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A set A is a set-system if all elements of it have size at least 2.
f is a proper coloring of a set-system A iff [f”A| > 2 for each A € A.

f is a conflict free coloring of a set-system A with p colors iff
f:UA—pand VAe A (3¢ <p) |ANF I} =1.
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A set A is a set-system if all elements of it have size at least 2.
f is a proper coloring of a set-system A iff [f”A| > 2 for each A € A.

f is a conflict free coloring of a set-system A with p colors iff
f:UA—pand VAe A (3¢ <p) |ANF I} =1.

f is a weak conflict free coloring iff we weaken the assumption
dom(f) = UA to dom(f) C UA.

The chromatic number, the conflict-free chromatic number and the
weak conflict-free chromatic number of a set-system A, denoted by

X(A), xcr(A), wxer(A)

respectively, are defined as the minimal number of colors in a proper,
conflict free or a weak conflict-free coloring, respectively.
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@ f:UA — pisa CF-coloring iff VA€ A (3¢ < p) |ANFH{(} =1.
@ f is wCF-coloring if dom(f) C UA
o f is a proper coloring iff |f”A| > 2 for each A€ A
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f:UA— pisa CF-coloring iff VAc A (3¢ < p) |ANFH{(} =1.
f is wCF-coloring if dom(f) C UA

(]

f is a proper coloring iff |[f”A| > 2 for each A€ A

X(A) < xcr(A) < wxep(A) +1
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f is a proper coloring iff |[f”A| > 2 for each A€ A

X(A) < xcr(A) < wxer(A) +1
X(A) = xcr(A) provided |A] <3 forall Ac A
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f is a proper coloring iff |[f”A| > 2 for each A€ A

X(A) < xer(A) < wxer(A) +1

X(A) = xcr(A) provided |A| <3 forall Ac A

@ For all K > w there exists a quadruple system A with x(.A) = 2 and
Xcr(A) =
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@ f:UA — pisa CF-coloring iff VA€ A (3¢ < p) |ANFH{(} =1.
@ f is wCF-coloring if dom(f) C UA
o f is a proper coloring iff |f”A| > 2 for each A€ A

® X(A) < xcr(A) < wxer(A) +1
@ x(A) = xcr(A) provided |A] <3 forall Ae A
@ For all K > w there exists a quadruple system A with x(.A) = 2 and

Xcr(A) = & A
A={H € [k]" : H contains even and odd ordinals as well}.
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o f is a proper coloring iff |f”A| > 2 for each A€ A

o Ais (u,v)-almost disjoint iff N\B < p for each B € [A}V

o A is p-almost disjoint iff  ANB| < pufor AABec A

@ p-almost disjoint =(u, 2)-almost disjoint

@ Erdds-Hajnal-Rothchild-Galvin studied chromatic numbers of
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@ f:UA — pisa CF-coloring iff VA€ A (3¢ < p) |ANFH{(} =1.
® f is wCF-coloring if dom(f) C UA
o f is a proper coloring iff |f”A| > 2 for each A€ A

o Ais (u,v)-almost disjoint iff N\B < p for each B € [A}V

o A is p-almost disjoint iff  ANB| < pufor AABec A

@ p-almost disjoint =(u, 2)-almost disjoint

@ Erdds-Hajnal-Rothchild-Galvin studied chromatic numbers of
(4, v)-almost disjoint set-systems

o If Ais (n,w;)-almost disjoint then y(A) < w
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@ f:UA — pisa CF-coloring iff VAc A (3¢ < p) |ANFH{(} =1.
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@ A is p-almost disjoint iff [ANB| < ufor A% B e A
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f:UA— pisa CF-coloring iff VAc A (3¢ < p) |ANFH{(} =1.
f is wCF-coloring if dom(f) C UA
@ A is p-almost disjoint iff [ANB| < ufor A% B e A

Part 1. ;1 < w: ZFC(+GCH) results

Part 2. ;= w: Consistency results
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f:UA— pisa CF-coloring iff VAc A (3¢ < p) |ANFH{(} =1.
f is wCF-coloring if dom(f) C UA
@ A is p-almost disjoint iff [ANB| < ufor A% B e A

Part 1. p < w: ZFC(+GCH) results
Part 2. ;= w: Consistency results
Part 3. More ZFC results
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@ f:UA — pisa CF-coloring iff VA€ A (3¢ < p) |ANFH{(} =1.
@ f is wCF-coloring if dom(f) C UA
@ Ais p-almost disjoint iff [ANB| < pufor ABe A

® K, \, 1, and p are cardinals.
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@ f:UA — pisa CF-coloring iff VA€ A (3¢ < p) |ANFH{(} =1.
@ f is wCF-coloring if dom(f) C UA
@ Ais p-almost disjoint iff [ANB| < pufor ABe A

K, A\, 4, and p are cardinals.
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@ f:UA — pisa CF-coloring iff VA€ A (3¢ < p) |ANFH{(} =1.
@ f is wCF-coloring if dom(f) C UA
@ Ais p-almost disjoint iff [ANB| < pufor ABe A

K, A\, 4, and p are cardinals.

[\, s, 1] — p iff every p-almost disjoint family A C [A]" of size A
has a conflict free coloring with p colors.

(]

[\, k, 1] —w p iff every p-almost disjoint family A C [A]H of size A
has a conflict free coloring with p colors.

If S = (S, : @ < wi) witnesses &, then S C [w1]” is w-almost
disjoint and xcp(S) = x(S) = w1, s0 [w1,w,w] / w.
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A is d-almost disjoint for some d < w.

@ [\ K, u| — p iff every p-almost A C [)\]K has a CF-colorings with p-colors

® [\, k, y] —w p iff every pralmost A C [A]" has a wCF-col w. p-colors
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A is d-almost disjoint for some d < w.

@ [\ K, u| — p iff every p-almost A C [)\]K has a CF-colorings with p-colors

® [\, k, y] —w p iff every pralmost A C [A]" has a wCF-col w. p-colors

v

For each infinite cardinals k < X and d € w we have [\, K, d] — w.
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Proof: [\, k,d] — w
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Proof: [\, k,d] — w

le(A) ={¢: [cTH{&} N Al =1}
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Proof: [\, k,d] — w
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Proof: [\, k,d] — w

Ic(A) = {¢: [c7H{E} N Al =1} c is CFiff I(A) # 0
(*4.2) V d-AD family A= {A, : v < A} C [A]R thereis f 1 A — w s.t.
(Vv < A) A, =w and w )\ I(A,) is finite.

Case 1: A\ = k = w. Any injective function ¢ : w — w works.
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Proof: [\, k,d] — w

Ic(A) = {¢: [c7H{E} N Al =1} c is CFiff I(A) # 0
(*4.2) V d-AD family A= {A, : v < A} C [A]R thereis f 1 A — w s.t.
(Vv < A) A, =w and w )\ I(A,) is finite.

Case 2: A=k > w.
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Proof: [\, k,d] — w

Ic(A) = {¢: [c7H{E} N Al =1} c is CFiff I(A) # 0
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(*4,2) V d-AD family A= {A, :v < A} C [)\]F” thereis f : A — w s.t.
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Case 3: A > k.
@ Let (N, : o < \) be a A\-chain of models with (x + 1) U {4} C Np.
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Ic(A) = {¢: [c7H{E} N Al =1} c is CFiff I(A) # 0

(*4,2) V d-AD family A= {A, :v < A} C [)\]F” thereis f : A — w s.t.
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Proof: [\, k,d] — w

Ic(A) = {¢: [c7H{E} N Al =1} c is CFiff I(A) # 0

(*4,2) V d-AD family A= {A, :v < A} C [)\]F” thereis f : A — w s.t.
(Vv < A) "A, =w and w\ I(A)) is finite.

Case 3: )\ > k.

@ Let (N, : o < \) be a A\-chain of models with (x + 1) U {4} C Np.
o If Ac A\ N, then |[ANN,| <d
o Al = {A\ N, : A€ Nyy1 \ Ny}
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Proof: [\, k,d] — w
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(*4,2) V d-AD family A= {A, :v < A} C [)\]F” thereis f : A — w s.t.
(Vv < A) "A, =w and w\ I(A)) is finite.

Case 3: )\ > k.
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Proof: [\, k,d] — w

Ic(A) = {¢: [c7H{E} N Al =1} c is CFiff I(A) # 0
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Case 3: )\ > k.

@ Let (N, : o < \) be a A\-chain of models with (x + 1) U {4} C Np.
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Proof: [\, k,d] — w

Ic(A) = {¢: [c7H{E} N Al =1} c is CFiff I(A) # 0
(%r,0) V d-AD family A= {A, : v < A} C [A]" thereis f : A > w s.t.
(Vv < A) "A, =w and w\ I(A)) is finite.
Case 3: \ > k.
@ Let (N, : o < \) be a A\-chain of models with (x + 1) U {4} C Np.
o If Ac A\ N, then |[ANN,| <d
o A, = {A\ Ny : A€ Noy1 \ No} C [(Nag1 \ No) N A]" is d-AD.

@ Jcg : (Nat+1 \ No) N A — w s.t.
/A =wand w\ I, (A) is finite for all A" € A,
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Proof: [\, k,d] — w

Ic(A) = {¢: |c7HEY N A| =1} c is CF iff I.(A) # 0

(%r,0) V d-AD family A= {A, : v < A} C [A]" thereis f : A > w s.t.
(Vv < A) "A, =wand w\ I(A,) is finite.

Case 3: )\ > k.
Let (N, : @ < \) be a A-chain of models with (x + 1) U {A} C Np.
If Ac A\ N, then |ANN,| <d
AL ={A\ Ny : A€ Nog1 \ No} C [(Nag1 \ No) N A]™ is d-AD.
Aot (Not1 \ No) DA — w s.t.
c/A'=wand w)\ I, (A) is finite for all A" € A..
c =U{cy : @ < K} witnesses (x, )).

e © ¢ ¢
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Proof: [\, k,d] — w

Ic(A) = {¢: |c7HEY N A| =1} c is CF iff I.(A) # 0
(%r,0) V d-AD family A= {A, : v < A} C [A]" thereis f : A > w s.t.
(Vv < A) "A, =wand w\ I(A,) is finite.
Case 3: )\ > k.
Let (N, : @ < \) be a A-chain of models with (x + 1) U {A} C Np.
If Ac A\ N, then |ANN,| <d
AL ={A\ Ny : A€ Nog1 \ No} C [(Nag1 \ No) N A]™ is d-AD.
Aot (Not1 \ No) DA — w s.t.
c/A'=wand w)\ I, (A) is finite for all A" € A..
c =U{cy : @ < K} witnesses (x, )).
Indeed, let Ac A
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Proof: [\, k,d] — w

Ic(A) = {¢: |c7HEY N A| =1} c is CF iff I.(A) # 0
(%r,0) V d-AD family A= {A, : v < A} C [A]" thereis f : A > w s.t.
(Vv < A) "A, =wand w\ I(A,) is finite.
Case 3: )\ > k.
Let (N, : @ < \) be a A-chain of models with (x + 1) U {A} C Np.
If Ac A\ N, then |ANN,| <d
AL ={A\ Ny : A€ Nog1 \ No} C [(Nag1 \ No) N A]™ is d-AD.
Aot (Not1 \ No) DA — w s.t.
c/A'=wand w)\ I, (A) is finite for all A" € A..
c =U{cy : @ < K} witnesses (x, )).
Indeed, let A € AN (Ngt1 \ No)-
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Proof: [\, k,d] — w

Ic(A) = {¢: |c7HEY N A| =1} c is CF iff I.(A) # 0

(%r,0) V d-AD family A= {A, : v < A} C [A]" thereis f : A > w s.t.
(Vv < A) "A, =wand w\ I(A,) is finite.

Case 3: )\ > k.
Let (N, : @ < \) be a A-chain of models with (x + 1) U {A} C Np.
If Ac A\ N, then |ANN,| <d
AL ={A\ Ny : A€ Nog1 \ No} C [(Nag1 \ No) N A]™ is d-AD.
Aot (Not1 \ No) DA — w s.t.
c/A'=wand w)\ I, (A) is finite for all A" € A..
c =U{cy : @ < K} witnesses (x, )).
Indeed, let A€ AN (Not1 \ No). Then A= AN (Nyy1 \ No) € A,
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Proof: [\, k,d] — w

Ic(A) = {¢: |c7HEY N A| =1} c is CF iff I.(A) # 0

(%r,0) V d-AD family A= {A, : v < A} C [A]" thereis f : A > w s.t.
(Vv < A) "A, =wand w\ I(A,) is finite.

Case 3: )\ > k.
Let (N, : @ < \) be a A-chain of models with (x + 1) U {A} C Np.
If Ac A\ N, then |ANN,| <d
AL ={A\ Ny : A€ Nog1 \ No} C [(Nag1 \ No) N A]™ is d-AD.
Aot (Not1 \ No) DA — w s.t.
c/A'=wand w)\ I, (A) is finite for all A" € A..
c =U{cy : @ < K} witnesses (x, )).

Indeed, let A€ AN (Not1 \ No). Then A= AN (Nyy1 \ No) € A,
c"AD A =w.
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Proof: [\, k,d] — w

Ic(A) = {¢: |c7HEY N A| =1} c is CF iff I.(A) # 0

(%r,0) V d-AD family A= {A, : v < A} C [A]" thereis f : A > w s.t.
(Vv < A) "A, =wand w\ I(A,) is finite.

Case 3: )\ > k.
Let (N, : @ < \) be a A-chain of models with (x + 1) U {A} C Np.
If Ac A\ N, then |ANN,| <d
AL ={A\ Ny : A€ Nog1 \ No} C [(Nag1 \ No) N A]™ is d-AD.
Aot (Not1 \ No) DA — w s.t.
c/A'=wand w)\ I, (A) is finite for all A" € A..
c =U{cy : @ < K} witnesses (x, )).

Indeed, let A€ AN (Not1 \ No). Then A= AN (Nyy1 \ No) € A,
c"AD cJA =w. Moreover |[dom(c\ c,) NA| < d.
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Proof: [\, k,d] — w

Ic(A) = {¢: |c7HEY N A| =1} c is CF iff I.(A) # 0
(%r,0) V d-AD family A= {A, : v < A} C [A]" thereis f : A > w s.t.
(Vv < A) "A, =wand w\ I(A,) is finite.
Case 3: )\ > k.
Let (N, : @ < \) be a A-chain of models with (x + 1) U {A} C Np.
If Ac A\ N, then |ANN,| <d
AL ={A\ Ny : A€ Nog1 \ No} C [(Nag1 \ No) N A]™ is d-AD.
Aot (Not1 \ No) DA — w s.t.
c/A'=wand w)\ I, (A) is finite for all A" € A..
@ ¢ =U{cy: a < Kk} witnesses ().
@ Indeed, let A€ AN (Nyg1 \ Ny). Then A = AN (Nog1 \ Ny) € AL
c"AD /A =w. Moreover |[dom(c \ c,) NA| < d.
@ Thus w\ Ic(A) C (w\ I, (A)) U (I, (A)\ 1c(A)),
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Proof: [\, k,d] — w

Ic(A) = {¢: [c7H{E} N Al =1} c is CFiff I(A) # 0
(*4,2) V d-AD family A= {A, :v < A} C [)\]F” thereis f : A — w s.t.
(Vv < A) "A, =w and w\ I(A)) is finite.
Case 3: A > k.

Let (N, : @ < \) be a A-chain of models with (x + 1) U {A} C Np.
If Ac A\ N, then |ANN,| <d

AL ={A\ Ny : A€ Nog1 \ No} C [(Nag1 \ No) N A]™ is d-AD.
Aot (Not1 \ No) DA — w s.t.

c/A'=wand w)\ I, (A) is finite for all A" € A..

@ ¢ =U{cy: a < Kk} witnesses ().

@ Indeed, let A€ AN (Nyg1 \ Ny). Then A = AN (Nog1 \ Ny) € AL
c"AD cJA =w. Moreover |[dom(c\ c,) NA| < d.

o Thus w\ Ie(A) C (W \ e, (A) U (I, (A) \ 1c(A)),
so w \ Ic(A) is finite.

e © ¢ ¢
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Sharper theorems

@ Do we really need w colors?
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Sharper theorems

@ Do we really need w colors?

@ Special case: consider the 2-dimensional vector space V above Q,
and let £ be the family of the lines of V.
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Sharper theorems

@ Do we really need w colors?
@ Special case: consider the 2-dimensional vector space V above Q,
and let £ be the family of the lines of V.

® xcr(€) =3,
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Sharper theorems

@ Do we really need w colors?

@ Special case: consider the 2-dimensional vector space V above Q,
and let £ be the family of the lines of V.

° xcr(€) =3,
o if A C [w]” is 2-almost-disjoint then ycr(A) < 3.

L. Soukup (Rényi Institute) Conflict free chromatic numbers Kobe 2009 10 / 24



Sharper theorems

@ Do we really need w colors?

@ Special case: consider the 2-dimensional vector space V above Q,
and let £ be the family of the lines of V.

° xcr(€) =3,
o if A C [w]” is 2-almost-disjoint then ycr(A) < 3.
o if AC [wi]” is 2-almost-disjoint then xp(A) < 3.
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Sharper theorems
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Sharper theorems

If k is an infinite cardinal, m, d are natural numbers,
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Sharper theorems

If k is an infinite cardinal, m,d are natural numbers, then

™ d] — V’”*l)(‘;‘ ”“J e
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Sharper theorems

If k is an infinite cardinal, m,d are natural numbers, then

™ d] — V’”*l)(‘;‘ ”“J e

° [wi,w,2] =y 2.
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Sharper theorems

If k is an infinite cardinal, m,d are natural numbers, then

™ d] — V’”*l)(‘;‘ ”“J e

° [wi,w,2] =y 2.

o [w3,w,2] —w 3 and [ws,w,2] —u 3
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Sharper theorems

If k is an infinite cardinal, m,d are natural numbers, then

(m+1)(d_1)+1J+1'

+m
[K‘ » Ky d] —w \‘ 5
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Sharper theorems

If k is an infinite cardinal, m,d are natural numbers, then

(m+1)(d_1)+1J+1'

+m
[K‘ » Ky d] —w \‘ 5

If GCH holds, and if d = 2 or d is odd then the result above is sharp for
each k and m.
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Sharper theorems

If k is an infinite cardinal, m,d are natural numbers, then

(m+1)(d_1)+1J+1'

+m
[K‘ » Ky d] —w \‘ 5

If GCH holds, and if d = 2 or d is odd then the result above is sharp for
each k and m.

@ Do we really need w colors?
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Sharper theorems

If k is an infinite cardinal, m,d are natural numbers, then

(m+1)(d_1)+1J+1'

+m
[K‘ » Ky d] —w \‘ 5

If GCH holds, and if d = 2 or d is odd then the result above is sharp for
each k and m.

@ Do we really need w colors?

Yes, we need: [J,,w,2] /4w m for m < w.
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Determine xcp
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Determine xcp

® xcr([A\ w,2])=min{p: [\, w,2] — p}
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Determine xcp

® xcr([A\ w,2])=min{p: [\, w,2] — p}
o wxcr([\ w,2])=min{p: [A\w,2] =y p}
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Determine xcp

® xcr([A\ w,2])=min{p: [\, w,2] — p}
o wxcr([\ w,2])=min{p: [A\w,2] =y p}
o wyxcr([wm,w,2]) = |[m/2] +2;
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Determine xcp

® xcr([A\ w,2])=min{p: [\, w,2] — p}

o wyxcr([\w,2])=min{p: [\,w,2] —w p}
o wxcr([wm,w,2]) = |m/2| +2;

o |m/2|+2< xcr([wm,w,2]) < |m/2] +3.
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Determine xcp

xer([A,w, 2])= min{p : [\, w,2] — p}
wxcr([Aw, 2])= min{p: [\, w,2] = p}
wxcr([wm,w,2]) = [m/2] +2;

|m/2] +2 < xcr([wm,w,2]) < |m/2] + 3.
Easy xcr(lw,w,2]) = xcr([wr,w,2]) =3

e © 6 ¢ ¢
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Determine xcp

xcr([A, w, 2])=min{p : [\,w,2] — p}
wxcr ([N w,2])=min{p : [\,w,2] —w p}
wxcr([wm,w,2]) = [m/2] + 2;

|m/2] +2 < xcr([wm,w,2]) < |m/2] + 3.
Easy xcr([w,w,2]) = xcr([wi,w,2]) =3
Open: GCH F xcr(w2,w,2]) =4

e © 6 ¢ ¢ ¢
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Determine xcp

xcr([A, w, 2])=min{p : [\,w,2] — p}
wxcr ([N w,2])=min{p : [\,w,2] —w p}
wxcr([wm,w,2]) = [m/2] + 2;

|m/2] +2 < xcr([wm,w,2]) < |m/2] + 3.
Easy XCF([w?w? 2]) = XCF([wl?w? 2]) =3
Open: GCH + xcr([w2,w,2]) =4

GCH implies xcr([ws,w,2]) = 4

¢ © 6 6 ¢ ¢ ¢
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Determine xcp

xcr([A, w, 2])=min{p : [\,w,2] — p}
wxcr ([N w,2])=min{p : [\,w,2] —w p}
wxcr([wm,w,2]) = [m/2] + 2;

|m/2] +2 < xcr([wm,w,2]) < |m/2] + 3.
Easy XCF([w?w? 2]) = XCF([wl?w? 2]) =3
Open: GCH + xcr([w2,w,2]) =4

GCH implies xcr([ws,w,2]) = 4

Question:

e © ¢ 6 ¢ ¢ ¢ ¢
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Determine xcp

xcr([A, w, 2])=min{p : [\,w,2] — p}
wxcr ([N w,2])=min{p : [\,w,2] —w p}
wxcr([wm,w,2]) = [m/2] + 2;

|m/2] +2 < xcr([wm,w,2]) < |m/2] + 3.
Easy XCF([w?w? 2]) = XCF([wl?w? 2]) =3
Open: GCH + xcr([w2,w,2]) =4

GCH implies xcr([ws,w,2]) = 4

Question: Assume that f is a function,

e © ¢ 6 ¢ ¢ ¢ ¢
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Determine xcp

xcr([A, w, 2])=min{p : [\,w,2] — p}

wxcr ([N w,2])=min{p : [\,w,2] —w p}

wxcr([wm,w,2]) = [m/2] + 2;

|m/2] +2 < xcr([wm,w,2]) < |m/2] + 3.

Easy XCF([w?w? 2]) = XCF([wl?w? 2]) =3

Open: GCH + xcr([w2,w,2]) =4

GCH implies xcr([ws,w,2]) = 4

Question: Assume that f is a function, dom(f) C Q?, ran(f) C 3,

e © ¢ 6 ¢ ¢ ¢ ¢
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Determine xcp

e © ¢ 6 ¢ ¢ ¢ ¢

xcr([A w, 2])= min{p : [A,w,2] — p}

wxcr([Aw, 2])= min{p : [\, w,2] —w p}

wxcr([wm,w,2]) = [m/2] +2;

|m/2] +2 < xcr([wm,w,2]) < |m/2] + 3.

Easy xcr([w,w,2]) = xcr([w1,w,2]) =3

Open: GCH F xcr(w2,w,2]) =4

GCH implies xcr([ws,w,2]) =4

Question: Assume that f is a function, dom(f) C Q?, ran(f) C 3,
dom(f) does not contain 3 collinear points.
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Determine xcp

e © ¢ 6 ¢ ¢ ¢ ¢

xcr([A, w, 2])=min{p : [\,w,2] — p}

wxcr ([N w,2])=min{p : [\,w,2] —w p}

wxcr([wm,w,2]) = [m/2] + 2;

|m/2] +2 < xcr([wm,w,2]) < |m/2] + 3.

Easy XCF([w?w? 2]) = XCF([wl?w? 2]) =3

Open: GCH + xcr([w2,w,2]) =4

GCH implies xcr([ws,w,2]) = 4

Question: Assume that f is a function, dom(f) C Q?, ran(f) C 3,

dom(f) does not contain 3 collinear points. Is there a function
g Q% — 3 such that g O f and g is a CF-coloring for the lines?
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A is w-almost disjoint

wa colors
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A is w-almost disjoint

wa colors

Let wy < X be an infinite cardinal.
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A is w-almost disjoint

wa colors

Let wy < X be an infinite cardinal. Assume that u* = u™* for each p < A
with cf(p) = w.
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A is w-almost disjoint

wa colors

Let wy < X be an infinite cardinal. Assume that u* = u™* for each p < A
with cf(u) =w. Then [\, k,w]| — wy for each wp, < Kk < A
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[\, K, w] — wy
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[\, K, w] — wy
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[\, K, w] — wy

o [\ kK, d] - w
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,w]—>w2

o [Nk, d] —w If AC [A]"is d-almost disjoint,
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o [Nk, d] —w If AC [A]"is d-almost disjoint, A € N < H(¥),
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o [Nk, d] —w If AC [A]"is d-almost disjoint, A € N < H(¥),
Ac A\ N, :
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o [Nk, d] —w If AC [A]"is d-almost disjoint, A € N < H(¥),
Ac A\ N, then |[ANN| < d.

L. Soukup (Rényi Institute) Conflict free chromatic numbers Kobe 2009 15 / 24



o [Nk, d] —w If AC [A]"is d-almost disjoint, A € N < H(¥),
Ac A\ N, then |[ANN| < d.

° [\ K,w| — wn
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o [Nk, d] —w If AC [A]"is d-almost disjoint, A € N < H(¥),
Ac A\ N, then |[ANN| < d.
® [\ k,w|] — w2 (GCH)
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o [Nk, d] —w If AC [A]"is d-almost disjoint, A € N < H(¥),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
Ae N <H(), .
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, .

L. Soukup (Rényi Institute) Conflict free chromatic numbers Kobe 2009



[\, K, w] — wy

o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ae A\ N, then JANN| <d.

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.
o N =U{N; :{ < p} continuous chain of elementary submodels
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.

o N =U{N; :{ < p} continuous chain of elementary submodels
o If |A N N| > woy
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.
o N =U{N; :{ < p} continuous chain of elementary submodels
o If [ANN| > wy then 3¢ < 1 [AN N¢| > wi.
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o [Nk, d] —w If AC [A]"is d-almost disjoint, A € N < H(¥),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.
o N =U{N; :{ < p} continuous chain of elementary submodels
o If [ANN| > wy then 3¢ < 1 [AN N¢| > wi.
o If cf(|Ne|) > w then |Ng]“ = |Ng|.
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o [Nk, d] —w If AC [A]"is d-almost disjoint, A € N < H(¥),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.
o N =U{N; :{ < p} continuous chain of elementary submodels
o If [ANN| > wy then 3¢ < 1 [AN N¢| > wi.
If Cf(|N§|) > w then |N§]w = |N§|
@ So [{A e A |A N Ng| > w}| <|Nel.

<

L. Soukup (Rényi Institute) Conflict free chromatic numbers Kobe 2009



o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.
o N =U{N; :{ < p} continuous chain of elementary submodels
o If [ANN| > wy then 3¢ < 1 [AN N¢| > wi.
If Cf(|N§|) > w then |N§]w = |N§|
@ So [{A e A |A N Ng| > w}| <|Nel.
@ So {Ale A:|A N Neg| > w} C Neyq CN.

<
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.
o N =U{N; :{ < p} continuous chain of elementary submodels
o If [ANN| > wy then 3¢ < 1 [AN N¢| > wi.
If Cf(|N§|) > w then |N§]w = |N§|
@ So [{A e A |A N Ng| > w}| <|Nel.
2 SoAc {AeA:|ANNe| >w} C Neggpr CN.

<
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.
o N =U{N; :{ < p} continuous chain of elementary submodels
o If [ANN| > wy then 3¢ < 1 [AN N¢| > wi.
If Cf(|N§|) > w then |N§]w = |N§|
So {A € A: |A N Ng| > w}| < [Nl
2 SoAc {AeA:|ANNe| >w} C Neggpr CN.
If cf(|Ne|]) = w

¢ ©

(<]
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\ N, then |ANN| < ws.
o N =U{N; :{ < p} continuous chain of elementary submodels
o If [ANN| > wy then 3¢ < 1 [AN N¢| > wi.
If Cf(|N§|) > w then |N§]w = |N§|
So {A € A: |A N Ng| > w}| < [Nl
2 SoAc {AeA:|ANNe| >w} C Neggpr CN.
If cf(|Ne|) = w then Ng = U{M, : n < w}, [Mn| <|Ng|.

¢ ©

(<]
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\N, then |ANN| < w,.

N = U{N; : ¢ < p} continuous chain of elementary submodels

If |JANN| > wp then 30 < p [AN N¢| > wy.

If Cf(|N§|) > w then |N§]w = |N§|

So [{A € A:|A' N Ne| > w}| < [Nl

SoAce{A c A |ANNe| >w} C Neyq CN.

If cf(|Ne|) = w then Ng = U{M, : n < w}, [Mn| <|Ng|.

o dn |AN M,| > wr.

(<]
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\N, then |ANN| < w,.

N = U{N; : ¢ < p} continuous chain of elementary submodels

If |JANN| > wp then 30 < p [AN N¢| > wy.

If Cf(|N§|) > w then |N§]w = |N§|

So [{A € A:|A' N Ne| > w}| < [Nl

SoAce{A c A |ANNe| >w} C Neyq CN.

If cf(|Ne|) = w then Ng = U{M, : n < w}, [Mn| <|Ng|.

o In|ANM,| >wy. [{A e A |ANM|>w} < |M|¢ < | M|

(<]

¢ ¢ € ¢ ¢
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.
o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\N, then |ANN| < w,.
o N =U{N; :{ < p} continuous chain of elementary submodels
o If [ANN| > wy then 3¢ < 1 [AN N¢| > wi.
If Cf(|N§|) > w then |N§]w = |N§|
@ So [{A e A |A N Ng| > w}| <|Nel.
2 SoAc {AeA:|ANNe| >w} C Neggpr CN.
If cf(|Ne|) = w then Ng = U{M, : n < w}, [Mn| <|Ng|.
o dn [ANM,| >wi. {Ae A |ANM,| > w}| < |My|¥ < | M|
° {Ale A JAANM,| >w} C Mgy

<

(<]
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o [\r,d] ww If AC [)\]F” is d-almost disjoint, A € N < H(9),
Ac A\ N, then |[ANN| < d.

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H(I), Ac A\N, then |ANN| < w,.

N = U{N; : ¢ < p} continuous chain of elementary submodels

If |JANN| > wp then 30 < p [AN N¢| > wy.

If Cf(|N§|) > w then |N§]w = |N§|

So [{A € A:|A' N Ne| > w}| < [Nl

SoAce{A c A |ANNe| >w} C Neyq CN.

If cf(|Ne|) = w then Ng = U{M, : n < w}, [Mn| <|Ng|.

o In|ANM,| >wy. [{A e A |ANM|>w} < |M|¢ < | M|

e Ac{A cA:|ANM, >w} C Mgy

¢ € ¢ ¢ @

(<]
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |[ANN| < w».

N = U{N; : ¢ < p} continuous chain of elementary submodels

If JANN| > w, then 3¢ < p |AN N¢| > wy.

If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.

In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|

Ac{A c A |ANM,| > w} C Meiq

(<]

¢ ¢ ¢ ¢
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |[ANN| < w».

N = U{N; : ¢ < p} continuous chain of elementary submodels

If JANN| > w, then 3¢ < p |AN N¢| > wy.

If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.

In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|

Ac{A c A |ANM,| > w} C Meiq

° [\ K,w| — w

(<]
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |[ANN| < w».

N = U{N; : ¢ < p} continuous chain of elementary submodels

If JANN| > w, then 3¢ < p |AN N¢| > wy.

If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.

In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|

Ac{A c A |ANM,| > w} C Meiq

® [\ k,w|] w1 (GCH)

(<]
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |[ANN| < w».

N = U{N; : ¢ < p} continuous chain of elementary submodels

If JANN| > w, then 3¢ < p |AN N¢| > wy.

If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.

In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|

Ac{A c A |ANM,| > w} C Meiq

o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,

(<]
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[\, K, w] — wy

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |[ANN| < w».

N = U{N; : ¢ < p} continuous chain of elementary submodels

If JANN| > w, then 3¢ < p |AN N¢| > wy.

If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.

In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|

Ac{A c A |ANM,| > w} C Meiq

o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,
Ae N <H(9), .

(<]

¢ ¢ ¢ ¢
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[\, K, w] — wy

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |[ANN| < w».

N = U{N; : ¢ < p} continuous chain of elementary submodels

If JANN| > w, then 3¢ < p |AN N¢| > wy.

If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.

In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|

Ac{A c A |ANM,| > w} C Meiq

o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, .

(<]

¢ ¢ ¢ ¢
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[\, K, w] — wy

o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |[ANN| < w».

N = U{N; : ¢ < p} continuous chain of elementary submodels

If JANN| > w, then 3¢ < p |AN N¢| > wy.

If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.

In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|

Ac{A c A |ANM,| > w} C Meiq

o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < w;.

(<]
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < wy.
N = U{N; : ¢ < p} continuous chain of elementary submodels
If JANN| > wyp then 3¢ < p [AN N¢| > wy.
If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.
In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|
Ac{A c A |ANM,| > w} C Meiq
o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < w;.
@ N =U{N; : ¢ < pu} continuous chain of elementary submodels

(<]
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < wy.
N = U{N; : ¢ < p} continuous chain of elementary submodels
If JANN| > wyp then 3¢ < p [AN N¢| > wy.
If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.
In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|
Ac{A c A |ANM,| > w} C Meiq
o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < w;.
@ N =U{N; : ¢ < pu} continuous chain of elementary submodels
o If |A n N| > w1

(<]
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < wy.
N = U{N; : ¢ < p} continuous chain of elementary submodels
If JANN| > wyp then 3¢ < p [AN N¢| > wy.
If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.
In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|
Ac{A c A |ANM,| > w} C Meiq
o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < w;.
@ N =U{N; : ¢ < pu} continuous chain of elementary submodels
o If [ANN| > w; then 3¢ < p |[ANN¢| > w.

(<]
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < wy.
N = U{N; : ¢ < p} continuous chain of elementary submodels
If JANN| > wyp then 3¢ < p [AN N¢| > wy.
If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.
In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|
Ac{A c A |ANM,| > w} C Meiq
o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < w;.
@ N =U{N; : ¢ < pu} continuous chain of elementary submodels
o If [ANN| > w; then 3¢ < p |[ANN¢| > w.
o If cf(|Ne]) = w

(<]
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < wy.
N = U{N; : ¢ < p} continuous chain of elementary submodels
If JANN| > wyp then 3¢ < p [AN N¢| > wy.
If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.
In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|
Ac{A c A |ANM,| > w} C Meiq
o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < w;.
@ N =U{N; : ¢ < pu} continuous chain of elementary submodels
o If [ANN| > w; then 3¢ < p |[ANN¢| > w.
o If cf(|Ne|]) =w then Ne = U{M, : n < w}, [M,| < |Ng|.

(<]
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o [\ k,w] > wp (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < wy.

N = U{N; : ¢ < p} continuous chain of elementary submodels

If JANN| > wyp then 3¢ < p [AN N¢| > wy.

If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.

In|ANM,| > wi. {A e A |AN M| > w}| < [My|¥ < | M|

Ac{A c A |ANM,| > w} C Meiq

o [\ k,w] > wr (GCH) If AC [A]" is w-almost disjoint,
AeN<H), Ac A\ N, then |ANN| < w;.

N = U{N; : ¢ < u} continuous chain of elementary submodels

If JANN| > w; then 3¢ < p [ANN¢| > w.

If cf(|Ne|) =w then Ng = U{M, : n < w}, [My| <|Ng|.

Maybe Vn |[AN M,| < w.

(<]
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A is w-almost disjoint

w1 colors may not be enough
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy.
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy. Then there is a stationary set S* C Ea)ﬂ and there is an w-almost
disjoint family {E, : o € §*}
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy. Then there is a stationary set S* C Ea)ﬂ and there is an w-almost
disjoint family {E, : o € S*} such that

(1) Eq C «vis cofinal in «v for each a € S*,
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy. Then there is a stationary set S* C Ea)ﬂ and there is an w-almost
disjoint family {E, : o € S*} such that

(1) Eq C «vis cofinal in «v for each a € S*,

(2) for each B € [)\])‘ there is o € S* with E, C B.
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy. Then there is a stationary set S* C E‘f)‘1 and there is an w-almost
disjoint family {E, : o € S*} such that

(1) Eq C «vis cofinal in «v for each a € S*,

(2) for each B € [)\])‘ there is o € S* with E, C B.

v
Corollary
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy. Then there is a stationary set S* C E‘f)‘1 and there is an w-almost
disjoint family {E, : o € S*} such that

(1) Eq C «vis cofinal in «v for each a € S*,

(2) for each B € [)\])‘ there is o € S* with E, C B.

v
Corollary

Assume that GCH.
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy. Then there is a stationary set S* C E‘f)‘1 and there is an w-almost
disjoint family {E, : o € S*} such that

(1) Eq C «vis cofinal in «v for each a € S*,

(2) for each B € [)\])‘ there is o € S* with E, C B.

v
Corollary

Assume that GCH. If % (\) holds for some regular cardinal A\ > wy,
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Theorem

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy. Then there is a stationary set S* C E‘f)‘1 and there is an w-almost
disjoint family {E, : o € S*} such that

(1) Eq C «vis cofinal in «v for each a € S*,

(2) for each B € [)\])‘ there is o € S* with E, C B.

Corollary

| A\

Assume that GCH. If %(\) holds for some regular cardinal A > wy, then
there is an w-almost disjoint family A C [A|** with x(A) = \.
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A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Efj‘l and an w-almost disjoint family
{A, : @ € S} such that A, C « is cofinal for a € S.

Theorem

Assume that GCH holds and we have % (\) for some regular cardinal
A > wy. Then there is a stationary set S* C E‘f)‘1 and there is an w-almost
disjoint family {E, : o € S*} such that

(1) Eq C «vis cofinal in «v for each a € S*,

(2) for each B € [)\])‘ there is o € S* with E, C B.

Corollary

| A\

Assume that GCH. If %(\) holds for some regular cardinal A > wy, then
there is an w-almost disjoint family A C [A\]** with x(A) = \. Especially
xcr([A, wi,w]) = A

-_—
L. Soukup (Rényi Institute) Conflict free chromatic numbers Kobe 2009 17 / 24




A is w-almost disjoint

w1 colors may not be enough

% (\): there is a stationary set S C Ej‘l and an w-almost disjoint family
{As 1 @ € S} such that UA, = « for each o € S.
GCH + %(\) = Jw-AD. AC [A]” sit. x(A4) =\ )
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A is w-almost disjoint

w1 colors may not be enough

*(\): there is a stationary set S C Ej‘l and an w-almost disjoint family
{As 1 @ € S} such that UA, = « for each o« € S.

GCH + %(\) = Jw-A.D. AC [\]** st. x(A4) = A

Assume GCH.
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A is w-almost disjoint

w1 colors may not be enough

*(\): there is a stationary set S C Ej‘l and an w-almost disjoint family
{As 1 @ € S} such that UA, = « for each o« € S.

GCH + %(A) = Jw-AD. AC [A]** st. x(A) = A )

Assume GCH. If % () holds for some regular cardinal X\ > w1,
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A is w-almost disjoint

w1 colors may not be enough

*(\): there is a stationary set S C Ej‘l and an w-almost disjoint family
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Assume GCH. If % () holds for some regular cardinal A > w1, then for
each wi < k < X there is an w-almost disjoint family F C [)\]H with
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{As 1 @ € S} such that UA, = « for each o« € S.
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Assume GCH. If % () holds for some regular cardinal A > w1, then for
each wi < k < X there is an w-almost disjoint family F C [)\]H with
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Assume GCH. If % () holds for some regular cardinal A > w1, then for
each wi < k < X there is an w-almost disjoint family F C [)\]H with

XCP(J:) = w2.
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*(\): there is a stationary set S C Ej‘l and an w-almost disjoint family
{As 1 @ € S} such that UA, = « for each o« € S.

D—

GCH + %(\) = Jw-A.D. AC [\]** st. x(A4) = A

Assume GCH. If % () holds for some regular cardinal A > w1, then for
each wi < k < X there is an w-almost disjoint family F C [)\]H with

XCP(J:) = w2.

N

v

Corollary

Con(ZFC + Jsupercompact) = Con(ZFC+ GCH +

(1) XCF([Ww—i-lawlaw]) = Wy+1,
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*(\): there is a stationary set S C Ej‘l and an w-almost disjoint family
{As 1 @ € S} such that UA, = « for each o« € S.

D—

GCH + %(\) = Jw-A.D. AC [\]** st. x(A4) = A

Assume GCH. If % () holds for some regular cardinal A > w1, then for
each wi < k < X there is an w-almost disjoint family F C [)\]H with

XCP(J:) = w2.

—

v

Corollary

Con(ZFC + Jsupercompact) = Con(ZFC+ GCH +

(1) XCF([Ww—i-lawlaw]) = Ww+l,
(2) xcr([wot1,wn,w]) = wa for2 < n < w.

v
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Let 1 be a singular cardinal with cf(w) = w. For a sufficiently large 9 and
x € H(9), a (w1, 1)-dominating sequence over x is a continuous,

strictly increasing sequence (M, : @ < ") of elementary submodels
of H(9)
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Definition

Let 1 be a singular cardinal with cf(w) = w. For a sufficiently large 9 and
x € H(9), a (w1, 1)-dominating sequence over x is a continuous,
strictly increasing sequence (M, : @ < ") of elementary submodels
of H (1) such that

(s1) (w1 +1)U{x} C My, IMy| < pand pt C Ua<it Mo
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Let 1 be a singular cardinal with cf(w) = w. For a sufficiently large 9 and

x € H(9), a (w1, 1)-dominating sequence over x is a continuous,

strictly increasing sequence (M, : @ < ") of elementary submodels

of H (1) such that

(s1) (w1 +1) U {x} C My, [Mo] < pr and i+ € Upp Mo

(s2) for each a < ™ the set M, is the union of sets {M, , : n < w} such
that [M), ,]“ C M.
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x € H(9), a (w1, 1)-dominating sequence over x is a continuous,
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x € H(9), a (w1, 1)-dominating sequence over x is a continuous,

strictly increasing sequence (M, : @ < ") of elementary submodels

of H (1) such that

(s1) (w1 +1)U{x} C Mo, [Ma| < pand p* CUJ,c e Ma,

(s2) for each a < ™ the set M, is the union of sets {M, , : n < w} such
that [M), ,]“ C M.

Theorem (Fuchino-S.)

Assume v¥ = v for each cardinal v with cf(v) = w.
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Definition

Let 1 be a singular cardinal with cf(w) = w. For a sufficiently large 9 and

x € H(9), a (w1, 1)-dominating sequence over x is a continuous,

strictly increasing sequence (M, : @ < ") of elementary submodels

of H (1) such that

(s1) (w1 +1)U{x} C Mo, [Ma| < pand p* CUJ,c e Ma,

(s2) for each a < ™ the set M, is the union of sets {M, , : n < w} such
that [M), ,]“ C M.

Theorem (Fuchino-S.)

Assume v¥ = v for each cardinal v with cf(v) = w. Let pu be a singular
cardinal with cf(u) = w.
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Definition

Let 1 be a singular cardinal with cf(w) = w. For a sufficiently large 9 and

x € H(9), a (w1, 1)-dominating sequence over x is a continuous,

strictly increasing sequence (M, : @ < ") of elementary submodels

of H (1) such that

(s1) (w1 +1)U{x} C Mo, [Ma| < pand p* CUJ,c e Ma,

(s2) for each a < ™ the set M, is the union of sets {M, , : n < w} such
that [M), ,]“ C M.

Theorem (Fuchino-S.)

Assume v¥ = v for each cardinal v with cf(v) = w. Let pu be a singular
cardinal with cf(u) = w. If O35, holds,

w1,
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Definition

Let 1 be a singular cardinal with cf(w) = w. For a sufficiently large 9 and

x € H(9), a (w1, 1)-dominating sequence over x is a continuous,

strictly increasing sequence (M, : @ < ") of elementary submodels

of H (1) such that

(s1) (w1 +1)U{x} C Mo, [Ma| < pand p* CUJ,c e Ma,

(s2) for each a < ™ the set M, is the union of sets {M, , : n < w} such
that [M), ,]“ C M.

Theorem (Fuchino-S.)

Assume v¥ = v for each cardinal v with cf(v) = w. Let pu be a singular
cardinal with cf(u) = w. If O3, holds, then, for any sufficiently large x
and x € H(x), there is a (w1, u)-dominating sequence over x.

v
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A is w-almost disjoint

w1 colors may be enough

(Mg, : o < put) < H(V) is a a (w1, 1)-dominating sequence over x iff
(s1) (w1 +1)U{x} C Mo, [Ma| < pand p* C U, i+ Ma,

(s2) for each o < pu* the set M, is the union of sets {M/, , : n < w} such that
M,,]" C M,.
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(s2) for each o < pu* the set M, is the union of sets {M/, , : n < w} such that
(M), ,]% C M.
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(Mg, : o < pt) < H(V) is a a (w1, u)-dominating sequence over x iff
(s1) (w1 +1)U{x} C Mo, [Ma| < pand p* C U, i+ Ma,

(s2) for each o < pu* the set M, is the union of sets {M/, , : n < w} such that
(M), ,]% C M.

Theorem

| A\

Let \ be an infinite cardinal.
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(Mg, : o < pt) < H(V) is a a (w1, u)-dominating sequence over x iff
(s1) (w1 +1)U{x} C Mo, [Ma| < pand p* C U, i+ Ma,

(s2) for each o < pu* the set M, is the union of sets {M/, , : n < w} such that
(M), ,]% C M.
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Let \ be an infinite cardinal. Assume that

(i) u® = p* for each cardinal p < X\ with cf(p) = w,
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w1 colors may be enough

(Mg, : o < pt) < H(V) is a a (w1, u)-dominating sequence over x iff
(s1) (w1 +1)U{x} C Mo, [Ma| < pand p* C U, i+ Ma,

(s2) for each o < pu* the set M, is the union of sets {M/, , : n < w} such that
(M), ,]% C M.

4

Let \ be an infinite cardinal. Assume that
(i) u® = p* for each cardinal p < X\ with cf(p) = w,

(ii) for each cardinal ;n < X with cf(u) = w if ¥ is sufficiently large and
x € H(V) then there is a (w1, j1)-dominating sequence over x.
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A is w-almost disjoint

w1 colors may be enough

(Mg, : o < pt) < H(V) is a a (w1, u)-dominating sequence over x iff

(s1) (w1 +1)U{x} C Mo, [Ma| < pand p* C U, i+ Ma,

(s2) for each o < pu* the set M, is the union of sets {M/, , : n < w} such that
M,,]" C M,.

4

Let \ be an infinite cardinal. Assume that

(i) u® = p* for each cardinal p < X\ with cf(p) = w,

(ii) for each cardinal ;n < X with cf(u) = w if ¥ is sufficiently large and
x € H(V) then there is a (w1, j1)-dominating sequence over x.

Then [\, k,w] — wy for each wy < Kk < A.
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A is w-almost disjoint

w colors are not be enough

Theorem (Komjath)

There is an w-almost disjoint family A C [2“’]“’ with x(A) = 2.
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A is w-almost disjoint

w colors are not be enough

Theorem (Komjath)

There is an w-almost disjoint family A C [2]* with x(A) = 2*. Hence
ch([Qw,w,w]) = 2%,
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There is an w-almost disjoint family A C [2]* with x(A) = 2*. Hence
ch([Qw,w,w]) = 2%,

Komjath proved that
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Komjath proved that there is an w-almost disjoint family A C [2“]“
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A is w-almost disjoint

w colors are not be enough

Theorem (Komjath)
There is an w-almost disjoint family A C [2]* with x(A) = 2*. Hence
ch([Q“,w,w]) = 2%,

Komjath proved that there is an w-almost disjoint family A C [QW]W such
that for each X € [2¢]*" there is A € A with A C X.
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Komjath: xcor([2¥,w,w]) = 2¢ J
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If CH holds then [wy,w1,w] / w
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Komjath: xcor([2¥,w,w]) = 2¢ J

If CH holds then [w,w1,w] 4 w and [wi,w,w] 4 w.
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Komjath: xcor([2¥,w,w]) = 2¢ J

If CH holds then [w,w1,w] 4 w and [wi,w,w] 4 w.

Assume MAy, .
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A is w-almost disjoint

w colors are not be enough

Komjath: xcor([2¥,w,w]) = 2¢ J

If CH holds then [w,w1,w] 4 w and [wi,w,w] 4 w.

Assume MAy,. Then [wi,wi,w]| — w and [w1,w,w] — w.
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° p[u] =
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o plYl = p iff there is a family B C [p]gy of size p such that for all

uc [p]y there is P € [B]<V such that u C UP.
@ Shelah’s Revised GCH theorem:
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More ZFC result

@ Closure operation: Find (N, : o < k) s.t closed enough

o plYl = p iff there is a family B C [p]gy of size p such that for all

uc [p]y there is P € [B]<V such that u C UP.

@ Shelah’s Revised GCH theorem: If p > 3, then pl*l = p for
each large enough regular v < 3.
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@ Shelah’s Revised GCH theorem: If p > 3, then pl*l = p for
each large enough regular v < 3.

o Let u < k < X be cardinals.
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o plYl = p iff there is a family B C [p]gy of size p such that for all

uc [p]y there is P € [B]<V such that u C UP.

@ Shelah’s Revised GCH theorem: If p > 3, then pl*l = p for
each large enough regular v < 3.

o Let u < k < X be cardinals. ED(\, x, i) holds
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@ Closure operation: Find (N, : o < k) s.t closed enough

o plYl = p iff there is a family B C [p]gy of size p such that for all

uc [p]y there is P € [B]<V such that u C UP.

@ Shelah’s Revised GCH theorem: If p > 3, then pl*l = p for
each large enough regular v < 3.

o Let 4 < k < X be cardinals. ED(\, «, 1) holds iff for each p-almost
disjoint family A C [A]"
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More ZFC result

@ Closure operation: Find (N, : o < k) s.t closed enough

o plYl = p iff there is a family B C [p]gy of size p such that for all

ue [p]y there is P € [B]<V such that u C UP.
@ Shelah’s Revised GCH theorem: If p > 3, then pl*l = p for
each large enough regular v < 3.

o Let 4 < k < X be cardinals. ED(\, «, 1) holds iff for each p-almost
disjoint family A C [)\]H there is a function F : A — [/\] <" such
that the family {A\ F(A) : A € A} is disjoint.
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More ZFC result

@ Closure operation: Find (N, : o < k) s.t closed enough

o plYl = p iff there is a family B C [p]gy of size p such that for all

ue [p]y there is P € [B]<V such that u C UP.
@ Shelah’s Revised GCH theorem: If p > 3, then pl*l = p for
each large enough regular v < 3.

o Let 4 < k < X be cardinals. ED(\, «, 1) holds iff for each p-almost
disjoint family A C [)\]H there is a function F : A — [/\] <" such
that the family {A\ F(A) : A € A} is disjoint.
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More ZFC result

@ Closure operation: Find (N, : o < k) s.t closed enough

o plYl = p iff there is a family B C [p]gy of size p such that for all

ue [p]y there is P € [B]<V such that u C UP.
@ Shelah’s Revised GCH theorem: If p > 3, then pl*l = p for
each large enough regular v < 3.

o Let 4 < k < X be cardinals. ED(\, «, 1) holds iff for each p-almost
disjoint family A C [)\]H there is a function F : A — [/\] <" such
that the family {A\ F(A) : A € A} is disjoint.

If p <3, <X then ED(\, 3, 1), and so [A\,3,, ] — 3o.
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On set-systems of finite sets.

Theorem

Let k and n be natural numbers, k > 2. Write t = (n+ 1)(k — 1).

(1) Every k-almost disjoint family A C [w,,] “*1 has a conflict free coloring
with w colors.
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Theorem

Let k and n be natural numbers, k > 2. Write t = (n+ 1)(k — 1).

(1) Every k-almost disjoint family A C [w,,] “*1 has a conflict free coloring
with w colors.

(2) If GCH holds and 2 < t' <t
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On set-systems of finite sets.

Theorem

Let k and n be natural numbers, k > 2. Write t = (n+ 1)(k — 1).

(1) Every k-almost disjoint family A C [w,,] “*1 has a conflict free coloring
with w colors.

(2) If GCH holds and 2 < t' <t then there is a k-almost disjoint family

AcC [wn]t which does not have a conflict free coloring with w colors.
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Theorem
Let k and n be natural numbers, k > 2. Write t = (n+ 1)(k — 1).

(1) Every k-almost disjoint family A C [w,,] “*1 has a conflict free coloring
with w colors.
(2) If GCH holds and 2 < t' <t then there is a k-almost disjoint family

AcC [wn]t which does not have a conflict free coloring with w colors.

(3) If MA,; holds then every (k,w)-almost disjoint family A C [H]Zk_l has
a CF-coloring with w colors.
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On set-systems of finite sets.

Theorem
Let k and n be natural numbers, k > 2. Write t = (n+ 1)(k — 1).

(1) Every k-almost disjoint family A C [w,,] “*1 has a conflict free coloring
with w colors.
(2) If GCH holds and 2 < t' <t then there is a k-almost disjoint family

AcC [wn]t which does not have a conflict free coloring with w colors.

(3) If MA,; holds then every (k,w)-almost disjoint family A C [H]Zk_l has
a CF-coloring with w colors.

® [w2,4,2] — w, and 2% = w; implies w2, 3,2] /4 w,
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On set-systems of finite sets.

Theorem
Let k and n be natural numbers, k > 2. Write t = (n+ 1)(k — 1).

(1) Every k-almost disjoint family A C [w,,] “*1 has a conflict free coloring
with w colors.
(2) If GCH holds and 2 < t' <t then there is a k-almost disjoint family

AcC [wn]t which does not have a conflict free coloring with w colors.

(3) If MA,; holds then every (k,w)-almost disjoint family A C [H]Zk_l has
a CF-coloring with w colors.

® [w2,4,2] — w, and 2% = w; implies w2, 3,2] /4 w,

o |ws,5,2] — w, and 2“* = w, implies [w3,4,2] 4 w,
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On set-systems of finite sets.

Theorem
Let k and n be natural numbers, k > 2. Write t = (n+ 1)(k — 1).

(1) Every k-almost disjoint family A C [w,,] “*1 has a conflict free coloring
with w colors.
(2) If GCH holds and 2 < t' <t then there is a k-almost disjoint family

AcC [wn]t which does not have a conflict free coloring with w colors.

(3) If MA,; holds then every (k,w)-almost disjoint family A C [H]Zk_l has
a CF-coloring with w colors.

® [w2,4,2] — w, and 2% = w; implies w2, 3,2] /4 w,
o |ws,5,2] — w, and 2“* = w, implies [w3,4,2] 4 w,
o if MA,, holds then [wy,3,2] — w.
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