (L-space)in a suitable generic extension
Let us recall the definition:

Definition 3.1. A subset X = {xν : ν < ω1} ⊂ 2ω1 is called HFDn
w (HFCn

w) iff

∀f : ω1 × n
1−1−→ ω1 ∀m < ω ∀g : ω1 ×m

1−1−→ ω1 ∀H : n×m −→ 2

∃α < β < ω1 (∃β < α < ω1) ∀i < n ∀j < m xf(α,i)(g(β, j)) = H(i, j).

X is strong HFDw (strong HFCw) iff it is HFDn
w (HFCn

w) for each n < ω.

Definition 3.2. For X = {xν : ν < ω1} ⊂ 2ω1 define two graphs G
<

X and G
>

X as follows. Fix a
countable dense subset D of 2ω1 , let K =

[
ω1

]<ω ×D and

G
<

X =
{
{〈ν0, 〈a0, d0〉〉 , 〈ν1, 〈a1, d1〉〉} ∈

[
ω1 ×K

]2 :

(ν0 ∩ a0 6= ∅ ∨ ν1 ∩ a1 6= ∅ ∨ d0 6= d1) ∨ (ν0 < ν1 ∧ xν0 � a1 = d1 � a1

}
and

G
>

X =
{
{〈ν0, 〈a0, d0〉〉 , 〈ν1, 〈a1, d1〉〉} ∈

[
ω1 ×K

]2 :

(ν0 ∩ a0 6= ∅ ∨ ν1 ∩ a1 6= ∅ ∨ d0 6= d1) ∨ (ν0 > ν1 ∧ xν0 � a1 = d1 � a1

}
.

Lemma 3.3. X is HFDn
w if and only if G

<

X is n-solid. Similarly, X is HFCn
w iff G

>

X is n-solid.

Proof. We prove only the first equivalence because second one can be obtained by the same
arguments.

Assume first that X is HFDn
w and fix a dom-disjoint sequence 〈sξ : ξ < ω1〉 ⊂ Fnn(ω1,K).

For each ξ < ω1 write dom sξ = {νξ,i : i < n} and sξ(νξ,i) = 〈aξ,i, dξ,i〉. We can assume that
νξ,i ∩ aξ,i = ∅ for each i < n and ξ < ω1.

Let aξ =
⋃
{αξ,i : i < n} and write aξ = {αξ,j : j < mξ}. Define the function Hξ : n×mξ −→ 2

by the stipulation

(◦) Hξ(i, j) = dξ,i(αξ,j).

By thinning out our sequence we can assume that mξ = m, Hξ = H and dξ,i = di for each i < n
and ξ < ω1, moreover max aζ < min aξ for ζ < ξ < ω1.

Since X is a HFDn
w there are ζ < ξ < ω1 such that

(?) ∀i < n ∀j < m xνζ,i
(αξ,j) = H(i, j).

Let i0, i1 < n and prove {〈νζ,i0 , 〈aζ,i0 , di0〉〉 , 〈νξ,i1 , 〈aξ,i1 , di1〉〉} ∈ G
<

X . Putting (?) and (◦)
together, we have xνζ,i0

� aξ = di0 � aξ. Since by the definition of G
<

X we can assume di0 = di1
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it follows that xνζ,i0
� aξ,i1 = di0 � aξ,i1 = di1 � aξ,i1 which was to be proved. Thus G

<

X is really
n-solid.

Assume now that G
<

X is n-solid. Let f : ω1 × n
1−1−→ ω1, m ∈ ω, g : ω1 × m

1−1−→ ω1 and
H : n×m −→ 2. Put aα = {g(α, j) : j < m} and tα = {f(α, i) : i < n} for α < ω1. By thinning
out our sequences we can assume that that max(aα ∪ tα) < min(aβ ∪ tβ) for α < β < ω1.

For α < ω1 define the function sα ∈ Fnn(ω1,K) as follows: let dom(sα) = tα, for each i < n
pick dα,i ∈ D such that dα,i(g(α+1, j)) = H(i, j) for each j < m and let sα(f(α, i)) = 〈aα+1, dα,i〉.
By thinning out our sequences we can assume that dα,i = di for each i < n and α < ω1. Since
G

<

X is n-solid there are α < β < ω1 such that [sα, sβ ] ⊂ G
<

X . Especially, for each i < n we have
{〈f(α, i), 〈aα+1, di〉〉 , 〈f(β, i), 〈aβ+1, di〉〉} ∈ G

<

X , i.e. xf(α,i) � aβ+1 = di � aβ+1. Thus, by the
choice of di = dβ,i we have xf(α,i)(g(β +1, j)) = H(i, j) for each i < n and j < m, so α and β +1
satisfy the requirements of 3.1. Thus X is HFDn

w. �

Theorem 3.4. Assume that 2ω1 = ω2. If X = {xν : ν < ω1} ⊂ 2ω1 is a strong HFDw, then for
each natural number m we have a c.c.c-poset Pm of cardinality ω2 such that

V Pm |= “ X is a c.c.c-indestructible HFDm
w ”.

Proof. By lemma 3.3, G
<

X is strongly solid . Since 2ω1 = ω2 we can apply theorem 2.2 to obtain
a c.c.c-poset Pm of cardinality ω2 such that

V Pm |= G
<

X is c.c.c-indestructibly m-solid.”

By lemma 3.3 this implies that

V Pm |= “the space X is a c.c.c-indestructible HFDm
w ”,

that is, the poset Pm satisfies the requirements. �

The same argument gives the following theorem.

Theorem 3.5. Assume that 2ω1 = ω2. If X = {xν : ν < ω1} ⊂ 2ω1 is a strong HFCw, then for
each natural number m we have a c.c.c-poset Pm of cardinality ω2 such that

V Pm |= “ X is a c.c.c-indestructible HFCm
w ”.

K. Kunen [7] proved that under MA there are no strong S- and L-spaces. Theorems 3.4 and
3.5 above clearly yield corollary 3.6 below which shows that Kunen’s result is sharp. It should be
mentioned that this corollary is not new: by folklore it was known that the method of [1] can be
applied to prove it but its proof was never published.

Corollary 3.6. If ZF is consistent then so is ZFC + Martin’s Axiom + “for each natural number
n there are topological spaces spaces Xn and Yn such that (Xn)n is an S-space and (Yn)n is an
L-space”.

The next application of theorem 2.2 is less straightforward.

Theorem 3.7. A first countable O-space can exist under Martin’s Axiom.

Proof of theorem 3.7. First we sketch the idea of our proof. Assume that 2ω1 = ω2 in the ground
model. We construct a c.c.c poset Q of size ω1 to get a 0-dimensional, first countable space
X = 〈ω1, τ〉 in V Q. Then we define a graph G on ω1 ×K, where K = ω × ω, and in lemma 3.8
we show that G is strongly solid.

Since (2ω1)V Q
= (2ω1)V = ω2, we can apply theorem 2.2 to get a c.c.c poset R in V Q such

that
V Q∗R |= “G is c.c.c-indestructibly 2-solid”.
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So introducing Martin’s axiom by forcing with a c.c.c poset P we obtain

V Q∗R∗P |= “MAℵ1+ G is 2-solid.”

Now to complete the proof of the theorem we prove in lemma 3.9 that if G is 2-solid, then X is
an O-space.

To start with we define the poset Q = 〈Q,≤〉 as follows.
The underlying set of Q consists of triples q = 〈I , n, u〉, where I ∈

[
ω1

]<ω, n ∈ ω and
u : I × n −→ P(I) such that α ∈ u(α, k) ⊂ u(α, 0) = I ∩ (α + 1) for each α ∈ I and k < n.

If q = 〈I , n, u〉 , q′ =
〈
I
′
, n

′
, u

′
〉
∈ Q put

q ≤ q′ iff I ′ ⊂ I,
n′ ≤ n,
u′(α, k) = u(α, k) ∩ I ′,
if u′(α, i) ∩ u′(β, j) = ∅ then u(α, i) ∩ u(β, j) = ∅ ,
if u′(α, i) ⊂ u′(β, j) then u(α, i) ⊂ u(β, j)

for each α, β ∈ I ′ and 1 ≤ i, j, k < n′.
Write q = 〈Iq, nq, uq〉 for q ∈ Q. The set Dα = {q ∈ Q : α ∈ Iq} is dense in Q for each α ∈ ω1.
If G is a Q-generic filter let

UG(α, k) =
⋃
{uq(α, k) : q ∈ G, α ∈ Iq, k < nq}

for α < ω1 and k < ω and let

BG = {UG(α, k) : α ∈ ω1, k < ω}
and

BG+ = {UG(α, k) : α ∈ ω1, 1 ≤ k < ω}.
We show that

(∗) BG+ is a clopen base of a T2 topological space XG on ω1.
Let D = {q ∈ Q : nq ≥ 2 and uq(α, nq − 1) = {α} for each α ∈ Iq}. If q ∈ D then for each

{α, β} ∈
[
Iq

]2 and 1 ≤ k < nq we have

q 
 UG(α, nq − 1) ⊂ UG(β, k) or UG(α, nq − 1) ∩ UG(β, k) = ∅, and

UG(α, nq − 1) ∩ UG(β, nq − 1) = ∅

by the definition of the order on Q. Since the set D is dense in Q, it follows that (∗) holds.
A standard density argument gives that ω is dense in XG .
Let K = ω × ω, J = {〈α, 〈k, d〉〉 ∈ ω1 ×K : d ∈ UG(α, k)} and

GG =
([

ω1 ×K
]2 \ [

J
]2) ∪ {

{〈α0, 〈k0, d0〉〉 , 〈α1, 〈k1, d1〉〉} ∈
[
J

]2 :

d0 6= d1 ∨ α0 ∈ UG(α1, k1) ∨ α1 ∈ UG(α0, k0)
}

.

The following lemma yields that Q is c.c.c and GG is n-solid in V Q.

Lemma 3.8. If n ∈ ω, {qα : α < ω1} ⊂ Q, {sα : α < ω1} ⊂ Fnn(ω1,K) is dom-disjoint, then
there are {α, β} ∈

[
ω1

]2 and q ∈ Q such that q ≤ qα, qβ and q 
 [sα, sβ ] ⊂ GG.

Proof of lemma 3.8. Write qα = 〈Iα, nα, uα〉. We can assume that sα ⊂ Iα × (nα × nα). By the
definition of GG we can also assume that sα ⊂ J because of 1Q 
 [sα \ J , ω1 × K] ⊂ GG . By
standard ∆-system and counting arguments we can find {α, β} ∈

[
ω1

]2 such that
(1) α < β,
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(2) Iα ∩ Iβ < Iα \ Iβ < Iβ \ Iα,
(3) |Iα| = |Iβ | and nα = nβ = n,
(4) the natural bijection σ between Iα and Iβ gives an isomorphism between qα and qβ , and

between sα and sβ in the following sense:
(i) (∀ν ∈ Iα) (∀k < n) σ′′uα(ν, k) = uβ(σ(ν), k),
(ii) sβ = {〈σ(ν), x〉 : 〈ν, x〉 ∈ sα}.

Now define the condition q = 〈I, n, u〉 as follows. Roughly speaking, q will be the minimal
amalgamation of qα and qβ which may force “[sα, sβ ] ⊂ GG”. Let I = Iα ∪ Iβ . For ν ∈ Iα and
m < n let u(ν, k) = uα(ν, k). For ν ∈ Iβ \ Iα let u(ν, 0) = I ∩ (ν + 1) and for 1 ≤ m < n put

u(ν,m) = uβ(ν, m) ∪ {ξ ∈ dom sα : ∃ζ ∈ dom sβ ∃d ∈ ω

sα(ξ) = 〈kξ, d〉 ∧ sβ(ζ) = 〈kζ , d〉 ∧ uβ(ζ, kζ) ⊂ uβ(ν, m)}.

Then q ∈ Q and q 
 [sα, sβ ] ⊂ GG , so we need to check only q ≤ qα, qβ . First observe that
q ≤ qα is straightforward because Iα is an initial segment of I and u � Iα × n = uα.

To check q ≤ qβ assume that ν0, ν1 ∈ Iβ \ Iα and m0,m1 < n such that u(ν0,m0)∩u(ν1,m1)∩
(Iα \ Iβ) 6= ∅. We need to show uβ(ν0,m0)∩ uβ(ν1,m1) 6= ∅. If m0 = 0 or m1 = 0 then it is clear
because uβ(ν, 0) = (ν+1)∩Iβ . So assume m0,m1 ≥ 1 and pick ξ ∈ u(ν0,m0)∩u(ν1,m1)∩(Iα\Iβ).
Then ξ ∈ dom sα and there are ζ0, ζ1 ∈ dom sβ such that sα(ξ) = 〈kξ, d〉, sβ(ζi) = 〈kζi , d〉 and
uβ(ζi, kζi

) ⊂ uβ(νi,mi) for i = 0, 1.
Since sβ ⊂ J , it follows that d ∈ uβ(ν0,m0) ∩ uβ(ν1,m1), i.e. uβ(ν0,m0) ∩ uβ(ν1,m1) 6= ∅.
Since uβ(ν0,m0) ⊂ uβ(ν1,m1) clearly implies u(ν0,m0) ⊂ u(ν1,m1) by the construction of u

it follows that q ≤ qβ . �

Carrying out our plan we apply theorem 2.2 to find a c.c.c extension V Q∗R∗P of V Q such that

V Q∗R∗P |= “MAℵ1 holds + GG is 2-solid.”

Thus the following lemma completes the proof of theorem 3.7.

Lemma 3.9. If GG is 2-solid then every open set in XG is either countable or co-countable.

Proof of the lemma 3.9. Let V ⊂ XG be an uncountable open set and Y ∈
[
X

]ω1 . To show
V ∩ Y 6= ∅ pick pairwise disjoint, infinite ordinals {να, µα : α < ω1} and natural numbers
{kα, dα : α < ω1} such that

(i) να ∈ V and UG(να, kα) ⊂ V ,
(ii) dα ∈ UG(να, kα),
(iii) µα ∈ Y ,
(iv) να < µα < νβ < µβ for α < β < ω1.

By thinning out our sequence we can assume that dα = d. Let sα =
{
〈να, 〈kα, d〉〉 , 〈µα, 〈0, d〉〉

}
for α < ω1. Then sα ∈ J because of d ∈ ω ⊂ UG(µα, 0).

Since G is 2-solid there are α < β < ω1 such that [sα, sβ ] ⊂ G, especially,

{〈µα, 〈0, d〉〉 , 〈νβ , 〈kβ , d〉〉} ∈ G.

Since νβ /∈ µα + 1 = UG(µα, 0) it follows that µα ∈ UG(νβ , kβ) ⊂ V and so V ∩ Y 6= ∅ which was
to be proved. �

Theorem 3.7 is proved. �

Denote by 2ω1 the ωth
1 power of the discrete, additive topological group 2 = {0, 1}.
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Theorem 3.10. If GCH holds then there is a c.c.c poset P such that

V P |= “2ω1 contains an S-group and MAℵ1 holds”.

Proof. Since 2ω = ω1 we have a strong HFDw X = {xν : ν < ω1} ⊂ 2ω1 .
We can assume that xν(ν + 1) = 0 and xν(ξ) = 1 for each ξ ≤ ν < ω1. Let A be the subgroup

of 2ω1 generated by X. We show that A will be a c.c.c-indestructible S-group in a certain generic
extension.

If a ∈
[
ω1

]<ω \ {∅} write xa =
∑
{xν : ν ∈ a} and let x∅ be the unit element of 2ω1 . Since

xa + xb = xa4b and so −(xa) = xa, we have A = {xa : a ∈
[
ω1

]<ω}.
Fix a countable dense subset D of 2ω1 . Let K =

[
ω1

]<ω ×
[
ω1

]<ω ×D and

J = {〈ν, 〈a, t, d〉〉 ∈ ω1 ×K : ν = min a ≤ min t, xa � t = d � t}.
Put

G = (
[
ω1 ×K

]2 \ [
J

]2)∪{
{〈ν0, 〈a0, t0, d0〉〉 , 〈ν1, 〈a1, t1, d1〉〉} ∈

[
J

]2 :

d0 6= d1 ∨ (ν0 < ν1 ∧ xa0 � t1 = d1 � t1)
}

.

Lemma 3.11. G is strongly solid.

Proof. Let n ∈ ω. Fix a dom-disjoint sequence 〈sα : α < ω1〉 ⊂ Fnn(ω1,K). For each α < ω1

write dom sα = {σα,i : i < n} and let sα(σα,i) = 〈aα,i, tα,i, dα,i〉.
By the definition of G we can assume that sα ⊂ J .
Let aα = ∪{aα,i : i < n} and tα = ∪{tα,i : i < n} and fix increasing enumerations aα = {γα,j :

j < kα} and tα = {τα,` : ` < mα}.
By thinning out our sequence we may assume that

(i) kα = k and mα = m for each α < ω1,
(ii) there are elements {di : i < m} ⊂ B such that dα,i = di for each α < ω1 and i < n,
(iii) max aα ∪ tα < min aβ ∪ tβ for α < β < ω1.
(iv) γα,j ∈ aα,i iff γβ,j ∈ aβ,i for each α < β < ω1 and i < n, j < k.
Define functions Hα : k × m −→ 2 as follows. Fix ` < m. We will determine the values of

Hα(k − 1, `), Hα(k − 2, `), . . . , H(0, `) successively. Assume j < k and Hα(j′, `) is defined for
j < j′ < k. If γα,j /∈ dom sα, then let Hα(j, `) be arbitrary. If γα,j = σα,i ∈ dom sα then let

(∗) Hα(j, `) = di(τα,`)−
∑

{Hα(j′, `) : j < j′ < k, γα,j′ ∈ aα,i} .

Observe that for each i < n and ` < m by (∗) and by σα,i = min aα,i we have

(?) di(τα,`) =
∑

{Hα(j, `) : γα,j ∈ aα,i} .

We can assume that Hα = H for each α < ω1.
Since X is a HFDk

w there are α < β < ω1 such that

∀j < k ∀` < m xγα,j
(τβ,`) = H(j, `).

We claim that [sα, sβ ] ⊂ G.
Fix i0, i1 < n and check {〈σα,i0 , 〈aα,i0 , tα,i0 , di0〉〉 , 〈σβ,i1 , 〈aβ,i1 , tβ,i1 , di1〉〉} ∈ G. By the defini-

tion of G we can assume di0 = di1 . To show xaα,i0
� tβ,i1 = di1 � tβ,i1 let τβ,` ∈ tβ,i1 . Then

xaα,i0
(τβ,`) =

∑ {
xγα,j

(τβ,`) : γα,j ∈ aα,i0

}
=

∑
{H(j, `) : γα,j ∈ aα,i0} =∑

{H(j, `) : γβ,j ∈ aβ,i0} = di0(τβ,`) = di1(τβ,`),



10 L. SOUKUP

where the first equality holds by definition, the second is satisfied by the choice of α and β, the
third is fulfilled by (iv) , and the fourth holds by (?). This completes the proof of the lemma. �

Lemma 3.12. If G is 1-solid in some model W ⊃ V then W |= “A is hereditarily separable”.

Proof. Assume on the contrary that {xaα : α < ω1} ⊂ A is a left separated subspace witnessed
by basic open sets [cα], i.e. cα ∈ Fn(ω1, 2) such that cα ⊂ xaα

and cγ 6⊂ xaα
for γ < α. Pick

dα ∈ D with cα ⊂ dα.
We can assume that
(a) dα = d for α < ω1,
(b) {aα : α < ω1} forms a ∆-system with kernel a,
(c) a = ∅ because the mapping g −→ g + xa is a homeomorphism of A,
(d) max(aα) < min(aβ) for α < β < ω1,
(e) {dom(cα) : α < ω1} forms a ∆-system with kernel r,
(f) cα � r = c and so r = ∅ because cα can be replaced by cα � (dom cα \ r),
(g) max((dom cα) ∪ aα) < min((dom cβ) ∪ aβ) for α < β < ω1.

For α < ω1 let σα = min aα and sα = {〈σα, 〈aα,dom cα+1, d〉〉}.
Since G is 1-solid, there are α < β < ω1 such that [sα, sβ ] ⊂ G, i.e. xaα

� dom cβ+1 = d �
dom cβ+1 = cβ+1 which contradicts the choice of cβ+1. �

By lemma 3.11, G is strongly solid , so applying theorem 2.2 we obtain a c.c.c. poset P such
that

V P |= “G is 1-solid + MAℵ1 holds”.

Then, by lemma 3.12,
V P |= “A is hereditarily separable”.

Finally we show that A is not Lindelöf. Indeed, take Uν = {f ∈ A : f(ν) = 0} for ν < ω1. Then
U = {Uν : ν < ω1} is an open cover of A, because for each a ∈

[
ω1

]<ω \ {∅}, taking α = min a,
we have xa(α) + xa(α + 1) = 1 and so xa ∈ Uα ∪ Uα+1. On the other hand, U does not contain
a countable subcover, because xν /∈

⋃
ζ≤ν Uζ . Thus the group A and the poset P satisfy the

requirements of the theorem. �

Using similar arguments we can also get the following result.

Theorem 3.13. If GCH holds then there is a c.c.c poset P such that

V P |= “2ω1 contains an L-group and MAℵ1 holds”.
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Alfréd Rényi Institute of Mathematics, Hungarian Academy of Sciences, Budapest, V. Reáltanoda
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