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Introdu
tionA spa
e X is s
attered (�hereditarily un
rowded�) i� every non-emptysubspa
e ∅ 6= Y ⊂ X has an isolated point, i.e.I (Y )= {p ∈ Y : p is isolated in Y }6= ∅ .
P: a 
lass of topologi
al spa
esChara
terize the elements of PCantor-Bendixson TheoremEvery topologi
al spa
e is the disjoint union of a 
rowded 
losedsubspa
e P, and a s
attered open subspa
e X .Chara
terize the s
attered elements of PAssign invariants to the s
attered elements of P.L. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 2 / 17



Cantor-Bendixson Hierar
hyI (Y ) = {p ∈ Y : p is isolated in Y -ben}X is s
attered i� I (Y ) 6= ∅ for ea
h nonempty Y ⊂ X .I0(X ) is the isolated points of XI1(X ) is the isolated points of X \ I0(X )The βth Cantor-Bendixson level of X isIβ(X ) = I (X \ ∪{Iα(X ) : α < β})T.F.A.E:X is s
atteredX = ∪{Iα(X ) : α ∈ On}.X is right-separated (there is a well-ordering � of X su
h that
{y ∈ X : y � x} is open in X for ea
h x ∈ X .)L. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 3 / 17



Invariants of s
attered spa
esThe height of X : ht(X ) = min{β : Iβ(X ) = ∅}.The width of X : wd(X ) = sup{|Iα(X )| : α < ht(X )}The redu
ed height:ht−(X ) = min{α : Iα(X ) is �nite}.Clearly, one has ht−(X ) ≤ ht(X ) ≤ ht−(X ) + 1.The 
ardinal sequen
e of X :SEQ(X ) = 〈|Iα(X )| : α < ht−(X )〉.L. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 4 / 17



Main questionWhat are the 
ardinal sequen
es of (lo
ally) 
ompa
t s
atteredspa
es (or: superatomi
 boolean algebras)?
C(α)= {SEQ(X ) : X lo
ally 
ompa
t s
attered, ht−(X ) = α}.Chara
terize C(α)!De
ide whether s = SEQ(X ) for some LCS spa
e Xspa
e ≡ lo
ally 
ompa
t s
attered spa
eL. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 5 / 17



Absoluteness
The statement X is s
attered is absolute.The Cantor-Bendixson Hierar
hy of a spa
e is absolute.The statement s = SEQ(X ) is absolute.The statement X is lo
ally 
ompa
t and s
attered is absolute.
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Classi
al results
〈κ〉δ: 
onstant κ sequen
e of length δTelgarsky, 1968: 〈ω〉ω1 ∈ C(ω1)?Rajagopalan, 76: Yes, in ZFC.Juhász-Weiss, 78: 〈ω〉α ∈ C(α) for ea
h α < ω2 in ZFC.CH =⇒ 〈ω〉ω1 ⌢ 〈ω2〉 /∈ C(ω1 + 1) and 〈ω〉ω2 /∈ C(ω2)Just: 〈ω〉ω1 ⌢ 〈ω2〉 /∈ C(ω1 + 1) and 〈ω〉ω2 /∈ C(ω2) in the CohenmodelRoitman: Con(ZFC + 〈ω〉ω1 ⌢ 〈ω2〉 ∈ C(ω1 + 1))Baumgartner-Shelah: Con(ZFC + 〈ω〉ω2 ∈ C(ω2))Martinez: Con(ZFC + ∀δ < ω3 〈ω〉δ ∈ C(δ).)L. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 7 / 17



Classi
al results
〈κ〉δ: 
onstant κ sequen
e of length δTelgarsky, 1968: 〈ω〉ω1 ∈ C(ω1)?Rajagopalan, 76: Yes, in ZFC.Juhász-Weiss, 78: 〈ω〉α ∈ C(α) for ea
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Cones and the meet fun
tionX is an LCS spa
e
{Iα(X ) : α < ht(X )}for ea
h x ∈ Iα(X ) �x 
ompa
t open U(x) ∋ x su
h thatU(x) \ {x} ⊂ I<α(X )Investigate the properties of the 
one systems {U(x) : x ∈ X}!Simpli�
ation:we assume that the 
one system {U(x) : x ∈ X} is 
oherent, i.e.x ∈ U(y) implies U(x) ⊂ U(y)
oherent 
one system ≡ poset:x � y i� x ∈ U(y)U(x) = {x ′ : x ′ � x}.Notation: for A ⊂ X write U[A] = ∪{U(x) : x ∈ A}L. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 9 / 17



Cones and the meet fun
tion(0) If a ∈ Iα(X ), b ∈ Iβ(X ), a ≺ bthen α < β.(1): If x ∈ Iα(X ), y ∈ Iβ(X ), then
∃ �nite i{x , y}U(x) ∩ U(y) = U[i{x , y}].
∀t ∈ Xt � x ∧ t � y i� (∃s ∈ i{x , y}) t � s(2): if F ⊂ I<α(X ) �nite and ξ < αthen
(U(x) \ U[F ]) ∩ Iξ(X ) is in�nite.
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{U(x) \ U[F ] : F ∈

[U(x) \ {x}]<ω
} is base of x.L. Soukup (Rényi Institute) Cardinal sequen
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Cones and the meet fun
tionAssume 〈X ,�〉 is a partial ordered set, X = ∪∗{Xα : α < κ}, andi :
[X ]2

→
[X ]<ω s.t(0) if x ∈ Xα, y ∈ Xβ, x ≺ y then α < β.(1) if x and y are �-in
omparable elements of X thent � x ∧ t � y i� ∃s ∈ i{x , y} t � s.(2) if x ∈ Xα, F ∈

[X<α

]<ω and ξ < α then there is y ∈ Xξ s.t. y � xbut y 6� F .Let U(x)= {x ′ ∈ X : x ′ � x}. Then
{U(x),X \ U(x) : x ∈ X} is a subbase of an LCS spa
e of 〈X , τ〉,U(x) is 
ompa
t open,Iα(X , τ) = Xα.L. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 11 / 17



Constru
tion strategy(0) if x ∈ Xα, y ∈ Xβ , x ≺ y then α < β.(1) if x and y are �-in
omparable elements of X thent � x ∧ t � y i� ∃s ∈ i{x , y} t � s.(2) if x ∈ Xα, F ∈
[X<α

]<ω and ξ < α then there is y ∈ Xξ s.t. y � x buty 6� F .Constru
t an LCS spa
e with 
ardinal sequen
e 〈κα : α < µ〉.Xα = {α} × κα,Roitman: add generi
allya partial ordering � on X ,a fun
tion i :
[X ]2

→
[X ]<ωsatisfying (0)�(1) using �nite approximations.a typi
al for
ing 
ondition is a triple 〈a,≤, i〉, where a is a �nite subsetof X , ≤ is a partial order on a, and i is a fun
tion on [a]2 su
h that

〈a,≤, i〉 satis�es (0) and (1).The poset may not satisfy 
.
.
.L. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 12 / 17



∆-fun
tionsConstru
t an LCS spa
e with 
ardinal sequen
e 〈κα : α < µ〉.Xα = {α} × κα,Roitman: add generi
allya partial ordering � on X ,a fun
tion i :
[X ]2

→
[X ]<ωsatisfying (0)�(1) using �nite approximations.a typi
al for
ing 
ondition is a triple 〈a,≤, i〉, where a is a �nite subset of X ,

≤ is a partial order on a, and i is a fun
tion on [a]2 su
h that 〈a,≤, i〉satis�es (0) and (1).restri
t the possible values of i{x , y}.Fix F :
[X ]2

→
[X ]ω in V . Demand i{x , y} ∈

[F (x , y)
]<ω.Roitman used a 
onstru
tion of GalvinBaumgartner-Shelah: ∆-fun
tionbetter fun
tion F = better spa
eL. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 13 / 17



∆-fun
tions
better ∆-fun
tion = better spa
eRoitman used a 
onstru
tion of Galvingood to get 〈ω〉ω1 ⌢ 〈ω2〉 ∈ C(ω1 + 1)there is no su
h fun
tion to get 〈ω〉ω1 ⌢ 〈ω3〉 ∈ C(ω1 + 1)Baumgartner-Shelah:good to get 〈ω〉ω2 ∈ C(ω2)there is no su
h fun
tion to get 〈ω〉ω3 ∈ C(ω3)What about 〈ω〉ω1 ⌢ 〈ω3〉 ∈ C(ω1 + 1)?Koszmider 
onstru
ted �better� ∆-fun
tions.
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New resultsF : [λ]2 −→ ω1 is a strongly unbounded on λ i�for ea
h un
ountable family A ⊂
[

λ
]<ω of pairwise disjoint setssup{minF ′′[a, b] : a 6= b ∈ A} = ω1Theorem (Galvin, Roitman)It is 
onsistent that there is a strongly unbounded fun
tion on ω2.Theorem (Koszmider)If 2ω = ω1 ≤ λ, then there is a strongly unbounded fun
tion on λ in some
ardinal-preserving generi
 extension of the ground model.Theorem (Martinez,S)It is 
onsistent that 〈ω〉ω1 ⌢ 〈ω3〉 ∈ C(ω1 + 1). If δ < ω2 with 
f (δ) = ω1then it is 
onsistent that 〈ω〉δ ⌢ 〈ω3〉 ∈ C(δ + 1).Stepping up in Roitman's theoremL. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 15 / 17



New resultsBaumgartner-Shelah: 〈ω〉ω2 ∈ C(ω2)Bagaria: 2ω > ω2, MAω2 and C(ω2) ⊃ ω2{ω, ω1, }S: 2ω = ω2 and C(ω2) ⊃ ω2{ω, ω1, ω2}Theorem (Martinez, S)2ω = ω3 and C(ω2) ⊃ ω2{ω, ω1, ω2, ω3}If there is a strong �∆-fun
tion� F :
[

ω2 × ω3]2 → [

ω2]<ω thenthere is a 
.
.
 poset R s.t 1R 
 C(ω2) ⊃ ω2{ω, ω1, ω2, ω3}If there is a �strong (ω1, ω3)-semimorass� F ⊂
[

ω3]ω thenthere is a proper poset Q su
h that1Q 
 ∃ strong �∆-fun
tion� F :
[

ω2 × ω3]2 → [

ω2]<ωIf 2ω = ω1 then there is a σ-
omplete, ω2-
.
. poset P s.t.V P |= �there is a �strong (ω1, ω3)-semimorass� F ⊂
[

ω3]ω�V P∗Q∗R |= C(ω2) ⊃ ω2{ω, ω1, ω2, ω3}L. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 16 / 17



ProblemsTheorem (Just)In the Cohen model 〈ω〉ω2 /∈ C(ω2).Theorem (Juhász, Shelah, S, Szentmiklóssy)
{α : |Iα(X )| = ω} ≤ ω1 in the Cohen model.Conje
ture
{α : |Iα(X )| = ω} ≤ ω2.Shelah: 2ℵ0 < ℵω =⇒ (ℵω)ℵ0 < ℵω4If the Conje
ture holds then 2ℵ0 < ℵω =⇒ (ℵω)ℵ0 < ℵω3L. Soukup (Rényi Institute) Cardinal sequen
es Brno, 2009 17 / 17


