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The beginning

Theorem (Bernstein)

There is X C R such that neither X nor R\ X contain a perfect subset.
The family of perfect subsets of the reals has property B.

| \

Definition
A family A has property B iff there is a set X such that X N A # () and
A\ X # () for each A € A.

Theorem (Bernstein)
If |A| = k and |A| > k for each A € A then A has property B.
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Miller's results

Theorem (E. W. Miller, 1937)

Let n € w. If A is a family of infinite countable sets, and |ANA'| < n for
each A # A’ ¢ A then A has property B.

A is p-almost-disjoint iff [ANA| < pufor AZA € A
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Miller's results

A is p-almost-disjoint iff [ANA | <pufor AZA € A ]

Theorem (E. W. Miller)

If a family A of infinite countable sets is n-almost disjoint for some n € w
then A has property B.

Proof:
o A={Ar:k<w}. Let Ai= A\ U{A;: € < k}.
@ Pick x,€ A, and let X= {xi : k < w}.
@ x, € XN A, |XﬂAk|§k+1<w.
@ X (VAc A 0<|ANX|<w
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Miller's results

Theorem (E. W. Miller)

If a family A of infinite countable sets is n-almost disjoint for some n € w
then A has property B.

)
)
)
)
)
)
)
)
)
)

A={Ay:a<w} C [w]”

Ae My <My < My < Myy1 <+ < (H(k), €,<),
continuous chain of elementary submodels (My = 0)

For o < wy consider the family AN (Ma41 \ Mo) ={Aak - k <w}
if Ac My11\ M, then AC My41 and |[ANM,| <n

Let AL 4 = (Aak \ (U{Aay 1 € < k}))\ M.

Pick xok € AL . Let X = {x, k1 @ < w1,k <w}.

Xa,k € X, |XﬁAak‘ < |M, ﬂAak‘+‘{Xa0,...,Xa7k}‘ <n+k
X (VAe A 0< [ XNA|<w

Al wk C Aok Ak \ A & is finite

A’kﬂA’ =0 |fa<ﬂthenAakaMﬁandA’@mﬂl\/lﬁ:@.
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Miller's results

Theorem (E. W. Miller)

If a family A of infinite countable sets is n-almost disjoint for some n € w
then A has property B.

o A={Ask:a<w,K<w}C [wl]w
0 Al C Aok Aok \ A, s finite , AL NAL =10
o A is w-essentially disjoint

A family A is p-essentially disjoint (u-ED) iff for each A € A there is
F(A) € [A]™" such that {A\ F(A) : A€ A} is disjoint

Theorem (Erdés-Hajnal, 1961)

If a family A of infinite countable sets is n-almost disjoint for some n € w
then A is w-ED.
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Miller's results

Theorem (E. W. Miller)

If a family A of infinite countable sets is n-almost disjoint for some n € w
then A has property B.

A family A is p-essentially disjoint (u-ED) iff for each A € A there is
F(A) € [A]™" such that {A\ F(A) : A € A} is disjoint

Theorem (Erdés-Hajnal, 1961)

If A is an n-almost disjoint family of infinite countable countable sets for
some n € w, then A is w-ED.

A family A of infinite sets has property B() iff there is a set X such that
0 <|XNA|<uforeach Ae A.

Theorem (Erdés-Hajnal, 1961)

If A is an n-almost disjoint family of infinite countable sets for some n € w,
then A has property B(w).

L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 8 /30



Miller's result

A'is 1-ED iff VA € A 3F(A) € [A] " s. t. {A\ F(A): A A} is disjoint
A has property B(p) iff IX VA€ A0 < [ XNA| < p.

A is w-ED implies A has property B(w) implies A has property B.
@ We consider only subfamilies of [A]" for some w < x < A.

Notation: M(\, x, ) — ® means that _
every p-almost disjoint family A C [/\]h has property ®

Miller, Erdds-Hajnal: M(\,w,n) — B, M(\,w,n) — B(w),
M()‘a w, n) — w-ED,
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< k<A

iff M(\, k, 1) — V implies M(\, k, ) — &.

DR: VA€ A 3F(A) € [A]" st
{F(A) : Ac A} is disjoint

C(r): IFYVAEAT"A=k

wC(k): If VA€ Af'Ac [k]"

x < r: 3f (ran(f) C k and
VAe A|f"Al > 2)
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o A C P(X) afamily of sets, f: X — p function

o fisa proper coloring of A iff |f”A| > 2 for each A € A.

o f is called a conflict free coloring iff VAc A 3¢, epdlac A
f(a) = ¢a.

@ xcr(A)=min{p: 3f : X — p conflict free coloring}
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w-EDness and coloring

f :UA — pis a conflict free coloring for A iff
VAc AIacp3lacAf(a)=¢a.

Xcr(A)= min{p : If : X — p conflict free coloring}

Let A C [A]”

If Ais w-ED, then xcp(A) < w.

Proof: For A€ A let F(A)€ [A]™ s.t. {A\ F(A): A€ A} is disjoint
Let f: A > ws.t. £ [ A\ F(A) is injective

If A€ Athen F(A) is finite and f [ A\ F(A) is injective

so thereis a € A\ F(A) s.t. f(a) ¢ f"F(A).

o Miller: If A C [A]” is n-a.d. for some n € w then xcp(A) < w.

o X(A) < xcr(A).

e © 6 ¢ ¢
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< k<A

iff M(\, k, 1) — V implies M(\, k, ) — &.

x— ED DR: VA € A 3F(A) € [A]" st
{F(A) : A € A} is disjoint

B(r)] DR Cx):IFVACAFA=r
wC(r): IF VA€ Af"Ac [k]"

C(x)
x < x: 3f (ran(f) C k and
VAe A|f"Al > 2)

XcF < K [B] wC(x)

xcr <kt 3f (ran(f) C K and
VAc A3 erdlacA

x<r (a) =€)
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n-almost disjoint families

o If AC [A]w is n-a.d. for some n € w then A is w-ED, and so
xcr(A) S w.
@ There is a 2-ad. family A C [wl]wl which is not w-ED.

@ Remark: A above is wi-ED, and so it has property B, but wi-ED does
not implies xcr(A) < w.

Theorem (HJSSs)

For each infinite cardinals k < X and n € w if A C [)\}H is n-almost disjoint
then xcr(A) < w.

° XCF([)\}F",/J,—a.d.)= sup{xcr(A): AC [A]K, Al =\, Ais u-ad}.

Theorem (HJSSs)

xcr([A", n-a.d.) < w for each infinite cardinals k < X and n € w.
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n-almost disjoint families: sharper theorems

Def: xcr([A]", p-a.d.) < p iff every p-almost disjoint family A C [A]" of size A
has a conflict free coloring with p colors.
Thm: X(;F([/\r,n—a.d.) < w.

@ Do we really need w colors?

o Special case: Let £ be the y=x
family of lines of the plane R?.
& is 2-almost disjoint.

@ Every line contains exactly one
blue point or exactly one red
point

® xcr(€) €3 xcr(€) =3
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n-almost disjoint families: sharper theorems

@ Do we really need w colors?

@ Special case: Let £ be the y=x
family of lines of the plane R2.
& is 2-almost disjoint.

@ Every line contains exactly one
blue point or exactly one red
point

® xcr(€) <3 xcr(€) =3

o f is a weak conflict free coloring for A iff VA€ A 3¢ Jlac A
f(a) =¢.

@ wycp(A) is the minimal p s.t. A has a weak conflict free coloring
with p colors.

® wxcr(A) < xor(A) < wxep(A) +1
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Sharper theorems

f:UA — pis a CF-coloring iff VA€ A (3¢ < p) [ANF ¢} =1.
f is wCF-coloring if dom(f) Cc UA
xcr([A]", p-a.d.)= sup{xcr(A) : A C [A]",|A| = )\, A is p-ad}.

° WX(;F([)\]ﬁ,/L—a d.)= sup{wxcg(A) : A C [)\]F”, |A| =\, is p-ad}.
° WXCF([)\]K,/L—a d.) < p iff every p-almost disjoint family A C [A}'{
h

of size A has a weak conflict free coloring with p colors.

WXCF([W] ,2—a d) < 2.
WXCF([WI] ,2—a.d.) < 2
WXCF([WQ] ,2—a d) < 3 and WXCF([W3]w,2—a.d.) < 3

L. Soukup (Rényi Institute) On properties of families of sets Wien 2009 17 / 30



Sharper theorems

Theorem (HJSSz)

If k is an infinite cardinal, m, d are natural numbers, then

WXCF([H—Fm]K,d-a.d.) < {(m + 1)(d — 1) + 1J 1.

2
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Sharper theorems

If k is an infinite cardinal, m, d are natural numbers, then

wxcr([s1™]", d-a.d.) < {(m sl (Gt Dl 1J +1.

2

If GCH holds, and if d = 2 or d is odd then we have equality in the result
above for each k and m.

@ Do we really need w colors?

Yes, we need: xcr([3.]”,2-a.d.) = w.
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The exact value of xcp

wxcr(A) < xcr(A) < wxep(A) +1

GCH: wycr([wm]”,2-a.d.) = [m/2] + 2;

[m/2] +2 < xcr([wm]”,2-a.d.) < [m/2] +3.

Easy XCF([w]w,Za.d.) = XCF([wl]w,Za.d.) =3

Open: GCH + X(;F([wg]w,}a.d.) =4

GCH implies xcr([w3]”,2-a.d.) =4

Question: Assume that f is a function, dom(f) C Q?, ran(f) C 3,

dom(f) does not contain 3 collinear points. Is there a function
g Q% — 3 such that g O f and g is a CF-coloring for the lines?

e © ¢ ¢ ¢ ¢ ¢
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A is w-almost disjoint

wa colors

o If n <w < \then XCF([)\]W, n-ad.) <w
@ One can conjecture: If w; < ) then XCF([/\]wl,w—a.d.) <uwq

Let wy < X be an infinite cardinal. Assume that u* = u™ for each u < \
with cf(1) = w. Then xcr([A]",w-a.d.) < wy for each wy < K < A.

o xcr([A]?, w-a.d.) < wp
° Ifw2</@<)\andACuL)\ is w-ad then there is X C \ s.t.
{ANX:Ae A} C[X]
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A is w-almost disjoint

w1 colors may not be enough

*(\): there is a stationary set S C E.; and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Theorem

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy. Then there is a stationary set S* C Ej‘l and there is an w-almost
disjoint family {E,, : o € S*} such that

(1) Ey C «is cofinal in o for each a € S*,

(2) for each B € [)\})‘ there is o € S* with E, C B.

Corollary

| A\

Assume that GCH. If % (\) holds for some regular cardinal A > wy, then
there is an w-almost disjoint family A C [A|** with x(A) = \. Especially
xcr([A]* w-a.d.) = A.
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A is w-almost disjoint

w1 colors may not be enough

*(\): there is a stationary set S C E. and an w-almost disjoint family
{An : a € S} such that UA, = o for each o € S.

D—

GCH + %(\) = Jw-AD. AC [A]“" sit. x(A4) =\

Assume GCH. If % () holds for some regular cardinal A > w1, then for
each wy < k < X there is an w-almost disjoint family F C [)\}'{ with

Xcr(F) = wa.

N

v

Corollary

Con(ZFC + dsupercompact) = Con(ZFC+ GCH +

(1) XCF([warl]wl’W'a-d-) = Ww+1,
(2) XCF([wwH]w",w—a.d.) =wy for2 < n<w.
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A is w-almost disjoint

w1 colors may be enough

Definition

Let 1 be a singular cardinal with cf(w) = w. For a sufficiently large ¥ and

x € H(¥), a (w1, 1)-dominating sequence over x is a continuous,

strictly increasing sequence (M, : « < ut) of elementary submodels

of H(¥) such that

(1) (wn +1) U{x} © Mo, [Ma] < g and i+ € Uy Mo

(s2) for each a < ™ the set M, is the union of sets {M, , : n < w} such
that [M), ,]* C M.

N

Theorem (Fuchino-S.)

Assume v¥ = v for each cardinal v with cf(v) = w. Let u be a singular
cardinal with cf(n) = w. IfO}*, holds, then, for any sufficiently large x

wi, [
and x € H(x), there is a (w1, u)-dominating sequence over x.

A,
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A is w-almost disjoint

w1 colors may be enough

(M, : a < pt) < H(J) is a a (w1, u)-dominating sequence over x iff

(s1) (w1 +1)U{x} C My, M| <pand pu™ C Ua<u+ M.,

(s2) for each av < p" the set M, is the union of sets {M,, , : n < w} such that
(M), 1% C M,

v

Let \ be an infinite cardinal. Assume that

(i) u® = p* for each cardinal p < X\ with cf(u) = w,

(ii) for each singular cardinal ;v < X with cf(u) = w if 9 is sufficiently
large and x € H(1)) then there is a (w1, 1)-dominating sequence over
X.

Then XCF([A]K,w—a.d.) < wj foreach w; < Kk < \.

CH XCF([u)m]wk,w—a.d.) <w for2<k<m<uw.
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A is w-almost disjoint

w colors are not enough

Theorem (Komjath)

There is an w-almost disjoint family A C [2¢]” with x(A) = 2*. Hence
xor([2¥]*, w-a.d.) = 2¢.

Komjath proved that there is an w-almost disjoint family A C [2w]w such
that for each X € [2¢]“* there is A € A with A C X.
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A is w-almost disjoint

w colors are not be enough

Komjath: ycr([2¢]”, w-a.d.) =2¥ J

If CH holds then XCF([wl]wl,w—a.d.) = wi.

Assume MAy,. Then XCF([wl}wl,w—a.d.) = w and
XCF( [wl]w,w—a.d.) = W.
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More ZFC result

@ Closure operation: Find (N, : o < k) s.t closed enough

o plYl = p iff there is a family B C [p]gy of size p such that for all
ue [p]y there is P € [B]<V such that v C UP.

@ Shelah’s Revised GCH theorem: If p > 3, then pl*l = p for
each large enough regular v < 7.

o Let u < k < X be cardinals. M(\, k, u) — ED(k) holds iff every
u-almost disjoint family A C [/\]"C is k-ED

If/.t < :w S A then M(/\,:w,'u) — ED(:w), and so
XCF([/\]:“,M—a.d.) <3

o V=ILF XCF([)\ " w-aud.) < wip for wp <K <A
o GCHH XCF([)\]H,w—a.d.) < wsy forwy < K < A
o ZFC+ XCF([)\]H,w—a.d.) <3, forJ, <k <A\
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Without GCH

o CHFE XCF([wm]wk,w—a.d.) <wiforl<k<m<uw.

o Con( xcr([wa]*,w-a.d.) = wo. )
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Separate the properties in the diagram!
The assumption that every p-a.d. family A C [A]" has property ¢
does not imply that every p-a.d. family A C [/\]"C has property V.

@ Stepping up:
Does M(\, k, p) — @ imply
M(\, &/, p) — & for kK < K'?
o A< A iff
VAle /A JAc AACA.
o O(A) — d(A)
o G(A) /> &)
o —|¢(.A,)
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