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Abstract

Graph entropy is an information theoretic functional on a graph with a probability dis-
tribution on its vertex set. It is sub-additive with respect to graph union. Requiring
exact additivity gives rise to structural conditions that are related to perfectness. Here
we overview these structural results and also mention some applications, Kahn and Kim’s
sorting algorithm among others. This paper is an updated version of an earlier survey
article about graph entropy. Here we focus more on those results that are related to
perfect graphs and report also about some new developments. The latter include a con-
nection with the imperfection ratio and results related to sub- and supermodularity. The
information theoretic motivation for defining graph entropy is also explained. In the last
section we give a brief review of some related functionals, Shannon and Sperner capacity
among others.



1 Introduction

The relation between perfect graphs and information theory is probably deeper than
well-known. The very introduction of perfect graphs was catalyzed by the behaviour
of the information theoretic concept of Shannon’s graph capacity, namely that its value
is sandwiched between the chromatic number and the clique number of a graph. (This
historical fact, mentioned by Claude Berge, e. g., in his lecture [9], seems (to me) to be
less widely known than many other aspects of perfect graphs.) Graph entropy is another
graph functional that is originated in information theory and later turned out to have an
intimate relationship with perfect graphs. It was introduced by Janos Kérner in [49].

The main goal of this survey paper is to explain this relationship. The present article is
an updated version of my previous general survey about graph entropy [84], but here we
focus more on those aspects that are related to perfectness.

The paper is organized as follows. We will close this introductory section by giving one
of the possible at least three definitions of graph entropy together with that of the more
general notion of entropy of convex corners. In Section 2 we explain the information
theoretic origin of the concept and give its two other usual definitions. The same section
also tells about the motivation of those questions the answers to which have led to uncover
the relationship with perfect graphs. The third section is a brief overview of some basic
properties of graph entropy. Section 4 is devoted to the structural results related to the
additivity properties of graph entropy. These structural theorems are those statements
that make perfect graphs enter the picture. We also show in this section that the recently
introduced imperfection ratio [70] of a graph can be expressed in terms of graph entropy.
Section 5 is about applications. Here we focus mainly on one of the most beautiful
applications of graph entropy due to Kahn and Kim where the relation to perfect graphs
plays an important role. Section 6 discusses certain aspects of the more general notions
of hypergraph entropy and the entropy of convex corners. We give an additivity theorem
for hypergraphs, too, that relates to the well-investigated subclass of perfect graphs called
cographs or Py-free graphs. A surprising application of the entropy of convex corners due
to Denardo, Hoffman, Mackenzie, and Pulleyblank is also presented here. Section 7 is
about some related graph functionals, Shannon and Sperner capacities, their probabilistic
refinements, a probabilistic version of Lovész’ #-function, and the co-entropy of graphs,
in particular.

Now we give one of the possible definitions of graph entropy. There are three definitions
known that are equivalent but look rather different. The one below is probably the easiest
to remember. (It appears first in [24], both of the two other ones that we give in the next
section are already there in [49].)

We need the concept of the vertex packing polytope. (Vertex packing refers to inde-
pendent (or stable) sets of nodes.)

Definition 1 The vertex packing polytope V P(G) of a graph G is the convex hull of the
characteristic vectors of stable sets of G.



In the sequel, all logarithms are binary.

Definition 2 Let G be a graph on vertex set V(G) = {1,...,n} and let P = (p1,...,pn)
be a probability distribution on V(G) (i.e., p1+ ...+ p, = 1 and p; > 0 for all i). The
entropy of G with respect to P is then defined as

- 1
H(G,P)= min Zpilogf. (1)

acVP(G) i=1 a;

Remark ([24]): Observe that the function to be minimized in (1) is convex, it tends to
infinity on the boundary of the non-negative orthant of " and it tends monotonically to
—oo along rays from the origin. This implies that the above minimum is always achieved
and finite and is assumed at the boundary of V P(G) but in the interior of the non-negative
orthant. It also follows that each coordinate a; of the minimizing vector a is uniquely
determined provided p; > 0.

It is immediate that the above definition can be generalized for more general polytopes,
or in what follows, to convexr corners.

Definition 3 A set A C R} is called a convex corner if it is closed, convex, has a non-
empty interior, and satisfies the property that if 0 < a; < a; fori =1,..,n thena € A
implies &’ € A.

Definition 4 (/2//) For a convex corner A C R and probability distribution P =
(p1,- .-, pn) the entropy of A with respect to P is defined as

. = 1
Hy(P) = ggg;pi log —.
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Thus H (G, P) is identical to Hy pg)(P).

The intuitive meaning of graph entropy will be explained in the next section.

2 The information theoretic interpretation

Korner in [49] considered the following problem. Assume we are given a so-called discrete,
memoryless and stationary information source that emits symbols (letters), belonging to
a finite set V', one by one. This means that a probability distribution P is given on V'
that governs the system in the following sense. At any given time the probability of v € V
being emitted is the probability of v according to P. (The meaning of the source being
stationary and memoryless is that P is not changing in time and it does not depend on
previously emitted symbols.)



A special feature of our source is that the symbols it emits are not all distinguishable.
In fact, distinguishability is an arbitrary (but fixed and known) binary symmetric relation
on V that tells us about every pair of letters in V' whether they are distinguishable or
not. We describe this relation of the letters by a graph G. The vertex set of G is V
and two nodes are adjacent if and only if they are distinguishable. (We remark that
indistinguishability is not assumed to be a transitive relation.)

The task is to determine the performance of a best possible encoding of the informa-
tion emitted by our source. This encoding should be a mapping from the t-length strings
of the letters emitted to a finite number of different symbols (usually some other fixed
length strings of some other alphabet). The latter ones are called codewords. Now it is
allowed that two strings that are not distinguishable be mapped to the same codeword but
the encoding is not proper if this happens with distinguishable strings. (Two strings are
distinguishable if they are distinguishable at least at one coordinate.) We require proper
encoding, however, only for “most” strings. More precisely, a 0 < ¢ < 1 is given and
we are allowed to encode an e-probability fraction of all strings without any restriction
(just map them into a single, meaningless symbol, for example). Here the probability
of a string x is given by P!(x) = [[:_; P(x;). The performance of our encoding is mea-
sured by its rate defined by the ratio 2 where M stands for the number of different
codewords we are using and the smaller rate belongs to the better performance. The
best achievable rate R(G, P,t,¢) for some fixed ¢ and € is the infimum of the set of all
possible rates of codes satisfying the above requirements. The value of importance is
liminf, ,oliminf, ., R(G, P,t,€) which defines a functional on the graph G with proba-
bility distribution P on its vertex set. The main goal of [49] was to give some computable
formula for this expression, thereby giving a kind of complexity measure of the graph.
It should be clear from the above that the intuitive meaning of the resulting functional,
denoted by H(G, P), is the following. Assume our codewords are binary strings. Then
the average number of bits we need for an optimal encoding of the information coming in
the form of a t-length string from our source is approximately tH (G, P).

In what follows we will give the definition of the above mentioned quantity in graph
terms. This will provide one of the possible definitions of graph entropy. To this end
we first introduce the following graph exponentiation. It comes from what is sometimes
called the co-normal product of graphs.

Definition 5 Given a graph G = (V(G), E(G)) the t-th co-normal power G* of G is
given by
V(G") = V(G E(G") = {{x,y};Fi : {zi,yi} € E(G)}.

Notice, that if the edges in G describe distinguishability of letters according to our source
then the edges of G* describe distinguishability of the ¢-length sequences of these letters
by the same source. If we take any set U C V* then proper encoding of all the sequences
in U clearly needs at least as many different codewords as many stable sets of G* are
needed to cover U, i.e., the number of codewords in the best encoding is the chromatic



number of the graph induced by G* on U. Since we do not have to encode all sequences
in V! properly we may optimize by the choice of U C V!, requiring only that U has large
probability. This leads to the following formulation of the above mentioned quantity, that
is actually the original definition of graph entropy in [49].

For a graph F' and Z C V(F') we denote by F(Z) the induced subgraph of F' on Z.
The chromatic number of F' is denoted by x(F).

Definition 2’ 1
H(G,P) = lim min —log x(G*(U)) (2)

=00 UCVE,PH(U)>1—¢ T
where PY(U) = Y ycpy PH(%).

To show that the above definition is valid one has to prove that the limit exists and
is independent of € € (0,1). This was done by Kérner [49] by showing that the above
expression is equivalent to a computable formula we will present as Definition 2”7. To give
this formula we need some elementary concepts from information theory.

Definition 6 Let P = (py,...,p,) be a probability distribution on a set of n elements.
The entropy of P 1is the function

n 1
H(P)= Zpi log ]7
i1 i

If X is a discrete random variable taking its values on a set of n elements according to
distribution P then the entropy of X is meant to be the entropy of its distribution.

Note that H(P) < logn with equality if and only if P is the uniform distribution.

Definition 7 Let X and Y be two discrete random variables taking their values on some
(possibly different) finite sets and consider the random variable formed by the pair (X,Y).
The functional

IXANY)=H(X)+H(Y)-H(X,Y))

is called the mutual information of the variables X and Y .

The entropy of a random variable can be interpreted as the content of information in
the variable. The intuitive meaning of mutual information, as the name suggests, is
the content of information in X about Y and vice versa. (These intuitive meanings are
supported by so-called coding theorems. For more on information theoretic functionals
and their interpretation we refer the reader to [22] and [71].) Now we give Korner’s
formula for graph entropy.

Definition 2”
H(G,P)=min[(X AY) (3)



where the minimization is over pairs of random wvariables (X,Y) having the following
properties. The variable X is taking its values on the vertices of G, while Y on the stable
sets of G and their joint distribution is such that X € Y with probability 1. Furthermore,
the marginal distribution of X on V(QG) is identical to the given distribution P.

We do not prove the equivalence of the three definitions of graph entropy here, only refer
to [49] for the proof of equivalence of Definitions 2’ and 2” and to [24] or [84] for the
equivalence of Definition 2”7 and Definition 2. For other possible information theoretic
pictures behind H (G, P) we also refer to [5] and [79].

The coding interpretation of graph entropy suggests the following interesting property
and a question (cf. [52]). Let us have an information source that belongs to the complete
graph. This means that all symbols emitted are distinguishable. Then the coding problem
becomes one of Shannon’s classical ones (cf. [82]) and so the quantity we ask for should
be equal to H(P). (It is easy to see also formally that graph entropy is, indeed, equal
to H(P) if G is the complete graph on V(G).) For some reason one may want to encode
the information coming from such an ambiguity-free source in two steps: first encode the
information as if there were some ambiguity described by a graph G and in the second
step do the same according to the complementary graph G. It is clear that putting the
resulting codewords of the two steps together we should obtain an encoding that contains
all the information we can have from a direct (one-step) encoding for the source belonging
to the complete graph. (This is simply because any two symbols are distinguishable
either for G or for G.) In other words, in the two steps we basically use, in the average,
t(H(G, P)+ H(G, P)) bits instead of tH(P) bits for encoding the information carried by
t-length strings emitted from the source. This implies that the sum H(G, P) + H(G, P)
cannot be less than H(P) and also suggests the question, what are those graphs G for
which we do not lose anything, that is, the two quantities mentioned are just equal,
whatever P is governing the system. It is this question to which the answer will be:
perfect graphs.

3 Some basic properties

This section has a somewhat technical nature. To save the reader from not too exciting
looking details we give proofs only in those cases where the proof is really short otherwise
only refer to some article where the proof can be found. To make the reader prepared
we also declare: there will be six technical statements in this section, three lemmas
followed by a corollary, a proposition and a fourth lemma. For a more detailed account
of the technical properties of graph entropy, including Kérner and Marton’s [54] result
about the calculation of the entropy of bipartite graphs and Kahn and Kim'’s [46] laminar
decomposition, we refer to [84].

Monotonicity. The monotonicity of graph entropy is quite obvious from any of its
definitions, still, because of its importance, we formulate it as



Lemma 1 If F and G are two graphs with V(F) = V(G) and E(F) C E(G) then for
any probability distribution P we have H(F, P) < H(G, P).

Proof. For graphs F' and G that are in the above relation we have VP(G) C VP(F).
This immediately implies the statement by Definition 2. O

Sub-additivity. At the end of the previous section we have seen that intuitively one
expects graph entropy to be sub-additive. (The argument there was formulated to the
special case of two complementary graphs but an analoguous argument is valid in general.)
Here we show it formally. (This property was first recognized by Korner [51], cf. also [52]
for the already mentioned special case.)

Lemma 2 ([51]) Let F' and G be two graphs on the same vertex set V and F UG denote
the graph on V with edge set E(F) U E(G). For any fized probability distribution P we
have

H(FUG,P)< H(F,P)+ H(G,P) (4)

Proof. Let a € VP(F) and b € VP(G) be the vectors achieving the minima in (1) for
H(F,P) and H(G, P), respectively. Notice that the vector aob = (a1by, asbhs, .., a,b,) is
in VP(F UQG), simply because the intersection of a stable set of F' with a stable set of G
is always a stable set in F'U G. Hence, we have

H(F7P>+H(G7P) :Zpilog—+zpi10gb— :Zpilog
i=1 ( i=1

i=1 a;

1

all

> H(FUG, P).

|

Additivity of substitution. The notion of substitution is defined in [62] in relation
with the proof of the perfect graph theorem. The definition is as follows. Let F' and G
be two vertex disjoint graphs and v be a vertex of G. By substituting F' for v we mean
deleting v and joining every vertex of F' to those vertices of G which have been adjacent
with v. We will denote the resulting graph by G, p.

We extend the above concept also to distributions. If we are given a probability
distribution P on V(G) and a probability distribution @ on V(F') then by P, g we
denote the distribution on V(G,r) given by P, g(z) = P(z) if z € V(G) — {v} and
P.co(z) = P)Q(x) if € V(F).

Now we are ready to state

Lemma 3 (Substitution Lemma) Let F' and G be two vertex disjoint graphs, v a vertex
of G, while P and Q are probability distributions on V(G) and V(F), respectively. Then
we have

H(Gyor, Pyg) = H(G, P) + P(v)H(F, Q).



The proof of Lemma 3 can be found in [61]. (We remark that the lemma called “Substi-
tution Lemma” in [61] is formulated in a somewhat different way. Still, its proof together
with the trivial “Contraction Lemma” of the same paper immediately gives the proof of
our lemma above.)

Notice that the entropy of an empty graph (a graph with no edges) is always zero (re-
gardless of the distribution on its vertices). Keeping this in mind the following statement
(see as Lemma K* in [51]) is an easy consequence of the previous lemma.

Corollary 1 Let the connected components of the graph G be the subgraphs G; and P be
a probability distribution on V(G). Set

Pi(x) = P@)[P(V(G))] ™ a € V(Gy).

Then
H(G.P) = Y2 P(V(G)H (G, P).

Proof. Consider the empty graph on as many vertices as the number of connected
components of G. Let a distribution be given on its vertices by P(V(G;)) being the
probability of the vertex corresponding to the ith component of G. Now substituting
each vertex by the component it belongs to and applying Lemma 3 the statement follows.
O

We already have seen the intuitive necessity of the following statement in Section 2.

Proposition 1 For K, the complete graph on n vertices, one has
H(K,,P)= H(P).

Proof. By Definition 2 H(K,, P) has the form Y7, p; log% where ¢; > 0 for all ¢ and

> 1 g = 1. This expression is well known to take its minimum at ¢; = p; (cf. [22] Lemma
1.3.2.(c)). Indeed, by the concavity of the log function Y7 ; p; log f}—i <log>! ¢ =0 0O

It is obvious from Definition 2’ that the logarithm of the chromatic number of G is always
an upper bound for H(G, P). In fact, a stronger statement is true. Let us define the
fractional chromatic number x*(G) as the minimum sum of non-negative weights on the
stable sets of GG satisfying that for any vertex the sum of weights of those stable sets that
contain this vertex is at least one. The following statement follows easily from Definition
2" and a theorem of McEliece and Posner [72] (see also as Problem 13.51 in [65].) It is
also not hard to deduce it from Definition 2. We use the fact shown in [24] that for any
vector a € V P(G) for which there is no a’ € VP(G) different from a but majorizing it
coordinatewise there is some probability distribution P on V(G) such that the value of
H(G, P) is attained by a.



Lemma 4
m}ng(G, P) =log x*(G),

where x*(G) is the fractional chromatic number of graph G.

Proof. It is easy to verify that (—t=, —=

T @ %) € VP(G) holds for any graph G
implying that the right hand side of (1) cannot be larger than log x*(G) for any P.
It follows from the definition of the fractional chromatic number that G must have some
induced subgraph G’ such that x*(G') = x*(G) =: x* and for any y € V P(G") satisfying
Vi oy > XL we have equality for every i. Then by the above remark 3P’ on V(G’) such
that H(G', P') = log x*. Extending this P’ to a probability distribution P on V(G) by
setting p; = 0 for all : € V(G) — V(G’) we get a probability distribution attaining the
right hand side in the statement. O

4 Structural theorems: relation to perfectness

Most structural theorems discussed in this section characterize classes of graphs that
behave in a certain way with respect to the inequality expressing the sub-additivity of
graph entropy.

4.1. Additivity for complementary pairs

Following Korner and Longo [52] we call a graph G strongly splitting if for every proba-
bility distribution P on V(G) we have

H(G,P)+ H(G,P) = H(P) (5)

This definition is motivated by the information theoretic problem described at the end of
Section 2. Notice that by Lemma 2 and Proposition 1 the left hand side above is never
smaller than the right hand side. The word strongly refers to the equality being required
for every P, a weaker requirement defining weakly splitting graphs will be considered in
subsection 4.5.

The first major step for characterizing strongly splitting graphs was made by Korner and
Marton [54] who proved that bipartite graphs are strongly splitting and conjectured that
the strongly splitting property is equivalent to perfectness. This conjecture is already
known to be true.

Theorem 1 (Csiszdar, Kéorner, Lovdsz, Marton, Simonyi [24]) A graph G is strongly
splitting if and only if it is perfect.

The proof of Theorem 1 is based on some results that need the notion of the antiblocker
of a convex corner.



Definition 8 (Fulkerson [31]) Let A C R" be a convex corner. The antiblocker A* of A
1s defined as
A*={beR" :b"-a<1Vac A}.

Remark: Tt is a well-known fact (cf. Fulkerson [31]) that (A*)* = A. If B = A* then
(A, B) is called an antiblocking pair.

To formulate the connection between antiblocking pairs and entropy the following defini-
tion is useful.

Definition 9 A pair of convex corners A,B C R is said to form a generating pair if
for every probability distribution P = (p1,..,p,) there exist a € A and b € B satisfying
a;by =p; fori=1,... n.

The result behind the characterization of strongly splitting graphs is the following theo-
rem.

Theorem 2 ([2/]) For convex corners A,B C R} the following three statements are
equivalent:

(i) A* C B
(ii) (A, B) is a generating pair
(i1i) H(P) > H4(P)+ Hp(P) for every probability distribution P.

We have learnt from B. Bollobds and I. Leader that a result giving (i)<(ii) was already
known in functional analysis due to Lozanovskii [68]. (See also in [12] as Lemma 5.1, cf.
also [11].) The equivalence of (ii) and (iii) can be seen easily, for example, from Lemma
6.1 of [84]. For a complete proof of the above theorem we refer to [24].

It is worth noticing that H(P) < H4(P)+ H 4-(P) for every P and convex corner A. This
can be seen by realizing that for any a € A and b € A* the vector (aby, asbs, ..., a,b,)
is in the unit simplex (the entropy of which is H(P), cf. Proposition 1) and performing
a calculation similar to that in the proof of Lemma 2.

In the light of the previous paragraph the following is an immediate implication of The-
orem 2.

Corollary 2 For a conver corner A C J'}
HA(P)+ Hq+(P) = H(P)

holds for every probability distribution P.



We will use the notation S(G) for the set of stable sets of a graph G.

To see the proof of Theorem 1 one more definition is needed.

Definition 10 The fractional vertex packing polytope FV P(G) of a graph G on n vertices
is the antiblocker of V P(G), i.e.,

FVP(G)={beR;: > b <1 VBeSG)}
i€BeS(G)

Notice that VP(G) C FVP(G) for any graph G. The notion of antiblocking pairs is
related to perfect graphs via the following theorem.

Theorem 3 (Fulkerson [32], Chvdtal [18]) VP(G) = FVP(G) if and only if G is a
perfect graph.

Putting these results together we can already show easily that the strongly splitting
property is equivalent to perfectness.

Proof of Theorem 1. By its definition combined with the sub-additivity of graph
entropy, the strongly splitting property means that

Hypa)(P) + Hype)(P) < H(P)

for every P. By Theorem 2 this is equivalent to saying that FV P(G) = [V P(G)]*
V P(G). This is, however, equivalent to F'V P(G) = V P(G), since VP(G) C FVP(G)
general. But this is equivalent to G being perfect by Theorem 3. O

We show a slight strengthening of one direction of Theorem 1, the one saying that
imperfect graphs are not strongly splitting. This needs the following result of Lovész
about perfect graphs. (a(F') and w(F') denote the maximum size of a stable set and of a
clique of the graph F', respectively.)

Theorem 4 (Lovdsz [63]) A graph G is perfect if and only if for every induced subgraph
G’ C G one has o(G")w(G") > |V (G')].

Note the immediate implication of Theorem 4 that for any minimal imperfect graph G,

a(G)w(G) < [V(G).
Proposition 2 Let P, be the uniform distribution on the vertices of a minimal imperfect

graph G. Then B
H(G,P,)+ H(G,P,) > H(P,).

10



Remark: The above statement implies that no imperfect graph is strongly splitting be-
cause we can always concentrate a uniform distribution on the vertex set of a minimal
imperfect subgraph of an imperfect graph. Then the statement follows since (by Corollary
1, e. g.,) the zero-probability vertices have no influence on the value of graph entropy.

Proof. Let a and b be the vectors from V P(G) and V P(G) achieving the entropy of G
and G, respectively, with respect to P,. Clearly, >, a; < «(G) and 3, b; < w(G). So we
have

— 1 1 1 1 1
1
> log ek logn = H(P,),

where the first inequality follows from the relation of the arithmetic and geometric mean
and the second from Theorem 4. O

4.2. Imperfection ratio

In his recent paper [70] McDiarmid introduced a parameter called the imperfection ratio
of graphs (cf. also [34], [35], [36]). Its definition is motivated by so-called radio channel
assignment problems, the relation is explained in detail in [70]. After repeating the original
definition and two possible characterizations of this new notion we will show that it can
also be characterized in terms of graph entropy.

The definition of the imperfection ratio needs the notion of substitution in the sense of
[62], cf. its definition before Lemma 3 in Section 3. For an integer vector x = (&, )vev ()
of non-negative entries let GGx denote the graph obtained from G by substituting a clique
of size x, into G at its vertex v for all v € V(G). The imperfection ratio is then defined

* X (Gx) |
w(Gx)

where x*(F') stands again for the fractional chromatic number and w(F) for the clique
number of graph F. It is noted in [70] that the above maximum is always attained.

imp(G) = max{ x € NV, x # 0},

One of the main results in [70] contains the following statements we will use later.

Theorem 5 ([70]) For every graph G the following holds:

imp(G) = min{t : FVP(G) Ct-VP(G)} =max{x-y:x € FVP(G),y € FVP(G)}.

11



(The product x - y above simply means the scalar product of the two vectors x and y.
There is a slight abuse of the notation here since it does not show that one of the vectors
should be transposed before the multiplication is carried out. We will use this notation
similarly later on.)

It is worth recalling that the above theorem immediately implies the following results in
[70].

1. A graph G is perfect if and only if imp(G) = 1. (In view of Theorem 5 this is equivalent
to Theorem 3. Observe that imp(G) > 1 for any graph.)

2. Complementary graphs have the same imperfection ratio, i.e., imp(G) = imp(G).
Theorem 1 of the last subsection suggests that the value

m}gx{H(G, P)+ H(G,P)— H(P)}

is also a possible "measure” of imperfectness of graph G. It turns out that this measure
is essentially the same as imp(G). More precisely, the following is true.

Theorem 6
mlz}x{H(G, P)+ H(G, P) — H(P)} = logimp(G)

for all graphs G.

In the proof we will refer to the following observation.

Lemma 5 For any non-negative integer vector x € RV one has
max{H(G, P) + H(G, P) ~ H(P)} > max{H(Gx, Q) + H(Gx, Q) — H(Q))

with equality if X is non-zero at those points where the maximizing P of the left-hand side
s non-vanishing.

Proof. The Substitution Lemma (Lemma 3) implies that substituting any graph into
another one at its vertex v in such a way that the sum of the probabilities of the new
vertices is exactly P(v) the entropy increase caused is independent of the original graph
into which we substitute. Thus when cliques of some given size are substituted into G,
then the entropy of G increases by the same amount as that of the complete graph if
we substitute the same sized cliques into it. Since the entropy of the complete graph
is H(P), the difference H(G, P) — H(P) equals H(Gx, Px) — H(Px) where Py is any
distribution on V(Gyx) satisfying that summing it on the vertices of a clique substituted
into v € V(G) we get P(v) as the sum. (The latter condition cannot be satisfied only if
x is zero at some v with P(v) # 0. This explains why we have the technical condition
for equality in the statement. If that is not satisfied it can only make the right-hand side

12



smaller. In the following we assume the condition to be satisfied.) At the same time,
H(G, P) = H(Gy, Py) since the change of entropy caused by the substitution of stable
sets is zero. Therefore the two maxima above must be the same. a

Proof of Theorem 6. It is implied by Corollary 2 that H(G, P) + H(G, P) — H(P) =
Hyp)(P)— Hpvpe)(P) for every G and P. Let Gx be the graph which attains imp(G).
Observing that the vector (W(L), w(l PIRREE W(L)) is in F'VP(L) for any graph L we have
Hrvpay(P) < Yiev(ae Pilogw(Gx) = logw(Gx) for every P. Thus by Lemma 4 we
have maXp{HVp(Gx)(P) Hpypeo(P)} > logx*(Gx) — logw(Gx) = logimp(G). By
Lemma 5 this proves one direction of our statement.

To prove the reverse inequality we use Theorem 5 from [70]. Applying Corollary 2 again,
observe that H(G, P)+ H(G, P) — H(P) can also be expressed as H(P) — Hpyp(c)(P) —
Hpyp)(P). Let Fy be the distribution maximizing this expression and let a and b be
the vectors attaining Hpypg)(Fo) and Hpypa)(Fo), respectively. Using the inequality
between the weighted arithmetic and geometric mean we can write by the foregoing

max{H (G, P)+ H(G,P) — H(P)} = H(Ry) — Hrypc)(Po) — Hpyp)(Po) =

a;b; a;b;
Z Py(i) log = log H aib P“(Z < log Z Py(1)
ieV(GQ) Fo(i) ieV(G) PO( ) eV (GQ) Po(i )

=log(a-b) <logmax{x-y:x € FVP(G),y € FVP(G)} = logimp(G).

We remark that McDiarmid has simplified the proof of Theorem 6, see [70].

The following generalization of imp(G) is also mentioned in [70]. Let A and B be convex
corners in R, their dilation ratio is defined as

dil(A, B) = min{t : B C tA}.
It is also given in [70] that
dil(A,B) =max{x-y:x € A"y € B}.
One can show
log dil( A, B) = mlgx(HA(P) — Hp(P))

along similar lines to those proving Theorem 6 and McDiarmid’s simplification [70] also
applies.

4.3. Additivity for arbitrary pairs

The following theorem gives structural characterization of those (not necessarily comple-
mentary) couples of graphs that satisfy the inequality of Lemma 2 with equality for every
P.

13



Theorem 7 (Korner, Simonyi, Tuza [61]) For two graphs F' and G on the same vertex
set V' one has

H(FUG,P)=H(F,P)+ H(G,P)
for every P if and only if the following three conditions are satisfied.
(i) E(F)NE(G) =0;

(i1) if F UG induces a clique on some U C V' then the graphs induced by F' and G on
U are perfect;

(111) no induced Ps (path on 3 vertices) of F'U G has one edge in F' and one edge in G.

For the proof of this theorem we refer to [61], here we only make some remarks about
the necessity of the conditions. First of all, observe, that the necessity of condition ()
is completely trivial. Indeed, were E(F') and E(G) not disjoint we could concentrate a
distribution on the two endpoints of a common edge resulting in the same positive value of
the entropies H(F, P), H(G, P), and H(F UG, P), thereby making additivity impossible.
Condition (i7) is a direct consequence of Theorem 1 by considering distributions concen-
trated on U. It is interesting to note that the appearance of this condition suggests that
the separate treatment of complementary graphs cannot be avoided. At least the known
proof of Theorem 7 relies on Theorem 1 although the original reason of singling out this
special case was not the realization of its necessity but simply the natural appearance of
this case in Korner and Longo’s information theoretic paper [52].

An immediate consequence of Theorem 7 is the following.
Corollary 3 ([61]) Let Gy, Gs, ..., Gy, be edge-disjoint graphs on the same vertex set V.,
having the complete graph as their union. We have

iH(Gi, P) = H(P)

i=1
for every probability distribution P on V' if and only if all G;’s are perfect and there is no
triangle of Ky that has all of its three edges in different G;’s. O

Corollary 3 is related to the following result of K. Cameron, J. Edmonds, and L. Lovész
[17].

Theorem 8 (Cameron, Edmonds, Lovdsz [17]) If the edges of a complete graph are three-
colored (with red, blue, and green, say) in such a way that no three-colored triangle occurs

and the graph formed by the red edges, and the graph formed by the blue edges are both
perfect then so is the graph formed by the green edges.
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This theorem is, in fact, implied by Theorem 7 as follows. Let R, B, and G be graphs
defined by the red, green, and blue edges, respectively, in Theorem 8. If there is no
three-colored triangle, and both R and B are perfect, then by Theorem 7

H(G,P)+ H(G,P)=H(G,P)+ H(R,P)+ H(B,P)=H(B,P)+ H(B,P)= H(P)
for every probability distribution, thus G should also be perfect.

We continue by showing a similar application of Theorem 7 to prove another result with no
entropy in its statement. It is also related to the previous theorem of Cameron, Edmonds,
and Lovész.

Cameron and Edmonds [16] give what they call a “partial converse” of a slight modifica-
tion of Theorem 8. They say that edges uv and vw of a graph G are A-related if they
form a two-length path (a “A”), that is, uw is not in G. A subset A of the edges of G is a
A-subset if every A of G has either both or neither of its edges in A. A A-subset together
with the vertices it meets is a A-subgraph. A prime-A-subgraph consists of a minimal
non-empty A-subset plus the nodes it meets. (Cf. the edge-classes of Gallai in [33].)

In view of the Perfect Graph Theorem, Theorem 8 says that if a graph is the union of two
edge-disjoint perfect A-subgraphs, then it is perfect. Cameron and Edmonds mentions
that Theorem 8 is implied by the statement: “If a graph is the union of perfect A-
subgraphs then it is perfect.” They refer to this statement as the one they reverse. Their
partial converse is the following.

Partial Converse about A-subgraphs ([16]) Every prime-A-subgraph of a perfect graph
is perfect.

As Cameron and Edmonds remark the above converse is “partial” because of its restriction
to prime-A-subgraphs, but without the word “prime” its statement would not be true.
Indeed, every (not necessarily induced) subgraph of a complete graph is a A-subgraph, the
complete graph is perfect while many of its subgraphs are not. As a corollary of Theorem
7 we show that actually this is the only case to exclude.

Corollary 4 ([61]) If a A-subgraph of a perfect graph T is not perfect then it induces an
imperfect graph on some clique of T'.

Proof. Let G’ be the imperfect A-subgraph of the perfect graph T. Let G be the graph
with vertex set V(T) and edge set F(G’) and F' be the graph on V(T) with edge set
E(T) — E(G). Observe that F' and G satisfy conditions (i) and (#ii) of Theorem 7.
Suppose indirectly that G’ (and so GG, too) induces a perfect graph on each clique of T,
and so condition (i7) of Theorem 7 is also satisfied. Then for every probability distribution
P on V(T) we have H(F, P)+ H(G, P) = H(T, P). However, since T is perfect, we also
have H(T, P) + H(T,P) = H(P) by Theorem 1 and so

H(F,P)+ H(G,P)+ H(T,P)=H(P)
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for every probability distribution P. On the other hand, by the sub-additivity of graph
entropy and observing that F'UT = G we have

H(F,P)+H(G,P)+ H(T,P)> H(G,P)+ H(G, P) > H(P).
We have seen we must have equality here, so in particular,
H(G,P)+ H(G,P)=H(P)

for every probability distribution P, i.e., G must be perfect by Theorem 1. Then G’
should also be perfect, a contradiction. O

4.4. Sub- and supermodular pairs

In subsections 4.1 and 4.3 we looked for structural conditions that characterize the cases
of equality in the fundamental inequality of Lemma 2. In this subsection we ask what
conditions are needed if we want to use the entropy of the intersection of our two graphs
as an error term. If we could always do that we would say that graph entropy is a
submodular functional. This is not the case, however. Therefore a natural question is
this: what are those pairs of graphs for which the sense of the corresponding inequality is
independent of the probability distribution on the vertices. More precisely, we have the
following definition.

Definition 11 [60] Let F' and G be two graphs on the same vertex set V with possi-
bly intersecting edge sets. We call F' and G a submodular pair if for every probability
distribution P on V we have

H(FUG,P)+ H(FNG,P)< H(F,P)+ H(G,P). (6)

Stmilarly, we call F and G a supermodular pair if the sense of the last inequality is reversed
for every P.

There is no general characterization known either for sub- or for supermodular pairs of
graphs. However we have the following partial result with Korner.

Theorem 9 (/60]):

1.) Two graphs F' and G on the same vertex set V with FUG = Ky| form a submodular
pair if and only if there is no three—element subset of |V| on which each of F — G, G — F
and FFN G has exactly one edge.

2.) The graphs F' and G on the same vertex set |V'| with FUG = K\y| form a supermodular
pair if and only if there is no subset U C 'V on which F and G are imperfect and edge—
disjoint.
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In spite of the obvious similarities with Theorem 7 the proof needs some new ideas. We
refer to [60] for the details.

4.5. Weak additivity and normality

Following Korner and Longo [52] we call a graph G weakly splitting if there exists some
nowhere vanishing probability distribution P on V(G) such that

H(G,P)+ H(G,P) = H(P). (7)

This extension of the concept of strongly splitting graphs was also motivated by the infor-
mation theoretic problem described at the end of Section 2. A complete characterization
of weakly splitting graphs was given already by Koérner and Longo [52]. It needs the
folowing definition from [50] and [52].

Definition 12 A graph G is called normal if it has a family of stable sets A and a family
of cliques B with the properties that

(1) the sets in A (B) cover all vertices

(i1) for every A € A and B € B we have AN B # ().

Normal graphs were introduced by Korner in [50] where he proved that all perfect graphs
are normal. In view of Theorem 1 the following result of Korner and Longo is a general-
ization of that.

Theorem 10 (/54] and [52]) A graph G is weakly splitting if and only if it is normal.

Though the proof is simple we do not give it here, rather refer to [54], [52], or [84].

Another generalization of Koérner’s ”Every perfect graph is normal” theorem is given in
[24]. We quote this also without proof.

Theorem 11 (/24]) Let G be a perfect graph. Then G contains a family A of independent
sets and a family B of cliques with the following properties:

(i) |A[ + Bl =n+1;
(ii) the sets in A(B) cover all vertices;
(iii) the incidence vectors of sets in A(B) are linearly independent;

(iv) every A € A intersects every B € B.
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For the proof and an example (it is just Cy, cf. the remarks below) of an imperfect graph
with similar properties we refer to [24].

A celebrated concept in connection with perfectness is the P;-structure of a graph. It
was introduced by Chvéatal [19] along with a conjecture, later proved by Reed [77]. This
became known as the Semi-strong Perfect Graph Theorem.

Definition 13 The P,-structure of a graph G is the 4-uniform hypergraph on its vertex
set in which the edges are those four-tuples of vertices that induce a path of length three
(i.e., a path with three edges) in G.

Theorem 12 (Reed [77]) If two graphs on the same vertex set have the same Py-structure,
then they are either both perfect or both imperfect.

For a while I was tempted to believe in the following

False Conjecture. If two graphs F' and F’ have the same Pj-structure then the two sets
of probability distributions for which H(G, P) + H(G, P) = H(P) holds for G = F and
for G = F' are the same.

Apart from its consistency with Theorems 1 and 12 some slight evidence seemed to follow
from the Substitution Lemma together with the observation that substituting a graph
or its complement for a vertex of another graph results in the same Pj-structure. Were
the above conjecture true it would be an immediate consequence that the normality of a
graph is determined by its P,-structure just as it is the case with perfectness by Reed’s
Theorem 12. However, this is false as shown by the following simple counterexample. Let
F be a graph on six vertices, five of which span a C'5 while the sixth vertex is connected to
two neighbouring nodes of the C5 and nothing else. Let F’ be the following other graph
on six vertices. Five of the vertices span a C5 again and the sixth vertex is now connected
to exactly one of the other five nodes. It is easy to check that F' and F’ have isomorphic
Py-structures, while F' is normal and F’ is not.

The following strengthening of normality, however, is known to be related to the Pj-
structure. Let us call a graph supernormal if all of its non-extendable cliques intersect
all of its non-extendable stable sets. If this is true for all induced subgraphs of a graph
G, we may call it hereditarily supernormal. Now, it is a well-known fact (see [21]) that
hereditarily supernormal graphs are equivalent to Pj-free graphs, also called cographs.
(Theorem 12 immediately implies the result of Seinsche [81] stating that all cographs
are perfect.) We will see a relation between cographs and the entropy of 3-uniform
hypergraphs in Section 6.

Finally, we say a few more words about normality in general. It is not hard to find normal
graphs that are not perfect, a small example is the chordless 9-cycle (or its complement;
see, e. g., [54] for the construction of covering families proving its normality). In fact,
all chordless cycles longer than seven are normal, while C; and C5 are not. Motivated by
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this observation and some further investigations De Simone and Koérner [25] formulated
the following conjecture that would characterize those graphs which contain only normal
graphs as induced subgraphs.

Conjecture. (/25]) A graph not containing a chordless 5-cycle, a chordless T-cycle, or
the complement of a chordless T-cycle as an induced subgraph is normal.

5 Applications

5.1. Kahn and Kim’s application for sorting

This section is devoted to a brief review of Kahn and Kim’s sorting algorithm based on
graph entropy. This entire subsection is based on their fine paper [46].

The problem: Let S be a partial order on an n-element set V. Find (adaptively) a sequence
of comparisons (questions of the form “z < y?”) that sorts (V,5), i.e., finds an unknown
linear extension of S on V, using O(loge(S)) comparisons in the worst case, where e(5)
is the total number of linear extensions of S on V.

Apart from the above Kahn and Kim [46] consider two other computational problems; too.
One of these is to find answers that force an algorithm to use Q(loge(S)) comparisons.
The other is to give an estimate of e(S) within a factor exponential in n. Whether or
not solving this task was possible had not been known either. (The authors attribute this
latter question to G. Miller and refer to [86].)

The status of the sorting problem before Kahn and Kim’s work was the following.
(For references, see [46].) It was known that there always exist comparisons that split
the number of all possible extensions into “relatively equal” parts. By “relatively equal”
we mean that the proportion of the two parts is within some € and 1 — e. This already
proves that sorting with O(loge(S)) comparisons is actually possible. It was not known,
however, how to pick the right comparisons, except in the case when randomization is
allowed. It is considered a breakthrough that with their new approach Kahn and Kim
can make the sorting within the required time in a deterministic way. Their results are
summarized in the following three theorems.

Let Gg denote the comparability graph of (V,.5), i.e., the graph on V' with two vertices
adjacent if they are comparable in S. For two elements x, y, that are incomparable in S,
let S(z < y) denote the partial order on V' induced by S and the relation = < y. Let P,
denote the uniform distribution on V.

Theorem 13 (Kahn and Kim [46]) For any partial order S on the n-element set V,
n(logn — H(Gg, P,)) >
loge(S) > max{log(n!) —nH(Gs, P,),Cn(logn — H(Gs, P,))},
where C' = (1 + Tloge)™! = 0.09.
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Theorem 14 (Kahn and Kim [46]) For any partial order S that is not a complete order
there exist x,y € V such that

] C
mln{H(GS($<y)’ PU)? H(GS(y<J1)> Pu)} Z H(G57 Pu) ~|» E (8)

where ¢ =log(1+ 15) ~ 0.2 .
Theorem 15 (Kahn and Kim [46]) For any partial order S and x,y € V that are in-
comparable according to S one has

. 2
mln{H(GS(x<y)a Pu)a H(GS(y<$)7 Pu)} < H(Gs, Pu) + ﬁ (9)

Notice that Theorems 13 and 14 provide the algorithm we are looking for. Indeed,
Theorem 14 ensures that if we always ask the comparison of the pair specified by (8)
then after at most ¢ 'n(logn — H(Gg, P,)) steps we arrive at a partial order S with
H(Gg, P,) = logn. But, by the properties of graph entropy, this means that G¢ is the
complete graph, that is S is a linear order. Because of Theorem 13 this number of steps
is indeed O(loge(.S)). The only question is how to find the pair specified in (8). Since
graph entropy can be computed in polynomial time for perfect graphs (cf. [43], [46], [67])
and all the graphs occurring here are comparability graphs that are known to be perfect,
this question is easy to answer. We are actually allowed to take all possible pairs (there
are at most about n? of them only) and compute the left hand side of (8) for each. Then
simply choose the pair for which this quantity is the largest.

The third theorem (Theorem 15) is needed only when we are against someone who makes
the sorting and want to answer his/her questions in such a way that (s)he is forced to
use Q(loge(S)) comparisons. The theorem ensures that what we have to do is just to
calculate the left hand side of (9) and choose the answer that achieves this minimum.

Notice, that Theorem 13 provides a way to compute an estimation of e(.S) within a factor
exponential in n, thereby solving the third computational problem mentioned.

For the proofs of the above theorems we refer to [46]. Let us, however, mention one
technical detail of the proof of Theorem 14. Here the authors have to show that for a well
chosen pair the graph entropies appearing on the left hand side of (8) are not less than
some specified value. Remember, that graph entropy is defined as a minimum, hence it
is much easier to show it is not more than something than to show it is not less. (This is
because for the former it is enough to demonstrate one feasible solution that gives a right
value.) However, if we know for example, that H(G, P)+ H(G, P) = H(P) for our graph
G and distribution P than to bound H(G, P) from below becomes equivalent to bound
H(G, P) from above. Here it can be used again that in Kahn and Kim’s application the
occurring graphs are always comparability graphs that are known to be perfect, and so
the previous exchange of upper and lower bounds can be done by Theorem 1.
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5.2. About other applications

This subsection gives a general discussion of the applications of graph entropy to put the
results of the previous subsection into a wider perspective.

In most applications the central role is played by the sub-additivity inequality (4). A
general framework of many of these applications is the following. We have a combinatorial
problem that is translated in some appropriate way into a graph covering problem of the
following type. Given a graph K and a class of graphs G where each G; € G has the same
vertex set as K. The task is to cover (the edge set of) K with as few graphs from G as
possible. The question is the minimal number of G;’s needed for the covering. Using the
sub-additivity of graph entropy one can obtain lower bounds on this number. Indeed, if
the graphs G4, ..., Gy € G are such that |J!_; G; covers K then by Lemma 2 one has

t
H(K, P) SZ (G, P)

for any fixed probability distribution P. This gives the bound

o H(K.P)
~ maxgeg H(G, P)

The real task when applying this method remains the technical problems of the actual
calculation and bounding the graph entropy values involved. Of course, equally important
is to find the appropriate graph covering translation of the problem at hand. In fact, since
the bound above is valid for any fixed P, one can also maximize the right hand side over
P. In most applications P is simply chosen to be the uniform distribution.

The prototype of this kind of applications is Koérner’s proof in [51] of Fredman and
Komlés’s bound [30] concerning perfect hash functions. For details of this we refer to
the original paper [51] and its follower by Korner and Marton [55]. (More details are
given also in [84].) The papers [56], [4], [3], [29], and [14] give further examples of the use
of this bounding technique.

Some other applications (including the one in the previous subsection) follow a somewhat
different framework. There the problem given concerns the complexity of some algorithm.
As the algorithm proceeds it produces some object(s) with higher and higher complexity.
If these objects can be associated with some graph with an appropriate distribution on its
vertex set, then its graph entropy may be used as a measure of complexity of the object
corresponding to the graph. At the end the algorithm should produce some specified type
of our objects (like in case of sorting, it is the totally ordered set). If the association with
graphs is appropriate, this final object will correspond to a graph with high entropy. If
we are able to bound from above the possible increase of entropy at each single step of
the algorithm and also the entropy of the graph we initially had, then we obtain a lower
bound for the number of steps needed.
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As far as I know, the idea of the second kind of applications first appears in Boppana’s
paper [13]. (He used it to compare the power of different computation models. In the
final version of his paper graph entropy is replaced by a less sophisticated entropy-type
functional that also gives the required result there.) As an illustration of this technique we
already discussed Kahn and Kim’s sorting algorithm. Other examples are related to the
complexity of Boolean formulae. For more details see Newman, Ragde, and Wigderson
[73]. A small pearl from [73] is included in full also in [84] (see the proof of Theorem
5.3. in [84].) Other powerful results concerning the complexity of Boolean formulae were
obtained using graph entropy methods by Radhakrishnan [75], [76].

6 Generalizations

6.1. Hypergraph entropy

A hypergraph is a pair of sets (V, ) where the set £ is a collection of subsets of V| its
elements are called hyperedges. Hypergraph entropy can be defined literally the same way
as graph entropy once we clarify what is an independent (or stable) set in a hypergraph.
A subset U C V of hypergraph (V, £) is independent if it does not contain any hyperedge.
Having this definition it is straightforward to define the chromatic number or the vertex
packing polytope of a hypergraph and thus definig hypergraph entropy analoguously to
any of Definitions 2, 2" or 2”.

Hypergraph entropy first appears in [55] where it was realized that Koérner’s proof in [51]
can be generalized to hypergraphs thus obtaining better bounds for the same combina-
torial problem. At the heart of this application by Koérner and Marton [55] is again the
sub-additivity inequality, now applied for hypergraphs. (It remains valid for the same
reason, the key observation being that the intersection of two independent sets of two
hypergraphs on the same vertex set is an independent set of their union.) Having this
fundamental inequality valid again we might ask for structural characterziations of hyper-
graphs giving equality in this inequality. A problem of this kind is discussed in the next
subsection. The characterization we obtain has some relation to perfectness again, more
precisely, to the subclass of perfect graphs called cographs. For a detailed treatment of
some elementary properties of hypergraph entropy we refer the reader to [84].

6.2. Additivity for complementary uniform hypergraphs

The question answered by Theorem 1 can be generalized in several ways. One way was to
look at arbitrary pairs of graphs that led to Theorem 7. Another possibility is to consider
uniform hypergraphs with similar additivity properties. This is what we are doing in this
subsection. Let K(®) denote the complete k-uniform hypergraph on n vertices, i.e., the
hypergraph whose edge-set contains all k-subsets of the vertex set.
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Definition 14 The complement of a k-uniform hypergraph F' is the k-uniform hypergraph
F with V(F) = V(F) =V and E(F) = (V) — E(F), where (Z) denotes the set of all

k
k-element subsets of V.

Definition 15 A k-uniform hypergraph F on n vertices is called strongly splitting if for
every probability distribution P on its vertex set, we have
H(F,P)+ H(F,P)= H(K™, P). (10)

Remark: For an expression of H((K¥) P) see [84] referring to [41] and [26] where this
expression is derived with an information theoretic motivation.

It was shown in [85] that for k£ > 4 no k-uniform hypergraph is strongly splitting except
the trivial ones, K*) and K*). The strongly splitting 3-uniform hypergraphs, however,
form a non-trivial class of hypergraphs. This class of hypergraphs already appears in [45].

Definition 16 Let T' be an arbitrary tree. Color its inner vertices with two colors, 0 and
1. Let F' be the following 3-uniform hypergraph. The vertex set of F' is the set of leaves of
T. Three leaves of T', x,y, and z, form an edge in F if the unique point where the unique
paths xy, yz, and zx in T meet each other is colored with 1. The hypergraph F' given this
way s called the leaf-pattern of the two-colored tree T

A 3-uniform hypergraph F' is called a leaf-pattern if there exists some two-colored tree
T for which F 1is its leaf-pattern.

Remark: We could assume in the above definition that 7" has no degree two vertices, and
also that its two-coloration is such that neighbouring nodes get different color. Vertices
violating these two assumptions could always be eliminated. The correspondence between
leaf-patterns and two-colored trees becomes a bijection if we add these extra requirements.

Notice that if [’ is a leaf-pattern then so is its complement, which is the leaf-pattern of
the same tree with a complementary two-coloration.

Leaf patterns were investigated by Gurvich [45] who proved a characterization of leaf-
patterns by excluded configurations.

Definition 17 The following uniform hypergraph W will be called flower. V(W) =
{0,1,2,3,4} and E(W) consists of the five triples of consecutive nodes in the cyclic order.

Notice that the flower is a self-complementary 3-uniform hypergraph.

Theorem 16 (Gurvich [[5]) A 3-uniform hypergraph is a leaf-pattern if and only if it
induces an even number of edges on every 4-element subset of its vertex set, and does not
contain an induced flower.
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By duplicating a vertex of a hypergraph we mean substituting for it the empty hyper-
graph on two points, i.e., adding a new vertex to the hypergraph that forms a hyperedge
with exactly those sets of points which form a hyperedge with the point we duplicate. At
the same time, the new point and the one we duplicate do not appear together in any
hyperedge.

Definition 18 A k-uniform hypergraph is reducible if it can be obtained from one single
edge on k points by successive and iterative use of the following two operations:

(i) duplicating a vertex

(i1) complementation.

The 2-uniform reducible hypergraphs (i.e., reducible graphs) are widely investigated under
different names. Most often they are called cographs. They are shown to be equivalent
to Py-free graphs, i.e., graphs with no induced P;. For references, see, for example, [21],

[45], [81].

It is more or less trivial that 3-uniform reducible hypergraphs are equivalent to leaf-
patterns. The characterization of strongly splitting 3-uniform hypergraphs is given by
the following theorem.

Theorem 17 (/85]) A 3-uniform hypergraph is strongly splitting iff it is a leaf-pattern.

The natural way to prove this theorem is to use the two different characterizations of leaf-
patterns: the one by forbidden configurations and the other saying that they are equivalent
to reducible 3-uniform hypergraphs. For one direction one can show that the forbidden
configurations characterizing leaf-patterns in Theorem 16 are not strongly splitting. This
implies that all strongly splitting 3-uniform hypergraphs are leaf-patterns. For the other
direction one can prove by induction that all reducible 3-uniform hypergraphs are strongly
splitting. (It is interesting to note that the similar statement for k-uniform hypergraphs
with k& > 3 is not true.) For details of the proof we refer to [85].

In view of Theorems 1 and 17, and what we have already said about the case k > 3,
the following corollary can be formulated.

Corollary 5 A Ek-uniform hypergraph F is strongly splitting if and only if one of the
following cases holds:

(a) k=2 and F is a perfect graph;

(b) k=3 and F is a leaf-pattern;

(c) F=KW® or K&,
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Since all cographs are perfect (cf. Seinsche [81]) and leaf-patterns belong to cographs in
some sense, the above corollary shows a certain monotonicity as we increase k.

In [45] Gurvich proved more than Theorem 16. He has the following generalization
that we can use to formulate an analogue of Corollary 3 for 3-uniform hypergraphs. To
state Gurvich’s result the following generalization of the concept of leaf-patterns is needed.

Definition 19 Let T be a tree with a coloring of its inner nodes with k colors. Consider
the 3-uniform hypergraph F; for i = 1,..k, defined as follows. The vertex set of F; is the
set of leaves of T while x,y,z € V(F;) form an edge if the unique common point of the
paths xy,yz, and zx in T is colored by the ith color. The collection Fi, ..., F}. is called the
leaf-factorization of the k-colored tree T.

In general, a collection of edge-disjoint hypergraphs Fi,...,Fy s called a leaf-
factorization if there exists a k-colored tree T for which it is the leaf-factorization of
T.

Remark: As it was the case for leaf-patterns we may assume that 7" has no degree two
vertices and no neighbouring vertices get the same color in the above definition.

Theorem 18 (Gurvich []5]) A collection of edge-disjoint 3-uniform hypergraphs
Fy, .., Fy with U, F; = K@) is a leaf-factorization if and only if each F; is a leaf-pattern.

Corollary 6 Let I, Fs, ..., F}. be edge-disjoint 3-uniform hypergraphs on the same vertex
set V', having the complete 3-uniform hypergraph as their union. We have

¢ (3)

ZH(FZ-,P) = H(KW‘,P)

i=1

for every probability distribution P on V' if and only if all F;’s are leaf-patterns.
The proof goes by induction using Theorems 17 and 18. Details can be found in [85].

6.3. Entropy of convex corners

We have already defined the entropy of convex corners in Definition 4 of the Introduction.
Here we quote two of the general statements proved in [24] where they were originally
introduced.

The following lemma shows that a convex corner is completely determined by its entropy
function.
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Lemma 6 (/24]) For two convex corners A, B C R" one has H4(P) > Hg(P) for every
P if and only if A C B.

For the proof we refer to [24]. Since the unit simplex is the vertex packing polytope of
K, we already know from Proposition 1 that its entropy is just H(P) for every P. It
is obvious that the entropy of the unit cube is zero for every P, and thus the previous
lemma implies

Corollary 7 ([24]) We have 0 < H4(P) < H(P) for every probability distribution P if
and only if A contains the unit simplex and is contained in the unit cube.

We recall that it is remarked in [27] (referring to Nimrod Meggido) that minimizing the
function in Definition 4 over a polytope is an instance of finding the weighted analytic
center of the polytope, cf. also [6].

For more information about the entropy of convex corners we refer the reader to [24] and
[69]. The next subsection is about an interesting application.

6.4. Denardo, Hoffman, Mackenzie, and Pulleyblank’s application for job
scheduling

We end this section by showing a non-linear optimization problem that has surprising
connections with the entropy of convex corners. It appears in the work of Denardo,
Hoffman, Mackenzie, and Pulleyblank [27].

Let H = (V, E) be a hypergraph with all vertices covered by at least one edge and A be

the convex corner defined by the characteristic vectors of the edges of H, i.e.,
A=conv{l,: A€ FE}.

(Note that A is actually the vertex packing polytope of the hypergraph containing those

minimal subsets of V' as edges that are not contained in any edge of H.)

Our aim is to find w € A minimizing the value of

l;
a(w) =max » —,
AeE icA Ww;

where the [;’s are given prescribed values.

In the example of [27] the elements of V' are the edges of an acyclic directed graph, while
E consists of its subsets that form directed paths from a given source to a given sink. The
graph describes a project, the edges are the single tasks that should be done for having
done the whole work. We have a number of workers and know that the ¢th task would
last [; time units if all workers worked on that. The project can obviously be finished in
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> icy li time units if we let all workers work on each task together until it is completed.
This method may have, however, some practical disadvantages. One of those is that each
worker has to deal with each single task for a while and another one is that sometimes
the workers have to switch from one task to another with no connection between the two.
The authors of [27] show that the work can be done in > ;¢ I; time units also without
these disadvantages. Let w; mean the proportion of workers working on task ¢. Then
task ¢ will be done in 110_21 time units and the whole project will be finished in a(w) time
units. The restriction to w € A describes the condition that each worker should work on
consecutive tasks.

Theorem 19 (Denardo, Hoffman, Mackenzie, Pulleyblank [27])

mina(w) = > 1.

weA eV

Furthermore, the above minimum is achieved by the w that achieves the minimum in the

definition of H(P), where P is the probability distribution on V defined by p; = 3 L T
iev "t

Proof. The direction a(w) > Y,y [; for every feasible w is easy. Let w = > 4ycpaala
and consider the weighted mean
l;
Do an) -
Ack  iea Wi
This sum is easily seen to be equal to > ;cy I;, therefore a(w) which (not considering the
coefficients) is its largest member is not smaller than Y,y [;.

Now consider the w achieving the minimum in the definition of H 4(P). Define the vector

b by b; = wiill It follows from Theorem 2 that b is in the antiblocker of A, i.e., for
v Laiev Tt

b and every A € E one has > ;c4b; < 1. But this implies that > ;.4 i}—ll < Yev i for
every A € E. Hence we must have equality for all those A € E that appear with positive
coefficient in the representation of w. This also implies that this w must minimize a(w),
too.

O

7 Graph capacities and other related functionals

In this section we deal with some functionals other than graph entropy that also depend
on a graph with a probability distribution on its vertex set. Some of these are just
probabilistic versions of certain graph invariants that are originally defined via some
graph exponentiation.

7.1. Shannon capacity
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One of the best known combinatorial concepts originated in information theory is Shan-
non’s graph capacity. Its definition is motivated by the following. Consider an information
transmission channel that can transmit the letters of a certain alphabet. During the trans-
mission errors may occur and it is a binary relation between the pairs of letters of the
alphabet whether the transmission can or cannot cause confusion of the particular pair.
This binary relation can be described by a graph G: we connect two letters if they will
never be confused. (Note the remark after the definition below.) The size of the largest
set of letters that one may transmit without the danger of any error is given by w(G).
Typically, however, one is allowed to use sequences of letters and this may give some gain.
In fact, the number of non-confusable sequences of length ¢ is w(G") that may be larger
than [w(G)]* thus giving a more economic use of the channel than just using one of the
letters of a fixed largest clique every time during ¢ successive transmissions. The best we
can do is measured by the quantity defined below.

Definition 20 (/83]) The Shannon capacity of a graph G is defined as

1 ¢
C(G) = tlggoglogw(G ).
Remark: In Shannon’s original paper [83] the capacity of G is defined in a complementary
way: the independence number stands where we have the clique number and a different
exponentiation G is used that satisfy (G®) = (G)". The two definitions lead to the same
concept, the only difference is that our C'(G) becomes C(G) in the other language. The
aim of this remark is to avoid confusion this difference may cause. Our main reason to
adopt the above definition is that it leads easily to the more general and rather successful
concept of Sperner capacity (cf. [38], [39], [40], [15], [10]) where the edges of the graph
involved are oriented. (In the complementary language this generalization would face the
unnatural phenomenon of oriented “non-edges.” ) In what follows we use our language
consequently, some of the quoted results may therefore appear in a different formulation
than in the original work. Since this translation is routine, however, we will usually make
no further notice of these changes.

A less confusing phenomenon is the appearance or non-appearance of the logarithm
in the definition of Shannon capacity. We adopt the information theory tradition to take
the logarithm; we believe this makes it easier to see the relationship with graph entropy.

It is easy to see that for any graph G one has
logw(G) < C(G) < log x(G).

Therefore the Shannon capacity of all graphs with x(G) = w(G) equals logw(G) and it
was this phenomenon that led Berge to introduce perfect graphs [9] (cf. also [7], [8].)
For graphs with x(G) > w(G), however, the Shannon capacity is not easy to determine,
it is actually unkown for many graphs. The smallest graph with larger chromatic than
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clique number (i.e., the smallest imperfect graph) is C5, the chordless five-cycle. An easy
construction shows C(C5) > 1log5 (see [83]). The fact that §log5 is actually the true
value of C'(C5) was shown by Lovasz [64] more than twenty years after the problem had
been posed by Shannon. (For the solution of another longstanding problem posed in [83]
see [2].)

Notice that by writing y in place of w in Definition 20 we would just get a different
characterization of the fractional chromatic number, this is the content of a theorem of
McEliece and Posner [72] (see also as Problem 13.51 in [65]) that we have already referred
to in Section 3. Graph entropy (by a simple modification of its Definition 2’) can be
considered as a probabilistic refinement of the so defined fractional chromatic number.
One can introduce the similar probabilistic refinement of Shannon capacity. This was
indeed done so by Csiszar and Kérner [23] resulting in the notion of the Shannon capacity
within a given type, denoted C'(G, P) that we define below. This concept was investigated
in more detail by Marton [69]. Its usefulness is transparent from a beautiful result of
Gargano, Korner, and Vaccaro [40] that we will briefly explain later.

To introduce the functional C'(G, P) we first need a technical concept.

Definition 21 Let a finite set V' and a probability distribution P on V be given. The set
TY(P,e) is defined as the set of sequences x € V' satisfying for each a € V

|%N(a|x) — P(a)| < e

where N(a|x) = |{i : & = a}|. We call T'(P,€) the set of (P,e)-typical sequences (of
length t) over the alphabet V.

Let G*(P,¢) denote the subgraph of G* induced on T*(P, ).

Definition 22 (/23/) The Shannon capacity of a graph G within a given type P is

1
C(G,P) = li_r:% lim sup — log w(G*(P, ¢)).

t—o00 t

To illustrate the usefulness of this concept we quote the already mentioned result of
Gargano, Korner and Vaccaro [40]. The following generalization of C(G) is defined in
[20].

Definition 23 Let G = {G4, .., Gy} be a family of graphs with V(G;) =V for every G;.

Let w(G") denote the cardinality of the largest subset of V' that induces a clique in each
of the graphs G, GY, ..., Gt.. The Shannon capacity of the family G is then defined as

C(G) = limsup 1 logw(G").

t—o00 t
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The beautiful result of Gargano, Korner, and Vaccaro is the following.

Theorem 20 (Gargano, Kérner, Vaccaro [40]) For G = {G1,...,Gi}, V(G;) =V one
always has

c(g) = max min C(G;, P).

We remark that the fact that C(G) is bounded from above by the right hand side expres-
sion is easy to prove and already appears in [20]. The real achievement in Theorem 20 is
the other direction, that is the proof showing that this upper bound is actually tight.

The real power of this result can be appreciated when its oriented version is considered
because the analoguous theorem for oriented graphs gives the solution of a longstanding
open problem in extremal set theory as a very special case. The corresponding oriented
concepts we find in the next subsection.

We remark that unlike for graph entropy there is no simple formula known to express
C(G, P). We return to this question in subsection 7.4.

7.2. Sperner capacity

Gargano, Korner, and Vaccaro [38] have generalized the concept of C(G) and C(G, P)
to directed graphs thereby introducing the concept of Sperner capacity that provides a
natural link to extremal set theory. (Papers related to Sperner capacity are [1], [10], [15],
(28], [37], [38], [39], [40], [42], [59], [80], cf. also [53] and [58].) We get its definition by
consistently changing undirected edges to directed ones in the definition of C'(G). First
we have to extend the concept of the co-normal product. The definition is given below
only for exponentiation.

Definition 24 Let G be a directed graph. The t'™ co-normal power G* of G is defined as
follows.

V(&) =[V(@Q)
E(G") ={(x,y) : 3i (i, 5:) € E(G)},

Notice that (x,y) and (x;,y;) above mean ordered pairs of vertices.

The clique number will be substituted by the symmetric clique number.

Definition 25 For a directed graph G let the symmetric clique number ws(G) denote the
size of largest set of vertices such that between every pair of vertices in this set there are
two edges, one in each direction.

Now we are ready to define the capacity of directed graphs.
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Definition 26 The Sperner capacity of a directed graph G is

.1 ¢
X(G) = Jim n log ws(G").
Remark: Notice that Sperner capacity is a true generalization of Shannon capacity. In-
deed, consider an undirected graph G and substitute each of its edges by two directed
ones pointing in the two opposite directions. Then the Sperner capacity of this directed
graph equals the Shannon capacity of G.

Now one can define 3(G) and X(G, P) analoguously to C(G) and C(G, P), respectively,
and Theorem 20 remains true if we exchange all C’s to ¥’s in its formulation. (The proof
also remains the same, in fact, Gargano, Korner, and Vaccaro proved their theorem for
Sperner capacities.) Thus if we have a family of graphs for which the Sperner capacity of
its members can be calculated easily even within a given type, then the Gargano-Koérner-
Vaccaro Theorem gives a way to calculate the Sperner capacity of the family. Let us
emphasize that this is made possible by the introduction of the probabilistic refinement
of our capacity concepts. To show that this way we can solve non-trivial problems we
give the following example.

Definition 27 Two k-partitions, Q = {Q1,Qs,...,Qx} and R = {R1, Ry, ..., Ry} of a
t-element set are called qualitatively 2-independent if Vi, j one has Q; N R; # 0.

It was asked by Rényi [78] how many pairwise qualitatively 2-independent k-partitions
can be given at most on a t-element set. Let this maximum be denoted by M (t). To give
the exact value of My (t) seems out of reach for k > 2, cf. [47] and [48] for the k = 2 case.
It is not difficult to see, however, that My(t) is exponential in ¢ but the exact asymptotic
exponent

1
Ly := lim i log My(t)

was not known even for k = 3 before (the Sperner capacity version of) Theorem 20
was found. (More details about the history of the problem are given in [39], cf. also
[74].) Why the above theorem solves Rényi’s problem in this asymptotic sense is almost
straightforward. First we have to observe that describing a family of qualitatively 2-
independent k-partitions by their characteristic vectors we obtain a set of sequences over
the alphabet {1,2,..., k} that forms a symmetric clique in the #** power of all possible
single-edge directed graphs on the vertex set {1,2,...,k}. (In fact, we have k! different
vectors describing the same k-partition. This is, however, not a problem for two reasons.
One is that since k is fixed a possible k! multiplier does not matter when we are concerned
about the value of L;. Second, this factor, though irrelevant, cannot appear at all, since
two different characteristic vectors corresponding to the same partition will not be in the
required relationship thus they will never appear together.) On the other hand, if we
have a set of sequences of the latter property then adding just k£ more coordinates to each
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of our sequences such that the first added coordinate is 1, the second is 2, etc., up to k
for each sequence the so obtained sequences as characteristic vectors describe a family of
2-independent k-partitions. (The addition of k coordinates is needed because otherwise
the condition of qualitative 2-independence would not necessarily hold for i = j.) Since
k is fixed (while ¢ goes to infinity) the addition of k£ coordinates does not change the
asymptotic exponent we are interested in. Thus the two problems are equivalent in this
asymptotic sense and so we have L, = X(G) where G is the above mentioned family.
Using the Gargano-Korner-Vaccaro Theorem it is not hard to verify that this capacity

value is %, so we have

Corollary 8 (/39], [40]) Ly = 2.

To appreciate the real power of the Gargano-Korner-Vaccaro Theorem it should be under-
stood that the above corollary is only a very special case and one can find many similar
applications by considering graph families with simple members. Other examples are
given in [39], [40], cf. also [59] and [38].

Our main goal in this subsection was to show how the probabilistic refinement of capacity
concepts can help in handling seemingly rather different problems. In the rest of this
subsection we give some background information about Sperner capacity for its own sake.

It is quite natural to ask how the Sperner capacity of a digraph relates to the Shannon
capacity of the underlying undirected graph. The latter is clearly an upper bound for the
former, however, it is not obvious whether they can differ at all. It was shown first in
[15] (cf. also [10], [1], [28]) that the Sperner capacity of the cyclically oriented triangle is
log2 = 1. Since C(K3) = log3 this shows that the two capacity values may differ. The
Sperner capacity of the transitively oriented triangle is also log 3 and it is not hard to see
in general that the Sperner capacity of a transitive tournament on n points is logn. Thus
defining ¢r(G) to be the size of the largest transitively oriented clique present in a digraph
G we have that X(G) > logtr(G). This means that a perfect graph can always be oriented
in such a way that the Sperner capacity of the so obtained oriented graph is equal to the
Shannon capacity of the underlying undirected graph. Indeed, it is enough to orient a
largest clique transitively to get logw(G) < logtr(G™) < X(G7) < C(G) < log x(G)
where G~ denotes the corresponding oriented version of G. If G is perfect we have
equality everywhere. (We remark that 3(G) > logtr(G) is possible even for tournaments
as proved by Alon [1].) Now it is natural to define

D(G) = max Y(GT)

where the maximization is over all oriented versions of G. (By an oriented version of G
we mean a directed graph that contains exactly one edge in place of each edge of G, i. e.,
no edge of G can be directed both ways simultaneously.) It is still not known, whether
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D(G) can ever differ from C(G). Apart from perfect graphs, D(G) = C(G) is proven
for G = C5 (see [37]), and more generally, for all vertex-transitive self-complementary
graphs (cf. [80]). The latter follows from C(G) = %logn for such graphs on n vertices
proven by Lovész [64] combined with the existence of an oriented version G~ of all self-
complementary graphs G on n vertices with the property tr((G™)?) > n. The existence

of such an orientation is guaranteed by the following theorem found with Sali.

Theorem 21 (/80]) If G is a self-complementary graph then the edges of G and its com-
plement G can be oriented in such a way that they remain isomorphic as digraphs and
their union is a transitive tournament.

7.3. Probabilistic Lovasz-function

In the previous subsections we argued that C(G, P) is a useful notion because if we can
calculate it then it helps calculating the Shannon capacity of a family. The content of
Theorem 20 or its analogue for Sperner capacities is indeed the fact that once the C(G, P)
(or (G, P)) values are known then we can determine from them the more complicated
capacity value of a family of graphs. It remains an independent difficulty how to determine
C(G, P) (or X(G, P)). Being aware of the lack of knowledge of the Shannon capacity of
most graphs it is not surprising that determining C'(G, P) is not a trivial matter, in fact,
hopelessly difficult in many cases. In this respect C'(G, P) is highly different from graph
entropy: while we have a simple formula for H(G, P) (given by either of Definitions 2 or
27) no such formula is known for C'(G, P). Lacking a simple formula it seems worthwhile
to find non-trivial bounds for its value. Marton [69] has introduced a probabilistic version
of Lovasz’ bound on C(G) for this purpose. In this subsection we discuss some properties
of this other probabilistic graph functional that is in fact also the entropy of a certain
convex corner.

First we give the definition of Lovasz’ original bound. (Here again, there is a complemen-
tation compared to the original definition in [64], but the same complementary language
we use is used, e.g., in [66]. Cf. the remark after Definition 20).

Definition 28 Let {u(i) : i € V'} be a set of unit vectors with some common dimension
r, such that the inner product u(i) - u(j) = 0 whenever i # j and {i,j} € E(G). Such a
system U = {u(i)} is called an orthonormal representation of the graph G. With an extra
unit vector ¢ of dimension r the system (U, c) is called an orthonormal representation of
G with a handle. The set of all orthonormal representations of G with a handle is denoted

by T(G).

Definition 29 (Lovdsz’ bound [64]) For every graph G we define the functional

1
0(G) = ' S —
(@) Uer(@) eV (u(i) - c)?
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When determining the Shannon capacity of C5 Lovasz used his #-function and the follow-
ing theorem.

Theorem 22 (Lovdsz [64])
C(G) <logb(G)

for any graph G.
Marton [69] introduced the following probabilistic version of Lovész’ bound.

Definition 30 For every graph G and probability distribution P on its vertex set let

u(G,P)= min szlog<<) SER

(U,e)eT(G

The following result is analoguous to Theorem 22.

Theorem 23 (Marton [69]) For every graph G and probability distribution P on its ver-
tex set one has

C(G,P) < u(G,P).

An interesting phenomenon about p(G, P) is that it is actually the entropy of a convex
corner. The corresponding convex corner was defined and investigated by Grotschel,
Lovasz, and Schrijver [44].

Theorem 24 (Grétschel, Lovdsz, Schrijver [44]) For any graph G, the set
TH(G)={aeR};3(U,c) e T(G): a; < (u(i)-c)’}
is a convex corner in R} and it forms an antiblocking pair with the corresponding set of

G, that is
[TH(G)]* = TH(G).

It is immediate from the above that
(G, P) = Hryc)(P).
By Corollary 2 and Theorem 24 one has the following remarkable property of (G, P).

Corollary 9 (Marton [69]) For any graph G and probability distribution P on its vertex
set
#(G, P) + (G, P) = H(P).
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In fact, Marton proved that u(G, P) is also sub-additive.

Lemma 7 (Marton [69]) For arbitrary graphs F' and G on the same vertex set V and
probability distribution P on V

u(FUG, P) < p(F, P)+ (G, P)
Proof. Let (U, c) and (V,d) be orthonormal representations with a handle for F' and G.

Then the tensor products
Wi = ui®Vi>g = C®d

give an orthonormal representation with a handle for F* U G. By the identity
(a@®b)(e®f) = (a-e)(b-f) this proves the statement. a

About the relation of TH(G) and V P(G) the following is proved in [44].
Theorem 25 (Grétschel, Lovdsz, Schrijver) For every graph G
VP(G) CTH(G) C FVP(G),

and TH(G) = VP(G) if and only if G is perfect.

The above theorem immediately implies (G, P) < H(G, P) as noted in [69]. Marton,
however, also proved a stronger statement that we will quote in the next subsection.

7.4. Co-entropy

In Definition 2’ of graph entropy the co-normal power of graphs is involved. It is natural
to ask whether a similar definition with a different graph exponentiation also leads to a
meaningful notion. The information theory problem of Korner and Longo in [52] actually
led these authors to introduce such a concept. This is H(G, P), the “co-entropy” of a
graph. (This is the same concept called pi-entropy and denoted H,(G, P) in [52] and [69].)
For its definition we have to introduce the normal power of graphs. (Cf. the remark after
Definition 20.)

Definition 31 Given a graph G, its t" normal power G® is given by
V(GY) = [V(Q)]', B(GY) = {{x,y};Vi: {z;,yi} € E(G) or z; = y,, but x # y}.

Notice that the t"* normal power of a graph G is just the complement of the t'" co-normal
power of the complementary graph G.
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Definition 32 (/52]/) The co-entropy of a graph G with respect to a probability distribution
P on V(G) is defined as

— 1
— T . . - (t)
H(G,P) liplimsup  _ min =~ - log x(G*(U))
where GO (U) means the induced subgraph of G on U and P*(U) is the same probability
value as in Definition 2’.

There is no simple formula known to express H (G, P), that is why the above definition
is a little more technical than Definition 2’. By comparing these two definitions it is
immediate, however, that

H(C, P) < H(G. P) (11)
for every G and P. To characterize the pairs (G, P) for which we have equality in (11),
or only those graphs that give equality with every probability distribution P, is an open

problem. It is known, however, that this class of graphs contains all perfect graphs. In
[52] Korner and Longo proved that

H(G,P)+ H(G,P) > H(P)
for every pair (G, P). This, inequality (11), and Theorem 1, indeed, immediately imply
that the two entropies are always equal for perfect graphs.

It is an old and still open question of Korner whether H(G, P) is also sub-additive like
graph entropy. It should be clear from the above facts that

H(F,P)+ H(G,P)> H(FUG,P)

is true if F' and G are perfect. (The graphs F' and G are meant to be on the same vertex
set, as usually.) Marton [69] proved that the above inequality holds in another case. This
case is, surprisingly, just a kind of counterpart of the previous one: it is when the graph
F UG is perfect. To show this, we need that H(G, P) and C(G, P) are closely related
parameters. In fact, the following result also implies that finding a simple formula for one
of them would be equivalent to find such a formula for the other.

Theorem 26 (Marton [69]) For any graph G and probability distribution P on its vertex
set
H(G,P)+C(G,P)=H(P).

Next we need the statement we referred to in the last sentence of the previous subsection.
It is the following.

Theorem 27 (Marton [69]) For every G and P
u(C, P) < H(C, P). (12)
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Proof. The statement follows by combining Corollary 9, Theorem 26 and the inequality
C(G, P) < (G, P). 0

Now we are able to prove the following theorem of Marton about the sub-additivity of
H(G, P) in a special case.

Theorem 28 (Marton [69]) Let F and G be two graphs on the same vertex set V and P
a probability distribution on V. If the graph F'U G 1s perfect then

H(FUG,P)< H(F,P)+ H(G,P).
Proof. We know from the foregoing that the perfectness of F'U G implies
HFUG,P)=u(FUG,P).
By Lemma 7 and Theorem 27 this can be continued by
p(FUG, P) < u(F,P)+pu(G,P) < H(F,P) + H(G, P),
proving the statement. O

Finally, we note that all four functionals in the chain of inequalities
C(G, P) < (G, P) < (G, P) < H(G, P)

become equal if GG is a perfect graph. This follows from Theorems 23 and 27 and inequality
(11) combined with Theorems 26 and 1.

For more about the functionals (G, P) and H(G, P) we refer the reader to [69] and [52].
An application of the functional u(G, P) can also be found in [57].
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