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Introduction

X is scattered iff /(Y) # () for each nonempty Y C X.
The 5" Cantor-Bendixson level of X is

I3(X) = 1(X\ U{la(X) - o < B})

The reduced height:

ht™ (X) = min{a : I,(X) is finite}.

The cardinal sequence of X:

SEQ(X) = (|la(X)| : a < ht™(X)).
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Regular and 0-dimensional spaces

If X is scattered T3 then |X| < 2//(0],
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Regular and 0-dimensional spaces

If X is scattered T3 then |X| < 2//(],

Theorem (Juhasz-Shelah-S-Szentmikldssy)
If s = (s(a) : a < B) is a sequence of infinite cardinals then T. F. A. E.:

(1) s = SEQ(X) for some regular scattered space X,
(2) |18\ af <25 and s(a’) <25 for a < o/ < G,
(3) s = SEQ(X) for some 0-dimensional scattered space X.
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What are the cardinal sequences of (locally) compact scattered
spaces (or: superatomic boolean algebras)?
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What are the cardinal sequences of (locally) compact scattered
spaces (or: superatomic boolean algebras)?

C(a) = {SEQ(X) : X compact scattered, ht™ (X) = a}.

Characterize C(«)! |
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The bound of ZFC characterizations

Theorem (I. Juhasz, B. Weiss, 1996-2005, For countable sequences:

R. La Grange, 1977.)
s € C(w1) iff s(a) < s(B) for each f < o < wy.
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The bound of ZFC characterizations

Theorem (I. Juhasz, B. Weiss, 1996-2005, For countable sequences:

R. La Grange, 1977.)
s € C(w1) iff s(a) < s(B) for each f < o < wy.

(K)o = constant k sequence of length «

GCH = <w1>w1 “<w2> € C(wl + 1) J

Theorem (Baumgartner - Shelah, 1987)
(W1)w, “(w2) & C(wr + 1) in the Mitchell model

CAN WE DO BETTER UNDER GCH, IN SOME MODEL?
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Reduction theorem

Cr(0) = {s €C(0) : s(0) =X =min[s(B) : B < 0)]}
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Reduction theorem

Cr(0) ={s€C(5) :s(0) =X =min[s(B) : B <]}
Reduction Theorem (I. Juhasz, S, B. Weiss, 2005)

For any 6, for any sequence s of infinite cardinals T.F.A.E
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Reduction theorem

Cr(0) ={s€C(5) :s(0) =X =min[s(B) : B <]}
Reduction Theorem (I. Juhasz, S, B. Weiss, 2005)

For any 6, for any sequence s of infinite cardinals T.F.A.E
(1) s €C(0)

(2) s=s0" 817 -+ T sy_1, where s; € Cy,(6;) such that
Ao > A1 > --- > A\,_1 are infinite cardinals and § = 09 + -+ + 0p_1.
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Reduction theorem

Cr(0) ={s€C(5) :s(0) =X =min[s(B) : B <]}
Reduction Theorem (I. Juhasz, S, B. Weiss, 2005)

For any 6, for any sequence s of infinite cardinals T.F.A.E
(1) s €C(0)

(2) s=s0" 817 -+ T sy_1, where s; € Cy,(6;) such that
Ao > A1 > --- > A\,_1 are infinite cardinals and § = 09 + -+ + 0p_1.

Enough to characterize the classes C(9) J
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Characterization Theorem for § < w»

Theorem (I. Juhasz, S, B. Weiss, 2005)

Under GCH, full characterization of Cy(0) for § < wy.
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Some restriction

Assume that GCH holds and A = ¢f(\) > w.
Let s € Cy(0). Clearly s € 9{\ AT}

if s(3) = X then s(8+1) =\ ]

Assume £ < X and sup (G : ( < k) = <9,
if s(B:) = A for ¢ < k then s(3) = A\
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Some restriction

Assume that GCH holds and A = ¢f(\) > w.
Let s € Cy(0). Clearly s € 9{\ AT}

if s(3) = X then s(8+1) =\ ]

Assume £ < X and sup (G : ( < k) = <9,
if s(B:) = A for ¢ < k then s(3) = A\

Dy(6) = {s € 2{\, AT} : 5(0) = ),
s 1{\} is < A-closed and successor-closed in &}.

C)\(é) C D)\(é)
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Characterization Theorem for § < w»

DA(6) = {f € 50\, AT} 1 5(0) = A, J

s H{\} is < A-closed and successor-closed in §}.
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Characterization Theorem for § < w»

Dy(6) = {f € °{\, AT} :5(0) = A,
s H{\} is < A-closed and successor-closed in §}.

Theorem (Juhasz, S, Weiss)
Under GCH, for § < ws,
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Characterization Theorem for § < w»

Dy(6) = {f € °{\, AT} :5(0) = A,
s H{\} is < A-closed and successor-closed in §}.

Theorem (Juhasz, S, Weiss)
Under GCH, for § < ws,
(i) ...
(i) Cun () = Duy (6)
(it)" if A =cf(X) > wq then Cy(0) = {(N)s}.
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Characterization Theorem for § < w»

DA(8) = {f € 5\, AT} 1 s(0) = A,

s H{\} is < A-closed and successor-closed in §}.

Theorem (Juhasz, S, Weiss)
Under GCH, for § < ws,
(i) ...
(il) Cuy(6) = Doy (0)
(it)" if A =cf(X) > w1 then Cx(9) = {{(N\)s}-
(ii*) if A = cf(X) > w then Cx(0) = Dx(9),
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Sequences of length wy

Co(w2) =0 and Cy(w2) = {(N)w, } for A =cf(A) > wy.
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Sequences of length wy

Co(w2) =0 and Cy(w2) = {(N)w, } for A =cf(A) > wy.

Cooy (w2) =77

Theorem (Juhasz-Shelah-S-Szentmikldssy)

1) Con (WQ) # 0
2) If CH holds then (w1),, ~ (w2),,, € Cu(w2)

4

Theorem (I. Juhasz,S, B. Weiss, 2005)

If CH holds and w1 = cf(a) < wa then (w1), ™ (w2),,, € Cuy(w2).

4
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Sequences of length wy

Co(w2) =0 and Cy(w2) = {(N)w, } for A =cf(A) > wy.

Cooy (w2) =77

Theorem (Juhasz-Shelah-S-Szentmikldssy)

1) Con (WQ) # 0
2) If CH holds then (w1),, ~ (w2),,, € Cu(w2)

Theorem (. Juhasz,S, B. Weiss, 2005)
If CH holds and w1 = cf(a) < wa then (w1), ™ (w2),,, € Cuy(w2).

(w1), € Cuy(w2) in ZFC or under GCH

v
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Sequences of length > w»

Cuy () = Dy, () for a < wy
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Sequences of length > w»

Cuy () = Dy, () for a < wy
Cuw, (@) C Dy, () for a < w3
Cuy () = Dy, () for « < wz under GCH.
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A consistency result

Theorem (J.C. Martinez, S)

For each o < wj3 it is consistent with GCH that C,,,(a)) = Dy, («).
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A consistency result

Theorem (J.C. Martinez, S)

For each o < wj3 it is consistent with GCH that C,,,(a)) = Dy, («).

Definition

An LCS space X is called C)(«)-universal iff SEQ(X) € Cx(a) and for
each sequence s € Cy(«) there is an open subspace Y of X with
SEQ(Y) =s.

Theorem (J.C. Martinez, S)

If GCH holds, k > w is a regular cardinal and § < k™ then there is a
k-complete k1 -c.c poset P of cardinality k+ such that in VP there is a
Cr(0)-universal LCS space witnessing

Cn((s) = Dn(é)

(Rényi Institute) Universal LCS spaces Bedlewo 2007 12 / 18



Universal spaces

Try to prove Con(C,,(0) = D,,,(9)) for wy < 6 < ws!
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@ For each s € D, () find a poset Ps such that
1p, IF There is an LCS space X, with cardinal sequence s.
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Universal spaces

Try to prove Con(C,,(0) = D,,,(9)) for wy < 6 < ws!

@ carry out an iterated forcing

@ For each s € D, () find a poset Ps such that
1p, IF There is an LCS space X, with cardinal sequence s.

| Xs| = wa, want to preserve CGH = P is o-complete, wy-c.c. poset
Ps of cardinality w,.

(]

forcing with Pg introduces wy new subsets of wq
Doy (6)] = w3!

the length of the iteration is ws,

(]

(]
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@ For each s € D, () find a poset Ps such that
1p, IF There is an LCS space X, with cardinal sequence s.

| Xs| = wa, want to preserve CGH = P is o-complete, wy-c.c. poset
Ps of cardinality w,.

@ forcing with Ps introduces w, new subsets of w;
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Universal spaces

Try to prove Con(C,,(0) = D,,,(9)) for wy < 6 < ws!

@ carry out an iterated forcing

@ For each s € D, () find a poset Ps such that
1p, IF There is an LCS space X, with cardinal sequence s.

| Xs| = wa, want to preserve CGH = P is o-complete, wy-c.c. poset
Ps of cardinality w,.

@ forcing with Ps introduces w, new subsets of w;
o [D., (0)] = ws!

o the length of the iteration is w3,

°

in the final model the cardinal 2%t > w3.

a single step may be enough to introduce a C,, (0)-universal space
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Cx () for singular k
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Cx () for singular k
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If <% =k then (k) ~(k")+ € Cu(kT).
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Cx () for singular k

Theorem (Juhasz-Shelah-S-Szentmikléssy)

If <% =k then (k) ~(k")+ € Cu(kT).

CO”(GCH 2P <NW>NW A<NW+1>NW+1 € CNW(NM+1).

@ K measurable in V
o (k) (K1) e+ € Cr(kT).
o VP =k =1,
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- GCH

Theorem (Baumgartner, Shelah)
Con(ZFC + (w)u, € C(w2)).
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Theorem (Baumgartner, Shelah)
Con(ZFC + (w)u, € C(w2)).

Theorem (Bagaria)
Con(ZFC + “2{w,w1} C C(w2)).

MA,,, + there is a A-function 2% > ws.

If 2% = w, then C, (w2) C {f € “2{w,...,wy} : f(0) = w}
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Theorem (Baumgartner, Shelah)
Con(ZFC + (w)u, € C(w2)).

Theorem (Bagaria)
Con(ZFC + “2{w,w1} C C(w2)).

MA,,, + there is a A-function 2% > ws.

If 2 = w,, then Cw(WZ) C {f € wz{w,. .. ,w,,} : f(O) = w}

Con( 2% = wy + there is a C,,(wy)-universal space witnessing

Co(wr) ={f € “2{w,w1,wr} : f(0) =w})
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Problem

Is it true that for each cardinal X\ and ordinal § if Cy(0) # () then there is a
Cx(0)-universal space?
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Is it true that for each cardinal X\ and ordinal § if Cy(0) # () then there is a
Cx(0)-universal space?

Problem

Is it true under GCH that for each regular cardinal \ and ordinal § < A\TF
we have Cy(0) = Dx(6)?
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Is it true that for each cardinal X\ and ordinal § if Cy(0) # () then there is a
Cx(0)-universal space?

Is it true under GCH that for each regular cardinal \ and ordinal § < A\TF
we have Cy(0) = Dx(6)?

N

Problem
Cx(0) =7 for singular A under GCH.
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Theorem (Martinez)

Con (ZFC + (w),, € C(«a) for each o < w3 .)
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Theorem (Martinez)

Con (ZFC + (w),, € C(«a) for each o < w3 .)

If there is a “natural” c.c.c. forcing P such that (w),, € C(w2) in V* then
for each o < w3 there is an other “natural” c.c.c. forcing @ such that
(w),, € C(a) in VQ.
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Theorem (Martinez)
Con (ZFC + (w),, € C(«a) for each o < w3 .)

If there is a “natural” c.c.c. forcing P such that (w),, € C(w2) in V* then
for each o < w3 there is an other “natural” c.c.c. forcing @ such that
(w),, € C(a) in VQ.

Question

(w),, €C(w2) = (w),, € C() for each v < w3
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Questions

Theorem (Martinez)

Con (ZFC + (w),, € C(«a) for each o < w3 .)

Theorem

If there is a “natural” c.c.c. forcing P such that (w),, € C(w2) in V* then
for each o < w3 there is an other “natural” c.c.c. forcing @ such that
(w),, € C(a) in VQ.

| \

Question

(w),, €C(w2) = (w),, € C() for each v < w3

Con ({w1),, € C(ws)) 77
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s € Dy, ()

w1 w2
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[«

s € Dy, ()
v <6, 5(7) =ws
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s € Dy, ()
v <9, s(v) = w2
By=min{ < :[8,7] C s~ {w2}}
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s € D, (0)

v <6, s(y) = w2

B= min{5 < 72 [8.9] € 5~ Hua )}
cf (By) = w1
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C.r(8) = D (6)

s €D, (9) 0

v <6, 5(7) = w2 7

By=min{B <~ :[8,7] C s {w2}} By
cf (By) = w1

s7 = (w1)g, " (w2)y—p, € Dur(7) ]
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C.r(8) = D (6)

s € Dy, () 0

v <96, s(y) =w 7 X7
By=min{B <7 :[8,7] C s H{wa}} 8, >
cf (By) = w1

sT = (w1)g, " (w2)y—g, € Dun(7)
3 X st SEQ(X} ) =77 .

v
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C.r(8) = D (6)

s € D, (0)

v <6, s(y) = w2

By=min{B <~ :[8,7] C s {w2}}
cf (By) = w1

sT = (w1)g, ~(w2)y—p, € Duy(7)

3 X st SEQ(X} ) =77

v

(5<u)2

[«

Py

WQ§(5<W3
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C.r(8) = D (6)

s € D, (0)

v <6, s(y) = w2

By=min{B <~ :[8,7] C s {w2}}
cf (By) = w1

sT = (w1)g, ~(w2)y—p, € Duy(7)

3 X] st SEQ(X]) =577

o< w?

X = U*{ng v € sTHwa}l

[«

Py

WQ§(5<W3
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Cur(0) = Dy (9)

s D0 (0) ’
B Y
v <8, s(y) = wo Xg
By=min{3 < v :[B,7] C s {wa}} By !
Cf(ﬁ’y) = w1
s = (w1)p, " (w2)y—3, € Do, (7)
3 X] st SEQ(X] )= s —
P~ Y
0 < wo wy <6 < ws

X = U*{ng v € sTHwa}l

U{X5 : 8 <y <d:cf(B) =w}
is Cy, (0)-universal.
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C.r(8) = Do (9)

s € D,y (9) 0
— Y
7<5' 5(7)_(*)2 XI’BY
= min{ <v:[B,9] C s7H{wa}} By ’
cf (By) = w1
s7 = (w1)g, " (w2)y-8, € Duy(7)
3 X] st SEQ(X]) =s77 .
My 2l
o< 5} wy < o< w3
X=U{X] 7€ s H{wa}}. too many X

U{X5 : 8 <y <d:cf(B) =w}
is Cy, (0)-universal.
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C.r(8) = Do (9)

s € D,y (9) 0
— Y
7<5' 5(7)_(*)2 XI’BY
= min{ <v:[B,9] C s7H{wa}} By ’
cf (By) = w1
s7 = (w1)g, " (w2)y-8, € Duy(7)
3 X] st SEQ(X]) =s77 .
My 2l
o< 5} wy < o< w3
X=U{X] 7€ s H{wa}}. too many X

amalgamation instead of union

U{X5 : 8 <y <d:cf(B) =w}
is Cy, (0)-universal.
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C.r(8) = Do (9)

s € D, (0)

v <6, s(y) = w2

By=min{B <~ :[8,7] C s {w2}}
cf (By) = w1

sT = (w1)g, ~(w2)y—p, € Duy(7)

3 X] st SEQ(X]) =577

o< w?

X = U*{ng v € sTHwa}l

U{X5 : 8 <y <d:cf(B) =w}
is Cy, (0)-universal.

[«

Py

]
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C.r(8) = Do (9)

s € Dy (6) 0

v <6, s(7) =w2 7

fy=min{B <y :[B,9] € s {wa}} B,

Cf(ﬂ’y) = w1

sT= (wi)p, " {w2)y-p, € Duy(7)

3 X] s, tﬁWSEQ(XgW)ﬁ =577 . }

L_I—x

o< w? wy < o< w3
X=U{X] 7€ s H{wa}}. too many X

amalgamation instead of union

* : : _ 3X LCS, Z C X open s.t.
U{Xg.ﬂ§7<5.cf(,3)—w1} : P
is Cyy (0)-universal. SEQ(X) = (w1)w, ~(w2)6-w
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Cur(0) = Dy (9)

5 € D, (6) S v
v <96, s(y) =w
= min{ <v:[B,9] C s7H{wa}} By
cf (By) = w1
s7 = (w1)g, " (w2)y-p, € Dun (7)
3 X st WSEQ(XgW)W $17 | }
1
X
o< 5} wy < o< w3
X=U{X] 7€ s H{wa}}. too many X

amalgamation instead of union

* : : _ CS, Z C X open s.t.
XY B<y<8:cf(f) =w} | X LS pe

is Cyy (0)-universal. SEQ(X) = (w1)w, ~(w2)6-w
SEQ(Z) = (w1)a
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Cur(0) = Dy (9)

s € D, (0)
v <6, s(y) = w2
By=min{B <~ :[8,7] C s {w2}}
cf (By) = w1
$7 = (wi)s, ~(2)ys, € Dn(9)
3 X st SEQ(XgW) 577
o< w?
X =UX] iy es Hwa))

U{X5 : 8 <y <d:cf(B) =w}
is Cy, (0)-universal.

[«

Py

]

(Rényi Institute)

Universal LCS spaces

wy < o< w3

ot
too many Xﬁv | |
amalgamation instead of union

dX LCS, Z C X open s.t.

SEQ(X) = (w1)w;, ~{(w2)s—w,
SEQ(Z) = (w1)a
Xg cX
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Cur(0) = Dy (9)

s €D, (9) fy

v <4, s(v) = w2

By=min{B <v:[8,9] C s Huwa}} B,

cf (By) = w1

s7 = (w1)g, " (w2)y—4, € Dur(7)

3 X st WSEQ(XgW)W $17 | }

1

o< 5} wy < o< w3
X=U{X] 7€ s H{wa}}. too many X

amalgamation instead of union

U*{Xg:ﬂ§7<5:cf(/3):w1} X LCS,ZCXo&en s.t.

is Cyy (0)-universal. SEQ(X) = (w1)w, ~(w2)6-w
SEQ(Z) = (w1)a ,

XgCX Xgﬂxg, c”Z
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