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• Kurepa: property K0
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• Example: σ(D(2)κ) is σ-discrete, so D(2)κ is d-separable:

• Arhangelski: products of d-separable spaces are d-separable,

• Juhász-Szentmiklóssy: Xd(X ) is d-separable.

• J-Sz: if X is compact, then Xω is d-separable

• nwd-separable:
a dense set which is the countable union of nowhere dense
subsets.
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Evolution

Xd(X ) is d-separable. If X is compact, then Xω is d-separable

separable d-separable nwd-separable

So-So-Sp:

• products of nwd-separable spaces is nwd-separable

• Xω is nwd-separable

• Is there a non-nwd-separable space with a nwd-separable
square?

• there is a compact nwd-separable space which is not
d-separable: X = ω∗ × D(2)ω
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Selection Principles

separable d-separable nwd-separable

• a small dense set can be obtained by diagonalizing over a
countable sequence of dense sets.

• a selective strengthening of properties

• X is R-separable (1-separable)
iff ∀{Dn}n∈ω ⊂ D ∃xn ∈ Dn {xn : n ∈ ω} ∈ D

• X is M-separable ( fin-separable)
iff ∀{Dn}n∈ω ⊂ D ∃Fn ∈

[

Dn
]<ω ⋃

{Fn : n ∈ ω} ∈ D

• fin-separable =⇒ δ(X) = ω (every dense subset is separable)



Selection Principles

1-separable

fin-separable

δ(X) = ω

separable d-separable nwd-separable



Selection Principles

1-separable

fin-separable

δ(X) = ω

separable d-separable nwd-separable

Underlying set: X = Fin(ω, ω)



Selection Principles

1-separable

fin-separable

δ(X) = ω

separable d-separable nwd-separable

Underlying set: X = Fin(ω, ω)
Basic nhb of F ∈ X : for all F ∈ [ωω]<ω

V (F ,F)= {G ∈ X : G ⊃ F∧
(∀f ∈ F)(∀n ∈ dom G \ dom F )(G(n) 6= f (n))}



Selection Principles

1-separable

fin-separable

δ(X) = ω

separable d-separable nwd-separable

Underlying set: X = Fin(ω, ω)
Basic nhb of F ∈ X : for all F ∈ [ωω]<ω

V (F ,F)= {G ∈ X : G ⊃ F∧
(∀f ∈ F)(∀n ∈ dom G \ dom F )(G(n) 6= f (n))}

eventually different forcing



Selection Principles

1-separable

fin-separable

δ(X) = ω

separable d-separable nwd-separable

Underlying set: X = Fin(ω, ω)
Basic nhb of F ∈ X : for all F ∈ [ωω]<ω

V (F ,F)= {G ∈ X : G ⊃ F∧
(∀f ∈ F)(∀n ∈ dom G \ dom F )(G(n) 6= f (n))}

eventually different forcing

• How to prove that X is 1-separable?



Selection Principles
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fin-separable

δ(X) = ω

separable d-separable nwd-separable

Underlying set: X = Fin(ω, ω)
Basic nhb of F ∈ X : for all F ∈ [ωω]<ω

V (F ,F)= {G ∈ X : G ⊃ F∧
(∀f ∈ F)(∀n ∈ dom G \ dom F )(G(n) 6= f (n))}

eventually different forcing

• How to prove that X is 1-separable?

• π(X) = ω



Classical positive results

πw(X) = ω

1-separable

fin-separable

δ(X) = ω

separable d-separable nwd-separable



Classical positive results

πw(X) = ω

1-separable

fin-separable

δ(X) = ω

separable d-separable nwd-separable

Frechet (Barman-Dow)



Classical positive results

πw(X) = ω

1-separable

fin-separable

δ(X) = ω
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Frechet (Barman-Dow)

compact (Juhasz-Shelah)
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πw(X) = ω II wins G1(D,D)

1-separable

fin-separable

δ(X) = ω

separable d-separable nwd-separable

Frechet

cpt

Berger-Juhász
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∀{Dn}n∈ω ⊂ D ∃Fn ⊂ Dn discrete

⋃

{Fn : n ∈ ω} ∈ D

• X is NWD-separable iff
∀{Dn}n∈ω ⊂ D ∃Fn ⊂ Dn nowhere dense

⋃

{Fn : n ∈ ω} ∈ D
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A separation theorem
So-So-Sp: Con( ∃ first countable X and X has a partition T ∪∗ Y ∪∗ Z
into uncountable dense subspaces s.t. X is left-separated in type ω1,
(1) T is D-separable; (2) Y is NWD-separable, but not d-separable;
(3) Z is Luzin, so it is not nwd-separable.
(4) T ∪ Z is d-separable but not NWD-separable.
(5) Y ∪ Z is nwd-separable, not d-separable, not NWD-separable.
(6) T ∪ Y is d-separable, NWD-separable, but not D-separable.

T ∪ Y

Y

D-separable NWD-separable

T ∪ Z

Y ∪ Z

d-separable nwd-separable

Z
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cpt

cpt MN

MN

So-So-Sp.:

• Compact, MN nwd-separable spaces have σ-disjoint π-bases

• MN nwd-separable spaces are D-separable
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NWD-separable.

• JSS: there is a countable, dense subspace X of D(2)c s. t.

• X can be partitioned into dense subspaces
D = {Dn : n ∈ ω}

• X is D-forced, i.e. if D ⊂ X is somewhere dense, then
D ⊃ Dn ∩ U for some n ∈ ω and non-empty open set U.

• Then X is not NWD-separable.

• If En ⊂ Dn is nowhere dense, then E =
⋃

n∈ω
En is not dense,

because it can not contain any Dn ∩ U.
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ZFC results
πw(X) = ω σ-disj π-base

1-separable

fin-separable D-separable NWD-separable

δ(X) = ω δD(X) = ω δnwd(X) = ω

separable d-separable nwd-separable

• Moore: there is a dense L-space X ⊂ D(2)ω1

• Con(there is uncountable Luzin subspace of D(2)ω1 )
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Countable and compact examples
πw(X) = ω σ-disj π-base

1-separable

fin-separable D-separable NWD-separable

δ(X) = ω δD(X) = ω δnwd(X) = ω

separable d-separable nwd-separable

• Con( ∃ countable, NWD-separable, not D-separable space)?

• Con(∃ compact, D-separable, no σ-disjoint π-base)?
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Weight of examples

• There is a countable, not NWD-separable space X with
w(X) = D(2)ω .

• Smaller weight?

• Bella, Bonanzinga and Matveev:
min{w(X) : X is countable, not R-separable} = cov(M).

• min{w(X) : X is countable, not M-separable} = d.

• Let cds= min{w(X) : X is a countable non-D-separable space}.

• Thm. If cof (M) = ω1 then cds = ω1.

• Con(cds = ω1 < 2ω).

• cds = cof (M)? cds ≤ cof (M)?

• cnws= min{w(X) : X is a countable non-D-separable space} ??

• Thm. If cof (M) = i = ω1 then there is a countable submaximal
space with weight ω1.



Union of spaces

• Bella, Matveev, Spadaro: union of two D-separable space is
D-separable.



Union of spaces

• Bella, Matveev, Spadaro: union of two D-separable space is
D-separable.

• Thm: union of two NWD-separable space is NWD-separable.
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If X is separable, then X2ω

is not D-separable.

• Thm: If X is separable, then some dense subspace of Xω1 is not
d-separable.

• Use Moore’s construction

• D(2)ω1 is not D-separable. Actually δD(D(2)ω1 ) > ω.

Conjecture. The space Xd(X )+ is never D-separable.



Thank you!


