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The beginnings

Ramsey theory : find large homogeneous sets
monochromatic sets

anti Ramsey theory : find large inhomogeneous sets
polychromatic sets, rainbow sets

first anti Ramsey theorems : Rado, 1973.
polychromatic Ramsey, rainbow Ramsey
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Problem (Erdés, Hajnal, 1967, Problem 68)
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Assume f - w; £ [wl}z. Does there exist an f-rainbow triangle ? J

If f - wy A [(w,wl)]g then there is a rainbow triangle .
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Rainbow triangle

Assume f - w; £ [wl}z. Does there exist an f-rainbow triangle ? J

If f - wy A [(w,wl)]g then there is a rainbow triangle .

fEw A [(ww)]s iffVA € [w]” VB € [wi]“* 7[A,B] = 3.

/V
A B
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Rainbow triangle
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Rainbow triangle

Assume f - w; A [wl}z. Does there exist an f-rainbow triangle ?

|

Fact

Iff - w; A [(w,wl)]g then there is a rainbow triangle .

Definition
Letd : [X]®— A\ f:[Y]?P— A\
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Rainbow triangle

Assume f - w; A [wl}z. Does there exist an f-rainbow triangle ?

|

Fact

Iff - w; A [(w,wl)]g then there is a rainbow triangle .
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Rainbow triangle

Assume f - w; A [wl}z. Does there exist an f-rainbow triangle ?

|

Fact

Iff - w; A [(w,wl)]g then there is a rainbow triangle .

Definition
Letd : [X]> = A f: [Y]®— A f realizes d
iff 30 : X 25 Y sit.

O~ 35
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Rainbow triangle

Assume f - w; A [wl}z. Does there exist an f-rainbow triangle ?

|

Fact

Iff - w; A [(w,wl)]g then there is a rainbow triangle .

Definition
Letd : [X]2 — A\ [Y]2 — X frealizesd (d=f)
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Rainbow triangle

Assume f - w; A [wl}g. Does there exist an f-rainbow triangle ? J

Iff - w A [(w,wl)]g then there is a rainbow triangle .
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Rainbow triangle

Assume f - w; A [wl}g. Does there exist an f-rainbow triangle ?

S

Iff - w A [(w,wl)]g then there is a rainbow triangle .

Definition
Letd : [X]* = A\ f:[Y]?— A frealizesd (d = f)
iff 30 : X 25 Y st V(¢ &} € [X]2d(C, &) = F(D(C), P(€)).

Fact

|

If f - wy A [(w’wl)]il then f realizes each function d : [w]” — ws.

A,
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Rainbow triangle

Iff-w A [(w,wl)]il then f realizes each function d : [w]z — w.

Theorem (Shelah, 1975)

CH= I Fw A [wl]i, no f-rainbow triangle.

<>:>E|f|—w174>[w1]

2
wl'
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Rainbow triangle

Iff-w A [(w,wl)]il then f realizes each function d : [w]z — w. J

Theorem (Shelah, 1975)

CH= I Fw A [wl]i, no f-rainbow triangle.

= I Fw A [wl]z , no f-rainbow triangle.

w1
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Proof: CH = 3f - wq, 4 [wl}z, no f-rainbow triangle

W

First try:
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Proof: CH = 3f - w; /A [wl}z,, no f-rainbow triangle

W

First try:

@ By transfinite induction on a < w; define f(§, ) for £ < a.

2
w

@ First challenge : wy # [w1]

o fixa ?-sequence {A; : ( <wi} C [wi]”
o if( <aand A; C athen f’[A¢, {a}] =w
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Proof: CH = 3f - wq, 4 [wl}z, no f-rainbow triangle

W

@ Second try: Fix the colouring first!
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Proof: CH = 3f - wq, 4 [wl}z, no f-rainbow triangle

W

@ Second try: Fix the colouring firstt ~ Colour [2“’}2 as follows:
o A(x,y) = min{n: x(n) £ y(n)}.

X /Y /Axy)
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Proof: CH = 3f - wq, 4 [wl}z, no f-rainbow triangle

W

@ Second try: Fix the colouring firstt ~ Colour [2“’}2 as follows:
@ A(x,y) =min{n:x(n) #y(n)}. No A-rainbow triangle!
® h:w — ws.t h~1{k} is infinite for each k € w.
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Proof: CH = 3f - wq, 4 [wl}z, no f-rainbow triangle

W

@ Second try: Fix the colouring firstt ~ Colour [2“’}2 as follows:
@ A(x,y) =min{n:x(n) #y(n)}. No A-rainbow triangle!

® h:w — ws.t h~1{k} is infinite for each k € w.

@ f(x,y) = h(A(x,y)).

X /Y /Axy)

20.)

Soukup, L (Rényi Institute) Rainbow Colourings LC2008 8/36



Proof: CH = 3f - wq, 4 [wl}z, no f-rainbow triangle

W

@ Second try: Fix the colouring firstt ~ Colour [2“’}2 as follows:
@ A(x,y) =min{n:x(n) #y(n)}. No A-rainbow triangle!

® h:w — ws.t h~1{k} is infinite for each k € w.

@ f(x,y) =h(A(x,y)). No f-rainbow triangle!

w
XY JAKx.y)
—_ |k
A o
h
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Proof: CH = 3f - wq, 4 [wl}z, no f-rainbow triangle

W

o f(x,y) =h(A(x,y)). No f-rainbow triangle.
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o f(x,y) =h(A(x,y)). No f-rainbow triangle.

@ Choose S = {s, :a <w;} C2¥s .t f | [S]* works,
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Proof: CH = 3f - wq, 4 [wl}z, no f-rainbow triangle

W

o f(x,y) =h(A(x,y)). No f-rainbow triangle.
@ Choose S = {s, :a <w;} C2¥s .t f | [S]* works,
@ Enumerate [w;]* as {A¢ : ¢ <wi}. Write S¢ = {s,, : v € Ac}.

o if¢ <aands, €S,
Sé‘ Sa
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Proof: CH = 3f - wq, 4 [wl}z, no f-rainbow triangle

W

o f(x,y) =h(A(x,y)). No f-rainbow triangle.
@ Choose S = {s, :a <w;} C2¥s .t f | [S]* works,
@ Enumerate [w;]* as {A¢ : ¢ <wi}. Write S¢ = {s,, : v € Ac}.

@ if¢ <aands, €S¢ thenf’[{a},S¢] = w.
Sg Sa w w
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A weaker partition relation

Fact: If f - wy A [(w,wl)}il then f realizes each function d : [w]® — wy. J

fhwi A [(w,wn)]’ i VA € [wn] VB € [wi]* £[A,B] = w1. J
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Theorem (Erdds, Hajnal, 1978)

If f - wi 4 [(wiiws)] il then f realizes each function d : [w]z — wi.
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fhwi A [(w,wn)]’ i VA € [wn] VB € [wi]* £/[A,B] = w1. |

Theorem (Erdds, Hajnal, 1978)
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A weaker partition relation

Theorem (Erdds, Hajnal, 1978)

Iff - wy A [(wiiws)] il then f realizes each function d : [w]z — wy.

Proof:
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A weaker partition relation

Theorem (Erdds, Hajnal, 1978)

Iff - wy A [(wiiws)] il then f realizes each function d : [w]® — w;.

Proof: If A, Bg, By, - € [w1]** and vg, 11, -+ € wy

A By B B,

1%} 140 n
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A weaker partition relation

Theorem (Erdds, Hajnal, 1978)

Iff - wy A [(wiiws)] il then f realizes each function d : [w]z — wy.

Proof: If A, Bg, By, - € [w1]** and v, 71, -+ € wy then a € A,
3B/ € [Bi]**

A Bg B1 Bn
.| By |BL | By
R VS 7 n
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A weaker partition relation

Theorem (Erdds, Hajnal, 1978)

Iff - wy A [(wiiws)] il then f realizes each function d : [w]z — wy.

Proof: If A, Bg, By, - € [w1]** and v, 71, -+ € wy then a € A,
3B/ € [Bi]** such that f"[B/, {a}] = {1}

A Bo B1 Bn
~ By B B
%% 120 [T Lo
120 V1 Un
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One more partition relation

Iff w2 [(wiiwn)] il then f realizes each function d : MZ — wy. J
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One more partition relation

Iff w2 [(wiiwr)] il then f realizes each function d : [w]z — wy. J

Problem

Assume f - wq £ [(wl,wl)]il. Does f realize each function

d: [w]z — w1?
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One more partition relation

Iff w2 [(wiiwr)] il then f realizes each function d : [w]z — wy. J

VA,B € [w1]” W <w; Ja e AIB€Bf(a,8) =vand a < B. )

Problem

Assume f - wq £ [(wl,wl)]il. Does f realize each function

d: [w]z — w1?
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(B 0 1
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VA,B € [w1]” W <w; Ja e AIB€Bf(a,8) =vand a < B. )

Problem

Assume f - wq £ [(wl,wl)]il. Does f realize each function

d: [w]z — w1?

VA,B € [w1]"' Vv <w; Ja€eAIBEBT(a,B)=v

B 8 )

D ~ )

v
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A new method

Assume f i wy £ [(w1,w1)] il. Does f realize each function d : [w}z — w? J
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Theorem (Todorcevic)
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A new method

Assume f i wy £ [(w1,w1)] il. Does f realize each function d : [w}z — w? J

If f - wy A [(wl,wl)]il then d — f for each d : [3]% — wy.

4

Theorem (Todorcevic)

w1 [w1] il :

4

Theorem (Shelah)

w7 [(w2; wo)] iz-

Soukup, L (Rényi Institute) Rainbow Colourings LC2008 13/ 36



A new method

Assume f - w; A [(wl,wl)}il. Does f realize each function d : [w}z — wy?

Fact
If f - wy A [(wl,wl)]il thend = f for each d : [3]" — w;.

|

Theorem (Todorcevic)
w1 [w1] o

|
N

| \

Theorem (Shelah)
w7 [(w2; wo)] iz-

| \

Theorem (Moore)
w175 [(w1; w1)] il-

N
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Recent results
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Recent results

Iffw A [(wl,wl)}il then d = f for each d : [3}2 — wy. J

Theorem (Hajnal)

I Fwy A [(w1,w1)] io
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@ Letg: [wl]z — 2 be a Sierpinski colouring: {r, : a < w1} C R; for
a<f<w letg(a,p) =1iffr, <rg.
@ Lete: [5]2 — 2 be the “pentagon without diagonals”™: e(a, 3) = 1
iffa=6+1 mod5
(x) e =% g.
(1) VA,B € [w1]™
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a<f<w letg(a,p) =1iffr, <rg.
@ Lete: [5]2 — 2 be the “pentagon without diagonals”™: e(a, 3) = 1
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@ Letg: [wl]z — 2 be a Sierpinski colouring: {r, : a < w1} C R; for
a<f<w letg(a,p) =1iffr, <rg.
@ Lete: [5]2 — 2 be the “pentagon without diagonals”™: e(a, 3) = 1
iffa=6+1 mod5
(x) e =% g.
() VA,B € [w1]™* 3A € [A]** 3B’ € [B]** Ji < 2
g"[A;B'] = {i} and g"[B"; A'] = {1 —i}
@ Letm*b wi A [(wl; wl)]é
® Putf(a,3) =2m(a, 3) + 9(a, ).
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3wy A [(wi,01)]5,3d : [5]° 5 10d #= 1.

Letg : [wl]z — 2 be a Sierpinski colouring: {r, : a < w1} C R; for
a<f<w letg(a,p) =1iffr, <rg.
Lete : [5]2 — 2 be the “pentagon without diagonals”™: e(a, 3) = 1
iffa=6+1 mod5
e =~4.
VA,B € [wi]" IA € [A]** 3B’ € [B]** Ji < 2

g"[A;B'] = {i} and g"[B"; A'] = {1 —i}
Letm b w4 [(wl; wl)]é
Put f(«, 8) = 2m(«, 8) + 9(a, B).
Assume that A,B € [w;]**. Let ¢ =2n+i < 10.
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@ Lete: [5]2 — 2 be the “pentagon without diagonals”™: e(a, 3) = 1
iffa=6+1 mod5
(x) e =% g.
() VA,B € [w1]™* 3A € [A]** 3B’ € [B]** Ji < 2
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Letm b w4 [(wl; wl)]é
Put f(«, 8) = 2m(«, 8) + 9(a, B).
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3wy A [(wi,01)]5,3d : [5]° 5 10d #= 1.

(%)
()

Letg : [wl]z — 2 be a Sierpinski colouring: {r, : a < w1} C R; for
a<f<w letg(a,p) =1iffr, <rg.
Lete : [5]2 — 2 be the “pentagon without diagonals”™: e(a, 3) = 1
iffa=6+1 mod5
e =~4.
VA,B € [wi]" IA € [A]** 3B’ € [B]** Ji < 2

g"[A;B'] = {i} and g"[B"; A'] = {1 —i}
Letm b w4 [(wl; wl)]é
Put f(«, 8) = 2m(«, 8) + 9(a, B).
Assume that A,B € [w;]**. Let ¢ =2n+i < 10.
JA € [A]** 3B’ € [B]** g"[A;B'] = {i} (or g”[B'; A'] = {i})
Jae A3 eB a< fand m(a,s) =n.
f(a,8) =2n+i = L.
Im’: [5]° = 5s.t. d(a, 8) = 2m'(a, B) + e(a, B) is 1-1.
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Letg : [wl]z — 2 be a Sierpinski colouring: {r, : a < w1} C R; for
a<f<w letg(a,p) =1iffr, <rg.
Lete : [5]2 — 2 be the “pentagon without diagonals”™: e(a, 3) = 1
iffa=6+1 mod5
e =~4.
VA,B € [wi]" IA € [A]** 3B’ € [B]** Ji < 2
g"[A;B] ={itand g”"[B; Al ={1—i}
Letm b w4 [(wl; wl)]é
Put f(«, 8) = 2m(«, 8) + 9(a, B).
Assume that A,B € [w;]**. Let ¢ =2n+i < 10.
JA € [A]** 3B’ € [B]** g"[A;B'] = {i} (or g”[B'; A'] = {i})
Jae A3 eB a< fand m(a,s) =n.
f(a,8) =2n+i = L.
Im’: [5]° = 5s.t. d(a, 8) = 2m'(a, B) + e(a, B) is 1-1.
ifd = fthend mod2—f mod?2,ie e —=g.
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Recent results

[Hajnal] 3f F wy 4 [(w1,w1)] io s.t. d =4 f for some rainbow d : [5}2 — 10. J

Theorem (Hajnal)

Iff -w A [(wl,wl)]i then there exists an infinite f-rainbow set .
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O =39+ w A [wi] il, no g-rainbow triangle.
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Recent results

Shelah: )
CH= 3w A [wl]w’ no f-rainbow triangle.

O =39+ w A [wi] il, no g-rainbow triangle.

Theorem (Hajnal)

| A

3f b wi 4 [w1]2 and 3d : [4]% — 6 rainbow s.t. d = f.
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Stepping up:colourings of w,

Negative theorems

Shelah: CH = 3f - w; 4 [wl]i* no f-rainbow triangle. J

Theorem (Shelah)

CH+ 2% = w; = 3f - wy 4 [wo] il, no f-rainbow triangle.
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Stepping up:colourings of w,

Hajnal: 3f F wy 4 [(w1,w1)] io s.t. d =4 f for some rainbow d : [5}2 — 10.

Theorem

CH = 3f - wp A [(w2,w?)] io s.t. d =4 f for some rainbow
d : [5]° - 10.

| 5\

Hajnal: 3f - w; 4 [wl}z and 3d : [4}2 — 6 rainbow s.t. d =4 f. J

CH= I Fw A [wz]: and 3d : [4}2 — 6 rainbow s.t. d =~ f.
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Iff - wy A [(w,wl)]il then f realizes each function d : [w]2 — wi.

Assume f - w, £ [(wl,wz)ﬁ. Does f realize each function
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Theorem (Shelah, 1975)
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Positive theorems

Iff - wy A [(w,wl)]il then f realizes each function d : [w]2 — wi.

Assume f - w, £ [(wl,wz)ﬁ. Does f realize each function
d: [wl]z — 2?

Theorem (Shelah, 1975)
@) I f b wors [(wa; wa)]5 then VAN = f b wy-f [(wr;w)] 2.

(b) In VF(«:2) there is a colouring ¢ : [wl]z — 2 such that ¢ =4 f for
anyf eV.
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Stepping up:colourings of w,

Positive theorems

Iff - wy A [(w,wl)]il then f realizes each function d : [w]2 — wi.

Assume f - w, £ [(wl,wz)ﬁ. Does f realize each function
d: [wl]z — 2?

Theorem (Shelah, 1975)
@) I f b wors [(wa; wa)]5 then VAN = f b wy-f [(wr;w)] 2.

(b) In VF(«:2) there is a colouring ¢ : [wl]z — 2 such that ¢ =4 f for
anyf eV.

(c) It is consistent that 3f + wy-4 [(wi; wz)]g such that ¢ =4~ f for some
C: [wl]z — 2.
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Colourings of w»

Problem (Erdés, Hajnal, 1978)

Assume GCH and f - wp-4(w; + w)3. Does f realize each function
f: [wl]z — 27
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Assume GCH and f - wp-4(w; + w)3. Does f realize each function
f: [wl]z — 27

Theorem (Hajnal)

Con ( GCH + 3f F wyA[(w1; w))3,)-
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Colourings of w»

Problem (Erdds, Hajnal, 1978)

Assume GCH and f - wp-4(w; + w)3. Does f realize each function
f: [wl]z — 27

Theorem (Hajnal)

Con ( GCH + 3f F wyA[(w1; w))3,)-

v

VA € [wp]** VB € [w,]” if supA < minB then f"[A,B] = w;

w2
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Con ( GCH + 3f F wy A (w1 w)]3).
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Con ( GCH + 3f F wy A (w1 w)]3).

@ Assume CH. Define P = (P, <) o-complete, w,-c.C.
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@ Assume CH. Define P = (P, <) o-complete, w,-c.C.
@ Underlying set: (X,c, A, ¢)
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o ACP(X), |4 <w,

o {cuw
@ (Y.d,B,() < (X,c, A iff
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oY DOXdDc,BDA(>¢

(1) VA€ A V3e(Y\X)nminA ¢cd’[{5},A]

w2
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Assume GCH and f - wy[(w1;w)]2, . Does f realize every ¢ : [wl}z — 27
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Problem of Erdés and Hajnal:
Assume GCH and f i wp#A[(w1;w)]2, . Does f realize every ¢ : |w }2 — 27 J

(Shelah): If f b wz [(waiw2)], then VFI2) = f b wat [(wa; wa)] . J

Theorem
@) If f - wopp[(wr;w)]2, then VINR2) = “f b wobs[(wy; w)]2 .
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Colourings of w»

Problem of Erd6s and Hajnal:
Assume GCH and f - wy[(w1;w)]2, . Does f realize every ¢ : [wl}z — 27 J

(Shelah): If f b wz [(waiw2)], then VFI2) = f b wat [(wa; wa)] . J

@) If f - wopp[(wr;w)]2, then VINR2) = “f b wobs[(wy; w)]2 .

(b) Con (GCH +3f - wy+ [(wl;w)]il and dc : [wl]z —2st.c=41f)
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Rainbow on w,

Problem (Hajnal)

Assume GCH + f - wy4[(w1; w)]2, . Does there exist an uncountable
f-rainbow set?
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Rainbow on w,

Problem (Hajnal)

Assume GCH + f - wy4[(w1; w)]2, . Does there exist an uncountable
f-rainbow set?

Theorem

|
N

It is consistent that GCH holds and there is a function f : [w;]” — w;
such that
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Rainbow on w,

Problem (Hajnal)

Assume GCH + f - wy4[(w1; w)]2, . Does there exist an uncountable
f-rainbow set?

Theorem

|
N

It is consistent that GCH holds and there is a function f : [w;]” — w;
such that

@) f FwrAl(wiw)l,,
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Rainbow on w,

Problem (Hajnal)

Assume GCH + f - wy4[(w1; w)]2, . Does there exist an uncountable
f-rainbow set?

Theorem

|
N

It is consistent that GCH holds and there is a function f : [w;]” — w;
such that

@) f FwrAl(wiw)l,,
(2) there is no uncountable f-rainbow.

Soukup, L (Rényi Institute) Rainbow Colourings LC2008 24/ 36



Proof: 3f - w, 4 [(w1; w)]2,, No uncountable rainbow
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Soukup, L (Rényi Institute) Rainbow Colourings LC2008 25/ 36



Proof: 3f - w, 4 [(w1; w)]2,, No uncountable rainbow

First try:

@ Assume CH. Define P = (P, <) o-complete, w,-c.cC.
@ Underlying set: (X,c, A, ¢)
o X e [L«)z]w, c: [X]z — w1
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Proof: 3f - w, 4 [(w1; w)]2,, No uncountable rainbow

First try:

@ Assume CH. Define P = (P, <) o-complete, w,-c.cC.
@ Underlying set: (X,c, A, ¢)

o X e [L«)z]w,CZ [X]2—>w1
o ACP(X), |Al €w,
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Proof: 3f - w, 4 [(w1; w)]2,, No uncountable rainbow

First try:
@ Assume CH. Define P = (P, <) o-complete, w,-c.cC.
@ Underlying set: (X,c, A, ¢)
o X e [L«)z]w, c: [X]z — w1
o AcCP(X), Al €w,
0 {Eew
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First try:

@ Assume CH. Define P = (P, <) o-complete, w,-c.cC.
@ Underlying set: (X,c, A, ¢)

o X e [L«)z]w, c: [X]z — w1

o AcCP(X), Al €w,

0 {Eew

@ Ordering: (Y,d, B, () < (X,c, A,¢) iff
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@ Assume CH. Define P = (P, <) o-complete, w,-c.cC.
@ Underlying set: (X,c, A, ¢)

o X e [L«)z]w, c: [X]z — w1

o AcCP(X), Al €w,

0 {Eew

@ Ordering: (Y,d, B, () < (X,c, A,¢) iff
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Proof: 3f - w, 4 [(w1; w)]2,, No uncountable rainbow

First try:

@ Assume CH. Define P = (P, <) o-complete, w,-c.cC.
@ Underlying set: (X,c, A, ¢)

o X e [L«)z]w, c: [X]z — w1

o ACP(X), |Al €w,

0 {Eew
@ Ordering: (Y,d, B, () < (X,c, A,¢) iff

e YOXdDc,BDA(>¢

(1) VAe A VBe(Y\X)nminA ¢cd”[{3},Al.
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Proof: 3f - w, 4 [(w1; w)]2,, No uncountable rainbow

First try:

@ Assume CH. Define P = (P, <) o-complete, w,-c.cC.
@ Underlying set: (X,c, A, ¢)
o X ¢ [L«)z]w, c: [X]z — w1y
o ACP(X), |Al €w,
0 {Eew
@ Ordering: (Y,d, B, () < (X,c, A,¢) iff
e YOXdDc,BDA(>¢
(1) VAe A VBe (Y\X)nminA ¢ cd’[{3},A]
(2) Seal certain countable rainbow sets !

Soukup, L (Rényi Institute) Rainbow Colourings LC2008 25/ 36



Proof: 3f - w, 4 [(w1; w)]2,, No uncountable rainbow

First try:

@ Assume CH. Define P = (P, <) o-complete, w,-c.cC.
@ Underlying set: (X,c, A, ¢)
o X e [L«)z]w, c: [X]z — w1
o ACP(X), |Al €w,
0 {Eew
@ Ordering: (Y,d, B, () < (X,c, A,¢) iff
e YOXdDc,BDA(>¢
(1) VAe A Ve (Y\X)nminA ¢ cd”[{3},A]
(2) Seal certain countable rainbow sets !
VAe A VvBe(Y\X) theset AU{S}isnota d-rainbow .
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Proof: 3f - w, 4 [(w1; w)]2,, No uncountable rainbow

First try:

@ Assume CH. Define P = (P, <) o-complete, w,-c.cC.
@ Underlying set: (X,c, A, ¢)
o X e [L«)z]w, c: [X]z — w1
o ACP(X), |Al €w,
0 {Eew
@ Ordering: (Y,d, B, () < (X,c, A,¢) iff
e YOXdDc,BDA(>¢
(1) VAe A Ve (Y\X)nminA ¢ cd”[{3},A]
(2) Seal certain countable rainbow sets !
VAe A VvBe(Y\X) theset AU{S}isnota d-rainbow .

(P, <) does not satisfy w,-c.c.!

Soukup, L (Rényi Institute) Rainbow Colourings LC2008 25/ 36



Colouring of 2«

Soukup, L (Rényi Institute) Rainbow Colourings LC2008 26/ 36



Colouring of 2«

It is consistent that GCH holds and 3f + wyA[(w1;w)]3, s.t. there is no un-
countable f-rainbow.
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Colouring of 2«

It is consistent that GCH holds and 3f + wyA[(w1;w)]3, s.t. there is no un-
countable f-rainbow.

| A

Theorem
It is consistent that CH holds, 2“1 is arbitrarily large
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Colouring of 2«

It is consistent that GCH holds and 3f + wyA[(w1;w)]3, s.t. there is no un-
countable f-rainbow.

| A

Theorem

It is consistent that CH holds, 2“1 is arbitrarily large and
39 F 214 [(wr, w2)I3,
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Colouring of 2«

It is consistent that GCH holds and 3f + wyA[(w1;w)]3, s.t. there is no un-
countable f-rainbow.

| 5\

Theorem

It is consistent that CH holds, 2“1 is arbitrarily large and
dg 2“’174[(w1,w2)]51 s. t. there is no uncountable g-rainbow subset
of 2«1,
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The —* relation

o f: [X]" — Cis k-bounded
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The —* relation

o f:[X]" — Cis s-bounded iff [f~*{c}| < s foreach c € C.
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The —* relation

o f:[X]" — Cis s-bounded iff [f~*{c}| < s foreach c € C.

@ \ =" ()} _pud
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The —* relation

o f:[X]" — Cis s-bounded iff [f~*{c}| < s foreach c € C.

@ \ —* () iff for every x-bounded colouring of [A]" there is a
rainbow set of order type ¢,
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The —* relation

o f:[X]" — Cis s-bounded iff [f~*{c}| < s foreach c € C.

@ \ —* () iff for every x-bounded colouring of [A]" there is a
rainbow set of order type ¢,

@ oy
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The —* relation

o f:[X]" — Cis s-bounded iff [f~*{c}| < s foreach c € C.

@ \ —* () iff for every x-bounded colouring of [A]" there is a
rainbow set of order type ¢,

@ oy

Theorem (Galvin)
A — (a)f implies A —=* (@) _pqq-
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A — (), implies A =" (a)]_pyq

Proof:
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A — (), implies A =" (a)]_pyq

Proof:
@ Letf: [A\]" — X be x-bounded
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A — (), implies A =" (a)]_pyq

Proof:
@ Letf: [A\]" — X be x-bounded

@ There s a function g : [\]" — & such that:
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A — (), implies A =" (a)]_pyq

Proof:
@ Letf: [A\]" — X be x-bounded

@ Thereis a function g : [\]" — & such that: if f(A) = f(B) then
9(A) #9(B)
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A — (), implies A =" (a)]_pyq

Proof:
@ Letf: [A\]" — X be x-bounded

@ Thereis a function g : [\]" — & such that: if f(A) = f(B) then
9(A) #9(B)

@ If Y C \is g-monochromatic then Y is f-rainbow
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Basic theorems on —*

A — (a)p implies A —* ()R _puq- J
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Basic theorems on —*

A — (a)p implies A —* ()R _puq- J

Corollary(Galvin)

w1 —* ()3 _pgq fOr o < wy.
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Basic theorems on —*

A — (a)p implies A —* ()R _puq-

N

Corollary(Galvin)

w1 —* ()3 _pgq fOr o < wy.

Theorem (Galvin)

CH implies that wi4*(w1)3_p4q-
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Basic theorems on —*

A — (a)p implies A —* ()R _puq-

N

Corollary(Galvin)

Theorem (Galvin)

CH implies that wi4*(w1)3_p4q-

Theorem (Todorcevic)

PFA implies that wy —* (w1)3_p4q-
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Under Martin’s Axiom

Ifc: [wl]z — w1 is 2-bounded then T.FA.E.

@ CF wiA*(w1)3_pag
@ there is no uncountable c-rainbow
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Under Martin’s Axiom

Ifc: [wl]z — w1 is 2-bounded then T.FA.E.

@ CF wiA*(w1)3_pag
@ there is no uncountable c-rainbow

Theorem (Abraham, Cummings, Smyth)

It is consistent that there is a function ¢ : [w;]® — wy which
c.c.c-indestructibly ~ establishes wi*(w1)5_paq-
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Under Martin’s Axiom

Ifc: [wl]z — wj is 2-bounded then T.FA.E.
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@ there is no uncountable c-rainbow

Theorem (Abraham, Cummings, Smyth)

It is consistent that there is a function ¢ : [w;]® — wy which
c.c.c-indestructibly  establishes wi4*(w1)3_4q-

If CH holds and there is a Suslin-tree then there is a function
¢’ : [w1]® — 2 and there is a c.c.c poset Q such that
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Under Martin’s Axiom

Ifc: [wl]z — w1 is 2-bounded then T.FA.E.

@ CF wiA*(w1)3_pag
@ there is no uncountable c-rainbow

Theorem (Abraham, Cummings, Smyth)

|

It is consistent that there is a function ¢ : [w;]” — w; which
c.c.c-indestructibly  establishes wi4*(w1)3_4q-

If CH holds and there is a Suslin-tree then there is a function
¢’ : [w1]® — 2 and there is a c.c.c poset Q such that

(a) V [ there is no uncountable ¢’-rainbow set,
(b) VQ k= there is an uncountable ¢’-rainbow set.
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Under Martin’s Axiom

Con (3¢ : [wl}z — wy s.tforeach c.c.c P VP =fFwiA"(wi)5 pyq-)
Con(3c’: [wl}z — 2 and there is a c.c.c poset Q such that

(a) V [ there is no uncountable c’-rainbow set,

(b) V@ [= there is an uncountable ¢’-rainbow set.
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Under Martin’s Axiom

Con (3¢ : [wl}z — wy s.tforeach c.c.c P VP =fFwiA"(wi)5 pyq-)
Con(3c’: [wl}z — 2 and there is a c.c.c poset Q such that

(a) V [ there is no uncountable c’-rainbow set,

(b) V@ [= there is an uncountable ¢’-rainbow set.

Theorem

If GCH holds then for each k € w there is a k-bounded colouring
f: [wl]z — wy and there are two c.c.c posets P and Q such that

| N
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Under Martin’s Axiom

Con (3¢ : [wl}z — wy s.tforeach c.c.c P VP =fFwiA"(wi)5 pyq-)
Con(3c’: [wl}z — 2 and there is a c.c.c poset Q such that

(a) V [ there is no uncountable c’-rainbow set,

(b) V@ [= there is an uncountable ¢’-rainbow set.

Theorem

If GCH holds then for each k € w there is a k-bounded colouring

f: [wl]z — wy and there are two c.c.c posets P and Q such that
VP |=“f c.c.c-indestructibly establishes w4 *[(w1; w1)]k_bdd”s

| N
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Under Martin’s Axiom

Con (3¢ : [wl}z — wy s.tforeach c.c.c P VP =fFwiA"(wi)5 pyq-)
Con(3c’: [wl}z — 2 and there is a c.c.c poset Q such that

(a) V [ there is no uncountable c’-rainbow set,

(b) V@ [= there is an uncountable ¢’-rainbow set.

Theorem

If GCH holds then for each k € w there is a k-bounded colouring

f: [wl]z — wy and there are two c.c.c posets P and Q such that
VP |=“f c.c.c-indestructibly establishes w4 *[(w1; w1)]k_bdd”s
but
V€ |= “ wy is the union of countably many  f-rainbow sets ”.

| A\
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Under Martin’s Axiom

Con (3¢ : [wl}z — wy s.tforeach c.c.c P VP =fFwiA"(wi)5 pyq-)
Con(3c’: [wl}z — 2 and there is a c.c.c poset Q such that

(a) V [ there is no uncountable c’-rainbow set,

(b) V@ [= there is an uncountable ¢’-rainbow set.

Theorem

If GCH holds then for each k € w there is a k-bounded colouring

f: [wl]z — wy and there are two c.c.c posets P and Q such that
VP |=“f c.c.c-indestructibly establishes w4 *[(w1; w1)]k_bdd”s
but
V€ |= “ wy is the union of countably many  f-rainbow sets ”.

| A\

@ f is k-bounded,
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Under Martin’s Axiom

Con (3¢ : [wl}z — wy s.tforeach c.c.c P VP =fFwiA"(wi)5 pyq-)
Con(3c’: [wl}z — 2 and there is a c.c.c poset Q such that

(a) V [ there is no uncountable c’-rainbow set,

(b) V@ [= there is an uncountable ¢’-rainbow set.

Theorem

If GCH holds then for each k € w there is a k-bounded colouring

f: [wl]z — wy and there are two c.c.c posets P and Q such that
VP |=“f c.c.c-indestructibly establishes w4 *[(w1; w1)]k_bdd”s
but
V€ |= “ wy is the union of countably many  f-rainbow sets ”.

| A\

@ f is k-bounded,
o for each A € [w;]** and B € [w;]“* there is ¢ such that
{{o, ) e AxB:a< BAf(a, 8) =&} =k.
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A black box theorem

Soukup, L (Rényi Institute) Rainbow Colourings LC2008 32/36



A black box theorem

Based on some results of Abraham and Todorcevic.
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A black box theorem

Based on some results of Abraham and Todorcevic.

Fnm(wi,K) = {s:sis afunction, dom(s) [wl]m,ran(s) C K}
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A black box theorem

Based on some results of Abraham and Todorcevic.
Fnm(wi,K) = {s:sis afunction, dom(s) [wl]m,ran(s) C K}

(Sq 1 @@ < wq) C FNpy(w1,K) is dom-disjoint  iff dom(s,) Nndom(sg) = ()
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A black box theorem

Definition
Let G be agraphonw; x K, m € w.

) —

w1
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A black box theorem

Let G be a graph on w; x K, m € w. We say that G is m-solid if given
any dom-disjoint sequence (S, : @ < w;) C Fnp(wq,K)

G
K Sa Sp
\/\
w1
dom(s,) dom(sg) dom(s,)
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A black box theorem

Definition

Let G be a graph on w; x K, m € w. We say that G is m-solid if given
any dom-disjoint sequence (S, : a < wi1) C Fnp(w1,K) there are

a < B < wq such that

[Sa,S8] C G.
G
K 5@55
Sy
\/\
w1
dom(s,) dom(sg) dom(s,)
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A black box theorem

Definition

Let G be a graph on w; x K, m € w. We say that G is m-solid if given
any dom-disjoint sequence (S, : a < wi1) C Fnp(w1,K) there are

a < B < wq such that

[Sa,S8] C G.

G is called strongly solid iff it is m-solid for each m € w.

G
K 5@55
Sy
\/\
w1
dom(s,) dom(sg) dom(s,)
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A blackbox theorem

Let G be a graph on w; x K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (S, : @ < wy) C Fnp(wy, K) there are o < 8 < w; such

that
[SasSp] C G.

G is called strongly solid iff it is m-solid for each m € w.
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A blackbox theorem
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that
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A blackbox theorem

Let G be a graph on w; x K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (S, : @ < wy) C Fnp(wy, K) there are o < 8 < w; such
that

[SasSp] C G.

G is called strongly solid iff it is m-solid for each m € w.

| A

Theorem
Assume 2“1 = ws. If G is a strongly solid graph on w; x K, where
K| < 2¢1,
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A blackbox theorem

Let G be a graph on w; x K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (S, : @ < wy) C Fnp(wy, K) there are o < 8 < w; such
that

[SasSp] C G.

G is called strongly solid iff it is m-solid for each m € w.

| A

Theorem
Assume 2“1 = ws. If G is a strongly solid graph on w; x K, where
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A blackbox theorem

Let G be a graph on w; x K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (S, : @ < wy) C Fnp(wy, K) there are o < 8 < w; such

that
[SasSp] C G.

G is called strongly solid iff it is m-solid for each m € w.

| A

Theorem

Assume 2“1 = ws. If G is a strongly solid graph on w; x K, where
|K| < 2“1, then for each m € w there is a c.c.c poset P of size w;, such
that
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A blackbox theorem

Let G be a graph on w; x K, m € w. We say that G is m-solid if given any
dom-disjoint sequence (S, : @ < wy) C Fnp(wy, K) there are o < 8 < w; such

that
[SasSp] C G.

G is called strongly solid iff it is m-solid for each m € w.

| 5\

Theorem

Assume 2“1 = ws. If G is a strongly solid graph on w; x K, where
|K| < 2“1, then for each m € w there is a c.c.c poset P of size w;, such
that

VP = “G is c.c.c-indestructibly m-solid. ”
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ZFC w1 A [(w, wl)]i = vd : [w]z — w1

1
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ZFC w1 A [(wwl)]il — vd : [w]z — w1
[ | || |
‘ CH ‘ wy A [wl]i ‘ ‘ no rainbow Ks ‘
o wy A [wl]il A no rainbow Ks
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ZFC w1 A [(wwl)]il — vd : [w]z — w1

ZFC wy A [(wlwl)}il — vd : [W]Z — w1
L [ |
‘ CH ‘ wy A [wl]i ‘ A ‘ no rainbow Ks ‘

o wy A [wl]il A no rainbow Ks
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ZFC | wi A [ww)ly, | = vd : [w]” - wy
ZFC | wy A~ [(Wl?wl)}il == vd : [w]z — w1
ZFC wy A [(wl w‘l)]il — vd : [3}2 — W

‘ ZFC ‘ wy A [(wl,wl)}io ‘ A ‘ not univ for Ks-rainbows ‘
ZFC | wy A [(wl,wl)}il = 3 infinite rainbow

‘ CH ‘ wy A [wl]i ‘ A ‘ no rainbow Ks ‘
o wy A [wl]il A no rainbow Ks
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ZFC wy A [(w,wl)]il — vd : [w]z — W
ZFC | wy A [(Wl?wl)}il — vd : [w]z — wy
ZFC wy A [(wl,wl)}il — vd : [3}2 — W

‘ ZFC ‘ wy A [(wl,wl)]io ‘ A ‘ not univ for Ks-rainbows ‘
ZFC | w1 A [(wl,wl)}il = 3 infinite rainbow

‘ CH ‘ wy A [wl]i ‘ A ‘ no rainbow Ks ‘
O wy A [wl]il A no rainbow Ks

‘ ZFC ‘ wy A [wl]é ‘ A ‘ not univ for K4-rainbows ‘
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