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R�h��Ja{f�[l[lf�[lh'U2[ f�d-b¿h£bjd`f2hibjdgY kebmY8[��t�tY kjb f2�mWJYlk��m�Xb}�	��
�f2�mWJu�f�d`d`f2[�bmu«b
�2U�[lo{V{k z ���m�mW
� f2h�oqdrbm���`o{k b h��qa}f2[l[ f2[ hiU�[lf�dpV}U2���mVXW kH[ bj�`�`u�YlkHo{�¿U��'h��Ja{f2^�V \_f�
�f2u�f�d`U�d�� R kH[lbm�`��u2YlkHo{�
^�U2�`u�f2kH^`f«U2~�� d��mf f�[�
�o}d`o{V{kif2�mWX��f��mW�
�f2[ f2V{[ f2�¿Y �*bmkXd����£kHo}drbjd��m�`YBd`f2^��{[lf�dÌ\_f�[la��m[l���tu��m���jYl�{�

�$u'b�
�f2�mWJu2f�d«V{f2h h��tV��t�t^�� �@b}�"V}f2h bju b!�2U2[ o{V{k z ���t�mWc���t^�^gb��mf2�mW"�{k b h��qa{f�[l[ f2[]�
h'U2[ f�dOhiY V{a{f2V \��tVXd��t��d`f2^��{[lf�dgU�d�#Jf2u-dgf2^$
�f2a{f�[lh'Y%�mk&�tk«hiYlbjd`d�Y ��[lf��{f�d`f�d`[lf2V¿[ f2V{V}fm�$P U2�'�2�`bmk
bm^�^gb£��f2h(�)�m[l[lbm[lk)�tu2o{V}k z ���t�jWcf��mWc��u�*{kjf ��� dgf�^��{[ f�d`^`f�k)�tV��2f�VXdg^��j[��jb bmu�bja��md`d"dgf2^��{[lf�dg^�+t[
d`f2[�
�f��×kjU2~;f�dÌbma 
�o}V{k@�-,Ì�mWXbjV6bmkHk&�t^�b � Ylu.�tVXW%�]d/�m���tk z k)�tV{��d`^`o{k)�2Y stk z h£bj�mWXbm^��mu�bed��tk'b�h��j�
V��m�t^��)���mkHV��m[0
�s1�jbm[ � +1�tf ��� f�V(kmf�^��{[]dgf�k kJY]\_f�
µd`U2�`^�f z �l�jW b �`u.23�mf2��YlV{k � ��� b
drbjV{k&2tVXW4�tf�k z
f��mWtf�dgf2h'Y5
�f2�jWqu�f�d`f2k ��d��l[ o{���m^`b f2h'[lU2kjf2u�dgf�d2�
6Ãbm[ls � bmV z ��u7�mV{a}U2kHo{V{k&�`u�f2^`Y VXd f��mW0\_f�[l��+ ��� �
U8�tf2��#�b(d`U2hib Yl^��jVHd£U2^�a{f2kH[9+Ja�+:#¥f��mWtf�dgf2h'Y��6bm[ [l�Xbedgs z bjkJYÌdrbmVHo{[]d h��m^£[��t�tYlk �jd z bmk �m^
2tV��m[l[ sXbmV Yl�p\_f2[ a��t[l�&�tu2�6bed;
`b�bc[lf.�l^µdrbmkebjd2� R"u��mV � bmV z h'YlVXd«f2h'[9�]dgf�d�d��{k z d�2 ��� z 
�f2[ f2V{[ f2��Yl�
bmkXd����
kHo}dgbjd/�j�`YBdgf�^��{[ f�d`^�+t[BY ��kmU�~8f�d"VXWtf�^`�{f�d�bju��m[��jbm�`s}�

< u�f2^`f�V��2��U2^�f�kJY]d�*{V�+�h��qa{f�[l[ f2[lh'U2[ f�d$h��tV��m�t^��)���mk�kmU��`u.�{[ d`f2k>=_dgf�^`h'U2��u2f�d`f2��f2V�f2�mWmf2[�+t^`f
���gbmk
Y a{f2�mf2V VHWmf2[?�tf2kjf2VA@��B�$u2f�kHkmf2[�kebm~0�2���m[ bjd � bmV bmupYl^��qa6bj[9�thC
�f2�mWJu�U2kH^`f�oqdrbm[ o{V{k@�

R h��qa{f�[l[ f2[lh'U2[ f�d`f�d'h��j^gb(^�f2V{�tf�dgf��°kebm~0�2���t[ bed
\�*{u2Y�b hibjd`f2hibjdgY kjb&���tk¥h��j�£dgf�^��q�
[ f�dgU��{f2u z f2[l��+t���m^ � bmV«bmu bj[l�tf � ^��m���tu z k)�th � Y V6bjd��m^`Ylk �m���tu z �{bm[lhibmu2f�[lh'U2[ f�dg�}f2u z d��t~0�t[ st�tYD�j���tum�
R�u£Yl[]Wtf�V kebm~5�����t[lbjd��mk&kjU�d`Yl^��jVHW"E6bjk;�'f2�jWq^�U2��u�d bch��Ja{f2[ [lf2[ hiU�[lf�d�\_f2[ �6bm�`u�V��m[F
`bcbmuif2[9+ ��� Y
d`f2^��}[lf�d`f2k&f2^�f2a{h'U2VXWtf�Y d z h��m��^`U2��u�d¿^�f2V{a}k"�?�"�{[�f2^�+t��h'sqa}�`u2f�^`f�kmf�d'VXW"E 
µd z h'f2[]Wtf�k&d`Yl�`u�d/�mV
bm[ �tf � ^gbmY z k)�th � Y V6bjd��m^`YlkebmY z �µd � � ~{^�� � [ U2h��mkih'f2�&�t[la��j��� � bjV �`Ylkjf2^�f2�`f�V bm[ kjbj[lhibmu2�6bedgstk@�

R:
�f2�jWqu�f�d V{U����mVXW¿k)2tu2~0�tVXdgY{d`U�dgf�[{k&2m^`U*�`u�f2^��mf2u.+qa{Y k z b�h��qa}f2[l[ f2[ hiU�[lf�d`Ytf2^�f2a{h'U2VXWmf2kmf�d
E{�jW U2~��]d;
��{k kHY z ���t�mW f�u2f�kmf�d�b'k)2tu2~0�tVXdgYDdgU�dgf�[lf2kjf�d � fpdgo}a 
�o{k � Y u��tVXW"� dgbmV{Y�� R \_f2[ U2~��]dgf�d`d
bm~}~6bm^��edgo{�Ìhif��t[lf�~5+Jf2V�k)�t�{f2^�f2V{�"f2�mWJ�`U��tf�d�bm[lk)�md z h'f2[]W � +t[D���tkG�t[ WtbmV f2^`f�a{h'U2VXWcY �*[lf.�mf��
u�f�dg�}f�d�+ z hif�[ Wtf�kH^`f¿V{f�h dgU�^��{V}kckHY���H�f�h h'YlV{a}Yl�id`U2^��{V{kckHY$bju bma��md�d�dgf�^��{[ f�dgf�V Yl��hif�^�d
[ f2�tf�^�+t��f ��� d`U�d`f2[lf�k � Ylu��mVHW"�]d/�m���m^gb}���}f2[ Wmf2V{kjU2VXdph'f2�tf�[lU2�m�`u��}V{kcbju��tkHV6bmk�b£��~8f.�2YD�j[lYl�*f��`f��
d`f2kHV{f2k�b � Ylu.�tVXW"� d/�j���7�jbm[ z hif�[ Wtf�kH^`f�kjU2��+ ��� fI
�f2�mWJu2f�d � f2V �`u.�{kH�`U����{V{k¿[ f2�`uj�$P�Y V{a{f�V{kmU�~{~
� �mWJ
��m^`o}V{k f2[ z �6b d��7���t[ Y;d`f2^��}[lf�d`f2k k&2mu�dgY8�`u�U2~G2t���`u2f�\��{�t�tU��`f�kmf�d z �mbj�mW'f2�mWX��f��mWik"�}[92tV�2m�`f2V
��u2f2[ [lf�hif�� z f�[lf2���mV{� � Ylu.�tVXW"� d/�j��dÌbmkebm^�o{V{k � f2h�o}drbjd`V{Y��

n�Y d`U2^��}V{kK�qY �`u.�tVXdG�t[ WtbmV bj[lkebm[lhibmu��m���tkH^`b z h'f2[]Wtf2k V{f�h b kmU2��+ ��� Y"h��Ja{f2[ [lf�[lh'U2[lf�dgY
d`U�dgf�[lf�kJ�}f2uc��u��{kH��U2�tf��`f2k z �6bmV{f�h bju�diYl[l[ o{�`u�dg^��m[�
��mk z ���t�jW h��Ja{f2[ [lf�[lh'U2[lf�dgYÃdgf��r�}V{Ylk �mkHkebm[
���m�mWXbmV [ f2�{f�d�h��m��d`f2^��{[lf�dgf2k ~{^�� � [lU�h��jY dÌhif����t[ a6bmV{Y��"S*f2h'U2VXWtf�YlV{k �`u�f2^�YlVXdpbmu�Y [ Wmf2V bm[Û�
kebm[ h£bmu��m���mkjbed"biV{f2h,h��Ja{f�[l[lf�[lh'U2[ f�d��Ý�`~;f���Y bm[ Yl��d��mk¿Yl���`u�st^gbmk)�tu�dgbjdgsmV6bmk z �`u�f2[ [lf2h'f2��V{f2k U2�
U�^`a{f�kmf2��V{f2k dgbm[D�m[F
��mk h£b1
�aB�L�$�mW(kJY �
�lu�f2[9�]d�+ bju�bm[lkebm[ h£bmu��m���mk � st[���dgU�d`f2[ f2k b SÌbmh'�`f�WX�
f�[lh'U2[lf�d � +t[ z �tU2[ f�d`[lf2Vc��dg^�o{kXd�E{^��mk�bm�`u�Ylh'~}d��md`YlkHo{��dgo}[ b3
�a��mV{���m�tbmY z �t[ Yl���th��t^µ\O~;f2^�h�o}d��&�2Y sj�
�����t~0�t^�d��tk0k)�tV{��d`^`o{k)�2Y stY z �`Ylh��mV&bm~{~}^��7MqYlh��m[l�6bedgs ~;f2^`h�o}d/�&��Yls������t~0�t^µd��tk�U2�N�tU2�mf2��b3M}Y��j�
hibjdgY u7�m[ �6bjd`st���m� z V{U2���jVHWckebm~5�����t[lbjd � Ylu.�tVXW��t��k)�th � Y V6bjd��m^`YlkHo{�Ì�tf.�thif�dg^�Y b�=_h£bedg^��mYlaA@�U2�
h��qa}f2[l[ f2[ hiU�[lf�d`Y6kmU�^`a{U��`f2k k&2mu�2md�d��

R"uif2�mWmf2�«\_f�
�f2u�f�d`f2k&f2[lfO
�U2V � + h��jdgY��)�&��Ylsmd�bma{o{V{k&bP�qY u2���Q�m[ d«kjU2^`a}U2�`f�kH�{f2u U���Yl�jWtf2kt�
��u��{V{k h'f2�tf�hi[�� d`f2V{Y�b d��1�)� ��� Ypkebm~0�2���t[ bjd��tkebjd h��j��d`f2^��{[lf�dgf2kHkjf2[��(RÝd�dch'YlV{a�2t�`��u2f bmu�d

w




�f��mWtf�u2u��}k h'f2� z ���t�mW
b � f.�mf2u�f�dgU�� � f2V bj^`^gb�d�2t^`f�kJ��u��{V}k z ���t�jW�bmh'f2V{VXWJYl^�f'�2�gbjk [lf2�}f�dg��U��
�tf�� z b �`u.23�mf2�i[lf2�jWtf2V 2tV{hibm�mWtbm^��mu�s z bmu2bmu«b¿kmU2��+ ��� \_f�[l�6bj�`u2V��m[ d*[��t�tYlkebmY z h��Ja{f2[ [lf�[lh'U2[lf�dgY
d`U�dgf�[lf�k � Y u��tVXW"� d��m�gbjY d ^`U2��u2[ f�dgf��`f�V°\_f�[lYla}U2u2u.�{k z dgf����jd
���gbmk bmV{VXWJY d�d`U�d`f2[lf�u��{V}k \_f2[×bmu!�t[Û�
�jbm��st^`st[ z ���t�mWcf2�mW � f.�mf2u�f�d�+�h£bedgf2hibjd`YlkebmY�[9�t�tY keb£kHo{^`u�o{��d �`Y kmf2^�f2��f2V f�[��tU��tu2f�d`d«h��m^2�¿R
kjU2��+ ��� YB\_f�
�f�u2f�dgf2k'dgf�^`h'U2�`u�f�d`f2�`f�Vch'f2���`u2f�d�E{[lh�o}drbjd`V6bmk'bmu�f��mWtf�dgf�hiYBkjU2~{u�U2� � f�V 
�f2[ f2V{[ f2�
= � �m^`h'Yl[]Wtf�V
\��t^`h�� � bmV�@-Yl��hif�^�dgf�dgU��`^`fpkjf2^��}[9+'bmVXWXbm�&�tVB�

R 
�f2�mWJu2f�d�V6bj�mWJ^`U2��u2U�d�R n 2tu2U�~8f�o{^`sm~6bmY �$�mWtf�dgf2h = � �	,J@ÌU2�"biS*U2VXWJY R�VHd`U2u�f�d�k)2tu�2t�
hibjdgf�h£bedgYlkeb�a��mkHd��t^`YHY �`k&�m[D�3
��mV z b | P>� h£bedgf2hibjd`Ylkeb�a��tkXd��m^`YHYl��k&�t[9�3
��mV z Yl[ [lf�d��tfÃbmu-���qQ �
Q�Q*n"��VcU2��b | P>����V0\_f2[ ��+ ��� U8�tf2�"h£bjd`f2hibjdgY kHo{���{bm[l[ �Xbjdgsmk
�`u��mh��j^gbih'f2�m���l^�a{f�d`f�d`d"�`~;f��
��Ylkmf�V z k"�}[92tV � 2tu�+ kJo}^`u2o}���tk)�tV
d�2 ��� �`u.2t^-f�[9+Xbja}drbmh z U2�Ã���mk'U�^�d`U2kmf�� �JYl���`u�b1
�f2[lu�U2�µd�kebm~}dgbmh
�6bj[l[l�tbjdgstY h�dgsm[�� � 
�f��mWJu2f�d-k&�m^�� ��� YA�)�m[]d��tu2bjdrbjYlV6bmk � Ylu.�tVXW��t�Ã^`U��`u�f2Y d �����jy +t��u2U�V
bmu ���qQ �
Q�Q*n"��V�drbm^µd��md�d"h��qa}f2[l[ f2[ hiU�[lf�d×�`~;f���Y��6bm[ [l�XbedgstYB��u2Y VHd`U2V �ed��t[?�mbj��d/�jk U2�"���tk �{Y � �j^gb z ~0�tVq�
dgbjdg[lbmV{���j�t^gb0���?�Hd/�mk&\_f2[*b��6�mWmf2[lh'f2h'f�d2� n'�{[92mV�2t�`f�V �6bm�`u�V��t� �JYl�`��u�b3
�f�[lu�U2�`f�kmf�d
kebm~}dgbmh
=_V{U.�J���m^���u2f2^�YlVXd @�b k&21�tf�dgkjf2u�+P���JQ � Q�Q*n��Ý���{bm[l[ �XbjdgsmkHd`st[ z a��tkXd��t^gbmV}a{o{�`u.�tkXdgst[����"bmhibm^
	 f2^���+ z � �t^ �&�edg� 	 � � �t^ z n�f2�`u�f2�t� | bm[D�mu�� z 6�U2�m�
�I�m�`u�[ls{��P�o{V{k �3
�o{kHV6bjkck&2m�`u�2mV{�{f�d�+qf�V
b �`u.23�mf2� ���tkebjdC
`b7�qo}[ d��¥n�Y dgbm^�d��m�`o{kebjd z b dgU�h£b Y ^��mVXdgY�VXWJY d��md`d`���m�mo{kebjd'U2�'�`f2�&� dg��U2���}kmf�d
f�u�E}d��tV�Y ��V6bm�mW&�tV k&2t��u�2tV�2mh��

Q�f2^`h'U2��u2f�dgf2��f2V z h'YlV{a{f�V z b��`u�21�mf2� � f2V hibm^gbmaqd��{Y � �mU�^�d z dgU8�tf2a}U2�`U�^�d'f2�jWtf2a��{[×U���kHY]�
u��m^`st[lbm�ÌU2V �jbm�mW&�tk«b�\_f2[ f2[9+m���tb��{Y � �jkmU2^µd
f�u�E}d��tV¿kmU�^`f2k f2[ V{U2u�U2��d
hiY V{a{f2V �t[��jbm��smdgsm[�� 6�U����{[
bmu�d*k4���)�mV��th hiY V{a{f2V}kJY V{f2k z ���t�mWG�t[]WXbmVP2t^�2th'hif�[ �t[?�mbj�`���jk b 
�f2�mWJu2f�d"���jdg^`bm[lf8��+ ^`U��`u2U�d z
bmh'Yl[]Wtf�VG2t^�2th'h'f2[�U�V � ^�dgbmh��

< �m�tY 	 � � �t^
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¨ §G�� ��;����� �J¬��X¢L�H¦ �
v � v � ��bm[lhibmu2f�[lh'U2[ f�d��«�«� �«� �«�«� �«�p� �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� x
v � � �K�$[l��+t^`f�V{a�* VXWtf2[?�tf�k U��*��dg^�o{kXd�E{^��mk � �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� �
v � w � S*U2��u2��d`^`o{kXd�E{^��mk z ^`f�a{o{kXdgo{h��tk �«�p� �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� vLw
v � y � �I�mV��.�tk z f2[ f2h'YB[D�mV����tk � �«�«� �«�p� �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� v��
v � �q� � �th��mh��t^µ\�kmU2~;f2k z a{Y ^`f2kXd`�`u��m^`u�bed��tk �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� v"!

# §%$� _¢�¬e�{�2�'&@¬e�X�q¢"&@¦ #(#
� � v � < u.*{^�+mk U2�*o{[ d`^gbm��u�*{^�+tk � �«�«� �«�p� �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� �t�
� � � � < u.*{^�+jdgf2^�f2k��«�«�«�«� �«� �«�«� �«�p� �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� �mx
� � w � n �th � Y V6bjd��m^`YlkHo{��bm[lkebm[ h£bmu��m���mk �p� �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� �t�
� � y �K,Ì[ dg^`bm�`u.�t^`u2bjd��mk£U2��bm[lbm~}dgo}[ b3
�a��mV{���m�tbmYlk �«�«� �«� �«�p� �«�«� �«� �«�«� �«� wX�
� � �q� S*f2�to}[D�m^�Yl����u�*{^�+tk U2�Ìb MqY9�mh£bjd`Ylu��m[l�6bedgst���m� �«� �«� �«�p� �«�«� �«� �«�«� �«� wX�
� � x � Q �1�&� ��� Y�bm[lkebm[ h£bju7�m���tk � �«�«� �«�p� �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� yXw
� � � �K,ÌV{Y��mf2^`u��m[lY ����d`^`o{kXd�E}^��mk �«�«� �«�p� �«� �«�«� �«� �«�p� �«�«� �«� �«�«� �«� y �
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��f ��� ^`f�V{a{�`u��mh��tk&�tV \_f2[?�tf�d�dÌU2^�d`U2kjU�d�+m[��
P�Y V{a{f2V

F
�t~;f2^��&�2Y st���tu*~0�tVXd��t�`bmVif��mW �t[]WXbmV>=�^�f2V{a{��u7�mh��tk)�tV£U�^�dgf�[lh'f2u�f�d`d/@ �t~8f�^��&��Yls

�jbmV z hif�[ W£d`^gbmV}�`u.�{V{Y dÌ^`f�kHo{^`u�Yls1�jbm[Bkmf�[lf�dgkmf�u2Y k
F
� � +t[��

ℵ0 = |ω|
b [lf2�mkJY �`f ��� �tU��mdgf�[lf2V ��u7�mh��t�`���m� �Ãdgf�d`�`u.+t[lf��tf2�

α
^�f2V{a}�`u7�jhi^`bcdg^gbjV{�`u8�6V{Y d

^�f2kHo{^`u�Yls1�jbm[×a}f.�6V{Y9�m[l�{bjd;
�o{k
ℵα
�Ýd2�if�u b0[lf��tkHYl��f ��� �t[]WXbmVL�mU2�md`f2[ f2V �`u��mh��t�`���m� z hif�[ W bmu

{ℵβ : β < α}
�6bm[ h£bju�f2�mWmf�d`[lf2V f2[ f2h'U.�mf2[D�`f�h f2kQ�JY��jbm[ f2V{���

R dg^`bmV{�`u8�6V{Y]d Y V{a{o{k)�2Y s f�[��mfi��u2f2^�YlVXd z �6b b��6bm[lhibmu�f2[lh'U2[ f�d�f2�mW
ϕ(v)

=�~{bm^gbmh'U�d`f2^�f2�/@
\��t^�h�o{[9�3
��m^gb«dgf2[F
�f2���{[ z ���t�mW

hiY V{a{f2V
α
^�f2V{a{��u7�mh'^gb

[(∀β < α)ϕ(β)] ⇒ ϕ(α)
z

bmkHk)�t^
ϕ(α)

hiY V{a{f�V
α
^�f2V{a}�`u7�jhi^`b'Y �Xbmum�

�Df2�mWmf2V
A = 〈κγ : γ ∈ Γ〉

�`u��mh��m�`���j���tk�f��mW ^�f2V{a{��u2f�^`fm� �$kHk&�t^
Σγ∈Γκγ

bmu
Af�[lf2h'f2Y � +m[-kjU2~{u�f�d`d'a{Y �`uO
�o{V{kXd'o{V{Ylsc�`u7�jh��t�����m�tb ��b

Πγ∈Γκγ
�`u��mh��m�`���j�t�`u.�t^`u2bjd ~8f�a{Yl� b

Πγ∈Γκγ
a{Yl^�f2kXdg��u��t^�u�bjdÌ��u7�mh��t�`���m�Xb}�

�"b
A
U��
B
�6bm[lhibmu.�tk z bmkHk&�m^ AB 
�f2[�2t[lYObmu��mkJV{bmk0b

B
� � f¿kmU2~;f2u.+ \��}�t�&�tU�VXWtf2kHV{f�k&b

�6bj[lhibmu7�jd z hif�[ Wmf2kHV{f2k
A
bju�U�^�dgf�[lh'f2u�U2�`Y;drbm^µd��th��mVXWXbq� �"b

κ
U2�
λ
��u7�mh��t�`���m���tk z bmkHk&�t^×b

κλ
��u7�mh��t�`���m�t�6bed��)�mVXW�f2�mWmf2V{[�+

|λκ|
� �jbm[�� ��b

A
�6bj[lhibmu z bjkJk)�t^

P(A)

�f2[�2t[lY

A
�6bed��)�mVXWX�

�{[lbmhibmu7�jd z dgf����jd'bmu�d'b �6bm[lhibmu�d z h'f2[]WqV}f2k(f�[lf�hif�Y
A
^`U��`u2�{bm[lhibmu�bjY��:� �jW

f
\��{�t�)�tU2VXW

U�^�dgf�[lh'f2u�U2�`YBdgbm^�d��th��mVXWQ�jd*U��ÌU�^�d`U2kHkmU��`u2[ f�d`U�d�^�f2V{a}^`f
dom(f)

U��
range(f)
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�6f2[]dgU�d`f2[ f2u2u.�{k b �`u7�jh��t�����m�tbm^`Y]dgh'f�dgY keb bm[ bm~4
`bmYlV6bjk�Yl��hif�^`f�dgU�d2� < ~;f���YD�m[ Yl�`bmVÈb°��u7�e�
h��t�`���m�Xbm^�Y d`hif�dgYlkeb�bm[lbm~}d`U�dgf�[lf �`u�f2^�YlVXd
�6b

κ
�tU2�jdgf2[ f2V���u7�mh��t�����m� z bmkHk&�t^

κ = κ2 �OQ �1�)� ��� �h'YlV{a}f2V
A
�6bm[ h£bju2^gb

|A| < |P(A)| = 2|A|
�K�$hi[ U2kjf2u�d`f�d��{V{k ^�� z ���t�mW b0k)�tVXdgYlVHo{o}h �

�{Y ~5�jdgU2u�Yl����u2f2^�YlVXd
2ℵ0 = ℵ1

U2� bmu��m[]drbm[9�mV��t��� d��jd`d�k)�tVXdgY VJo}o{h �Ý�{Yl~0�md`U2u2Y ���`u�f2^�YlVXd�h'YlV}a{f2V
�mU2�md`f2[lf�V

κ
��u7�mh��t�`���m�t^`b

2κ = κ+ �jhiY V{a{kmU�d �j[l[9�]d/�m�;\��{�t�tf�dg[ f2V ZFC ��d�+t[ z dgf2���jd
b*�`u.�tk �m���m��6bj[lhibmu2f�[lh'U2[lf�d � f2ViV{f2h � Y u��tVXW"� d`�6bjd`stkia}f«V}f2h Yl� �7�j\��t[ �6bjd`stk@�	H�U2���mVXW f2��f�d � f2Vcbmu�= �m[Û�
dgbm[D�mV��t���]d��md�d @×k&�mVHd`YlVHo{o{h¿���}Yl~0�mdgU�u2Yl��\_f�[ dgU�dgf�[lf2u�U2��f�h'f2[l[ f�d�d�Y �Xbmu.�t[lo{V}k£dgU�dgf2[ f2kjf�d��J�$u2f2k�bmu
f�^`f2a}hiU�VHWmf2kpdgf�^`h'U2�`u�f�d`f2�`f�V¿�mWtf�V{�tU ��� f�k z hiY VXdg�6b �2�`bmk«b

ZFC
b3M}Y sth��mkebjdZ�6bm��u2V��m[ V��mV{k@�

R�V{VXWqY]d �qY �`u.�tVXd"f�u2f2k bmu«f2^�f2a{h'U2VXWmf2k Yl�*h�o}dgbjdgV6bjk z ���t�mW:=��{b
ZFC

f�[l[lf�VXdgh��tV{a��m��hif�Vq�
d`f2� z bjkJk)�t^/@�b �`u�s � bmV}\��m^`�ts��m[ [9� d��m��d

ZFC
� � f2V�V{f2h [ f2�{f�d �7�j\��m[lV{Y��

�Df2�mWmf2V
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=_^`U��`u � f2V�@µ^`f�V{a{f�u2f�d�d£�{bm[lhibmu U2�¿[ f2�mWmf2V
B ⊆ A
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�o}k z ���t�mW
Bk)�&�6V��m[ Yl�
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� � bjV z �6b hiY V{a{f2V
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^`f�V{a{f2u�U2��f£�`u�f2^�YlVXd

x ≤ y
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A
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A
� � bmVB� ��b
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^�U2�`u � f�V{^`f�V{a{f�u2f�d�d"�{bm[lhibmu z bmkHk&�m^

cf(A)
�f�[92t[ Y
A
k&�)�6V6bm[ Y d/�j���jd2�

R ^�f2V{a{��u7�mh��tk�=�h'YlVXd�b�kHYl��f ��� ^�f2V{a{��u7�mh��tki�6bm[lhibmu2bmY$@
hibm�to{k'Yl��^�f2V{a}f2u2f�d`dÌ�6bm[ h£b��
u.�tk �$f2�mW&^`f�V{a{��u7�mh��md�^�f2�to}[D�m^�Yl�`V{bmk0V{f8�tf2u.�{V{k z �6b�k)�&�6V6bj[lY d��m�gb�f2�jWtf2V}[9+0�`b3
��jdghibm�Q�7�jbm[��
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κ
�mU2�md`f2[lf�V�^��mk&21�tf�dgkjf2u�+ ��u7�mh��t�����m� z bmkHk&�t^
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^`f��to{[9�m^`Y �¿^`f2V}a{�`u��mh���R,k)�&�6V6bj[lY d��m�

�t~;f2^��&�2Y s¿U2^µdgU2kjf2YI�t[]WXbmV �`u��mh��m�`���j���tk z h'f2[ Wmf2k
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� ��� f2V�b�^�U2�`u � f�V \_f2[lY a{U2u�u��{k'bmu�f2[ ��+t^�f2V{a�* [��t�tY kjbpVXWtf�[��tf�Y��mf2[BU���bmu"f�[l��+t^`f�V{a�* ��d`^`o{kt�

d�E{^��mkHkebm[8kjbj~5�����t[lbjd��t�×bm[ bj~{Yl��hif�^`f�d`f2kjf�d��
npY]dgU�^��{V{kibmu�Y u��th��t^ �6u2h�o}� z f2[lf�hiY;f2kQ�JY��jbm[ f2V���Y b
\��t�tbm[lh��m^gb z bmu«f2[l��+t^`f�V{a�*0U���hibm�Xbm�`b ��� ^�f2V{a�* \��t^`h�o{[D�mk��t�`u�d/�m[]W��tu��m���m^`b z b'\��t^�h�o{[D�jk�
�f��
[ f2VXdgU��`U2^�f U�� � f8�tf2u�f�d�
��{k b R

Mod
U��
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�t~;f2^��)�2Ylsmkjbed��
R"u"f2[l��+t^`f�V{a�* VXWtf�[��mf2k
f��mW��)�m[]d��tu�drbjd`�6bjd`s U���f2�mW£V{f2h �)�m[ d��tu�dgbjdg�{bjdgs«^`U��`u � +t[ �j[l[lV{bmk@�

RTV{f2h(�)�m[ d��tu�dgbjdg�6bedgs'^`U2��u � f2V ��u2f2^�f2~;f2[ V{f2kcb£[9�t�mYlkebmYBh *%�tf2[ f�d`f2k 
�f�[lf�Y z b£kQ�jbmVXd��t^��tk z bmu
Y V{a{Y��JY a{o{o{h��)�m[]d��tu�stk z �µd � � R �)�m[]d��tu�drbjd`�6bjd`s0^`U��`u � f2V°h'f2� kmf�[l[�bja{VHo{V{k z ���m�mW(h'Ylk bmu
f��mWtf��
^`f�[D�&��Ylst��u2Ylh � st[ o{h��tk U��i\��{�m�&�tU�VHWJ��u2Ylh � st[ o{h��tk V{f.�mf2Y z U2�
���m�mW f2u�f2k°���mVXW �)�m[Û�
d��tu2st�`bmk@� �$u�di[lf2�mf2�mWJ�`u�f2^�* ��� f2V E{�mW d`f2�{f�d;
��{k h'f2� z ���t�mW h'f2�tbma{o{V{k f��mW \��{�t�&�mU2VXWHd z
h'f2[]W�b'^�f2[9�&�2Y st�`u�Ylh � st[lo}h��tk U���\��{�t�)�tU2VXWJ�`u�Ylh � st[ o{h��mk
a{Yl��u�
�o{V}k �6bm[lhibmu2bmYlV6bjk£o{V{Y s 
��mV
�jbmV U�^�dgf�[lh'f2u8�tfpU2��f�^`f2a}hiU�VHW"�{[Bd`f2^�hiU��`u2f�dgf�����u7�mh��tkebjdB�mf2�`u�\_f�[��$R"u�Y [ Wmf2V
\��{�t�)�tU2VXWmf2kmf�d
b0\��{�t�)�tU2VXWJ�`u�Ylh � st[ o{h��mk(�6bm[ h£bju7�mV6bjk h'f2�Xbja��m���7�jbm[�f��mW"�}d`dib �`u�s � bmV}\��m^`�ts&f2[ ��+t^�f2V{a�*
VXWtf�[��mf2k �"!$#&%('*),+.-&)0/ V{f8�tf�u2u��}k;� � �jW0f2[ ��+t^�f2V{a�*&VXWmf2[��chif��Xbma��j���mV0d��l~{o{���mV6bmk ^�2m�tu��]dgU2��U�d
U�^�d;
��}k;� � � �)�m[]d��tu�st�B\��{�t�)�tU2VXWJ�`u�Ylh � st[ o{h��mkjbedZYl�Zhif��tf2V}�tf2a��}V{k z f2u�f2kmf�d
k)�tV{��dgbmV{��u2Ylh � st[ oq�
h��tkHV6bmkiV{f.�mf2u2u.�{k h£b3
�a��

� �m�mW b��jbm[ st���m��f2�mW(�`u�f2[lf�dgU�V{f2k [ f�� ^��m���m^gb z \��t^`hibm[lY u7�m[9�m���j^gb hiY [ Wmf2V(d��l~{o{��E VXWtf2[?�tf�d
�)�m[lbm�`u�dgo{V{k z bmu�f��mW ���t^ 2tV{kmU�VXWtf2�pa�2mVHd`U2��f�^`f�a{hiU�VXWtfm�C� u�f2kcbia�2tVXd`U2�`f�k�d�2 ��� f2k k&2tu.2md`d
bjd�dgst[J\��{�t�tV}f2k z ���t�mW�bJ�JYlu2���Q�m[]d
dgf�^��{[ f�d �ÝU2^`a}f2kmf��� �jbm�jW���dgYl~}YlkHo{�� ×kmU�^`a{U��`f�Y d ���t�jWXbmV ��k)2tVq�
VXW"*  '�jbm�mW �Ýdgf�^`h'U2��u2f�d`f2�� pkHY \_f�
�f�u2V{Y z Yl[ [lf�d��tf z ���m�mW�b�\��t^`hibm[ Ylu7�j[D�m���gbm[@h'YDb
�2U2[ o{V{k@�
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�`u2b � �m[]W �`u�f2^�YlVXd'f2[9+��m[l[ sc\��t^`h�o{[D�mkebjd�bjd��mhiY×\��m^`h�o{[9�mkHV6bmk&V{f.�mf2u�u��{k z b
(4) − (6)

�`u�b � �m[ W&�tk �tU2�mf2�
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���tk  �[lf.�l^��j���m^`b0�`u��m[l�Q�m[ V6bmk@� P�Y?�tf�[*bmu��tV � bjV�bmu�f�[9+tu.+&a}f.�6V����2Y s � bmV f2[?���tV{bjdgk)�tu�dgbjd`d`o{V{k
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�$�mWtf��×��u2f2^�u�+tk h��qa}f2[l[ V{f2k«V{f8�tf2u�Ylk'bmu �t[]WXbmV'��d`^`o{kXd�E}^��mkebjd z h'f2[]Wtf2k � f2V£b�\��}�t�&�tU�VXWtf2k
I
�6bm[ h£bju�b �}^`f2���-P�Y�f�u�dÌb d`f2^`h'YlV��t[lst�mYD�jd H �-P k)23�mf�d�
��{k �@b 
�f2�mWJu2f�d � f2VG�tU��tYl� b ����d`^`o{kt�

d�E{^gb� U�� ��h��qa}f2[l[# ��u�b7�jbmkebjd f2�jWqh��m���`u2Y V��tV�� h��1
`bmkmU�VHdc�6bm��u2V��m[F
�o{kÈh£b3
�a�� �"b bju
Lf�[l��+m^`f2V}a�* VXWtf2[?�(U��¿bmu

A
�µdg^�o{kXd�E{^`bcd��l~}o{�gbch'f2�mf2�mWmf2u2Y k z bmkHk&�t^�^�21�qY a{f2V bju�d�h��tV{a3
�o{k

hib3
�a z ���t�mW
A
f2�mW

L
�Ý��d`^`o{kXd�E}^gb}�

P�Y VHdibmu�f�[9+ ��� Y�a{f.�6V��9�2Y s � bmV Y � z b&�µdg^`o}kHd�E{^��jkjbed�� ^��md�d � f�d�*{kHkjf2[ z bm[ bj~{�6bm[ h£bmu2bmYlkebjd
h'YlV{a}Yl�¿b¿h'f2�m\_f�[lf2[�+�[ bedgYlV V{bm�mW � f�d�*��mf2[�
�f2[�2t[�
��}kihib3
�aB�

< d`^`o{kXd�E}^��mkH^gb ~;U2[la��mk b =_\_U�[$@��2���m~5�t^µd��tk z �mW"*{^�*}k z ���m[ stk z×| �%�t[ f���bm[l�tf � ^��jk z ^`U2��u � f2Vq�
^�f2V{a{f�u2f�d`d��6bm[lhibmu.�tk z �t^��j\��tk z ��d � �

P �t�µdÌhif��Xbma 
�o{k£b d`f2^�hif�k
U2��\��t^�h�o{[D�jk'
�f�[lf2VXd`U2�`U�dÌf2�mWX��f��mW���d`^`o{kXd�E{^�� � bmVB�
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• 5 ) t = vi
+.-��,+)� +6�,%�%.�+��7�� �84�
 - � )0/ /�4��

tA[k] = k(vi)
9

• 5 ) t = f(t0, ..., tn−1)
� )0/ /�4��

tA[k] = fA(tA0 [k], ..., tAn−1[k]) 1
R k&21�tf�dgkjf2u�+([lU2~;U2� z ���t�mW a{f8�6V{Y9�m[�
�o{k(b �

ϕ
\��t^�h�o{[lbcYl�Xbju�bmu

A
�µdg^�o{kXd�E{^�� � bmV�b

kU�^�dgU�kmf�[lU2� hif�[l[ f�d`d� �^�f2[9�&�2Y smd z h'f2[ Wmf�d«hib3
�a � �mW0\��t�to}V{k�
�f2[�2t[lV}Y�� �
A |= ϕ[k]

 r� ��Yl�mWmf2[F
��{k
h'f2� z ���t�mW£f2u b
�JY �`u��mVHW w a��m[9�t�md`st[ =�\��t^`h�o{[D�jd`st[ z �µdg^`o}kHd�E{^��edgst[DU��ÌU�^�d`U2kmf�[lU���d�+m[$@×\��{�t�{�

�"b
k
U��
k′
kmU�d"U�^�dgU�kmf�[lU2� z

v
~;f2a{Y �if��mWG�)�m[ d��tu2s z bmkHk&�t^

k
v
≡ k′

bmu�d	
�f�[92t[ Y z ���t�mW b'kmU�d
U�^�dgU�kmf�[lU2� h'YlV{a}f2VK�)�m[ d��tu2stV o}�mWXbmV{bmu�d'bmu U�^�d`U2kmf�d��mf2��u2Y�\_f2[ z f��`f�dg[lf��

v
kHY��mU�d`f2[lU8�tf�[�� R"u

bm[9� ��� YÃa{f8�6V��9��Yls � bmV hiY V{a{f�V ^`f2[9�&�2Y st�`u�Ylh � st[ o{h z d`f2^`h U2��\��t^�h�o{[lb0bmu bma��md`d¿�µdg^�o{kXd�E{^`b
VXWtf�[��mU2V �jbmV�\_f2[��l^ �mbq�
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• A |= t0 = t1[k]
)0/ /�4��0" '+O '*)0/ )0/ /�4�����/�)

tA0 [k] = tA1 [k]
9

• A |= R(t0, ..., tn−1)[k]
)0/ /�4�� " ' O '*)0/ )0/ /�4�����/�)

〈tA0 [k], ..., tAn−1[k]〉 ∈ RA 9
• A |= ϕ ∧ ψ[k]

)0/ /�4�� " ' O '*)0/ )0/ /�4�����/�)
A |= ϕ[k]

" '
A |= ψ[k]

9
• A |= ¬ϕ[k]

)0/ /�4��0" '+O '*)0/ )0/ /�4��I�>/�)
A 6|= ϕ[k]

9
• A |= ∃viϕ[k]

)0/ /�4�� " 'LO '*)0/ )0/ /�4��I�!/�) �0),-B4���
,),-
k′

vi
≡ k

"�� �;" /����<" '
A
$?���<� �"�)��� ����
 ���

A |= ϕ[k′] 1
A |= ϕ

)0/ /�4�� " ' O '*)0/ )0/ /�4����#/�) � +.-��.� -
A
$?���<� � �"+

k
"�� �;" /����<" '����

A |= ϕ[k] 1 ���	��
�� - Σ$?4��'� %.� )�/�)���� )�
 1 A |= Σ
)0/ /�4��0" '+O '*)0/ )0/ /�4�����/�) � +.-��.� -

ϕ ∈ Σ
*;� )

A |= ϕ 1
� [ [ bm~0�Ja 
�o{V{k«hif��pb ��� bjV z ���t�mW�b �

ϕ∨ψ
 ×�`u�Ylh � st[lo}hi���t^��tu2bjd$b �

¬(¬ϕ∧¬ψ)
 ��`u�Ylh¿�

� st[lo}hi���t^��tu2bjd��jd¿^�21�JYla��]dgY�� �"bm���tV{[lstbmV z �
ϕ ⇒ ψ

 
U2� �
∀viϕ

 
^`f�V{a{^`f�b �
¬ϕ ∨ ψ

 
U2�ib
�
¬∃vi¬ϕ

 ¿��u2Ylh � st[ o{h'���t^��tu�bjd��tk ^�21�JYla��]dgU2��f2Y��'R�uif�[9+ ��� Y
Yl�tbmu2���m�ta{f8�6V��9��Yls bm[lbm~"
��mV f2u�f2k
bc^�21�qY a�� d`U2��f2k �mbj[ls � bjV bmu�d 
�f2[ f2VXdgY k z bmhiY]d�b � f�V{V4�{k(�6bj�`u2V��m[ d 
�f2[lf�k ��o{�Xbm[ [lV6bjk;��R"u�U2^�d
��U2[l��u2f�^�* f�u2f�kmf�dco}dgsm[ bm� z 
�f2[�2t[lU��`kmU�VXd � f.�mf2u2f�dgV{Y z hif�^�dP�l�jW bmu f2[ ��+t^�f2V{a�*È\��t^`h�o{[D�mkHV6bjk
kjf.�tf��`f ��� kjU2~{u�U2��Y��`u2b � �m[]WXb �jbmV z U2���{bcf2�mW:�m[ [9�]d/�m�µd«b�\��t^`h�o{[D�mk>2t�`��u2f�d`f�d�dg�`U��tf �`u�f2^�YlVXdgY
Y V{a{o{k)�2Yls1�jbm[ bmkebm^�o{V{k hib3
�a&Yl�Xbmu.�t[lV}Y z bmkHk)�t^ kjf.�mf2�`f ��� f2��f�dgf�d�kjf2[ [ ���gbmk h'f2�t�&�tV{a��t[ V{YI#
d`f2���jd*^�21�qY a��{[ V{f2k b � Y u��tVXW"� d��m���mk;�

n�U�d*\��t^�h�o{[ b�bmu��tV��t� 
�f2[lf�VXdgU2��*K=_f2kQ�JY��jbm[lf�V{�/@ z �6b¿hiY V{a{f�V z b¿k&2tu.2t�ÌVHWmf2[?�%�}kJV}f2k�hif��j�
\_f�[lf2[�+

A
��d`^`o{kXd�E}^�� � bjV¥U��'h'YlV}a{f2V

A
\_f�[lf�d�dgY-U2^�d`U2kjf2[lU�� hif�[l[lf�d`d�f2�mWJ�`u�f2^�^`f Yl�Xbmu2bmk �mbj�mW

�6bjhiY �gbmk@� �6f2[]dgU�dgf2[ f2u�u��{k z ���m�mW
bju'�t[��jbm��s�Yl��hif�^�h��j^I
�stV{U����mVXW
f�kQ�qY?�jbm[lf�V{��\��t^`h�o{[ bm~��m^�d z
U�� � Ylu�d��tV{���m�t�Xbm[Bbm[ bmk4�]d×\��t^�h�o{[D�jkjbed�f2kQ�JY��jbm[ f2V{� z a{f��jd`d`f2kHYlVXdg�}f�d�+ ��� \��m^`h�o{[9�mkHk �}�
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ϕ
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 � � '�� �6�<�	����� /��0),- �;4�� %�- +)����� 
�7�� + 'I� " '0�(
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ϕ
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∀∃
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I
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P�Y V{a{f2V�\��t^`h�o}[ b¿f2kQ�JY��jbm[ f2V{�Ìf2�mW ~{^�f2V{f Mcbm[ bmk4E \��t^`h�o}[D�7�jbm[��-�$u�d�b dgU�VHWHd"Yl�`h'f2^µdgV{f�k
d`U�dgf�[lf�u2u��}k'\_f�[ z Y d�d×V{f�h � Ylu.�tVXW%�]d;
�o{k@� �6f�[ dgU�dgf�[lf2u�u��{k¿d��3�)� ��� � z ���t�mWibmu �t[��jbm��s d`o{a 
`b z hiY]d

�f�[lf2VXdÌbmu z ���t�mW
f2�mW!�)�m[]d��tu�s �jbm[ bmh'f2[]W'f2[9+j\��t^`a{o}[D�m�`b��`u�b � bma Yl[l[ f�d��tf�k)2md�2md�d��

R k&21�mf�dgkjf2u.+£a{f8�6V��9��Ylsmd��`u2Y VXdgU2V�Y �`h'f2^�d`V{f2k'dgU�dgf2[ f2u�u��{k£\_f�[ z �2�gbjk bm[ bj~4�mf�d�+�\��tVXd��t�����m�Xb
U���b�d`f2[�
�f��`��U2�'kmf2a%�tU2U�^�d�Y �`h'U�d`f2[�
��}kiY]d`d*h'f2�{�
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ϕ
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 $?4��'� %.� ) 1 K |=

ϕ
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A ∈ K
*;� )

A |= ϕ
� )�
 )�


ϕ
+A� )�


K
� +.-��.� - ���<��� " , � - � 1

• Mod(Σ) = {A : A |= Σ}
)

Σ
� 4��.���)� D?� +.-!� / 4 '(
*�	7���
 )�9

• Th(K) = {ϕ : K |= ϕ}
)
K
����� "��<� �8� 1

Σ
* ,�- � /�F���� �./��(
*+ /

ϕ
� D?���<� / , � -

Σ |= ϕ
�+/�) � +.-��.� -

A
' �6� %(/0�6K.�(7�� ) �;��� D?� '�&@� �M/�4(��


A |= Σ� '�� �;" -
A |= ϕ

+ 'M$?� - -�7��)� 135 ) Σ = ∅
� )0/ /�4�� -!��� !)�)D % / /0+ 1

�"b�kjU�d$\��t^�h�o{[lb	
�f2[ f2VXdgU��`f*bmu.�tV��t� =$�jbm�mWJYl�
f�kQ�qY?�jbm[lf�V{�`f�k�@ z bmkHk&�t^$V}YlV����$k&2tu�d��{k [lU2VXWmf2�tY
k4�{[�2tV � �`U��{�iP�Ylk)�t^«bmu��tV��t���]dg�6bjd`o{V{k0kjU�d«��d`^`o{kXd�E{^��jd�� � ^�^`f'bma �)�m[ bm��u�d«b k&21�mf�dgkjf2u.+ a{f��
�6V��9�2Y s{�
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A = 〈A, gAi , R
A
j 〉i∈I,j∈J

" '
B = 〈B, gBi , R

B
j 〉i∈I,j∈J' �6� %(/0�6K@� 70/ +A
�4�� 4��)$ )0/��%/�)��0),-B4���
 ),-

f : A→ B
, + D?� /�O + - ��� ����
���� �8��� D?� '�&.� � /�4(��
�� +.-��.� -

i ∈ I
*;��� " '

j ∈ J
*;���

•
/�)

a0, ..., aτ(gi)−1 ∈ A
)0/ /�4��

f(gAi (a0, ..., aτ(gi)−1)) = gBi (f(a0), ..., f(aτ(gi)−1))
" '

•
/�)

a0, ..., aτ(Rj)−1 ∈ A
)0/ /�4��

〈a0, ..., aτ(Rj)−1〉 ∈ RA
j ⇔ 〈f(a0), ..., f(aτ(Rj)−1)〉 ∈

RB
j 1

f
*(� ��+A
�4�� 4����C
�� % ' -&)0/ -!�����(
I
�& / 1
n�U�d¿�µdg^�o{kXd�E{^`bcdgf2���jd¿~0�tVXd��t�`bmV bmkHk&�m^¿Ylu��mh��t^µ\ z �{b ����u2f2^�kmf�u2f�d��{k  �bmu��mV��t� z �2�gbjk bmu

f�[lf2h'f2Y kik)�tV{kH^`U�d�bj[ bmk�
�� � bjV [lf2�}f�dgV}f2k f2[]dgU�^`U2��f2k@�
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B
' �6� %(/0�6K@� 70/ ���<��� +	� - � /�� +)�0)��<� -�'�� / � D?���<� / , � -

A ≡e B
�+/�)

Th(A) = Th(B) 1
n�U�dÃ��d`^`o{kXd�E{^gbpdgf2���jd-bmkHk&�t^ÃU2� �2�`bmk bmkHk&�t^ f�[lf2h'Ylf�V f2kQ�JY��jbm[lf�V{� z �6bph'YlV{a{f�V f2[l��+t^`f�V{aq�

� f2VpkHY \_fO
�f2u2�}f�d�+�d`o{[ b3
�a��tV{���j�to{k�bju��tV��m� z �jbm�mWJYl� z �{b�b*k)2tu�2m��VXWmf2[��"�{k"�`u2Y VXd;
�U2V«V{f�h dgo}a 
�o{k
h'f2�tk4�{[�2tV � 2mu�dgf�dgV{Y +tkmf�d��

HÌWJY [��)�mVQ�jbm[lsXbjVP�jbmV}V6bmk�f2[ f2h'Ylf2V f2kQ�JY��jbm[ f2V{� z a}f�V{f�h Y u��th��t^�\O��d`^`o{kXd�E{^gbm~��m^��tk@��^�2t�j�
u.� dg���{V{k�o{�mWXbjV{Yl�"d`f�d`�`u�+m[lf2�mf2��h'sqa��mV0f2�mWcf2[ ��+t^�f2V{a�* VXWtf�[��mf�d�� �Df2�mWmf2V&f�VXWtf2[?�c\��t^�h�o{[lbe�
�6bj[lhibmu7�mV{bmk��`u7�jh��t�����m�tb

κ
��P�Y��mf2[$b ��d`^`o{kXd�E{^��mkcf2[lh'U2[ f�d`f2YZ\��t^`h�o}[ bm�6bj[lhibmu��tk z f2u�U2^�d«b

vtv



VXWtf�[��J�{f�u dgbm^�d��tu2s£��dg^�o{kXd�E{^��mkHV6bmk0[ f2�m\_f�[�
�f ���
2κ

\_U2[ f�f2[ hiU�[lf�dgf�[ f2�{f�d��'6 f2�jW%�}V{kch��t��d"\_f2[
2κ
��V��m[{d�2 ��� ��d`^`o{kXd�E}^��jd E{�mW z ���t�mW bj[ bm~{�{bm[lhibmu�bjYlkp~��m^��tV{kmU�VXd×k4�{[�2tV � 2tu.+ ��u7�mh��t�����m��E{bmk

[ f2�mWmf2V{f�k;� �$kJk)�t^'f2u2f�k b&�µdg^�o{kXd�E{^��mk ~��m^��tV{kmU�VXd£V{f�h Ylu.�th��m^�\�bmk@� 7"f�b �`kebjdgo}[ WXb f2[?�
h'Y bjd�d�[ f2�`upk)2tu�d��{k
kmf�d`d�+ z hif�[ Wtf�kHV{f2k bju��tV��m��bju�f2[lh'U2[ f�d`f z �jbm�mWJY ��hif�[ Wtf�k£f�[lf2h'Ylf�V f2kQ�JY]�
�jbm[ f2V{��f2k@�

n�U2��+ ��� [D�jd`V{Yp\��t�1
�o}k z ���t�mW b �{f�[ WJu2f�d hiU�� ^��t���`u2b ��� � b �mU2�md`f2[ f2VÐbm[ bj~{�6bm[ h£bmu.E
�µdg^`o}kHd�E{^��jk£Ylu.�th��t^��6u�h�o{�-f2^`fO
�U2Y ��f2[ ��+t^�f2V{a � f2V�[ f��l^��6bjdgbjdg[lbmV��tk@��hiY V{a{f2V��tU2�jdgf2[ f2V���d`^`o{kt�
d�E{^��m���tuC�jbmV �mf2[ f«V}f2h Y u��th��t^�\ z a{fpf2[ f2h'Ylf2V f�kQ�qY?�jbm[lf�V{�*h��m��Ylk'��d`^`o{kXd�E}^gb}�

R"u �JYl��u��tVXd�k)2tV{VXWtf�V bma{sJa{Ylk z ���t�mW Y u��th��t^µ\×�µdg^`o}kHd�E{^gbj~��m^��mk f2[lf�hiY f2V&f2kQ�JY��jbm[ f2V{��f2k
Y �2�
¨ § GB§�� ¡X¢L�J �§ ��� � 5 ) f �	��
 +A
�4�� 4����C
�� % ' A " '

B
/�F�
�F0�"� � )0/ /�4�� � +.-��.� -

A
$?���<� �"� +

k"�� �;" /����<" '��I�0" '
ϕ
$?4��'� %@�A7�� ) �;��� D?� '�&.� �M/�4(��


(∗) A |= ϕ[k]
)0/ /�4��0" '+O '*)0/ )0/ /�4�� /�)

B |= ϕ[f ◦ k] 1
��� � 5 ) A " '

B
+A
�4�� 4�� $�' � � % /0� K.� 70/�� )0/ /�4��0���<��� +	� - � /�� +)�0)��<� -�'�� / + ' 1

�¿�_�'&;�0/Z¤�¢"46�m§ 6�Yl[9�m���t� z ���t�mW = � @*k)21�tf�d`kmf�u2YlkL= v @Ý� � +t[��
ϕ ∈ Th(A)

bjkJk)�t^"U��J���gbmk bmkHk&�m^
d`f2[�
�f����{[ z �6bih'YlV{a}f2V

A
\_f2[ f�d�dgY

k
U�^�d`U2kmf�[lU��`^`f

A |= ϕ[k]
z a}f f�uG= v @*��u2f2^�YlVXd�~0�tVXd��m�gbmVcbmkt�

k)�t^'�mbjV � �mW z �{b�h'YlV}a{f2V
B
\_f2[ f�d`d`Y

k′
U2^µdgU�kmf2[ U2��^`f

B |= ϕ[k′]
=��{Y �`u2f�V h'YlV}a{f2V

B
\_f2[ f�d`d`Y

k′
U�^�dgU�kmf�[lU2�

f ◦ k
bm[lbmk4E�f2�mW�bj[lkebm[lhibm�

A
\_f�[lf�d�dgY

k
U�^�dgU�kmf�[lU2���`f�[$@ z �jbm�mWJY �Ì�{b

ϕ ∈ Th(B)
�

�$u2U�^�d*dgf����jdÌf2[ U2� = v @���f�d*Yl�Xbju��t[ V{Y��
= v @ Y �Xbmu��m[D�m���m���tu

ϕ
2t�`��u2f�dgf�d�dg��U2�tf���u2f�^`YlVXd`Y8Y V{a{o{k)�2Ylsjd×bj[lkebm[lhibmu�o{V{k@� �Df��mWtf�V

L
b ��u2sj�

� bjV}\��t^`�ms£��d`^`o{kXd�E{^��mk�k&2tu.2t��VXWtf�[��mfm���$[9+t��u�2t^�Yl� z f2�jW
v
YlV}a{Y��JYla}o{o{h��)�m[]d��tu�st^gb

f(v[k]) =
f(k(v)) = v[f ◦ k]

� Q �1�)� ��� � z �6b
g
f��mW

m
� �&�j[ d��mu2st�×\��}�t�&�tU�VXWq��u2Y h � sm[lo{h

L
� � f�V z bmkHk&�m^

f(gA[k]) = gB[f ◦ k]
z h'f2^µd

f
Ylu.�th��t^��6u�h�o{���
Q �1�)� ��� � z �6b

t = h(g0, ..., gm)
bmu
L
VXWtf�[��

f��mW
dgf�^`hC
�f z U���dgo{a 
�o}k h��m^ z ���m�mW h'YlV{a{f��mWJYlk
gi
��^�f

f(gAi [k]) = gBi [f ◦ k]
z bjkJk)�t^

f(hA(g0, ..., gm−1)[k]) = hB(f(gA0 [k]), ..., f(gAm−1[k])) =
hB(gB0 [f ◦ k], ..., gBm−1[f ◦ k]) = h(g0, ..., gm−1)

B[f ◦ k]
�

�$u2u�f2[ � f2[D�ed`dgo}k z ���t�mW
L
hiY V{a{f�V

t
dgf2^�h'
�U�^`f

f(tA[k]) = tB[f ◦ k]
� �$h'Y bjd�d z U2�'bmh'Y]�

bjd�d z ���m�mW
f
Ylu.�th��m^��6u�h�o{� z bed��th'Y}\��t^�h�o{[9�mkH^gb

(∗)
Yl�Xbmuj��Q�f2�mW"�{k¿h��t�µd$\_f2[ z ���t�mW

(∗)
Yl�Xbju

b
φ
U2�
ψ
\��t^�h�o{[9�mkH^gb}� �$kHk&�m^

A |= ¬φ[k] ⇔ A 6|= φ[k] ⇔ B 6|= φ[f ◦ k] ⇔ B |= ¬φ[f ◦ k]
z

�jbm�mWJY �
(∗)

Y �Xbmu
¬φ

�Ý^`f�Yl�����"bm���tV{[ sXbmV z

A |= φ ∧ ψ[k] ⇔ A |= φ[k],A |= ψ[k] ⇔
B |= φ[f ◦ k],B |= ψ[f ◦ k] ⇔ B |= φ ∧ ψ[f ◦ k]

z

v��



�jbm�mWJY �
(∗)

Y �Xbmu
φ ∧ ψ

�Ý^`f�Yl��� 6�U����{[

A |= ∃vφ[k] ⇔
�jbmV

k′
v
≡ k : A |= φ[k′] ⇔�jbmV

k′
v
≡ k : B |= φ[f ◦ k′] ⇔ B |= ∃vφ[f ◦ k]

z
bmu2bmu

(∗) ∃vφ
��^�f�Yl��Yl�tbmum� �$u�u2f2[ � f2[9�jd`d`o{k = v @��Ýf�d��

�
	�� 	 � �
� � �!������� ����������� � �
����� ��� �����
P �t�µd \_f2[lY a{U2u.�{V{k°kmU�d�f��mWJ�`u�f2^�*Èh��qa{f�[l[ k&�tV{�µdg^�o{k&��Ylst�ihisJa{�`u�f2^µd�� b ^�U2��u2��d`^`o{kXd�E{^gbe�

kjU2~{u�U2��d×U2�-b«^�f2a{o}kHd`o{h¿��kmU�~{u2U���d2��P�f��th�o}dgbjd;
�o}k�h£b1
�a z ���t�mW¿o}V{Y��mf2^`u��m[lY �$\��t^`h�o}[D�mk Yl�Xbmu��
���m�Xb�^`U��`u2�µdg^�o{kXd�E{^��mkH^gb�2t^�2tkH[9+Ja{Ylk@�I6�U����{[ � f.�tf�u2f�d;
��{k'bmu*f2[ f2h'Y{^`U��`u���dg^�o{kXd�E{^��mk¿\��t�Xbm[ h��ed
U��ÌY �Xbmu.�t[�
�o{kib¿[lf��`u7�j[l[ls¿R � 2��-f2V{�{f�Ylh¿� < k)�t[lf�h dgU�dgf�[ d��
¨ § ¨.L §>� ������¤3FX�_­Z§����	��
�� -!� /

A
" '

B L
*�' �6� % /0�6K@� 70/ 1 GH
*�L� 40-�� D % /��3/�4(��
 A ��" '(
 ' � � % /�*

�6K@� 7 D )
B
*�-!� /�� /�)

A ⊆ B
" '�)�


A
* , ��� +�$'&E������" -�
�� / " ' �����A7.O + - /

B
� �	� $?���<���<�!$'&E������" -�
�� +.-!� /

" ' �����A7.O + - +.-&)0/�� �	�0'(
�4�� !.�	70'*),+ 1 5 ) K ' �6� %(/0�6K@� ).4 '(
*�	7���
 ��)0/ /�4�� SK )�
 ) �<�	�0'(
��(/�� ,�, � K *����)�� � )���� )�
 - ' �6� %(/0�6K@� ).4 '(
*�	7���
 �>� ����
 � +.-��.� - ���<��� "������ �	��
�&��"��)�
�4 /+F ' '(
�� '3��" '(
 ' �6� %(/0�6K@� 7,+.�
+ ' ��)�� � )���� )�
I
 ) 1
¨ § ¨@¨ § � ¡X¢L�J �§����	��
�� -

A
��" '(
 ' �6� %(/0�6K@� 7 D )

B
*�-!� / 1H2 / /�4����� � 5 ) ϕ �;� �.'(
����<�	�.� ' /��0),- �84��'� � - �;� ' $?4��'� %.� ) " ' k �8� �.'(
����<�	�.� ' A $?���<� � �"+ "�� �;" /����<" 'I�)0/ /�4��

A |= ϕ[k]
#�40- �84 '*),- )0/ /�4�� �;��� D?� '�&.� ��/�)

B |= ϕ[k]
�8��� D?� '�&.� 1��� � 5 ) ϕ %�- +)����� 
�7�� + ' $?4��'� %@� ) " ' B |= ϕ

)0/ /�4��
A |= ϕ

� )�
 )�
 )�
 %�- +)����� 
�7�� + 'J$?4��'*
� %.�A70/ +A� )�
 '�7�� ) ��" '(
 ' �6� % /0�6K@� 70/�� )BF���F /��<���,+ /�� 1
�¿�_�'&;�0/Z¤�¢"46�m§ = v @DYl�Xbmu.�t[D�j���7�jbm[mkjf2u2a3
��{k@�
	��`�`u�f�d`f�dg��U2����u2f2^�YlVXdgYHY V{a{o{k)�2Yls1�jbm[Xf�[9+t��u�2t^ � f�[D�jdµ�

�o{k z ���m�mW

B
hiY V{a{f�V

t
dgf�^`hC
�U2^�f�dgf2[F
�f2���{[ z ���t�mW

(∗) tB[k] = tA[k]
�

��b
t
�)�m[ d��tu2s z bjkJk)�t^Zf2u VXWJYl[��)�mVQ�jbm[ sXbmVC� �mWJ�jbmVB��Q�f2�mW"�{k�h��t��dD\_f�[ z ���t�jW

t = f(t0, ..., tn−1)U��
(∗)

� �md�dgo}a 
�o{k
h��m^
t0, ..., tn−1

��^�fm�	�$kHk&�t^

tB[k] = fB(tB0 [k], ..., tBn−1[k])
ind.
= fB(tA0 [k], ..., tAn−1[k]) = fA(tA0 [k], ..., tAn−1[k]) = tA[k]

bmu2bmu
(∗)

Yl�tbmu
hibm^gbma��&P�Y��mf2[
A
^`U��`u���dg^�o{kXd�E{^`b

B
� � f2V U2�¿h'Y��mf2[

(∗)
Y �Xbmu z f2u�U2^�d>= v @ Yl�

Y �Xbmu z �6b
ϕ
bed��th'YX\��t^`h�o}[ b}�ZQ�f2�mW"�{k h��t�µd�\_f�[ z ���t�mW!= v @DYl�Xbju�b

ϕ
U2�
ψ
\��t^`h�o}[D�mkH^gbq� �$kHk&�m^

B |= ¬ϕ[k] ⇔ B 6|= ϕ[k] ⇔ A 6|= ϕ[k] ⇔ A |= ¬ϕ[k]
z U����6bj���tV{[ sXbmV

B |= ϕ ∧ φ[k] ⇔ B |= ϕ[k],B |= ψ[k] ⇔ A |= ϕ[k],A |= ψ[k] ⇔ A |= ϕ ∧ ψ[k]
�

vLw



�$u2f�k(��u2f2^�YlVXd = v @ U2^ �tU�VHW � f2V°h£bj^gbma b
¬ϕ

U��¿b
ϕ ∧ ψ

\��m^`h�o{[9�mkH^gb Yl� z d`f2���ed = v @phiY Vq�
a{f�V�kQ�jbmVXd��m^`h'f2VXdgf��Ì\��t^�h�o{[9�m^gb�Y �Xbmuj�

���t[ WHdgbm�`��o{k:= � @�Yl�tbmu��t[9�m���7�jbm[�� �Df2�mWmf2V
ϕ = ∀v0...∀vn−1ψ

z bm���t[
ψ
h��j^ÌkQ�jbmVXd��m^`h'f2Vq�

d`f2�2� R \_f�[ d`U�dgf�[lf�k(�`u�f2^�YlVXd'hiY V{a{f2V
B
\_f�[lf�d�dgY

k′
U�^�d`U2kmf�[lU��`^`f�dgf�[�
�f����{[ z ���t�mW

B |= ψ[k′]
�

�$u2U�^�dihiY V{a{f�V
A
\_f2[ f�d�dgY

k
U2^µdgU2kjf2[ U2�`^�f

B |= ψ[k]
U���� �mW = v @¿h'Y bed`d¿h'YlV{a}f2V Yl[]Wtf2V°U2^��

d`U2kmf�[lU��`^`f
A |= ψ[k]

Y ��dgf2[F
�f2���{[�� 7�f f�u«oqdgs ��� YB\_f2[ d`U�d`f2[B~0�tVXd�bmu�d 
�f�[lf2VXd`Y z ���m�mW
A |= ϕ

�

�D�J ��{���}¢ =_V6bm�mW&�tVq�ÝV6bm�mW&�tV k&2tV}VHW"*A@�� R�a 
�o}V{k�h'f2� f��mW
B
��dg^�o{kXd�E{^��jd z f2V}V{f2k f��mW

A^�U2�`u���d`^`o{kXd�E}^��3
��jd�U2�*f��mW
\��t^�h�o{[D�ed z h'f2[]W
B
� � f2V Yl�Xbmu z a{f

A
� � bmV�V{f2h �

¨ § ¨E# §>� ������¤3FX�_­Z§
A
���<��� +J��" '(
 ' � � % /0� K.� 7 D )

B
*�-!� /��3/�) �	��
��I" '(
*�H��" '(
 ' � � % /0� K.� 7 D )��L� 70'�*

��" '(
*� � +.-��.� -
A
$?���<� �"�"+

k
"�� �8" /����<" '���� " ' � +.-��.� -

ϕ
$?4��'� %@�A7�� ) �;��� D?� '�&.� �M/�4(��


A |= ϕ[k] ⇔ B |= ϕ[k] 1
R"u v � vtv d`U�d`f2[ = v @
~0�tVXd;
`b ��u2f�^`YlVXd z �6b

A
^`U��`u���dg^�o{kXd�E{^��3
`b

B
�ÝV{f2k z bmkHk&�t^

A |= ϕ[k] ⇔
B |= ϕ[k]

d`f2[F
�f2���}[Oh'YlV{a}f2VckQ�jbmVXd��m^`h'f2VXdgf��
ϕ
\��t^�h�o{[D�j^gb¿U2�

A
\_f2[ f�d`d`Y

k
U2^µdgU�kmf2[ U2��^`fm��R�u

f�[9+tu.+(a{f8�6V��9��Yls&�`u�f2^`Y VXd
A

~0�tVXd��t�`bmV bmkHk&�m^£f2[ f2h'Y*^`U2��u2f
B
��V{f�k z �6b(f2u�o}dgs ��� Y*\_f2[ d`U�d`f2[

� +.-��.� - =�kQ�jbmVXd��m^��t�*U2�*kQ�jbmVXd��t^�hif�VXdgf2��@
ϕ
\��t^�h�o{[9�m^gb�d`f2[�
�f����{[��

H�f�h h'YlV{a{f�V ^`U��`u2�µdg^�o{kXd�E{^`b�f2[ f2h'Y�^�U2�`uj� < +md z �mbjV{V6bmk �t[ WtbmV
A,B

��d`^`o{kXd�E{^gbm~��m^��tk z
���m�mW

A
^`U2��u2�µdg^`o}kHd�E{^gb

B
� � f2V z

A
U��

B
f�[lf2h'Ylf�V(f�k4�JY?�mbj[lf2V}�G=���+md¿Y u��th��t^�\�@ z a{f

A
V{f2h

f�[lf2h'YJ^`U2��u2f
B
��V{f�k;� �Zf��mWtf�V o{�mWXbjV{Yl�

B = 〈ω,<〉
bm���t[

<
b��`u��mk)�j���t�
^�f2V{a}f2u2U��2���Df2�mWmf2V

Abmu-b�^�U2��u2��d`^`o{kXd�E{^gb
B
� � f2V z hif�[ WJV{f2kpbj[ bm~6bj[lhibmu�b

A = {1, 2, 3....}
� �$kHk&�t^�bmu

f : B → A
z

f(n) = n+1
\��{�t�&�mU2VXW«f2�mWpY u��th��t^��{u2h�o{�

A
U2�

B
k&2tu.2md`d2��Q�f2���jd�bmu v � ! = � @�dgU�dgf2[Xh'Y bed`d

A�jbm[ s � bmV�f�[lf�hiY f2V¿f2kQ�JY��jbm[ f2V{�
B
� �mf2[ z U��$a{f.�{V��9��Yls��`u�f2^�YlVXdÃ^`U2��u2�µdg^`o}kHd�E{^gb � f2V{V{fj�	,��mWtbmV6bmkt�

k)�t^
A
V{f2h f�[lf2h'Y6^`U��`uj�
[lf��mWtf�V

ϕ(v)
bmu�b�\��t^`h�o}[ b z ���m�mW �

v
b [ f2�tkHY �`f ��� f2[ f2h  �U��×[lf��mWtf�V

k
�t[]WXbmV

A
\_f�[lf�d`dgY$U�^�d`U2kmf�[lU�� z h'f2[]WJ^`f

k(v) = 1
��6�Yl[9�m���t� z ���t�mW f�kHk&�t^

A |= ϕ(v)[k]
a{f

B 6|= ϕ(v)[k]
�

�Df2�mWmf2V
n ∈ ω

^�2m�tu��]dgf�d�dÌ�`u7�jh����mf�[92t[F
��{k
Formn

�Ýf2[�bmu.�tV�\��t^�h�o{[9�mk£�6bj[lhibmu7�jd z h'f2[]WX�
f�k � f2V�[lf��m\_f2[F
�f ��� b

v0, ..., vn−1

�&�j[ d��mu2stki�`u2f�^`f�~8f�[lV{f�k;�
A n

��f�kQ�qY?�jbm[lf�V{�
B
� �mf2[ z �6b

Th(A) ∩ Formn = Th(B) ∩ Formn
�

A n
�Ýf2[lf�hiY�^`U2��u

B
� � f2V z �6b f2�jWq^�U2��u�d ^`U2��u2�µdg^`o}kHd�E{^gb � f�V{V{f z h��m�`^�U2��u�d hiY V{a{f2V

ϕ ∈
Formn

��^�f«U��*hiY V{a{f2V
A
\_f�[lf�d�dgY

k
U�^�dgU�kmf�[lU2��^`f

A |= ϕ[k] ⇔ B |= ϕ[k]
�

¨ § ¨E* § � ¡X¢L�J �§ ��� )�� ' /0+���� ),%���/�� � � '(
*�)� � )�� ' /0+���� ),%E��/��
	 � +.�;"�� +.%@� 1 � ���	��
�� -
A
�I" '(
�*

' �6� %(/0�6K@� )
B
* , � - 1 2 / /�4����� �L���	��
�� -

n ∈ ω 1 A )0/ /�4�� " 'LO '*)0/ )0/ /�4�� n *(���<��� +!�I" '(
 B * , � -N� /�)�� +.-��.� - Formn
*

, ��� +
∃viϕ

)�� )0/�K�$?4��'� %@�A7�� ) " '
A
$?���<� �"� +

k
"�� �;" /����<" '����

B |= ∃viϕ[k]
� '�� �;" - �0),- 4���
 ),-

A$?���<� �"� +
k′

vi
≡ k

"�� �8" /����<" 'I�#� ����
����
B |= ϕ[k′] 1

v�y



��� �
A
)0/ /�4�� " ' O '*)0/ )0/ /�4�� ���<��� +H��" '(


B
* , � -N� /�) � +.-��.� -

∃viϕ
)�� )0/�K $?4��'� %.�A7�� )

" '
A
$?���<� �"�"+

k
"�� �8" /����<" '����

B |= ∃viϕ[k]
� '�� �;" - �0),- 4���
 ),-

A
$?���<� �"�"+

k′
vi
≡ k

"�� �;" /����<" 'I�
� ����
����

B |= ϕ[k′] 1
�¿�_�'&;�0/Z¤�¢"46�m§G�$[�+t�`u.2t^�= v @Ý��f�dpYl�Xbmu.�t[�
�o}k;�¿R�u�d«kmf�[l[ h'f2�th�oqdrbjd`VJo}V{k z ���t�mW b�kHYlh��tV{a��md�d
\_f�[ dgU�dgf�[lf2kif2kQ�JY��jbm[ f2V{��f2k�bmu�u�bm[ z ���t�mW£hiY V{a{f�V

ϕ ∈ Formn
��^�f�U2�

A
\_f2[lf�d`d`Y

k
U2^�d`U2kjf2[lU��`^�f

(∗) B |= ϕ[k] ⇔ A |= ϕ[k]

\_f�V{V��m[ [�� ��b
ϕ
bjd��thiYÌ\��t^`h�o{[ b z bmkHk&�m^�bju v � vtv d`U�dgf�[�= v @£~0�tVXd;
`b ��u2f2^�YlVXd

(∗)
h'YlV{a}Yl�

d`f2[�
�f����{[��*R"u�2m�`�`u�f�d`f�d`d`�`U��t^`f �&�tV6bjd`k&�tu�s YlV{a{o}k&�2Y smd"bm[lkebm[ h£bmu�o{V{k@� dgf2�jW%�}k \_f�[ z ���t�mW
ϕ
�Ý^`f

U��
ψ
��^�f

(∗)
Y �Xbmum� � kHk)�t^

B |= ¬ϕ[k] ⇔ B 6|= ϕ[k] ⇔ A 6|= ϕ[k] ⇔ A |= ¬ϕ[k]
z U����6bj���tV{[ sXbmV

B |= ϕ ∧ φ[k] ⇔ B |= ϕ[k],B |= ψ[k] ⇔ A |= ϕ[k],A |= ψ[k] ⇔ A |= ϕ ∧ ψ[k]
�

6"U2���{[ObikQ�jbmVXd��m^��t��f��`f�dgf�d�kmf2[ [Zhif��t���tV{a��t[lV{Y���R"���m[ObjuG= v @�� � f2V��`u�f2^`f�~{[9+i\_f2[ d`U�d`f2[ d��6bm��u��
V��j[�
�o{k z �

felt.
 ��Ýf2["
�f�[lf2u�u��{k£h£b3
�a��

B |= ∃vϕ[k]
felt.
⇔

�jbmV �t[]WXbmV
k′

v
≡ k A

\_f2[ f�d�dgY�U2^µdgU�kmf2[ U2� z hif�[ WJ^`f
B |= ϕ[k′]

ind.
⇔

�jbmV
�t[]WXbmV

k′
v
≡ k A

\_f�[lf�d�dgYBU�^�d`U2kmf�[lU�� z hif�[ WJ^`f
A |= ϕ[k′] ⇔ A |= ∃vϕ[k]

�
�$u2u�f2[ � f2[9�jd`d`o{k z ���t�mW bju�= v @Ý� � f2V �`u�f2^`f�~{[9+�\_f�[ dgU�dgf�[ � +t[}k)23�mf�d`kmf2u�Ylk z ���t�mW

A n
�Ýf2[lf�hiYq^`U��`u2f

B
��V{f�k;�"�A�m^`a��]d��jb z �6b

A n
��f2[ f2h'YB^`U��`u�f

B
��V{f�k z

k
f��mW

A
\_f2[ f�d`d`YDU2^µdgU2kjf2[ U2�"U��

ϕ ∈ Formn�t[]WXbmV
\��m^`h�o{[lb z ���t�mW
B |= ∃vϕ[k]

z bmkHk&�t^
A |= ∃vϕ[k]

�ÃQ�f2���jd �jbmV f2�mW
A
\_f2[ f�d`d`Y

k′
v
≡ kU�^�dgU�kmf�[lU2� z hif�[ WJ^`f

A |= ϕ[k′]
U2��f2kHk&�t^

B |= ϕ[k′]
z h'f2^�d

A
f��mW

n
��f�[lf�hiY$^�U2�`u�f

B
�ÝV{f2k@�

�$u2f�k �`u�f2^`Y VXd��{b
A n

�Ýf2[ f2h'YB^`U��`u2f
B
�ÝV{f2k z bmkHk)�t^"bju�= v @Ý� � f2V��`u�f2^`f�~{[9+ \_f2[]dgU�dgf2[Bd`f2[F
�f2���}[��

= � @�����2tu
f2u�f2k oqd/�mV f2[ U2� bmV}VHWJY]d hif��1
�f��mWtf�u2V{Y z ���t�mW(b \��m^`h�o{[9�mk
Form

�6bm[lhibmu��m^gb
d`f2[�
�f����{[ z ���t�mW

F = ∪n∈ωFormn

U��
A
bmkHk&�t^×U2�B���gbmkibmkHk&�t^×f2[lf�hiY@^�U2�`u�f

B
�ÝV{f2k z �6b hiY Vq�

a{f�V
n ∈ ω

��^gb
n
��f�[lf2h'Y�^�U2��u2fm�

¨ § ¨X© §>� ������¤3FX�_­Z§����	��
�� -!� /
A = 〈A, fi, Rj〉i∈I,j∈J

" '
B = 〈B, fi, Rj〉i∈I′,j∈J ′

' � � % /�*
�6K@� 70/ 1 GH
*� � 40-�� D % /�� /�4(��
 A ) B ���(�,% /0� %.� ) � �0)���
 �3/�4(��


B
)�


A
/0+.�8���)D?� '(
*�;" '�� ��� /�)

A = B
�
I ⊆ I ′, J ⊆ J ′ " '�� +.-��.� - i ∈ I, j ∈ J

*;���
fA
i = fB

i

�
RA
j = RB

j 1
A
d`f2���ed�bmkHk)�t^�^�f2a{o{kXd`o{h£b

B
�ÝV{f2k z �{b E{�mW kebm~}�6bjd;
�o}k hif�� z ���t�mW

B
d�� ~{o{��� � st[$f�[]�

�6bj�mWJo{V{k = ��f2[]\_f2[ f�
µd��}V{k  @-V{U����mVXW \��{�t�)�tU2VXWHd�U2�Ì^`f2[9�&�2Y smd��
¨ § ¨E@ § � ¡X¢L�J �§����	��
�� -

A τ
�"!$#&% '�K ' �6� % /0�6K@� ) 1 2 / /�4�� �0),- A

*�-&)0/ 4���
,),-
τ ′
� !$#&% '�K

A′

/0+.�;���)D?� '(
*�8" '��I��/�4(��

A
-�
�������" -!� /+� +.-��.� -

ψ = ∀v0...∀vn−1∃vnϕ
#���� -!���E* )�� )0/�K $?4��'� %@�A7�*

D 7�/�4�
��0),-
A′ -�
�������" - �	��
 #���� -!��� )�� )0/�K ψ′ = ∀v0...∀vn−1ϕ

′ $?4��'� %@� ) K���
��M/�4(��


v �



• ψ′ * , � - /������ '�� ,�, �	��
*+ '(
*�;� -!O +67�� + '�/��0),- �;4�� �0),-N�#� +.- � ψ * , � -N�
• A′ |= ψ ⇔ ψ′ " '
• |= ψ′ ⇒ ψ 1

�¿�_�'&;�0/Z¤�¢"46�m§�P�Y V{a{f2V z bju��m[ [9�]d/�m� � bmV h'f2�Xbma��md`dÌbm[lbmk4E
ψ
\��t^�h�o{[9�m���tu � +1�%�]dg���{k

τ
��d"f��mW

n
� �)�m[ d��tu2sm�

fψ
\��{�t�&�mU2VXWJ�`u�Ylh � st[lo}hihibm[ z U2��YlVXdgf�^`~{^�f�d/�j[�
�o{k f2u�f2kjf�dibck&21�mf�dgkjf2u.+tkmU�~{~8f�VB�

R�a��jd`d
a0, ..., an−1 ∈ A

��^`b�[lf��mWtf�V
fψ(a0, ..., an−1)

f2�mW �t[]WXbmV
b ∈ A

f2[ f2h z hif�[ WJ^`f
A |= ϕ[a0, ...an−1, b]

z �{b>�mbjV Yl[ Wmf2VB� ��b0Yl[ Wmf2V
b
V{YlV��2� z bjkJk)�t^

fψ(a0, ..., an−1)
[lf2�jWtf2V

A
dgf�dg��u�+t[ f2�tf��`f2Vc^�2t�tu.� d`f�d`d*f�[lf�hifj� �Df2�jWtf2V

ϕ′ bju b¿\��t^�h�o{[ b z hif�[ Wmf�d ϕ � � +t[ E}�mW�kebm~{o{V{k z���m�mW
vn

h'YlV}a{f2V°�`u2b � bma f�[9+m\��m^`a{o{[9�m���ed¿kHY9�2��f2^�U2[�
��}k
fψ(v0, ..., vn−1)

�Ý^`fm� 6�U����{[Ì[lf2�jWtf2V
ψ′ = ∀v0...∀vn−1ϕ

′ � �$kJk)�t^
ψ′ �jbm[ls � bmV ~{^`f�V{f8M bm[lbmk4E z U���kjf.�mf2�`f ��� f2�mu2Yl��u�d`f2V���YD�m[ Yl�

kQ�jbmVXd��t^*��u2f2^�f2~;f2[ � f2V{V{f z hiY VXd
ψ
� � f�V z bmu2bmu�dgf2[F
�f2���{[ZbmuN�m[ [9� d��m� v �$~5�tVXd�
`b}�

Q�f2�mW"�{k�h��t��d \_f�[ z ���m�mW �jbm[ bjhif�[ W
A

\_f�[lf�d`dgY
k
U�^�dgU�kmf�[lU2��^`f

A′ |= ψ[k]
� �$kHk&�m^

h'YlV{a}f2V
a0, ..., an−1 ∈ A

�Ý���tu �jbmV
b ∈ A

E{�mW z ���t�mW
A′ |= ϕ(a0, ..., an−1, b)[k]

bmu�bmu
A′ |= ϕ′(a0, ..., an−1)[k]

�
P�Y?�tf�[Xf2u hiY V{a{f�V
a0, ..., an−1 ∈ A

��^`b�dgf2[F
�f2���{[ z f�u2U2^µd
A′ |= ψ′[k]Y ��\_f2V{V��j[l[��

���t^`a�� d��jb z h��t��d�bmu�d dgf��mW"�{k&\_f�[ z ���t�mW �jbm[ bmh'f2[]W
B τ ′

d��l~{o{��E ��d`^`o{kXd�E{^��m^`b0U2�
B
\_f��

[ f�d`d`Y
k
U2^�d`U2kjf2[lU��`^�f

B |= ψ′[k]
dgf�[�
�f2���{[����$kHk&�t^«hiY V{a{f�V

a0, ..., an−1 ∈ B
��^�f'Y �Xbmu z ���t�mW

B |= ϕ′(a0, ..., an−1, fψ(a0, ..., an−1))[k]
z f�u2U�^�d

B |= ∃vnϕ(a0, ..., an−1)[k]
��P�f2�mYlVXd z h'Y]�

�mf2[Df2u«h'YlV{a{f�V
a0, ..., an−1 ∈ B

�Ý^`f'�l�jW��jbmV z k)23�mf�d`kmf2u�Ylk z ���t�mW
B |= ψ[k]

�
R"uio}d��m[l�`s � f2kmf�u2a{U��¿�`u�f2^`Y VXd�dgf�[�
�f����{[-bmu��m[l[�� d/�j� w ��~5�tVXd�
`b �$bmuio}d��t[ �`s kmU�d � f2kmf�u2a{U��

��u2f2^�YlVXdÌ~8f�a{Yl�'b � �$~0�tVXd;
`b¿Yl���

R"uÃf2[�+tu�+*dgU�dgf�[ � f2V«�`u2f�^`f�~{[9+
fφ
\��{�m�&�tU�VHWmf2kjf�dÃb

φ
���}f2u drbm^µd��tu�s < k&�t[ f2h¿�Ý\��{�t�)�tU2VXWmf2kHV{f2k

V{f8�tf�u2Ylk@� �$�mWc\��t^�h�o{[lbif2�jWc�µdg^`o}kHd�E{^gb � f�[lY < k&�t[ f2h'Ylu7�j[ d;
��jV>�t[]WXbmV =_f2��f�dg[ f2� � +3�mf ��� VXWtf�[]�
�mf2V \_f�[9� ^�d @*o{V{Y?�tf2^��m[lY ��\��t^`h�o{[D�jd"U2^µd��{V{k z hif�[ W0b���u2s � bmV}\��t^��ts���dg^�o{kXd�E{^�� � bmV f2kQ�JY��jbm[ f2V{�
bmucf2^`f�a{f�d`Y�\��t^`h�o{[D�7�jbm[ z U2��bmh'Y � +t[*k&21�tf�dgkjf2u2Y k bmu0f�^`f2a}f�dgY�\��m^`h�o{[lb}� �$�mW�\��m^`h�o{[9�mV6bmk
d`f2^`h'U2��u2f�dgf2��f2Vcd�2 ��� < k)�t[lf�hiY u7�m[]d;
`b�Y ��[lf2�}f�d��
¨ § ¨ �D§ � ¡X¢L�J �§ � ��� '(
�7��)� - ��F�� � -N/�� +)�+*���/�4��<��� �;" �8��� � 1��� � : +.-��.� - A

' �6� % /0�6K@� 7,-&)0/ �0),- 4���
 ),-
C
/0+.�;���)D?� '(
*�8" '��I��/�4(��


C
-�
�������" -!� / � +.-�*

�.� - $?4��'� %@�A7 D ) � /�� +)�0)��<� -�'
C
* , � - �	��
 %�- +)����� 
�7�� + ' $?4��'� %@�A7��0)��L" ' � ,�, ��� )�
 %�- +)����� 
�7�� + '

$?4��'� %.�A7 ,�- � /�F���� � /��(
*+ / )�
 �����(�.� �"+�$?4��'� %@� ) � )�
 )�

C
� +.-��.� - $?4��'� %@�A7 D 7,-&)0/ �0),-

C
* , ��� +

��/�4��<��� +A
�7�� � D ) � 1��� � ���	��
�� -
A
�	��


L
*�' � � % /0� K.� )��L�<�	��
�� -

κ = |Form(L)|
" '+�<�	��
�� -

X ⊆ A 1 2 / /�4��
A
*�-&)0/ �0),- 4���
 ),-

B
���<��� +>��" '(
��I� � ����
 ���

X ⊆ B
" '

|B| ≤ |X| · κ · ℵ0 1
�¿�_�'&;�0/Z¤�¢"46�m§ R���hiU�d = v @ � Y u��tVXW"� d��m���7�jbm[Hkmf�u2a��}V{k@���Zf��mWtf�V

A0 = A
U����6b

An
�jbm[ bjhiY [ Wtf�V

n ∈ ω
��^`bia{f8�6V{Y9�m[ d"h��m^ z bmkHk)�t^�[lf��mWtf�V

An+1 = A′
n

z bm���t[�f�u¿o}dgs ��� Y��µdg^`o}kHd�E{^gb
An

��V{f�k
bmu v � v �"dgU�dgf�[6�`u2f�^`Y VHd`Y6kHY dgf�^�
�f��`u�d`U2��fm� 6�U����{[

C
[lf��mWtf�V

A
�ÝV6bmk�bmuÌbpkHY]dgf2^$
�f2��u�dgU��`f z h'f2[ WJV{f�k

d��l~{o{�`b bmuN2t�`��u2f2�
An

d��l~{o{�`bmYlV{bmk£o{V}Yls 
�� � st[ �m[l[��$P�f��th�o}dgbjd;
�o{k z ���m�mW f2u 
�s{�
�Df2�mWmf2V

ψ
b
C
VXWtf�[��mU2V{f�k¿f2�mW«\��t^`h�o{[D�3
`b z f�u�f2kQ�JY��jbm[ f2V{�
f��mW ~{^`f�V{f8M�\��t^`h�o}[D�7�jbm[ z f2u�U2^µd

vLx



\_f�[ dgf��{f�d�
��{k z ���t�mW
ψ
hibm�Xb�~{^`f�V{f8M(bm[lbmk4EB�

ψ
f��mW �tU��tf2� �`u2Y h � st[lo{h'���m^��tu2bjd z f�u2U2^µd �jbmV

�t[]WXbmV
n ∈ ω

���t�mW
ψ
h��j^�bmu

An
VXWmf2[��mU2V{f�k Yl�"\��t^�h�o{[9�3
`b}� �"b

ψ
o}V{Y��mf2^`u��m[lY �"\��t^�h�o{[ b z

bmkHk)�t^-kjU2��u2f2V��mbj�mWJo{V{k@�	�$[l[lf�V{kmf�u�+ f2�`f�d � f2V��jbmV
An+1

VXWtf�[��tU�V{f2k��t[]WXbmV
ψ′ ~{^�f2V{f M£bm[ bmk4E\��t^�h�o{[9�3
`b z hif�[ W

An+1

� � f2VP=_U2� �l�jWp~8f�^`�`u�f
C
� � f�V¿Yl��@�f2kQ�JY��jbm[ f2V{�

ψ
� �tf�[ z U��
hif�[ W � f2V�kjf.�tf��

��f ��� f��tu2Y �`u�d`f2V���YD�m[ Yl�ÃkQ�mbjVHd��t^-�jbmV��	� u�d�b��&�tV{a��t[lbjdgh'f2V}f�dgf�d�bjV{VXWqY �`u.�t^×Y �`h'U�dgf�[��mf z bm���mVXW
f��tu2Y �`u�d`f2V���YD�m[ Yl��kQ�jbmVXd��m^Ìhibm^`bma}d

ψ′ � � f�V z bma{sJa{Ylk£b¿k"�?�)�mVXd*o{V{Y��mf2^�u7�m[ Yl��\��t^�h�o{[ bq�
= � @�Y �Xbmu��m[D�m���m���tu0^�2tu��]dg���{k

X
�Ýd U��

L
h'YlV{a{f�V

ψ
\��m^`h�o{[9�3
��m���mu0dgf2kHY VHd`���{kÈb < k&�j�

[ f2h'Ylu7�j[ d;
�� � bmV ��u2f�^`f2~}[9+ 2t�`��u2f2�&\��{�t�&�mU2VXWJ�`u�Ylh � st[lo}h��md =_dgf����jd bmuKE 
`bjkjbed Y �/@�� [lf2�jWtf2V
F = {f : f

f2�mW
C
� � f�[lY"\��{�m�&�tU�VHWJ��u2Ylh � st[ o{h z h'f2[ W�f2[�+m\��t^`a}o{[

L
f��mW \��t^`h�o{[D�3
��jV6bmk

< k)�t[lf�hiY u7�m[]d;
�� � bmV
}
� 6�Y [D�m�&�t� z ���t�jW

|F | = κ
z �{Y �`u

Form(L)
f�[lf2h'f2Y V{f2k < k&�t[ f2h'Ylu7�j[ d;
`bjY]�

� bjV&h'YlV}a{Yl�!���gbmk��mU2�tf�� ���tk�E 
"\��{�t�)�tU2VXWJ�`u�Ylh � st[ o{h �`u�f2^�f2~;f2[�� �Df2�jWtf2V
X0 = X

U��«�{b
Xn

bma��jd`d h��m^ z bmkHk)�t^-[ f2�mWmf2V
Xn+1 = Xn∪{f(a0, ..., ak−1) : a0, ..., ak−1 ∈ Xn, f ∈ F}

�
6"U2���{[�[lf2�jWtf2V

B = ∪n∈ωXn
��� kHk)�t^

B
u��m^�d«bju

A
� � f2[lY =���+md z bju

F
� � f�[lYD@�\��{�m�&�tU�VHWmf2kH^`fj�

��b o{�mWtbmV{Y �
f ∈ F

f��mW
k
�)�m[]d��tu�st� Yl[]Wtf2V'\��{�t�&�mU2VXW z d��1�)� ��� �

a0, ..., ak−1 ∈ B
z bjkJk)�t^	�mbjV

�t[]WXbmV
n ∈ ω

���t�mW
a0, ..., ak−1 ∈ Xn

U��«f�u2U�^�d
f(a0, ..., ak−1) ∈ Xn+1 ⊆ B

Yl��d`f2[F
�f2���}[��
B
dgf����jd

A
f2�mW ^�U2��u2��d`^`o{kXd�E{^��3
��jV6bmk bm[ bj~{�6bm[ h£bmu2b z [lf��mWtf�V

B
b¿���tu�u7�¿drbm^µd��tu�s

A
��d�� ~{o{��E

^�U2�`u���d`^`o{kXd�E}^gb�U2�$[ f2�mWmf2V
B′ b C F d��l~}o{��E¿^�f2a{o{kXd`o{h��jV6bmk bmu�b"^�U2�`u���d`^`o{kXd�E}^��3
`b z h'f2[]WqV}f2k

B
bju�bm[lbm~{�6bm[ h£bju�b}� 6�Y [D�m�&�t� z ���t�jW

B
^`f�a{o{kXdgo}h£b

B′ ��V{f�k@� � [l[�� d�
�o{k z ���t�mW B
f�[lf2h'Y@^`U��`u2f

A
�ÝV6bmk@�
Q�f2�mW"�{k£\_f�[Bo{�mWtbmV{Y � z ���m�mW

A |= ϕ[k]
�jbm[lbmh'f2[ W

B
\_f2[lf�d`d`Y

k
U2^µdgU2kjf2[ U2�`^�fm� �Df2�mWmf2V

ϕ′ b ϕ < k)�t[lf�hiY u7�m[]d;
`b z f2kHk&�m^
C |= ϕ′[k]

� �$u�b < k&�m[lf2h'Ylu��m[ d
ϕ′ f��mW�o{V{Y?�tf2^�u7�m[ Yl��\��t^�h�o{[ b zf�u2U2^µd�bju v � vtv dgU�dgf2[�h'Y bjd�d

B′ |= ϕ′[k]
f�u2U�^�d = v @�hiYlbjd`d =_^`U��`u2[ f�d`f2�`f ��� f2VB�*bmu v � v ��dgU�d`f2[ w �

~0�tVXd;
`b Yl��hiU�dgf2[]d�bm[lkebm[ h£bmu��m�gbjY�h'Y bjd�d*hiYlbjd`d/@
B′ |= ϕ[k]

�mbj�mWJYl�
B |= ϕ[k]

� ���t^�a�� d��jb z �6b
A 6|= ϕ[k]

bmkHk&�t^
A |= ¬ϕ[k]

U2�'� �mW0bju�f2[�+tu�+Jf2k �`u�f2^`Y VXd
B |= ¬ϕ[k]

z �mbj�mWJYl�
B 6|= ϕ[k]

�
�$u2f�k��`u2f�^`Y VHd

A |= ϕ[k]
U2�

B |= ϕ[k]
f��mWJ�`u2f�^`^�f dgf�[�
�f����{[ �jbm�mW V}f2h dgf�[�
�f2���{[ z � �mW

B
�jbm[lsj�

� bjV f�[lf�hiYB^�U2��u
A
� � bmVB�

6�U����{[ �6�jWtf2[F
��{k
h'f2� z ���t�mW
|F | = κ

h'Y bjd�d
|X1| ≤ |F | · (|X| + ℵ0)

z
|X2| ≤ κ · (|X1| + ℵ0) ≤ κ · (|X| + ℵ0)U����6bm���tV{[ sXbmV�h'YlV}a{f2V

n ∈ ω
��^`b

|Xn+1| ≤ κ·(|X|+ℵ0)
f2u2U�^�d

|B| ≤ ℵ0 ·(κ·(|X|+ℵ0)) ≤
|X| · κ · ℵ0

�

�
	�� 	 � ��	�� ����� ����� ��� � ��	�� ���
R \_f�
�f�u2f�dpf��mWJYlk�\�+G�2U�[�
`b � f2h�oqdrbjd`V{Y�f��mW

∀∃
��\��t^`h�o}[D�mk�Yl�tbmu2���m�Q�jd"hif���+t^`u.+
h��qa{f�[l[Û�

k)�tV{��d`^`o{k)�2Y st��h'sJa{�`u�f2^�d2�
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〈Aβ : β < α〉
)�
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�6K@� 70/ 1 5 )B� +.-��.� - γ ≤ β < α
*;� ) �;��� D?� '�&@� �J/�4(��


Aγ

� ���<��� +�� ��" '(
 ' � � % /0� K.� 7 D )
Aβ

*�-&)0/��
)0/ /�4��

〈Aβ : β < α〉
*�� � ���<��� +��=�A7,-!O -&)0/ -!�����(
I
�& / 1

6�Y [D�m�&�t� z ���t�mW���d`^`o{kXd�E{^��mk�f��mW f2[lf�hiY�[D�mV��2b'[9�mV��pYl��� �Df2�mWmf2V
〈Aβ : β < α〉

f2�jW�[9�mV��
U�� [ f2�mWmf2V

A = ∪β<αAβ
���$kHk&�m^�h'YlV{a{f�V

a ∈ A
�����tu
�jbmV �t[ WtbmV

β < α
���m�mW

a ∈ Aβ

�

v��



[ f2�mWmf2V
ν(a) = min{β < α : a ∈ Aβ � ��I�mV���o{V{k [lY hif��`u�U2V =��jbm�mW0o{V{Yls3
��mVA@�b k&21�tf�dgkmf�u�+

A
��dg^�o{kXd�E{^��jd U2^�d�
��{k@�

A
bm[ bj~{�6bm[Û�

hibmu�b
A = ∪β<αAβ

�6�6b
f n

� �)�m[]d��tu�st��\��{�t�&�mU2VXWJ�`u�Ylh � st[lo}h b'[9�mV��p��d`^`o{kXd�E{^��mY V6bmk
k)2tu�2m�
VXWtf�[��mU � f2V U��

a0, ..., an−1 ∈ A
bmkHk&�t^ [ f2�mWmf2V

µ = max{ν(ai) : i < n}
� P�Y?�tf�[

Aν(a0), ...,Aν(an−1)

hiY V{a ^`U��`u2�µdg^�o{kXd�E{^`b
Aµ

� � f2V z f2u�U2^µd
fAµ

U2^�d`f2[ hif�u.�tf �jbmV
a0, ..., an−1

�
f�VB���Zf��mWtf�V

fA(a0, ..., an−1) = fAµ(a0, ..., an−1)
z

�JYl[9�m���t� z ���t�mW h'YlV}a{f2V
λ > µ

��^`f
fA(a0, ..., an−1) = fAλ(a0, ..., an−1)

� �"bm���tV{[lstbmV z �6b
Rf��mW

m
� �)�m[]d��tu�st��^`f�[D�&��Ylst��u2Ylh � st[ o{h U2�

a0, ..., am−1 ∈ A
z bmkHk&�t^Ì[lf��mWtf�V

µ = max{ν(ai) :
i < m}

U2�*a{f8�6V{Y9�m[�
�o{k
RA ��d �l�mW;�

RA(a0, ..., an−1) ⇔ RAµ(a0, ..., an−1)
�

P�f��tYlVXd z b'\_f�[ d`U�dgf�[�
�� ��� �m[la6bm[9�mV
µ
�Ýd�kHY9�2��f2^�U2[l�}f�dgV}U2V{k�f2�mW�dgf�dg��u�+t[ f2�tf��

λ ≥ µ
^`f2V}a{�`u��mh �

^`b}� R"u f�[lV{f8�tf2u�U2�µd£bju
YlV{a��tk&�t[F
`b z ���t�mW �{b bc�`u�s � bmV}\��m^`�ts0\��{�m�&�tU�VHWmf2kH^`f U2�¿^�f2[9�&�2Y stkH^gb
E{�jW¥�&�tV{a��t[ o{V{k z h'YlVXd'�6bm[ h£bmu.�tkH^gb z bmkHk&�t^£b k)�tV{��d`^`o{k)�2Y s �`u�f2^`Y VXd

fA = ∪β<αf
Aβ

U2�
RA = ∪β<αR

Aβ
� �$V{V{f�k�hif��m\_f2[ f2[9+Jf2V z bmu

〈Aβ : β < α〉
[D�mV��p[ Ylh'f2�`u�U�d

∪β∈αAβ

� �jbm[ =�Y �/@
\��t�7
�o{k'
�f2[92m[lV{Y��

��Y �mWtf�[�
��{k¿h'U2� hif�� z ���t�mW'�6b
α
^��mk)23�mf�d`kmf2u.+ ^`f2V}a{�`u��mh z h��mV{a 
�o{k

α = δ+1
z bmkHk)�t^

bmu
〈Aβ : β < α〉

[9�mV��p[lY hif��`u�f bju��tV��m�"bmu
Aδ

��dg^�o{kXd�E{^��7�mbj[�� �$u2U�^�d�b'k)�tV{��d`^`o{k)�2Y s bmkHk&�t^
Y �Xbmu7�jV U2^`a}f2kmf�� z �6b

α
[lYlh'f2��u2^�f2V{a{��u7�mh �
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〈Aβ : β < α〉

�A7,-!O � +)� � '(
��
A 132 / /�4����� � : +.-��.� - β < α

*;� )
Aβ

��" '(
 ' � � % /0� K.� )
A
* , ),- 1��� � 5 ) 〈Aβ : β < α〉

�	��
 ���<��� +��A7,-!OI� )0/ /�4�� � +.-��.� -
β < α

*;� )
Aβ

���<��� +>��" '(
��
A
*�-&)0/ 1

�¿�_�'&;�0/Z¤�¢"46�m§ = v @ �JYl[D�j���t�2�
Aβ

bm[lbm~{�6bj[lhibmu�b£^�U2��u2f
A
��V{bmk z U��

A
h *��tf�[lf�dgf2Y U�� ^�f2[D�)�2YlsmY

Aβ

h'f2�j\_f2[lf�[9+�h�*��tf�[lf�d`f2Y V{f2k
Y [l[ f�d��mf�^`f�[D�&��YlstY V6bmk kHY dgf�^�
�f��`u�d`U2��f2Y��
= � @�Y �Xbmu.�t[D�m���m���tu b \��t^�h�o{[D�jk>2t���`u2f�dgf�d`dg��U2�tf£�`u2f�^`Y VHd`Y-Y V{a{o{k)�2Y smdp\��t�to{V{k bj[lkebm[lhibmu�V{Y��

�Df2�jWtf2V
β < α

^�2m�tu��]dgf�d�d z [ f2�mWmf2V
ϕ
f2�mW bjd��th'YZ\��t^`h�o}[ b£U��«[ f2�mWmf2V

k
f2�jW

Aβ

\_f2[ f�d�dgY�U�^µ�
d`U2kmf�[lU��2�-� kHk)�t^Ìbmu v � vmv d`U�d`f2[DU2�Ìb h��m��d�Y �Xbmu��m[ d�= v @×~5�mVHd*h'Y bed`d

(∗) A |= ϕ[k]
U��

Aβ |= ϕ[k]
f��mWJ�`u�f2^`^�f d`f2[�
�f����{[��

Q�f2�mW"�{k°h��t��di\_f2[ z ���t�mW¥hiY V{a{f�V
β < α

��^gb&U2�
h'YlV}a{f2V
Aβ

\_f�[lf�d`dgY
k
U�^�d`U2kmf�[lU��`^`f

(∗)
�

�md�Yl�Xbmu.�t[ d`o{k h��m^¿b
ϕ
U2� b

ψ
\��t^`h�o}[D�mkH^gbq� � kHk)�t^ b

ϕ ∧ ψ
Yl[ [lf�d��tf£b

¬ϕ
\��t^`h�o}[D�mkH^gb

�jd�dgU�^`U2�*~;U2[ a��mo{[Dbju v � vtv d`U�dgf�[ � Ylu.�tVXW"� d/�j��� � st[�h��m���t[l�6bedgs¿^`oqdgYlV}h�o{V{keb}�
Q�f2�mW"�{kP�tU����{[Z\_f2[ z ���m�mW

A |= ∃vϕ[k]
� �$kHk&�t^J�jbmV �t[ WtbmV

k′
v
≡ k A

\_f�[lf�d�dgYDU�^�dgU�kmf�[lU2� z
h'f2[]Wq^�f

A |= ϕ[k′]
� �Df2�mWmf2V

µ = max{β, ν(k(v))}
z f�kJk)�t^

k′
f2�mW

Aµ
\_f�[lf�d`dgYOU2^µdgU2kjf2[ U2�2�

R�u£YlV}a{o{k&��Ylst� \_f2[ d`f.�mU2�`f�YlV{k&�`u�f2^�YlVXd¿f2kHk)�t^
Aµ |= ϕ[k′]

� P�Y?�tf�[
Aβ

f2[ f2h'Y-^�U2�`u
Aµ

� � f�V z
�jbmV��t[ WtbmV

k′′
v
≡ k′ Aβ

\_f2[lf�d`d`Y6U2^�d`U2kjf2[lU�� z hif�[ WJ^`f
Aβ |= ϕ[k′′]

z bmu2bmu
Aβ |= ∃vϕ[k]

z �{Y �`u�f2V
v �



k′′
v
≡ k′

v
≡ k

� 6"U2���{[Z\��t^�a�� d��mb z �{b
Aβ |= ∃vϕ[k]

z bmkHk&�t^"bm[lkebm[ h£bm�
k′

v
≡ k Aβ

\_f2[lf�d`d`Y�U�^µ�
d`U2kmf�[lU��`�`f�[

Aβ |= ϕ[k′]
f2u�U2^µd�bmupY V{a{o{k)�2Ylsm��\_f2[ d`U�d`f2[D�`u�f2^�YlVXd

A |= ϕ[k′]
bju�bmu

A |= ∃vϕ[k]
�

�$u2u�f2[
(∗)

�O�jd � f�[D�jd�dgo{k
∃vϕ

��^�fpYl��h'YlV{a{f�V
β < α

��^gb¿U��
Aβ

\_f2[ f�d`d`Y
k
U2^µdgU�kmf2[ U2��^`fm�

RÈk&21�tf�dgkmf�u�+¿dgU�dgf�[ � f2V'hif��th�o}dgbjd;
�o{k z ���t�jW
∀∃
�Ý\��t^�h�o{[D�jk�Yl�tbmu2���m�XbN2t^�2tkH[�+qa{Y k [9�mV��.�tk

[ Ylh'f2�`u�U2^�fm�Z�6b"f��mW«Yl[ Wmf2V«\��t^`h�o}[ b*f2�mW [D�mV��-h'YlV{a}f2V��µdg^�o{kXd�E{^��3
�� � bmV¿Y �Xbmu z bmkHk&�m^
b"[ Ylh'f2�`u��
�µdg^`o}kHd�E{^�� � bmV Yl��Yl�tbmu�h£bj^gbmaB�
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�� - )�


〈Aβ : β < α〉
�A7,-!O � +)� � '(
�� )�


A
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�&(/C$?��� �!/�4(��


ϕ = ∀x0...∀xn−1∃y0...∃ymψ
�	��
=4���
 ),-

∀∃
$?4��'� %@� )��>� ����
 , � -

ψ
� 7�� /��0),- �84��'� � - �;� 'I�M" '

� +.-��.� -
β < α

*;� ) �8��� D?� '�&.� ��/�4(��

Aβ |= ϕ 132 / /�4�� A |= ϕ 1

�¿�_�'&;�0/Z¤�¢"46�m§ �Df��mWtf�V
a0, ..., an−1 ∈ A

dgf�dg��u�+t[ f2�tf�� z h'f2� kmf�[l[*h�o}dgbjdgVHo{V}k z ���t�mW �mbjV
�t[]WXbmV

b0, ..., bm−1 ∈ A
z ���t�mW

A |= ψ[a0, ..., an−1, b0, ..., bm−1]
� �$�{�{f�u&[ f2�mWmf2V

µ =
max{ν(ai) : i < n}

z f2kHk)�t^
a0, ..., an−1 ∈ Aµ

� P�Y?�tf2[
Aµ |= ϕ

z �jbmV��t[ WtbmV
b0, ..., bm−1 ∈

Aµ
z ���m�mW

Aµ |= ψ[a0, ..., an−1, b0, ..., bm−1]
�×R�u��tV � bmV

ψ
kQ�mbjVHd��t^`h'f2VXd`f2� z f�u2U2^µd�bju v � vtv

d`U�dgf�[D�`u�f2^`Y VXd
A |= ψ[a0, ..., an−1, b0, ..., bm−1]

z bm���m�mW
k4���)�mVXd`o{k@�

�
	�� 	 
 ������������� �
������� � ����� ��� ��� � ��� � � � ���
� ��� f�V�b¿^�U2�`u � f�Vcb �.�lh � f2V ��u2f�^`f2~}[9+ z bm[ �tf � ^gbmY@drbmVHo{[ h��jVHWtbmYlV}k � st[8Yl��Y �`h'f2^�d×k&�tV}��d��

^�o{k4�2Ylsmkjbed �m[ dgbm[D�mV��t���]d;
�o{k¿dgf�dg��u�+t[ f2�tf��Ì�µdg^�o{kXd�E{^��mkH^gb}�
¨ § #BL §>� ������¤3FX�_­Z§����	��
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A = 〈A, gAi , R
A
j 〉i∈I,j∈J

" '
B = 〈B, gBi , R

B
j 〉i∈I,j∈J

)�
�40-!4 '
�"!$#&%('�K ' �6� %(/0�6K.�(70/ 1 G 
 f : A→ B

$'&E������" -�
0�!/�4�� 4�� 4����C
�� %(' -&)0/�-!�����(
I
�& /��!/�) �8��� D?� '�&.� �
/�4(��
=� +.-��.� -

i ∈ I
*;���+" '

j ∈ J
*;���

•
/�)

a0, ..., aτ(gi)−1 ∈ A
)0/ /�4��

f(gAi (a0, ..., aτ(gi)−1) = gBi (f(a0), ..., f(aτ(gi)−1))
" '

•
/�)
a0, ..., aτ(Rj)−1 ∈ A

)0/ /�4��
〈a0, ..., aτ(Rj)−1〉 ∈ RA

j ⇔ 〈f(a0), ..., f(aτ(Rj)−1)〉 ∈
RB
j 1
Q�f2���jd�bmuÌYlu��mh��t^ �6u2h�o{���tk�~5�tVXd��t�gbmV£b � YF
�f2kXd��?� ���th��th��t^��6u�h�o{���tk@��R"uÌYlV3
�f2kXd��?� ���j�

h��th��t^��6u�h�o{���tkebjd � f7�m�mWtbmu7�j���tkHV6bmk V}f.�tf�u2u.�{k@� R"u�d'h��tV{a 
�o}k z ���t�jW bmu
A

�µdg^�o{kXd�E{^`b
f�[lf2h'Ylf�V � f7�j�mWXbmu��6bjd`s

B
� � f z �{b��jbmV>�m[ WXbjV

f : A → B
� f��m�mWtbmu7�m� z h'f2[]WJV{f2k�U2^µdgU�kJkjU2��u��

[ f�dgf�f2[ f2h'Y�^`U��`u
B
� � f2V �

A
~0�tVXd��m�gbmV�bmkHk)�t^ �m�mWtbmu2�6bedgs =�f�[lf�hiY f2VA@

B
� � f z �6b

A
Ylu.�th��t^�\

Bf��mW =�f�[lf�hiYD@Ã^`U��`u���dg^�o{kXd�E{^��3
��7�jbm[��
�D�J ��{���}¢t§P� �jW0\��t^`h�o{[D�jd�~5�tu�Y d����JV6bmk�V{f.�mf2u��}V{k z �6b bmu bjd��mhiY�\��m^`h�o{[9�mk � sm[O\_f2[ U2~��]dg�{f�d�+
bmu

∧,∨, ∃, ∀
2t���`u2f�k&2md�+ 
�f2[ f2kHkmf�[�� R��Xbmu.�t[�
�o}k>=_~8U�[la��jo{[A2t�`��u2f�d`f�d�dg�`U��i��u2f�^`YlVXd`Y8Y V{a{o{k)�2Yls1�jbm[D@ z

���m�mW �6b
f : A → B

f2�mW(�`u.�{^�
�f�kHd���� ���th��mh��t^ �6u2h�o{� z bmkHk)�t^¿hiY V{a{f�V ~5�tu�Y d����
ϕ
\��t^µ�

h�o}[D�m^`b�U2�
A
\_f2[lf�d`d`Y

k
U2^µdgU2kjf2[ U2�`^�f

A |= ϕ[k] ⇔ B |= ϕ[f ◦ k]
�

v"!
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A
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#���� �	7�� D %�-�/
a
*;�0)�� 1 G /0+ , ��� !.�;� � � -�
�������� � LA *;�0)���D?���<F�� D'& / 1

• A
�,+")���� )��+�JD ) � � ����
�� �

∆(A)
*;�0)��@D?���<F���&�-�/�� )�
 F ' '(
�� ' 4���
 ),-

LA
* , ��� + ),�84�� +�$?4��'*

� %.�A70/ ,�- ��7��)� - /�)���� )�
���� ����
H$?4��'� %.�A70/ +A� )�
 )0/
A
* , ),- " ' - +.-!O ' , � - -�&(/=��7�� �;4�
 - 1

• A
���<��� +M�,+")���� )��+�JD ) � � ����
�� �

∆e(A)
*;�0)�� D?���<F���&�-�/�� )�
+F ' '(
�� '04���
,),-

LA
* , ��� + ���$'���*

��� -����#$?4���� %.�A70/ ,�- ��7��)� - /�)���� )�
�� � ����
�$?4���� %.�A70/ +A� )�
 )0/
A
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 ) , )��.40-

���<�8$?4�� �,%.� - ��7�� �84�
 - 1
�D�J ��{���}¢t§ �Df2�mWmf2V

K3

b
3
�2��E��2��E�d`f2[�
�f��*�t^��j\���R�a 
�o{k h'f2�

K3

a{Y bm�m^gbmh'h'
��ed��
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A
" '

B L
*�' � � % /0� K.� 70/ 1��� �

A
)0/ /�4�� " ' O '*)0/ )0/ /�4��+7���
 )�
�/�),� - , �

B
* , ��/�)

B
*�-!� / �0),- 4���
 ),-

LA
-�
��������

B′

/0+.�;���)D?� '(
*�8" '��I��/�4(��

B′ |= ∆(A) 1��� �

A
)0/ /�4�� " ' O '*)0/ )0/ /�4�� 7���
,)�
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µF(x) = 1
z �6b
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�`u.�tk �m��V{f.�mf2u�V{Y����Df2�mWmf2V

h��t��d
µ
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Fµ = {x ⊆ I : µ(x) = 1}
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I
\_f2[lf�d`d2�
�I�jd;
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�f����{[��

�"b
F
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I
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F = {x ∈ B : (∃y0, ..., yn−1 ∈ U) y0 ∧ ... ∧ yn−1 ≤ x}

�6bj[lhibmu�d2�$P�Y?�tf2[
U

�tU��tf2�*h'f�dg��u2f�dÌd`o{[ b1
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F
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h'f�dg��u2f�dg^`f'u7�j^�d�� �"b
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y0, ..., yn−1
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y′0, ..., y
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m−1 ∈

U
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y0 ∧ ... ∧ yn−1 ≤ x
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y′0 ∧ ... ∧ y′m−1 ≤ x′
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′
0 ∧ ... ∧ y
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bju�bmu
x ∧ x′ ∈ F

�
F
d`f2���jdpf��mW

U
��d�drbm^µdrbm[ h£bmu�s
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��u�*{^�+£bmu�f�[9+tu.+�dgU�dgf2[Dh'Y bed`d�kHY]dgf2^$
�f2��u�dg�}f�d�+'f2�jW

U
o{[]dg^gbj�`u�*}^�+1�tUpU2�*f�u b¿kHY d`f2^$
�f2�`u�dgU��ÌV}f2h

[ f2�{f�d \�+t�`u.*{^�+ z �{Yl��u2f2V b �@^�U��r�{f�dc��u�*{^�+°dgbm^�dgbm[lhibmu�u�b bmu&bm[lbm~{�6bj[lhibmu �mU2�tf��c^`U��`u�f2YlV}f2k
k)�thi~}[lf2h'f2VXd`o{h£bjY d��B� u�U2^µd

U
V{f2h drbm^µdrbm[ h£bjuC�tU2�mf2���6bj[lhibmu��tkebjd z dgf����jd�bju�bm[lbm~{�6bm[ h£bju

f��mWtf�dg[lf�V
a
f2[ f2h'U2^`f���f2h d`f2[�
�f����{[ �{f�d z ���t�jW

{a} ∈ U
�

# § @ §�� ¡X¢L�J �§����	��
�� -
U
%.� � � )0'(
��.����)�


I
/�)���� )�
�$?���<� � �)� �<�	��
�� -

J ∈ U
" ' �;�	��
�&(/ $?��� �

/�4(��
 )
J0, ..., Jn−1 ⊆ J

#N7���40-�/�" - � �,+ '(
 D %�-�/0�3/�)���� )�
�4 / %�- + - D ) �	��
�� -��<�
J
*;����� 1 2 / /�4��#�40- �;4 '*),- �	��


i ∈ n
�0),-N�#� ����
����

Ji ∈ U 1
�¿�_�'&;�0/Z¤�¢"46�m§ �"bi[lf2V}V{U2V{f�k �m[ WXbjV0k4�{[92tV � 2tu�+

i0, i1 < n
Y V{a{f8Mqf�k z hif�[ Wtf�kH^`f

Ji0 ∈ U
U2�

Ji1 ∈ U
Yl��\_f�V{V��m[ [lV6b z bmkHk&�t^

∅ = Ji0 ∩ Ji1 ∈ U
k)23�mf�d`kmf2u�V{f z bjhiYÃ[lf��{f�d`f�dg[ f2VB� QOf����jd

[ f2�m\_f�[�
�f ��� f2�mW
i
��^�fpd`f2[F
�f2���}[l�{f�d z ���m�mW

Ji ∈ U
�

,��jWXbmV6bjkJk)�t^J�jbmV �t[ WtbmV
i
z h'f2[]Wq^�f

Ji ∈ U
d`f2[�
�f����{[ z o{�mWXbjV{Yl��f2[l[ f2V{kjf2u.+£f��`f�d � f�V hiY Vq�

a{f�V
i
�Ý^`f

I − Ji ∈ U
k&21�tf�dgkmf�u2V{f z bmhiYZb�7"fLP �t^`�XbjV bmu.�tV��t�����m���mk ��u2f�^`YlVXd

U 63 I − J =
∩i∈nI − Ji ∈ U

f�[l[lf�VXdgh��tV{a��m�����tuC�mf2u2f�dgV{fj�
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� � Ylu.�tVXW%�]d/�m��o{�mWtbmV6bmu.�tV bmu�f��mWJ�`u�f2^�*&���tV}a��t[ bed��tVcbm[ bm~}�`u2Y k z bmh'Y��mf2[�hif��th�o}dgbjd`d`o{k z
���m�mWL�tU��tf2�'�6bm[ h£bju��tk \_f2[ f�d`d h'YlV}a{f2V o{[]dg^gbj�`u�*}^�+ \�+t�`u.*{^�+}� �$V{V{f�k hif��m\_f2[ f2[�+qf�V z b � � �
d`U�dgf�[ � +t[�Y ��k&2tV}VHWmf2V�k&21�tf�dgkmf�u2Y k z ���t�jW��tU��tf2�Ì�6bm[ h£bju"\_f2[ f�d`d�hiY V{a{f2V o}[ dg^`bm�`u.*{^�+¿\�+t��u�*{^�+{�
�6b

I
�tU2�mf2�'�6bm[lhibmu z bmkHk&�t^'b

Ja = {a}
�&�j[l�`u�d/�m���gbm[*b

{Ja : a ∈ I}
�6bj[lhibmu2^�f2V{a{��u2f�^

f�[lf2�mf�d�dgf��`u b�dgU�d`f2[B\_f�[ dgU�dgf�[lf2Y V{f2k@�

�"	�� 	 � � 
���� � ��� ���
� �jW
^�2m�tu��]dgf�d�d | �"�t[lf���bm[ �tf � ^gb � f2[ Y;o}[ dg^`bm�`u.*{^�+mk�2t���`u�f2�`��U2�tf f2�mWid��t~0�t[��t�tYlkHo{�Ãdgf�^`f�d�bm[Û�

k)�md�� � ��� f2V�bmu«bm[ \_fO
�f2u2f�d � f2V f�dgf2^�f2kHkmf�[ZYl�`h'f2^�kmf�a��{V{k h'f2�{�$Q 2 ��� f�k k&2tu.2md`dÌh'f2�th�o}drbjdµ�

�o{k z ���m�mW f2u�f2k k)�thi~{bmkXd �"bmo{��a��t^ � ��dgf2^�f2k@�
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Nε = {x ∈ U(B) : ε ∈ x} 1
n 2tV{VXWtf�Vc[D�edg�6bjd`s z ���t�mW �6b

ε, δ ∈ B
bmkHk&�t^

= v @
Nε ∩Nδ = Nε∧δ

z
= � @

U(I) −Nε = N−ε
z

= w @
N0B = ∅

=_�{Yl��u2f�V
0B

f��mWtf�dg[ f2V
B
� � f2[ YBo{[ d`^gbm��u�*{^�+tV{f�k
�`f�h f2[ f2h'f1@��

�$u2f�k£��u2f2^�YlVXd*bmu
{Nε : ε ⊆ I}

�6bm[ h£bmu�^`f�V{a{�`u�f2^ �tU2�mf2��h'f�dg��u2f�dg^`f"u7�m^µd�U2�B� �mW f2�jWid��t~5�m[lsj�
�tYlb � �ju2Yl���jd�bj[lk&�jd;
`b}�ÌR �tf�V{f2^��m[ d

τ
d��m~5�t[ st�tY9�jd*V{f.�mf2u�u��{k

B
< d��mV{f���dgf2^�U2V{f�k@��R dgf�[�
�f2���`U��

kjf2a��mU2U2^µdphif��1
�f��mWtf�u2u.�{k z ���t�jW b < d��tV{f���dgU�^ � f2V b'VHW"� [ dÌ�6bm[ h£bmu.�tk
τ
^`f2V}a{�`u�f2^`f�bik&21�mf�d��

kjf2u�+}�

τ = {∪ε∈ΓNε : Γ ⊆ B}
�

B
< d��tV}f��Ýd`f2^�fidgf����jd�b

B∗ = 〈U(B), τ〉
dgU2^���Q�f2^�hiU��`u�f�dgf��`f�V¥bju

Nε

�6bm[ h£bmu.�tk VXW"�l[ dgbmk z
f�u2f2kjf�d'f2[ f2h'Y-VXW"�l[]d��6bj[lhibmu��tkHV6bjk&V}f.�tf�u2u.�{k@� = � @phiYlbjd`d f2[ f2h'Y-VXW"�l[]d¿�6bm[ h£bmu.�tk k&�mhi[ f��
h'f2VXdgo}h£bmY�Yl��=�f�[lf�hiYD@ÃVXW"�l[ dgbmk@�
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`b�a{Y �`uO
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x
U2�
y
kjU�d*k4�{[92mV � 2tu.+

o{[]dg^`bm�`u.*{^�+
B
� � f�V z bmkHk&�m^C�mbjV �m[ WXbjV

ε ∈ B
hif�[ WJ^`f

ε ∈ x
U2�

−ε ∈ y
�N6Ãbm�mWJYl�

x ∈ NεU��
y ∈ N−ε

���$u2f�k �`u�f2^`Y VXd�bju
Nε, N−ε

#0hif�[ Wmf2kcVXW"�l[]dpU2�«a{Yl��u�
�o{V}kHd«�6bj[lhibmu��tk!#c�`u�U�d��
�)�m[lbm�`u�d;
��mk

x
�Ýd*U2�

y
�Ýd2�

P �t�µd'bmu�d�h�o}drbed;
�o{k&hif�� z ���m�mW
B∗ k&�th'~6bmkXd�� �Df2�jWtf2V

H
u��m^�d¿�{bm[lhibmu��mk&f��mW �tU��

�tf�� hif�dg�`u�f�d dgo}[ b3
�a��mV{���m�&EÐ^�f2V{a}�`u2f�^`f z bju�d&kmf�[l[¿Yl�tbmu��t[ V{Y z ���m�mW
∩H 6= ∅

� = � @ch'Y]�
bjd�d�b < d��tV{f��ÝdgU�^ hiY V{a{f�V u7�m^µd ^`U��`u��6bm[lhibmu2b(f2[ f2h'Y"VXW"�l[ d£�6bm[ h£bmu.�tk hif�dg��u2f�d`f z f2u�U2^�d b
H ′ = {Nε : (∃h ∈ H)h ⊆ Nε}

�6bm[lhibmu��`u2Y VXdgU2V �tU��tf2� h'f�dg��u2f�d dgo{[lb3
�a��tV{���m��E U��
∩H = ∩H ′ � �$u2U�^�d =

H
��^�st[*f2�`f�dg[ f2�

H ′ ��^�f��jd�dgU2^ �tf7@'\_f2[]dgf2�}f�d�+ z ���t�mW
H

f�[lf2h'f2YÌf2[ f2h'Y
VXW"�l[]d£�6bj[lhibmu��tk@�

H = {Nε : ε ∈ Γ}
� RÝd`d

Γ ⊆ B
U�� �6b

ε0, ..., εn−1 ∈ Γ
z bmkHk&�t^

�mx



ε0 ∧ ... ∧ εn−1
V{f2h b VHo{[ [lf�[lf2h =_f2[l[ f2V{kjf2u.+'f��`f�d � f2V�o{�mWtbmV{Yl�

H
�mU2�tf��*hif�dg�`u�f�d�d`o{[ b3
�a��tVq�

���m�Xb�h'Y bjd�d
∅ 6= Nε0 ∩ ... ∩Nεn−1 = Nε0∧...∧εn−1 = N0B = ∅

f2[ [lf2VXd`h��tV}a��m�×k)21�tf�d`kmf�u2V{f7@��
R � � y dgU�d`f2[�= v @�h£b1
�a = � @�~5�mVHd�
`b hiYlbjd`d

Γ
kHYlf�d�
�f2��u�dg�}f�d�+ f2�mW

x
o{[]dg^gbj�`u�*}^�+1�tUj� �$kHk&�t^

d`f�dg��u�+t[ f2�tf��
Nε ∈ H

�Ý^gb
ε ∈ Γ ⊆ x

�jbm�mWJYl�
x ∈ Nε

z bju�bmu
x ∈ ∩H

�
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\�+t�`u.*{^�+ z bmkHk&�t^ �jbmV �t[ WtbmV

a ∈ B
bed��th z h'f2[]WJ^`f

x = Fa
z f2kHk)�t^�bmu

Na

f2�mW��t[ WtbmV f2[ f2h'Y
VXW%� [ d��{bm[lhibmu z hif�[ WJV{f2k�f2�mWmf�d`[lf2V&f2[ f2h'f
x
z �mbj�mWJYl�

x
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���t^�a�� d��mb z �6b
x
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ε ∈ B
z ���t�mW

Nε

f��mWtf�dg[ f2V f2[ f2h'f
x
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,Ì�mWXbmV{bmkHk&�t^pbmu
Fε
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Nε
�ÝV6bmk@� � u�f2k0��u2f�^`YlVXd

~0�tVXd��t�`bmV(f��mW&o{[ d`^gbm��u�*{^�+ �jbmV z bmh'Y
Fε
�Ýd«kHY d`f2^$
�f2�`u�dgY z �jbm�mWJYl�

Fε
h£bm�tb f��mW o{[ d`^gbm��u�*{^�+{�

6"U2���{[
x
VXWJYl[?�&�jV4�jbm[ sXbmV�f��mW

Fε
�Ýd$kHY d`f2^$
�f2�`u�d�+po{[]dg^gbj�`u�*}^�+ z bju�bmu

x = Fε
z �jbm�mWJY �

x
\�+t��u�*{^�+{�

�$u2f�k � +t[-k&2tV{VXWmf2V°bma{sJa{Ylk z ���t�mW �{b
B∗ �mU2�md`f2[ f2V z bjkJk)�t^ �jbmV V{f2h \�+co}[ dg^`bm�`u.*{^�+

B
�

� f2VB� ,Ì�mWXbjV{Yl�
B∗ k)�thi~{bmkXd¿dgU2^ z � �mW �{b �mU2�md`f2[ f2V z bmkHk&�t^
�jbmV d��m^`[lsJa��m��Y×~0�tVXd;
`b =�bju�bmu

�t[]WXbmV°~0�tVXd z h'f2[]WJV{f2k h'YlV}a{f2V°k&2t^�VXWtf2u�f�d`U � f2V �tU��mdgf�[lf�V����mk d��1�)� ��� Y*~0�tVXd��jbmV�@ z f�ucb
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�"b
B
h'f2�m�`u7�jhi[9�m[l�6bedgs | �%�t[ f���bm[l�tf � ^gb z bmkHk&�t^

B∗ h'f�d`^`Ylu��m[l�{bjdgs{�����m^��t[F
�o{k'\_f�[�dgf�dg��u�+j�[ f2�tf��"���m^`^`f�V{a � f2V
B
f�[lf�hif�Y d z h��tV{a 
�o}k

B = {bn : n ∈ ω}
U2�"[lf2�jWtf2V

δ : 2(B∗) → <
b

k)23�mf�d`kmf2u.+ \��{�t�&�mU2VXWt� �"b
x = y

bmkHk&�m^"[lf��mWtf�V
δ(x, y) = 0

� ��b
x 6= y

bmkHk&�t^ �mbjV��t[]WXbmV
n ∈ ω

z ���t�mW
bn x

U��
y
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x
U2�
y bn

�ÝV{U2[�f2[]dgU�^2� �Df��mWtf�V
δ(x, y) = 1/n

z bm���m[
n
bmu�b'[lf2�mkJY �`f ��� �`u��mh z h'f2[ WJ^�f

x
U2�
y
f2[]dgU2^

bn
��V{U�[�� HÌWJYl[?�&�jV4�jbm[ s z ���t�mW

δ
�`u�Ylh'hif�dg^`Y kHo{� z U���~5�mVHd��t�gbjV bjkJk)�t^p[lf��`u

0
bmu

f�^`f2a}hiU�VHW z �6b bckjU�d bm^��to{h'f2VXdgo}h f��mWtf�V{[9+}�0R ���m^��th'�`u�2m�cf2�jWtf2V}[9+md`[lf2V}�`U2� Y � d`f2[�
�f����{[ z
h'f2^µd"�6b

x
U��
z bn

�ÝV{U2[�f2[]dgU�^ z bjkJk)�t^
y
�jbm�mW

x
��d�+t[I�jbm�mW ~8f�a{Yl�

z
�Ýd�+t[�f2[ d`U2^

bn
��V{U�[ z �jbm�mWJYl�

δ(x, z) ≤ δ(y, x)
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δ(x, z) ≤ δ(y, z)
U�� � �mW

δ(x, z) ≤ δ(x, y) + δ(y, z)
�

n 2mV{VXW%* �edg���tV}a��t[lV}Y z ���t�mW b
δ
�j[ drbj[Ãh'f2�m�6bjd/�j^��tu.�md`dpd��m~5�t[ st�tYlb
U2~{~;f2V b < d��tV}f��Ýd`U2^

d��t~5�m[lst�tYlb}�Df2u�f2k¿��u2f2^�YlVXdÃkmU�d-o}[ dg^`bm�`u.*{^�+pbjV{V��m[{k)2tu2f�[lf ��� �jbmV f2�jWqh��m�����tu
δ
��u2f2^�YlVXd z h'YlV{U�[

���m�`�`u2b ��� kjf2u�a�+t�`u�f2[ f�dgf�d�kmf�[l[��tf�V{V4�{V{k
{b0, b1, b2, ...}

� � f2V z h��l�pf2[ U2^��{V{k'b kjU�d�o}[ dg^`bm�`u.*{^�+
k)2tu�d`YDf2[l��+ f2[ d`U2^�U2�`Y �{�
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R h��m��Ylk�bm[ kjbj[lhibmu7�m� �ÌYlV{a{hibmV�dgU�dgf2[ U2V{f�k 	 [ bju2f2^��Ý\_U�[lfpYl�Xbju��t[9�m�gb}�*R � Ylu.�tVXW%�]d/�m�µd"U�^µ�
a{f�kmf��`�`U��tf�h'Y bed`d�k)2tu�2t[F
��{k z ��Y V{a{hibmV
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D?���<F�� +
A λ

'(
�7�� 4 ' '�7���K
��" '(
�/�)���� )�
 ),+.-&)0/ /�)���� )�
�7,� 1

R"u
f : [A]n → k

bm[ bjk"E¿\��{�m�&�tU�VHWmf2kjf�d*bmu
[A]n

f2�mW
k
����u��lV}f2u2U��`U�V{f2k V{f8�tf2u�u��{k@�

B ⊆ A���mh��t�mU2V bmu
f
�Ý^`f�V{U�u.�tf z �{b

f
k)�tV{�µdrbmV{�µ\��{�t�&�mU2VXW

[B]n
�Ýf2VB�

�Df2�mWmf2V h��t�µd
f : [ω]n → k

f��mW°�`u�� V{f2u�U2���
B ⊆ ω

~{^�f2���th��t�tU�V
f
��^`f�V{U�u.�mf z �6b

d`f�dg��u�+t[ f2�tf��
x ∈ [B]n−1 ��^�f z U�� x h'YlV}a{f2V0f�[lf�hiU�V{U2[
V{bm�mW�� ���

a, b ∈ B
�Ý^`f

f(x ∪ {a}) =
f(x ∪ {b})

�
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n, k ∈ ω, n ≥ 2, k ≥ 1
�;� �.'(
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f : [ω]n → k
�	��
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f
*;��� 1

�¿�_�'&;�0/Z¤�¢"46�m§ �Df2�mWmf2V
U
f2�jW d`f�dg��u�+t[ f2�tf��¿V{f2h \�+0o{[]dg^`bm�`u.*{^�+

ω
�ÝVB� S*f2kHo{^`u�Yls1�jbm[Ãhif��Xbe�

a{o}V{k f2�mW V�23�&+
〈bi ∈ ω : i ∈ ω〉

U�� f��mW �2��2tkHkmf�V�+
〈Ii ⊆ ω : i ∈ ω〉

���t^��mu�bjd��md�E{�mW z
���m�mW
h'YlV{a}f2V

i ∈ ω
��^`b�dgf�[�
�f2���{[�
�f�V{f2k
bmu«bm[D� ��� Y�kHYlk)2mdgU��`f�k;�

bi−1 < bi
z

Ii−1 ⊇ Ii ∈ U
z

bi ∈ Ii
U2�

h'YlV{a{f�V
x ∈ [{bj : j < i}]n−1 ��^�f�U2�ÌhiY V{a{f2V a, b ∈ Ii

�Ý^`f
f(x ∪ {a}) = f(x ∪ {b})

�
� ���t^��tu�bjd��tk�kjf2u�a�+t�`u�f2[ f�dgf�Yp[lf2�jWtf2V}f2k b k&21�mf�dgkjf2u.+tk@�

b0 < ... < bn−2
d`f�d`�`u�+m[lf2�mf2� U2�

[ f2�mWmf2V
I0 = ... = In−2 = ω

� �$u2f2kH^�f b&kjf2u�a�+t�`u�f2[ f�dgf�kH^`f =
i ≤ n − 2

�ÝYl�4@«d`^`Y?�qY9�m[lY �gbmV
d`f2[�
�f����{[ V{f2k b \_f2[]dgU�d`f2[ f2k =�bmu�oqd��t[ �`s bju2U2^µd£h'f2^µd

{b0, ..., bn−3}
�ÝV6bmk V{Y V��2�

n − 1
f�[lf2h�*

^�U2�`u��6bm[ h£bmu2bQ@���Q�f2�jW%�}k \_f�[ z ���t�mW h'YlV{a}f2V
j < i

�Ý^`f hif��Xbma}d`o{k h��j^"b \_f2[ d`U�d`f2[lf�kHV{f2k�f2[ f��
�tf�d dgf.�&+

bj
�Ýd U��

Ij
��d�� �Df��mWtf�V
b

bj
��k h£b3M}Y h�o{hib

c
U2�Ãh'YlV{a{f�V

c
�ÝV{U2[6V{bm�mW�� ���

d ∈ Ii−1

�Ý^`f
fd : [{bj : j < i}]n−1 → k

[ f2�mWmf2V(bmu
b \��{�t�&�mU2VXW z h'f2[]WJ^`f
fd(x) = f(x ∪ {d})

�P� �jW
g : [{bj : j < i}]n−1 → k

\��{�t�&�mU2VXWJ^`f [lf��mWtf�V
Jg = {d ∈ Ii−1 : d > c, g = fd}

� P�Y?�tf2[
g
� � +t[ ���gbmk �tU��tf2�����tk&[lf��{f�d z b

Jg
�6bm[lhibmu.�tk bmu

Ii−1 ∩ {d ∈ ω : d > c} ∈ U
�6bm[ h£bju

f��mW��mU2�tf���~6bm^µd��9��Yls 
��ed�bm[ k&�md�
��mk z f�u2U2^µd*b � � �«dgU�dgf�[�h'Y bjd�d×~0�tVXd��t�`bmV f2�jW
g
�Ý^`f"[ f2��u

Jg ∈ U
�

�Df2�jWtf2V
bi
f2V{V{f�k b

Jg
��V}f2k
f��mW£d`f�dg��u�+t[ f2�tf��*f2[lf�hif z U2�*[ f2�mWmf2V

Ii = Jg
�$R�u�o}d��m[l�`s¿Y V{a{o{kt�

��Ylst�Z\_f2[]dgf.�mU2�$kHY��mU�d`f2[lU8�tf�[}h'YlV{a{f��mWJYlk�kHYlk)2mdgU����{V}k�VXWJYl[��)�mVQ�jbm[ sXbmVpdgf2[F
�f2���{[�� �$[l[lf�V�+t^�Ylu2u.�{kpbmu
o}d��t[l��s'\_f�[ d`U�dgf�[ dÌYl���×[ f2�mWmf2V

x ∈ [{bj : j < i}]n−1 U��"[ f2�mWmf2V a, b ∈ Ii
d`f�d`�`u�+m[lf2�mf2�2� �$kHk&�t^

f(x ∪ {a}) = fa(x) = g(x) = fb(x) = f(x ∪ {b})
� �$u2u�f2[�b¿���t^��tu�bjd��tkebjd*a{f8�6V{YD�j[ dgo}k;�

� [ [9�]d;
�o{k z ���t�mW°b
B = {bi : i ∈ ω}

~{^`f����th��t�tU2V
f
�Ý^`f�V{U�u.�tfj� �Zf��mWtf�V o{�mWtbmV{Y �

x ∈ [B]n−1 z h��tV{a 
�o}k
x = {bi1 , ..., bin−1}

U2�×[ f2�mWmf2V{f�k
a, b ∈ B

bmu
x
f2[lf�hif�YlV{U�[@V6bm�mW&� ���

��u7�mh��tk@�'�$kHk&�t^
a, b ∈ Iin−1+1

h'Y bjd�d�bm[ kebm[lhibmu2�{bjdgs'bmu o}d��t[ �`s
Y V{a{o{k)�2Y st��kHYlk)2mdgU�� z h'f2[]W
��u2f2^�YlVXd

f(x ∪ {a}) = f(x ∪ {b})
z �jbm�mWJY �

B
~}^`f2���th��m�tU2VB�
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�¿�_�'&;�0/Z¤�¢"46�m§�R�u��m[ [9�]d/�m�µd
n
��u2f�^`YlVXd`YZd`f2[F
�f2�*YlV{a}o{k&��Yls1�jbm[ZYl�Xbmu.�t[�
�o}k;� R�u

n = 1
=
k
d`f�d`�`u�+e�

[ f2�tf��/@Ìf��`f�dpb£�`kebjd`o{[ Wtb
f2[?��h'Y bed`d*dg^�Y��JYD�m[ Yl���ÌQ�f2�jW%�}kch��t��dÌ\_f2[ z ���t�jW
n ≥ 2

U2�pbmu��m[l[�� d��m�
Y �Xbmu

n− 1
��^`f�U��Ìd`f�d`�`u�+m[lf2�mf2�

k
�Ý^gb}�

R � � v � d`U�dgf�[�h'Y bjd�d �jbmVK�t[]WXbmVL�mU2�md`f2[ f2V
B ⊂ ω

hif�[ W ~{^`f����th��t�tU2V
f
��^�fm� �Df2�mWmf2V

g : [B]n−1 → k
bmu b
�`u.�lV{f�u2U�� z h'f2[ WJ^�f

g(x) = f(x ∪ {a})
z bj���t[

x ∈ [B]n−1 U�� a ∈ B�t[]WXbmV°f2[ f2h z h'f2[]W
x
h'YlV}a{f2V f2[ f2h'U2V{U�[*V6bm�mW&� ��� � P�Y��mf2[

B
~{^`f����th��t�tU2V

f
�Ý^`f�V{U2u8�tf z

g
f2^�f2a{h'U2VXWtf V{f�h \��{�t�

a
�)�m[ bj�`u�d��m���edgst[ z dgf2���jd

g

�st[la{f8�6V{Y9�m[ d2�&R�u YlV}a{o{k&��Ylst��\_f�[ d`f.�tU��

��u2f2^�YlVXd'�jbmV �t[ WtbmV �tU��mdgf�[lf2V
C ⊆ B

^�U2�`u��6bm[ h£bmu z hif�[ W����th��t�tU�V
g
��^`f�V{U2u8�tfm�'P f2�th�oJ�

dgbjd;
�o{k z ���t�mW
C f

�`u�f2^`Y VXd�Yl�*���mh��t�mU2VB� �Df2�jWtf2V o}�mWXbmV}Yl�
x, x′ ∈ [C]n

z [ f2�mWmf2V{f�k
x
U2�
x′[ f2�tV6bj�mW�� ��� f�[lf�hif�YB^`f�V{a{^`f

a
U2�
a′
�	� kHk)�t^

f(x) = g(x− {a}) = g(x′ − {a′}) = f(x′)
z

bmu2bmu
f
�mbj[ls � bjV k&�tV{�µdrbmV}�

[C]n
��f2V��

P �t�µdÃ^��jd`U2^��}V{k ��Y V{a{hibmV�dgU�dgf2[ U2V{f�k � Y u��tVXW"� d��m���m^`b z h'f2[ W�bmu�dÃh��tV{a 
`b�kHY z ���t�mW bjk)�j^µ�
���m�mWXbmV Y �×��u��lV}f2u2u.�{k

ω
f�[lf�hif�Y d �tU2�mf2�����mk£�`u.�lV{V}f2[ z [lf��`uC�m[ WXbjV��tU��mdgf�[lf2V

A
�6bm[ h£bmu z ���t�mW

bmu
∪n∈ω{a0 + ...+an−1 : a0, ..., an−1 ∈ A, a0, ..., an−1

~��m^��mV{kmU�VHd×k4�{[92tV � 2tu�+
}
�{bm[lhibmu

���mh��t�mU2VB�
�"bj�`u2V��t��[lf��`u£bck&21�tf�dgkjf2u�+!
�f2[�2t[lU��2� �"b

x = {x0, ..., xn−1} ∈ [ω]<ω
bmkHk)�t^

Σ(x) =
x0 + ... + xn−1

=
Σ(∅)

��d
0
��V6bjk
dgf2kHY VHd�
��{k%@�� ���t[ kJhibmV�f2�jW�k)�t^�� ��� YZf2^�f2a{h'U2VXWtf��`u2f�^`Y VHd

ωf�[lf2h'f2Y V{f2kÌdgf�dg�`u.+t[lf��tf2�Z��u��lV}f2u2U��`f-f2�`f�dgU�V dgf�dg��u�+t[ f2�tf��`f2V V6bm�mW
k ∈ ω

��^`b �mbjV �t[]WXbmVp[ f2�Xbm[9� ���
k
f2[ f2h *

A ⊆ ω
z ���t�mW b

{Σ(x) : x ⊆ A}
�{bm[lhibmu����mh��t�mU2VB���$u'b �mWmf2V{�mU ��� �m[l[�� d/�j�

��f2h d`^`Y��JY9�m[lY �2� �ÌYlV{a}h£bmV
d`U�d`f2[lf�f�V{V{U�[�
�s1�jbm[�d�2 ��� f�d �m[ [9� d2�OV}f2h �2�`bmk£d`f�dg��u�+t[ f2�tf��`f�VcV6bm�jW z
a{f
�mU2�tf����6bm[ h£bju��tk �mbjV{V6bmk z hif�[ Wtf�k�2t���`u2f��t�6bm[ h£bju�b ���th��t�tU�V z �6bmV{f�h �tU2�jdgf2[ f2V Yl[ Wmf2V
�6bj[lhibmu�Yl�B�jbmV��

R 	 [lbmu2f�^�d�+m[B�`u��m^`hibmu2sibm[9� ��� Y � Ylu��mVHW"�]d/�m�����tu«f2�mW����t^*[lf2h'h��mVP�jd �tf2u�f�d�bmuNE}d�� � [�+j�
��u�2t^ÃYl� z �{b

A ⊆ ω
U2�
n ∈ ω

bmkHk)�t^-�{bm�`u�V��m[lV}Y@\��m�1
�o{k�bmu
(A)−n = {x ∈ ω : x+n ∈ A}
�f�[92t[ U2��d2�
Q �3�)� ��� �

N

�f�[92t[ YBb¿~0�tu2Y]d����if2�mU2�`u«�`u��mh��tk£�6bj[lhibmu7�jdN=_dgf����jd

N = ω − {0}
@��
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F ⊕ G= {A ⊆ N : {n ∈ N : (A) − n ∈ G} ∈ F} 1
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⊕
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�¿�_�'&;�0/Z¤�¢"46�m§��Df2�mWmf2V
F ,G ∈ U(N)

z = v @��Ý�{f2uÌbmu�dÃkmf2[ [6Yl�Xbju��t[ VJo}V{k z ���t�mW
F⊕G ∈ U(N)

�
��Y �mWtf�[�
��{k�h'f2� z ���t�mW�dgf�dg�`u.+t[lf��tf2�

n ∈ N
��^`f

(N) − n = N
Yl[ [lf�d��tf

(∅) − n = ∅
� �$u�U2^�d

h'YlV{a}f2V
n ∈ N

�Ý^`f
(N) − n ∈ G

U2�
(∅) − n 6∈ G

�jbm�mWJYl�
N ∈ F ⊕ G

=�dgf����jd
F ⊕ G

V{f2h

� !



bmu �{^�f2�`�{bm[lhibmu1@�d��3�)� ��� �
∅ 6∈ F ⊕G

�$QOf��mW"�{k¿\_f2[ z ���t�jW
A ⊆ B

� �$kHk&�t^Ãdgf�d`�`u.+t[lf��tf2�
n
��^�f

(A)−n ⊆ (B)−n
�	�$u2U�^�d

{n ∈ N : (A)−n ∈ G} ⊆ {n ∈ N : (B)−n ∈ G}
�
QOf����jd z

�6b
A ∈ F ⊕ G

z bmkHk&�t^
B ∈ F ⊕ G

Y ��dgf2[F
�f2���{[ z �jbm�mWJY �
F ⊕ G

\_f�[l�`u��m[l[ s{� �Df2�jWtf2V h��m��d
A,B ∈ F ⊕ G

z hif��th�o}dgbjd;
�o{k z ���t�mW f�kJk)�t^
A ∩ B

Yl�
F ⊕ G

� � f2[ Y�� �6f2[]dgf.�mU2���{V{kc��u2f�^`YlVXd
{n ∈ N : (A) − n ∈ G}

U2�
{n ∈ N : (B) − n ∈ G}

f��mWXbj^��mVXd
F
� � f�[lYZ�6bm[ h£bmu.�tk z �l�mW

h'f�d`�`u2f�d��{k Y �
F
� � f�[lY��27"f

{n ∈ N : (A) − n ∈ G} ∩ {n ∈ N : (B) − n ∈ G} =
{n ∈ N : (A) − n, (B) − n ∈ G} =
{n ∈ N : (A) − n ∩ (B) − n ∈ G} =
{n ∈ N : (A ∩ B) − n ∈ G}

f�u2U2^µd£f�u�o}dgs ��� Y*�6bm[lhibmu
Y �
F
� � f�[lY z �jbm�jWqY �

A ∩ B ∈ F ⊕ G
� 6�U2�&�{[�[lf��mWtf�V

A ⊆ NU��
n ∈ ω

�	� kHk)�t^

N − [(A) − n] = {k ∈ N : k + n 6∈ A} = {k ∈ N : k + n ∈ N − A} = (N − A) − n
�

�$u2U�^�d

A 6∈ F ⊕ G ⇔
{n ∈ N : (A) − n ∈ G} 6∈ F ⇔
{n ∈ N : (A) − n 6∈ G} ∈ F ⇔
{n ∈ N : N − [(A) − n] ∈ G} ∈ F ⇔
{n ∈ N : (N − A) − n ∈ G} ∈ F ⇔
(N − A) ∈ F ⊕ G

�
Q�f2���ed

F ⊕ G
�jbm[ s � bmV o}[ dg^`bm�`u.*{^�+}�

= � @ÌYl�tbmu��t[9�m���j���tu�dgf��mW"�{k \_f�[ z ���t�mW
F ,G,H ∈ U(N)

U��"[ f2�mWmf2V
A ⊆ N

dgf�dg�`u.+t[lf��tf2���
�$kHk&�t^

A ∈ (F ⊕ G) ⊕H ⇔
{n ∈ N : (A) − n ∈ H} ∈ F ⊕ G ⇔
{m ∈ N : ({n ∈ N : (A) − n ∈ H}) −m ∈ G} ∈ F ⇔
{m ∈ N : {n ∈ N : (A) − n−m ∈ H} ∈ G} ∈ F ⇔
{m ∈ N : {n ∈ N : ((A) −m) − n ∈ H} ∈ G} ∈ F ⇔
{m ∈ N : (A) −m ∈ G ⊕H} ∈ F ⇔
A ∈ F ⊕ (G ⊕H)

�
= w @ Yl�tbmu��t[9�m���j���tu �tU2�&�{[�[lf��mWtf�V

F ,G ∈ U(N)
U��¿[lf��mWtf�V

Nε

f2�jW
F ⊕ G

��d�drbm^µdrbm[ h£bju2s
d`f�dg��u�+t[ f2�tf��*f2[lf�hiY�VHW"� [ d��6bj[lhibmum� �$kHk&�m^

ε ∈ F ⊕ G
bmu2bmu

(∗) {n ∈ N : (ε) − n ∈ G} ∈ F
�

w��



�Df2�jWtf2V
δ = {n ∈ N : (ε) − n ∈ G}

z f2kHk&�t^
Nδ

bmu
F

f��mW k)2t^`VXWtf�u2f�dgf z U�� hiY Vq�
a{f�V

F ′ ∈ Nδ

�Ý^gb
(∗)

hiYlbjd`d
ε ∈ F ′ ⊕ G

bmu�bmu
F ′ ⊕ G ∈ Nε

Yl�£d`f2[F
�f2���}[ z �jbm�mWJYl� b
⊕G(H) = H⊕ G

\��{�t�&�mU2VXW \��t[]WJd��tV��t�
F
� � f2V��

R"u
〈A, ·, τ〉

��d`^`o{kXd�E{^��mkebjd-k&�mhi~6bjkHd$\_U�[9�����t~0�t^�d��tkHV6bmk�V}f.�tf�u2u.�{k z �6b
〈A, ·〉

f2�jW¿\_U2[9�����j�
~0�t^�d z

〈A, τ〉
k&�th'~6bmkXd �"bmo{��a��t^ � ��dgU2^ÌU2�Ìdgf�dg�`u.+t[lf��tf2�

a ∈ A
�Ý^gb'bmu

fa : A → A, fa(x) =
x · a

\��{�m�&�tU�VHWc\��t[ WHd��mV��t�2���$u2f2kc�`u2f�^`Y VHdpd`f2���jd
〈U(N),⊕, τ〉

=_Y d`d
τ
b < d��tV}f��Ýd��t~0�t[lst�mYD�jd


�f�[92t[ Y$@$f2�mW k)�th'~6bmkXd*\_U2[9�����t~0�t^µd��
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b¿�`u�� V{fm���Df2�jWtf2V

a0 ∈ Ji ∩ J
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{i ∈ I : fΠi∈IAi(s0, ..., sn−1)(i) = fΠi∈IAi(z0, ..., zn−1)(i)} =
{i ∈ I : fAi(s0(i), ..., sn−1(i)) = fAi(z0(i), ..., zn−1(i))} ⊇ J ∈ F
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fΠi∈IAi(s0, ..., sn−1) ∼F fΠi∈IAi(z0, ..., zn−1)
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= w @×Yl�Xbmu.�t[D�j�gb�dgf�[�
�f��`f2V �6bm���tV{[ s{�

R d��1�&� ��� Y bjk � bmV f2�jW
s ∈ Πi∈IAi

f2[ f2h
∼F

�`u�f2^�YlVXdgYÃf2kQ�JY��jbm[ f2V���Y b&�t��u�d��m[ W��jd
s/F

�Ýf2[

�f�[92t[F
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R � � v�� [ f2h'h�� � bmV£~0�tVXd*bmu�d�h�o}dgbjd`d`o{k'hif�� z ���m�mW
bju�f2[�+tu�+�a}f.�6V����2Y s � bmV b�^�f2a{o}k)�j[ d

��u��t^�u�bjd � f�[lY�\��{�t�)�tU2VXWmf2kÈU2^�d`U2kjf(U2� ^`f�[D�&��Ylstk¥Yl�Xbju2���j�Xb V{f2h \��{�m�¥bed`dgsm[ z h'Yl[]Wtf�VÈ^�f2~{^�f��
u�f2VXd/�mV}���tkebjd��&�j[ bm��u�dgo}V{k bmu�bm^`�to}hif�VHd`o{hibmYlk � bmV ��u2f2^�f2~{[�+

∼F
� �t�`u�d/�m[]W��tk � st[�� �$u2U2^µd
b

� � v � a{f.�{V��9��Yls&U2^�d`f2[ hif�� z U��
b � f8�tf�u2f�d`f�d�d 
�f2[�2t[lU��`�`f�[ 2t�`��u2�6bmV}� � bmV E}�mW Yl�¿\��t�Xbj[lhibmu2�6b��
d`o{V{k z ���t�mW b ^`f�a{o{k �m[ dÌ��u��t^�u�bjd"b'a}Yl^`f�kXdg�`u.�t^`u2bjd

F
�`u2f�^`Y VHd`Y-=�~0�tVXd��t�`b ��� bmV

∼F
�`u2f�^`Y VHd`Y$@

\�bmkXd��t^`�µdg^`o}kHd�E{^��1
`b}�
�$V{V{f�k hif��m\_f2[ f2[9+Jf2V z �6b

k
b¿VXWtf2[?�!�)�m[ d��tu2smYlV6bmk'f2�jW a{Yl^�f2kXdg��u��t^�u�bjd�\_f�[lf�d`dgY�U2^�d`U2kjf2[lU��`f z

bmkHk)�t^
k/F

�Ýf2[�
�f2[92m[�
��{k�bmu�d�b£^�f2a{o}k)�j[ d���u��t^�u�bjd"\_f2[ f�d`d`YOU�^�d`U2kmf�[lU���d z h'f2[]WJ^`fpdgf2[F
�f2���{[ z ���t�mW
h'YlV{a}f2V

v
�)�m[]d��tu�st^gb

k/F(v) = k(v)/F
� ���t^�a�� d��mb z � �mW«bmu 2t�`��u2f2�$^�f2a{o}k)�j[ dO�`u��m^`u�bed�\_f2[ f�d�dgY

U�^�dgU�kmf�[lU2�µdÌhif��tkebm~"
�o{k z o{�jWXbmV{Y ���6b
l
f��mW
^�f2a{o{k �m[]d��`u.�t^`u2bjd*\_f2[ f�d`d`Y8d`f�dg��u�+t[ f2�tf���U2^µdgU2kjf2[ U2� z

bmkHk)�t^£b �)�m[ d��tu2smk U2^µdgU2kjf2Y � +t[ z h'YlVXd
∼F

f2kQ�JY��jbm[lf�V��2Ylb&�t��u�d/�j[ W��mk � st[×d`f�d`�`u�+m[lf2�mf2�'hisJa��tV
^�f2~{^�f2u2f�VXd/�mV{���tkebjd �&�j[l�`u�d��jb�f2�mW �t[ WtbmV¿a{Yl^�f2kXdg��u��t^�u�bjd \_f�[lf�d�dgY

k
U�^�dgU�kmf�[lU2�µdÃkjbj~{o{V{k z hif�[ WJ^`f

k/F = l
��Q �1�)� ��� � z �{b

k
b

Πi∈IAi

a{Y ^`f2kXd`�`u��m^`u�bedÃ\_f�[lf�d`dgYqU2^µdgU2kjf2[ U2� z bmkHk&�m^-bja��md`d
i ∈ I

��^`f
ki


�f2[92m[lY bmu
i.

�tf�d��{[ f�dgU�^�d`U2kmf�[lU���d z bjhiYÃbmuibmu
Ai

\_f2[ f�d�dgY U2^µdgU2kjf2[ U2� z hif�[ WJ^`f dgf�dg�`u.+t[lf��tf2�
v�)�m[]d��tu�s¿f2�`f�dgU�V�dgf�[�
�f����{[ z ���t�mW

ki(v) = k(v)(i)
�

R"uio{[ d`^gbm��u��t^�u�bjd�k&�tV}��dg^�o{k&��Yls�
�f�[lf2VXd�+t�`U��tU�d�bmu
bm[9� ��� Y$d`U�dgf�[-Y ��bm[9�jd/�jh£bm��u�d�
`b}�P�$u�d¿b
d`U�dgf�[ d*��u��tk �m��� � �µ�Ý[lf�hih��mV6bmk z Yl[l[ f�d��tf�bmu�o}[ dg^`bm�`u.�t^`u2bjd��mk bm[ bj~}dgU�dgf2[ U2V{f�k£Y ��V{f.�mf2u2V}Y��
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Πi∈IAi/F |= ϕ[k/F ] ⇔ {i ∈ I : Ai |= ϕ[ki]} ∈ F 1
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ϕ
$?4��'� %@�A7 D 7�� )

Πi∈IAi/F |= ϕ ⇔ {i ∈ I : Ai |= ϕ} ∈ F 1

= � @«�`u�f2^�YlVXd¿f2�jW&\��m^`h�o{[lb�f��mW(U�^�d`U2kmf�[lU���f2��f�dgU�V°bmkHk&�t^�U�� �2�`bmk bmkHk&�t^�Y �Xbmuibmu
o{[]dg^`be�
��u��t^�u�bjd � bmV z �6b b!�&�j[ d��mu2stk U2^µdgU2kjf2Y � +t[
d`f�d`�`u�+m[lf2�mf2�phisJa��tV ^�f2~{^�f2u2f�VXd/�mV{���tkebjd��&�j[ bm��u�d��jb
b \��t^`h�o}[ b

F
��u2f2^�YlVXd�hib3
�a{V}f2h hiY V{a{f�Vck&�"�t^�a{YlV��edrbm�µdg^`o}kHd�E{^�� � bmV0Y �Xbmu«b£h'f2�m\_f�[lf2[�+
�tf��

d��{[lf�dgU2^µdgU�kmf2[ U2��h'f2[ [lf�d`d�� �"bm���tV{[ sXbmV z = w @Ì�`u2f�^`Y VHd�f2�mW \��t^`h�o{[ bibmkHk&�t^�U��C�2�`bmk0bjkJk)�t^�Y �Xbmu
bmu�o}[ dg^`bm�`u.�t^`u2bjd��mV z �6b h£b1
�a{V{f2h hiY V{a{f2V k)�%�m^`a{Y V��jdrbj��dg^�o{kXd�E{^�� � bmV Yl�tbmum�
�¿�_�'&;�0/Z¤�¢"46�m§ = v @pY �Xbmu.�t[D�m���m���tu�b�d`f2^`h'f2k 2m�`�`u�f�d`f�d`d`�`U��tU2^�f����tV{bjdgk)�tu2s0Y V{a{o{k)�2Y smd bm[lkebm[Û�
hibmu2o}V{k@���"b

t
bmu
L
k)�tV{�µdrbmV{���`u�Ylh � st[lo}h£b��jbm�mWi\��{�t�)�tU2VXWJ�`u�Ylh � st[ o{h£b z bmkHk&�t^ = v @×Yl�Xbju z

h'f2^µdÃbmu�o}[ dg^`bm�`u.�t^`u2bjd � bmV£bpk&�mV{��dgbmV{�`��u2Y h � sm[lo{h��tk�Y [l[ f�d��mf�\�*{�t�&�mU2VXWJ�`u�Ylh � st[lo}h��tk�YlVXdgf�^µ�
~{^�f�d��&�2Y stY d*~0�tVXdJ� �mW�a{f8�6V{YD�j[ dgo}k;��Q�f2�jW%�}k h��t�µd�\_f�[ z ���t�mW

t = f(t0, ..., tn−1)
U��
= v @*Y �Xbmu

b
t0, ..., tn−1

d`f2^�hif�kJ^�fm� �$kHk&�t^

tΠi∈IAi/F [k/F ] =

fΠi∈IAi/F (t
Πi∈IAi/F
0 [k/F ], ..., t

Πi∈IAi/F
n−1 [k/F ])

∗
=

fΠi∈IAi/F (t
Πi∈IAi

0 [k]/F , ..., tΠi∈IAi

n−1 [k]/F) =

fΠi∈IAi(t
Πi∈IAi

0 , ..., t
Πi∈IAi

n−1 )[k]/F =
tΠi∈IAi [k]/F

bm���t�mW �m[l[�� d��jd`dgo}k;�
∗
bju0YlV{a}o{k&��Ylst�
\_f�[ dgf8�tU�� hiYlbjd`d£Yl�Xbmu z b k&21�tf�dgkmf�u�+¥f2�mWmf2V{[�+t�`U��°~;f��

a{Y � bmupo{[ d`^gbm��u��t^�u�bjd��tk£a}f.�6V����2Y s 
`b¿hiYlbjd`d2�
= � @ R��Xbmu.�t[D�m���m���tu

ϕ
2t���`u2f�d`d`�`U2�mf ��u2f�^`YlVXd`Y�YlV{a}o{k&��Ylsmd�bm[lkebm[ h£bmu�o{V{k@���$[�+t�`u.2t^�dgf��mW"�{k

\_f�[ z ���t�mW
ϕ = R(t0, ..., tn−1)

bjd��thiYD\��t^�h�o{[lb>=
t0, ..., tn−1

d`f2^�hif�k�@��C�$kHk&�t^�= v @�hiYlbjd`dÌU2�
bmh'Y bed`d z bm���m�mW�bmu�o{[]dg^`bm�`u.�t^`u2bjd��tk)�tV a{f.�6V}YD�m[]dgo{k£bmupbm[ bj~{^`f�[D�&��Ylstkebjd z

Πi∈IAi |= ϕ[k/F ] ⇔

RΠi∈IAi/F(t
Πi∈IAi/F
0 [k/F ], ..., t

Πi∈IAi/F
n−1 [k/F ]) ⇔

RΠi∈IAi/F(t
Πi∈IAi

0 [k]/F , ..., tΠi∈IAi

n−1 [k]/F) ⇔
{i ∈ I : RAi(tAi

0 [ki], ..., t
Ai
n−1[ki])} ∈ F ⇔

{i ∈ I : Ai |= ϕ[ki]} ∈ F
�
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k
U2^µdgU�kmf2[ U2� h'f2[l[ f�d�d¿b

ϕ
U2�
ψ
\��t^`h�o}[D�mkt�

^`b}� | f2[D�ed;
�o{k z ���m�mW&f2kHk&�t^G= � @�Yl�Xbjuihibm^gbja b
¬ϕ, ϕ ∧ ψ, ∃vjϕ

\��t^`h�o{[D�mkH^`b Y �!=_hif��tYlVXd
∗
��bm[4
�f�[92t[F
��{k£hib3
�a�bmu.�tkebjd�b¿~5�tVXd��tkebjd z bj���t[BY V{a{o{k)�2Ylsm�*\_f�[ d`f.�tU����{V}kmf�d"�6bm��u2V��m[F
�o{k%@��
��b = � @-dgf�dg��u�+t[ f2�tf��

k
h'f2[ [lf�d�d�Yl�tbmu

ϕ
�Ý^`f z bmkHk&�t^

¬ϕ
��^�f�Yl�2�

Πi∈IAi/F |= ¬ϕ[k/F ] ⇔
Πi∈IAi/F 6|= ϕ[k/F ]

∗
⇔

{i ∈ I : Ai |= ϕ[k/F ]} 6∈ F ⇔
{i ∈ I : Ai 6|= ϕ[k/F ]} ∈ F ⇔
{i ∈ I : Ai |= ¬ϕ[k/F ]} ∈ F

�
��b = � @-dgf�dg��u�+t[ f2�tf��

k
h'f2[ [lf�d�d�Yl�tbmu

ϕ
�Ý^`f�U2�

ψ
��^`f z bmkHk&�m^

ϕ ∧ ψ
�Ý^`f�Yl���

Πi∈IAi/F |= ϕ ∧ ψ[k/F ] ⇔
Πi∈IAi/F |= ϕ[k/F ], ψ[k/F ]

∗
⇔

{i ∈ I : Ai |= ϕ[ki]}, {i ∈ I : Ai |= ψ[ki]} ∈ F ⇔
{i ∈ I : Ai |= ϕ[ki]} ∩ {i ∈ I : Ai |= ψ[ki]} ∈ F ⇔
{i ∈ I : Ai |= ϕ[ki], ψ[ki]} ∈ F ⇔
{i ∈ I : Ai |= ϕ ∧ ψ[ki]} ∈ F
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�o}k0b k&21�tf�dgkjf2u�+ 
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k
f2�jW U2^µdgU2kjf2[ U2�pU2�

v
f��mW>�)�m[]d��tu�s z

bmkHk)�t^
kva

bju�d�bmu£U�^�dgU�kmf�[lU2�µd 
�f�[92t[ Y z hif�[ W
v
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a
�Ý^gb kmU2~;f2u�Y z b�d�2 ��� Y �&�j[ d��mu2smd«~;f2a{Y �>�Ja6b z

bm���3�jb
k
����b = � @-dgf�dg��u�+t[ f2�tf��

k
U2^µdgU�kmf2[ U2�Ìhif�[l[ f�d`d�Yl�Xbmu

ϕ
��^�f z bmkHk)�t^

∃vjϕ
��^`f�Y �2�

Πi∈IAi/F |= ∃vjϕ[k/F ] ⇔6ÃbmV
s ∈ Πi∈IAi

z ���t�mW
Πi∈IAi/F |= ϕ[k

vj
s /F ]

∗
⇔6ÃbmV

s ∈ Πi∈IAi
z ���t�mW

{i ∈ I : Ai |= ϕ[(ki)
vj

s(i)]} ∈ F
∗∗
⇒

{i ∈ I : Ai |= ∃vjϕ[ki]} ∈ F
�

R
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[lU2~;U2� � f�V Yl�ihif��m\��t^`a�� dg�{bjdgs bmu0Y hi~{[ Ylk �&���ls z �{Y �`u2f�VÈbma��md�d
i
�Ý^`f�[lf2�jWtf2V

Xi ⊆ Aibmu �t[]WXbmV
s
f2[lf�hif�k �6bm[lhibmu2b z hif�[ Wmf2kH^`f

Ai |= ϕ[(ki)
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b MqYlsmh£b£h'Y bed`dJ�jbmV �t[]WXbmV
s ∈ Πi∈IAi

z h'f2[ WJ^�fidgf�[�
�f����{[ z ���t�mW �6b
Xi 6= ∅

bmkHk&�t^
si ∈ Xi

z f2u2u�f2[�bju
s
��f2[-VXWqY [��)�mV

d`f2[�
�f����{[Zb
∗∗
� �t��Ylh'~{[ Ylk �&�2Y s f�[9+md�dgY�\_f�[ d`U�dgf�[�� �$u�u2f2[-= � @���d � f�[D�jd�dgo{k@�

= w @�Y �Xbmu��m[D�m���m���tu f2[�+t�`u.2t^�dgf2�jW%�}kÈ\_f�[ z ���t�jW
ϕ
h£b1
�a{V{f2h h'YlV}a{f2�mWJY k k&�"�t^`a{Y V��jdgbe�

�µdg^`o}kHd�E{^�� � bmV°Yl�Xbmu z bmu�bju
{i ∈ I : Ai |= ϕ} ∈ F

�(R�u�d'kmf�[l[�h'f2�mh�o}drbedgVHo{V{k z ���t�mW
d`f�dg��u�+t[ f2�tf�� z

Πi∈IAi

\_f�[lf�d�dgY
k
U�^�d`U2kmf�[lU�� f��`f�d`U2V

Πi∈IAi/F |= ϕ[k/F ]
��S 2t�mu�� d`���{V}k0f2�mW

Y [ Wtf�V
k
�Ýd z f�kHk&�t^ = � @'��u2f2^�YlVXd f�[lU2� hif��th�o}dgbjdgV}Y z ���m�mW

{i ∈ I : Ai |= ϕ[ki]} ∈ F
z

a{f f2u VXWJYl[��)�mVQ�jbm[ s b � f2kjf2u2a}U2�
f�[lf�
�U�V°\_f�[ d`U�dgf�[lf�u2f�d�d��m[l[�� d/�j��hiYlbjd`d2� R,\��m^`a��]d��md�d¿Yl^��mVXW%E
Y hi~{[ Ylk �&��Yls&f2[l[ f2V�+m^`u2U��`U��{f2u&h��m��d dgf��mW"�{k \_f2[ z ���m�mW ���

{i ∈ I : Ai |= ϕ} 6∈ F
�

�$kHk&�t^ihiY V{a{f�V
i ∈ I − J

���{f�u �jbmV �m[ WXbjV
ki

U�^�d`U2kmf�[lU�� z h'f2[ WJ^�f
Ai 6|= ϕ[ki]
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�Ý^`fp[lf��mWtf�V

ki
dgf�dg��u�+t[ f2�tf���U�^�dgU�kmf�[lU2�

Ai
\_f2[ f�d`d2���Df2�mWmf2V

k
bmu«b¿a{Yl^�f2kXdg��u��t^�u�bjdÌ\_f2[ f�d�dgY

U�^�dgU�kmf�[lU2� z h'f2[]WJV{f2k �tf�d��{[ f�dgU�^�d`U2kmf�[lU��`f2Y�h'YlV}a{f2V
i ∈ I

��^`f
bmu
f2[�+ ��� Y
ki
��k@� �$kJk)�t^�dgf����jd

F 3 I − J = {i ∈ I : Ai 6|= ϕ[ki]}
z f�u2U�^�d�= � @Ì�`u�f2^�YlVXd

Πi∈IAi/F 6|= ϕ[k/F ]
z �jbm�mWJY �

ϕV{f�h Yl�tbmupbmu�o{[]dg^gbj�`u��m^`u�bed � bmV��	� u�u2f�[ = w @���bjd z U2� �l�mW
bmu�f2�mU2�`updgU�dgf�[ d*Yl�tbmu��t[]dgo{k@�

��Y �mWtf�[�
��{k hif�� z ���t�mW bjuÌf�[9+ ��� Y � Ylu.�tVXW"� d/�j� � bmV f��mWtf�dg[lf�V£�{f�[ Wmf2V£�{bm�`u�V��m[ d`o{k�kHY z ���m�mW
F
o{[ d`^gbm��u�*{^�+{���{b!�2�gbjk0bmV{VXWJY d�d`U�d`f2[lf�u��{V}k�\_f2[ z ���t�jW

F
�`u.*{^�+ z bjkJk)�t^pbmu�f�[9+ ��� Y�U�^��tf�[lU��

h'f2�tY �`h'U�d`f2[l�}f�d�+ z kHY��mU.�mf bmu 2t�`��u2f�d`f�d�dg�`U�� �`u�f2^`Y VXdgYÌYlV{a{o}k&�2Y s � bmV�bmu�d£b [ U2~;U2�µd£h'f2[]W � f2V
ϕ
�Ý^�+t[

¬ϕ
�Ý^`fpdgU�^�d��}V{k>�ed���P�f2� [ f2�{f�d"h�o}drbjd`V{Y z ���m�mW �6b

ϕ = Q0v0...Qn−1vn−1ψ
~}^`f2V}f8M

\��t^�h�o{[lb z bm���t[
ψ

=�bjd��th'YD\��t^`h�o{[D�mk � st[ �m[l[ s4@�Ylh'~{[lY k)�)�2Ylsm�×\��t^`h�o{[ b z bmkHk&�m^�^`f�a{o{k �m[ d"�`u.�t^µ�
u2bjd��tk f2��f�dgU � f�V�Y �¿Yl�Xbmu£h£bm^`bma z ���t�jW �6b hib3
�a{V{f�h�hiY V{a{f�V

i ∈ I
��^�f

Ai |= ϕ
bmkHk&�m^

Πi∈IAi/F |= ϕ
� R"u v"!X��� ��f2� U8�tf�k � f2V ���tkebjdP�JYlu2���Q�m[]d�kmU2^�a{U2� ���t[]d z ���t�mW ~0�tVXd��t�`bmV

h'f2[]Wtf2k bju��tk bmu'f2[ ��+t^�f2V{a�* \��t^�h�o{[D�jk z h'f2[ Wmf2k Y �Xbmu2���m�Q�jd«b ^`f�a{o{k �m[ d«��u��t^�u�bjd�bmu'f2[9+ ��� Y
U�^�dgf�[lf�h � f�V¿hif��mdrbj^�d;
`bq��R�kmU2^�a{U2�µdÃ�`Ylkjf2^��{[ d
d`Yl��u�d/�ju2V{Y z b�^`U��`u�[lf�d`f2kHkmf�[6kebm~5�����t[lbjd � bmV � w � �Ý^gb
o}dgbm[lo}V{k@�
�D�J ��{���}¢t§ �"b

A
�mU2�tf����µdg^�o{kXd�E{^`b z bmkHk&�t^ÌYlu.�th��t^�\Zh'YlV{a}f2V�o{[ d`^gbm�{bjd��)�mVXWQ�7�jbm[��

�"	�� 	 � � ��� � ��� � ��� � 
������ �
� ��� � ����� � ��� �
��� � ���������
� ��� f�Vcbju�bm[ \_fO
�f2u�f�d � f2V h'f2�mh�o}drbed;
�o{kibmu�o{[]dg^`bm�`u.�t^`u2bjd��tk'V{U����mVXW h��qa{f�[l[ f2[lh'U2[ f�d`f2V z

[��t�tYlk �mV � f2[��{[lY bj[lkebm[lhibmu��m���jd2� R"u�d�b�kmU2^�a{U2�µd �JYlu��`�Q�m[F
�o{k z ���t�mW f2�jW h��Ja{f2[ [9�t��u�d��m[ W�hiYÛ�
k)�t^�b3M}Y��thibjdgY u7�m[ �6bjdgsif2[ ��+t^�f2V{a�* \��t^`h�o}[D�mkHkebm[ z �tU2�mf2�����tk f2[ ��+t^�f2V{a�*&\��t^`h�o{[D�7�jbm[ z Yl[l[ f�d��tf
o{V}Y��tf�^`u��m[lY � \��t^�h�o{[D�jkJkebm[��I7�o{^��)�mV ��u2st[?�mbL=�U2��kJY �`��U ~5�tVXdgbjdg[lbmVHo{[$@ z bmu
b MqY9�thibjdgY u7�m[ �6bjd`s
h��qa}f2[l[��t�`u�d/�m[]W��tk�bmu2u2bm[4
�f�[l[ f2h'f2u2�}f�d�+mk z ���m�mWibmu"o{[]dg^`bm�`u.�t^`u2bjd �ÝV{f2h �tf�u2f�d�kHY � f2[9+m[9�{k  r� �

�f�[l[lf�hiu�U2���{f2u���u��{kH�`U����{V{k [lf��`upb k&21�tf�dgkjf2u�+ z ��~8f.�2YD�j[lYl�-dgo{[lb3
�a��tV{���m��E:=�o}[ dg^`bQ@µ��u�*{^�+tkH^`fj�
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λ ≤ κ
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F λ
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�¿�_�'&;�0/Z¤�¢"46�m§ = v @$VXWJYl[?�)�mVQ�mbj[ls{� = � @�Y �Xbmu.�t[D�m���m���tu×^�2t�tu.� d`���{k

κ
��d z f2[ U2�«hif��th�o}dgbjdgV}Y z ���m�mW

�jbmV
κ
��u7�mh��t�����m��E �6bj[lhibmu z h'f2[]W�\_f�[lf�d`dC�jbmV

κ
��^�f2�to{[9�m^`Y �"o{[]dg^`bm�`u.*{^�+:=�h'YlU�^�d�� @�� �Df��mWtf�V

I = [κ]<ω
U2��hiY V{a{f�V

a ∈ κ
�Ý^gb [lf��mWtf�V

â = {b ∈ I : a ∈ b}
� � kHk)�t^

|I| = κ
�

�$u2f�V{k4���"�{[ z b
J = {â : a ∈ κ � �6bj[lhibmu2^�f2V{a{��u2f�^ �mU2�tf���h'f�d`�`u�f�d*dgo{[lb3
�a��tV}���m��E z o{�mWXbjV{Yl� z

�6b
a0, ..., an−1 ∈ κ

bmkHk)�t^
â0 ∩ ... ∩ ân−1 3 {a0, ..., an−1}

�ÃR � � y d`U�dgf�[DhiYlbjd`d �mbjV d`f2���jd

wX�



J
�Ýd�kJY]dgf�^�
�f2��u�d�+
o{[ d`^gbm��u�*{^�+ z [lf��mWtf�V0f2u

F
� | f2[9�jd;
�o}k z ���m�mW

F κ
�Ý^`f��to{[D�j^`Yl��� �$u�d�b

J
�6bj[]�

hibmu2^�f2V{a}�`u2f�^�drbmV4E{��� d;
`bq�
|J | = κ

z �{Y �`u2f�V
â 6= ĉ

z �6b
a 6= c ∈ κ

�	,��jWXbmV6bjkJk)�t^�dgf�dg�`u.+t[lf��tf2�
b ∈ J

�Ý^`f
|{â : b ∈ â}| = |{â : a ∈ b}| = |b|

z U2�Ìf2upo}dgs ��� Y �tU��tf2���
= w @×Yl�Xbmu.�t[D�j���m���mu"dgf��mW"�{k
\_f2[ z ���t�jW

E ⊆ F
E{�mW z ���t�mW
hiY V{a{f2V

a ∈ I
��^�f

(∗) {e ∈ E : a ∈ e}
�tU2�mf2�Ì�6bm[lhibmuj�

�Df2�jWtf2V
f : E → I

�m[ WXbjV(\��{�t�&�mU2VXW z h'f2[ WJ^�f
Yl�Xbju z ���m�mW h'YlV{a}f2V
e ∈ E

�Ý^`f
f(e) ∈ e=

E ⊆ F
h'Y bjd�d�f��mWtf�dg[lf�V

e ∈ E
�`f�h �{^�f2� z d`f2���edÌb�kJY?�)�m[ bm��u�d��m�`Y8b MqYlsthib�h'Y bjd�d-�jbmV h'f2�e�

\_f�[lf2[�+
f
@��

(∗)
hiYlbjd`d�h'YlV}a{f2V

a ∈ I
��^�f

|f−1(a)| < ℵ0
z f�u2U2^µd

|E| = |dom(f)| ≤ |I|ℵ0 =
|I|
z �jbm�mWJYl�

F
V{f2h [lf2�}f�d

|I|+
��^`f��to{[9�m^`Y �2�

�$u2f�k �`u2f�^`Y VHdÌf��mW ^`f��to{[9�m^`Y ��o{[ d`^gbm��u�*{^�+'bmV{VXWJYl^gb ^`f��to{[9�m^`Y � z bjhif�V{VXWqY ^`f'���gbmk [ f2�{f�d��
�D�J ��{���}¢�&;¦�§ v � R��Xbmu.�t[�
�o{k z ���t�mW
f��mWtf�dg[ f2V�\�+m�`u�*}^�+ �`f�h

ℵ0

��^`f��to{[9�m^`Y �2�
� � R��tbmu��t[F
�o{k z ���t�jW

ω
��V h'YlV{a}f2V�V{f2h \�+ �`u.*{^�+'^`f��to{[D�j^`Yl���
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Γ
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Γ
�	��
 ����� "��<� �)� " '=� +.-��.� -

γ ∈ [Γ]<ω
*;� )

Aγ |= γ 1 2 / /�4�� )�

{Aγ : γ ∈ [Γ]<ω}
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Γ
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�¿�_�'&;�0/Z¤�¢"46�m§!= � @Ìd�2 ��� f�dN�j[l[9�]d z h'YlVXd = v @��Ì�6b
Γ
hiY V{a{f2V �tU2�mf2�p^`U��`u2U�V{f2k �mbjV h��Ja{f2[ [�
�f z

bmkHk)�t^"V{f�h(�2�gbjk z ���t�mW
Γ
��V{bmk Yl� �jbmV0h��qa{f�[l[F
�f z �6bmV}f2h = � @��`u�f2^�YlVXdJ�jbmV �t[ WtbmVch��qa}f2[l[F
�f

Y � z h'f2[]W
f2�jW Yl�tf�V��`~;f��2Y9�m[lY ��o{[]dg^gbj�`u��m^`u�bed��	�$u2U�^�dÌf2[ U2� = � @Ý�Ýd*h'f2�th�o}drbjd`V{Y��
�Df2�mWmf2V'dgf2���jd

F
f2�mW

|Γ|
��^�f2�to}[D�m^�Yl��o}[ dg^`bm�`u.*{^�+N�jbm[ bjhiY [ Wtf�V

I
�6bj[lhibmu×\_f2[ f�d�d z U2�Ã[lf��mWtf�V

E ⊆ F
f2�jW �t[ WtbmV

|Γ|
�`u��mh��m�`���j��E¥�{bm[lhibmu z h'f2[ WJ^�f�\_f�V{V��m[ [ z ���t�jW hiY V{a{f�V

i ∈ I
��^�f

{e ∈ E : i ∈ e}
�tU2�mf2�2��R�\_f2[]dgU�dgf2[ f2k
��u2f�^`YlVXd �mbjV

f : Γ → E
� YF
�f2k)�2Yls}� �Df2�mWmf2V0h'YlV}a{f2V

i ∈ I
��^`f

γ(i) = {ϕ ∈ Γ : i ∈ f(ϕ)}
� �$kHk&�t^

γ(i)
�tU��tf2�¿�{bm[lhibmu z U2�

Aγ(i) |= γ(i)
�

�Df2�jWtf2V
A = Πi∈IAγ(i)/F

� � [l[�� d�
�o{k z ���m�mW
A |= Γ

���Df2�mWmf2V o{�mWXbjV{Yl�
ϕ ∈ Γ

dgf�d`�`u.+t[lf��tf2���
�$kHk&�t^

i ∈ f(ϕ)
f��`f�d`U2V

ϕ ∈ γ(i)
U��Ìf�u2U�^�d

Aγ(i) |= ϕ
�$Q�f2���jd

{i ∈ I : Aγ(i) |= ϕ} ⊇ f(ϕ) ∈ F

�jbm�mWJY �*b � � v"! � � ����[lf�hihib�h'Y bjd�d
A |= ϕ

�

�D�J ��{���}¢t§ �Df��mWtf�V
Σ
\��m^`h�o{[lbm�6bm[ h£bju z

ϕ
~;f2a{Y ��f2�mW \��t^�h�o{[lb}�
R��Xbmu.�t[�
�o{k z ���t�jW

Σ |= ϕbmkHk)�t^*U2� �2�`bmk�bmkHk&�t^ z �6b
�mbjV �m[ WXbjVP�mU2�tf��
Σ0 ⊆ Σ

z h'f2[ WJ^�f
Σ0 |= ϕ

�
�Df2�mWmf2V

K L
����d`^`o{kXd�E{^��mk f��mWP�t��u�d/�j[ WXbq�-R�u�dÌh��mV{a 
�o{k z ���t�jW

K
u7�j^�d�bmupf2[ f2h'YBf2kQ�JY]�

�jbm[ f2V���YD�m^`b z �6b
A ∈ K,A ≡e B

f��`f�d`U2V
B ∈ K

Y ��\_f2V{V��j[l[�� ��bm���tV}[lsXbmV z bmu�d«h��tV{a 
�o{k z
w �



���m�mW
K
o{[ d`^gbm��u��t^�u�bjd`^gb�u7�m^µd z �6b�dgf�dg��u�+t[ f2�tf��

I
�6bm[lhibmu z

{Ai : i ∈ I} ⊆ K
U2�$d`f�dg��u�+t[ f2�tf��

I
\_f2[ f�d�dgY

F
o}[ dg^`bm�`u.*{^�+cf2�`f�dgU�V

Πi∈IAi/F ∈ K
� 6�U2�&�{[

Up(K)

�f�[92t[ Y b

K
f2[ f2h'f2YlV}f2k

o{[]dg^`bm�`u.�t^`u2bjdrbmY � sm[ �m[ [ls¿�µdg^`o}kHd�E{^gb)�t�`u�d/�m[]WJd2�
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J ∈ G
hiYlbjd`d

G 6= ∅
U2�

∅ 6∈ G
�
f�[l[ f2V{kjf2u�+¿f��`f�d � f2V o{�mWXbjV{Yl��b

K = {i ∈ I :
∅ ∈ Fi}

�6bj[lhibmu
F
� � f�[lYQ���t[ V6b z U2� � �mW

K 6= ∅
hiYlbjd`d�[ f2V{V{f-�t[ WtbmV

i ∈ K ⊆ I
z ���t�jW

∅ ∈ Fid`f2[�
�f����{[ V{fm� 6�Y [D�m���m� z ���m�mW
G
\_f�[l�`u��m[l[ s{� �"b

A,B ∈ G
z bmkHk)�t^

{i ∈ I : A ∩ Ii ∈ Fi} ∈ FU��
{i ∈ I : B ∩ Ii ∈ Fi} ∈ F

h'Y bed`d

{i ∈ I : A ∩ Ii ∈ Fi} ∩ {i ∈ I : B ∩ Ii ∈ Fi} ∈ F ⇔
{i ∈ I : A ∩ Ii, B ∩ Ii ∈ Fi} ∈ F ⇔
{i ∈ I : A ∩B ∩ Ii ∈ Fi} ∈ F ⇔
A ∩ B ∈ G

f�u2U2^µd
G
h'f�dg��u2f�dg^`fpu��m^�d2�	6"U2���}[ z �6b

A ⊆ J,A 6∈ G
z bmkHk)�t^

{i ∈ I : A ∩ Ii ∈ Fi} 6∈ F ⇔
{i ∈ I : A ∩ Ii 6∈ Fi} ∈ F ⇔
{i ∈ I : Ii − (A ∩ Ii) ∈ Fi} ∈ F ⇔
{i ∈ I : (J − A) ∩ Ii ∈ Fi} ∈ F ⇔
J − A ∈ G

�jbm�mWJY �
G
f2�jW o{[ d`^gbm��u�*{^�+{�
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 1

�¿�_�'&;�0/Z¤�¢"46�m§ = v @ �Df2�mWmf2V hiY V{a{f2V
a ∈ Aj

��^�f
a′ ∈ Πi∈IAi

f2�jW �t[ WtbmV ���t^��tu�bjd z h'f2[]WJ^`f
a′j = a

�«n 2tV}VHW"*&f2[ [lf2V�+t^`Y u2V{Y z ���t�mW�f2kHk&�t^«b
Φ : Aj → Πi∈IAi/F

z
Φ(a) = a′/Fj

f��mW

w?!



Y u��th��t^��{u2h�o{���
= � @×f2[l[ f2V�+m^`u2U��`fp^`oqdgYlV}h�o{V{keb}�
= w @ 6�Y [D�m���m� z ���t�mW = v @×h'Y bjd�d

Up(K)
dgbm^�dgbm[lhibmu2u2b

K
��d*U2��h'YlV{a{f�V

K
�Ýd�dgbm^�dgbm[lhibmu�s z

o{[]dg^`bm�`u.�t^`u2bjdg^`b u��m^�d��t��u�d/�j[ WJV6bmk
Up(K)

�Ýd'Yl�¿drbj^�drbj[lhibmu2V{Ylb0kmf�[l[�� �$u2U�^�d
f�[lU�� Y �Xbmu��m[lV{Y z
���m�mW

Up(K)
o{[]dg^gbj�`u��m^`u�bedg^gb u7�j^�d�� �Df2�mWmf2V d`f2���jd

I
�6bm[lhibmu z

F
o{[]dg^gbj�`u�*}^�+

I
\_f�[lf�d�d z

U��0dgf2�jW%�}k \_f2[ z ���t�jW h'YlV{a}f2V
i ∈ I

��^�f
Ai ∈ Up(K)

z �jbm�jWqY �
Ai = Πj∈IiAi,j/Fi�jbm[lbmhiY [ Wmf2V

Ii
\_f2[lf�d`d`Y

Fi

o}[ dg^`bm�`u.*{^�+m^`f U2�
Ai,j ∈ K

��d`^`o{kXd�E{^��mkH^`b}� R"u�d kjf2[ [�hif��j�
h�oqdrbjd`V{Y z ���t�mW

A = Πi∈IAi/F ∈ Up(K)
� �$�{�{f�u � f2[9�jd;
�o{k z ���t�mW

A
Ylu��mh��t^µ\�bju

{Ai,j ∈ K : i ∈ I, j ∈ Ii}
�µdg^�o{kXd�E{^��mk
f2�jW�bm[lkebm[ h£bj�×o{[]dg^gbj�`u��m^`u�bed/�7�jbm[��

�Df2�mWmf2V
J
bmu

〈Ii : i ∈ I〉
�{bm[lhibmu��mk�a{Yl��u�
�o{V{kXd$o}V{Yls 
`b =�b	
�f�[92t[ U2�`f�kpf2�mWJ�`u�f2^�* ��� U*d`U�d`f2[lf

U�^`a{f�kmU � f2V \_f�[ dgf��{f�d�
��{k z ���m�mW�bmu
Ii
�6bm[ h£bju��tk
a}Yl�`uO
�o{V{kXdrbjk;�

J = ∪i∈IIi
��f�kHk&�t^�h'YlV}a{f2V

j ∈ J
���{f�u�~0�tVXd��t�`bmV0f��mW

i ∈ I
�jbmV z ���t�mW

j ∈ Ii
z f�u�d�b

j
���{f�u drbj^�d��mu2s

i
�Ýd
ji
� �mf2[�\��t�1
�o}k


�f�[92t[ V{Y$@�� �Df2�jWtf2V
G
bmu

F
U��

〈Fi, i ∈ I〉
o}[ dg^`bm�`u.*{^�+mk � � �jw d`U�dgf�[-��u2f�^`YlVXd`Y-��u��t^�u�bjdgb}�P�$u

d`f2���jd*o}[ dg^`bm�`u.*{^�+
J
�ÝVB�

� U2[ o{V{k
Y �Xbmu.�t[lV{Y z ���t�mW
A
Ylu.�th��m^�\�b

Πj∈JAji,j/G
�µdg^`o}kHd�E{^��7�jbm[��

� [ [ bm~0�Ja 
�o{V{k¥hif���b ��� bmV b>
�f2[�2t[lU�� � f2V z ���t�mW �6b
a
f2�jW o{[ d`^gbm��u��t^�u�bjd�dgf�dg��u�+t[ f2�tf��

f�[lf2h'f z bmkHk&�m^
a′
hiY V{a{Yl��bmu

a
f��mW
a{Y ^`f�kHd`�`u.�t^`u2bjd � f2[ Y8^�f2~{^�f2u2f�VXd/�mV{���jd 
�f2[�2t[lY =�h'f2[]Wtf�d�f2[�+t^`f

^�2t�tu��]dgf�d`d��}V{k%@�� ��b d`f2���ed
a ∈ A

z bmkHk)�t^
a′ ∈ Πi∈IAi

U2�'f2kHk&�t^'dgf�dg�`u.+t[lf��tf2�
i ∈ I

��^`f
a′(i)′ ∈ Πj∈IiAi,j

bmu
a′(i) ∈ Ai

f��mW ^`f�~{^`f�u2f�VHd��mV{�`b}� �Df2�mWmf2V
Φ : A → Πj∈JAji,j/G

b
k)23�mf�d`kmf2u.+£\��{�t�)�tU2VXW;�

Φ(a) = 〈a′(ji)
′(j) : j ∈ J〉/G

�
| f�[D�jd�
�o{k z ���t�jW

Φ
f2�mW Y u��th��t^��{u2h�o{�

A = Πi∈IAi/F = Πi∈I(Πj∈IjAi,j/Fj)/F
U��

Πj∈JAji,j/G
k&2mu�2md�d���R"u>�JY [D�m���m� z ���t�jW

Φ
�jbm[ls � bmV�f�u2f2VÈ�6bm[ h£bju��tk k)2tu�d`Y�[lf�kmU2~;f2u�U2���

Φ
Y V 
�f2kXd��?� z h'f2^µd��6b

a, b ∈ A
k4�{[92mV � 2tu.+
f2[ f2h'f2k z bmkHk)�t^�b

K = {i ∈ I : a′(i) 6= b′(i)}�6bj[lhibmu2^`b
K ∈ F

U2��h'YlV{a}f2V
i ∈ K

��^`b
{j ∈ Ii : a′(i)′(j) 6= b′(i)′(j)} ∈ Fi

���$u�U2^�d
{j ∈ J : a′(ji)

′(j) 6= b′(ji)
′(j)} ∈ G

hiYlbjd`d
a
U2�
b
kmU�~8f�YÃk4�{[�2tV � 2mu�+tk@�

Φ
�`u��}^�
�f2kXd���� z

h'f2^µd*�6b
s ∈ Πj∈JAji,j

bmkHk)�t^
s/G = Φ(〈s|Ii/Fi : i ∈ I〉/F)

�
�"b

R
f2�jW =�h��tV{a3
�o{k

n
�&�j[ d��mu2st��@-^`f�[D�&��Ylst��u2Ylh � st[ o{h

A
VXWtf�[��tU � f�V z

a0, ..., an−1 ∈ A
z

bmkHk)�t^

RA(a0, ..., an−1) ⇔
{i ∈ I : RAi(a′0(i), ..., a

′
n−1(i))} ∈ F ⇔

{i ∈ I : {j ∈ Ii : RAi,j (a′0(i)
′(j), ..., a′n−1(i)

′(j))} ∈ Fi} ∈ F ⇔
{j ∈ J : RAji,j(Φ(a0)

′(ji)
′(j), ...,Φ(an−1)

′(ji)
′(j))} ∈ G ⇔

RΠj∈JAji,j/G(Φ(a0), ...,Φ(an−1))
�

Φ
h *��tf�[lf�d`drbj^�d/�j���jd*�6bj���tV{[ sXbmV�f2[ [lf�V�+t^`Y u2�{f�d;
��{k@�
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� ) 1
�¿�_�'&;�0/Z¤�¢"46�m§J= v @ Yl�Xbju��t[9�m���m���tu�dgf2�jW%�}ki\_f2[8f2[�+t�`u.2t^ z ���t�mW

K
b MqY9�thibjd`Ylu7�j[l�6bjd`s z bju�bmuJ�jbmV

�t[]WXbmV
Σ
\��t^`h�o{[ bm�{bm[lhibmu z ���m�mW

K = Mod(Σ)
� �$kJk)�t^

K
VXWJYl[?�)�mVQ�mbj[lsXbmV°u7�j^�dif2[lf�hiY

f�k4�JY?�mbj[lf2V��2YD�j^gb�U2�Ìb � � �µ�Ý[lf2h'hib�hiYlbjd`d
K

o{[]dg^`bm�`u.�t^`u2bjdg^`b�Yl��u7�j^�d��
���t^`a�� d��jb z d`f2�mW"�{k'\_f2[ z ���t�jW

K
u��m^�d�f�[lf�hiY@f2kQ�JY��jbm[ f2V���YD�m^`b�U2�×o{[ d`^gbm��u��t^�u�bjd`^gb}� �Df��mWtf�V

Σ = Th(K) = {ϕ : K |= ϕ}
z

h'f2�th�o}drbjd�
�o{k z ���t�mW
Σ
b MqY9�thibjd`Ylu7�j[�
`b

K
�Ýd z bju�bmu

K = Mod(Σ)
�'� ��� +m[

K ⊆ Mod(Σ)�JYl[9�m���t���
R \��t^�a�� d��md`d�Y ^��mVXW"E drbm^µdrbm[ h£bju7�m�-Yl�Xbmu.�t[D�j���m���mu�dgf��mW"�{k
\_f2[ z ���t�jW
A ∈Mod(Σ)

�
P�f��th�o}dgbjd;
�o}k z ���t�mW
h'YlV}a{f2V

γ ∈ [Th(A)]<ω
�����tuC�jbmV�f��mW

Aγ ∈ K
E{�mW z ���t�mW

(∗) Aγ |= γ
�

�$[l[ f2V{kjf2u.+ f2�`f�d � f2V [lf�V{V{f f2�mW
γ ∈ [Th(A)]<ω

E{�mW z ���t�mW
K

f2�jWtf�d`[lf�V&f�[lf�hif«�`f�h [lf�V{V{f
h��qa}f2[l[F
�f

γ
��V6bjk z �mbj�mWJYl�

K |= ¬(∧γ)
z bju�bmu

¬(∧γ) ∈ Th(K) = Σ
dgf�[�
�f2���{[lV}fm���$kHk&�m^

bmu.�tV � bmV
A |= ¬(∧γ)

k&21�tf�dgkjf2u2V}f z bmhiY×[lf2�}f�dgf�dg[ f2V
γ ⊆ Th(A)

hiYlbjd`d2� �$u2u2f�[
(∗)

� �md
Y �Xbmu��m[ dgo}k;�

R"[ kebm[lhibmu2u�o{k0h��t��d b � � �m� dgU�dgf�[J= � @�� ~0�tVXd;
��ed�bmu
{Aγ : γ ∈ [Th(A)]<ω}

��u2f�^`f2~J�
�t��u�d��m�`�`bm[��N�$u2f�k0�`u�f2^�YlVXdpbmu

Aγ

��k f2�mW0bm[lkebm[ h£bm�
B
o}[ dg^`bm�`u.�t^`u2bjdrbih��Ja{f2[ [�
�f

Th(A)
�ÝV6bmk z

�jbm�mWJY � f�[lf2h'Ylf�V f2kQ�JY��jbm[lf�V{�
A
� �jbm[��
P�Y��mf2[

K
u7�m^µd�o}[ dg^`bm�`u.�t^`u2bjdg^`b z

B ∈ K
U���h'Y��mf2[

Kf�[lf2h'Y�f�kQ�qY?�jbm[lf�V��2Y9�m^gb¿Yl��u��m^�d z �l�jW
A ∈ K

Y ��Yl�Xbmuj�
A ∈Mod(Σ)

dgf�dg�`u.+t[lf��tf2� �&�t[ d z dgf����jd
Mod(Σ) ⊆ K

z bmu2bmu
Σ
b3M}Y��thibjdgY u7�m[F
`b

K
��d��

= � @�����2tu�f2[9+m�`u�2m^��6�jWtf2[F
��{k hif�� z ���t�mW �6b
K

�tU��tf2��f2V b MqY9�mh£bjd`Ylu��m[l�6bedgs z bmkHk)�t^£f��mW
�mU2�tf���b MqY9�mh£bjd`Ylu��&�2Y s � bmV��`u2f�^`f�~{[9+ \��t^`h�o}[D�mk k&�tV3
�o{V{k&��Yls 
��jV6bmk drbm�tbma��m�`b b3M}Y��thibjdgY u7�m[F
`b
K
k)�th'~{[lf�hif�VHd`o{h��jd z f2u�U2^µd�f ��� f2V
bmu"f��`f�d � f�V = v @$h'Y bjd�d

K
U2�×k)�th'~{[lf�hif�VHd`o{hib«Y �-u��m^�d

o{[]dg^`bm�`u.�t^`u2bjdg^`b�U2�Ìf2[lf�hiY8f2kQ�JY��jbm[ f2V���YD�m^`b}�
Q�f2�mW"�{k h��t��d"\_f2[ z ���t�mW

K
u7�m^µdpo{[ d`^gbm��u��t^�u�bjd`^gb
U��«f�[lf�hiYOf2kQ�JY��jbm[lf�V��2Y9�m^gb z �mbj[ bmh'YlVXd z

���m�mW
K

k&�th'~{[ f2h'f2VXdgo{hib u7�m^µd�o{[]dg^`bm�`u.�t^`u2bjdg^`b}� = v @ph'Y bjd�dpf2kHk&�m^
K

b MqY9�mh£bjd`Ylu��m[l�6bedgs z
��+md z b

Σ = Th(K)
b MqY9�thibjdgY u7�m[F
`b

K
��d��KR�V{a}Yl^`f�kXdih'sJa��tV dgf��mW"�{k(\_f2[ z ���t�mW f��mWtf�dg[ f2V

γ ∈ [Σ]<ω
�`f2h b MqY9�thibjd`Ylu7�j[ z f2uG�2�`bmk E}�mW([ f2�{f�d z ���t�jW(h'YlV{a}f2V

γ ∈ [Σ]<ω
��^`b>�mbjV

Kk)�thi~}[lf2h'f2VXd`o{h�� � bmV!�t[]WXbmV
Aγ

z ���t�mW
Aγ |= γ

�	�$kHk&�m^�h'f2�tY VXd�b � � �t� dgU�dgf2[ = � @���~5�tVXd�
`b
h'Y bjd�d bmu

{Aγ : γ ∈ [Σ]<ω}
�µdg^`o}kHd�E{^��jk¿f2�mW'bm[ kebm[lhibm�

B
o{[]dg^gbj�`u��m^`u�bedrb�h��Ja{f�[l[�
�f

Σ
��V6bmk@�

P�Y?�tf�[
Σ
b MqY��th£bedgYlu��m[�
`b

K
��d z f ��� +t[

B ∈ K
k)21�tf�d`kmf�u2Ylk@���$u bmu��tV � bjV [ f2�{f�dgf�d`[lf�V z hif�^�d

bmu
Aγ

��dg^�o{kXd�E{^��mk h'YlV{a
K

k)�th'~{[lf�hif�VHd`o{h�� � bmV �jbmV}V6bmk z U2� bc\_f2[]dgf8�tU2���{V{k ��u2f�^`YlVXd f
k)�thi~}[lf2h'f2VXd`o{h o{[]dg^`bm�`u.�t^`u2bjdg^`b u��m^�d2�

�D�J ��{���}¢t§ R��tbmu��t[F
�o{k z ���t�mW"�6b
K
U��
M L

�Ý��dg^�o{kXd�E{^��mk�f��mWX��f2�jW�b MqY9�mh£bjd`Ylu��m[l�6bedgs �t�`u�d/�m[]WXb z
bmkHk)�t^

K ∪M
Y �*b MqY9�thibjdgY u7�m[ �6bjd`s{�

y{v
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A
bja��md`d×��d`^`o{kXd�E}^gb z [ f2�mWmf2V

F
f��mW

|A|
��^�f2�to{[9�m^`Y �-o}[ dg^`bm�`u.*{^�+ �jbm[lbe�

h'Yl[]Wtf2V
I
�{bm[lhibmu \_f�[lf�d`d�U���[lf��mWtf�V

E ⊆ F
f2�mW �t[]WXbmV

|A|
��u7�mh��t�����m��E �{bm[lhibmu z hif�[ WJ^`f

d`f2[�
�f����{[ z ���m�mW0h'YlV{a}f2V
i ∈ I

��^`f
{e ∈ E : i ∈ e}

�mU2�tf��2��RT\_f2[ d`U�d`f2[lf�k���u2f�^`YlVXd'�jbmV f2�jW
f : A → E

� YF
�f2k)�2Yls}� P�Y V{a{f2V
i ∈ I

��^�f [lf��mWtf�V
γ(i) = {a ∈ A : i ∈ f(a)}

z f2u
A�mU2�tf���^`U��`u��6bm[lhibmu2b}� �Df2�jWtf2V

Ai
b
γ(i)

�m[]drbm[��tf2V{f�^��m[]d«^`U2��u2�µdg^`o}kHd�E{^gb
A
� � bmV&U2� [lf��mWtf�V

B = Πi∈IAi/F
�ÃP�f��th�o}dgbjd;
�o{k z ���m�mW

A
� f��m�mWXbju2�6bjd`s

B
� � fm�

P�Y V{a{f2V
a ∈ A

��^`b£[lf��mWtf�V
a′i = a

�{b
a ∈ Ai

z k4�{[�2tV � f�V&[ f2�mWmf2V
a′i
dgf�dg��u�+t[ f2�tf���f2[lf�h

Ai
� � f2V�� �Df2�mWmf2V

a′ = 〈a′i : i ∈ I〉
U2�p[lf��mWtf�V

g : A → B, g(a) = a′/F
z bmu�d��m[l[�� d�
�o{k z

���m�mW0f�uib
g
b kmf2^�f2��f�d`d � f7�m�mWtbmu7�j�2�¿R

g
YlV 
�f�kXd���� \��{�t�)�tU2VXW z h'f2^µdpk"�}[92tV � 2tu�+

a, b ∈ Af��`f�d`U2V
h'YlV}a{f2V
i ∈ f(a)∩f(b)

��^`f
a′(i) = a 6= b = b′(i)

U��-h'Y��mf2[
f(a)∩f(b) ∈ F

z f2u�U2^�d
g(a) 6= g(b)

�
�Df2�mWmf2V�h��t�µd

R
f��mW

n
�)�m[]d��tu�st��^`f�[D�&��Ylst��u2Ylh � st[ o{h

A
VXWmf2[��mU � f2V z U���[ f2�mWmf2V

a0, ..., an−1 ∈ A
� �$kJk)�t^

RB(g(a0), ..., g(an−1)) ⇔
{i ∈ I : RAi((a0)

′
i, ..., (an−1)

′
i)} ∈ F ⇔

{i ∈ ∩j∈ng(aj) : RAi((a0)
′
i, ..., (an−1)

′
i)} ∈ F ⇔

RA(a0, ..., an−1)

h'f2^µdi�{b
i ∈ ∩j∈ng(aj)

z bmkHk&�m^
(a0)

′
i = a0, ..., (an−1)

′
i = an−1

� � u�u2f�[�h'f2�th�o6bjd`d`o{k z
���m�mW

g
hif���+t^`u�YDb ^`f2[9�&�2Y stkebjd��OR \��{�t�&�mU2VXWtf�k h'f2�&+t^`u�U2�`U�dÌ�6bm���mV{[lsXbjV [ f2�}f�d*Yl�tbmu��t[ V{Y��
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q
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� � bmVB� �$kJk)�t^ �jbmVN�t[ WtbmV
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z ���t�mW
s(i) 6= q(i)

z
U��"f2u�U2^µd�hiY V{a{f�V

j ∈ f(i)
��^`f

Φ(s)(j) 6= Φ(q)(j)
��P�Y��mf2[

f(i) ∈ E ⊆ F
z f2u�U2^µdJ�jbm[ls � bmV

Φ(s) 6= Φ(q)
�
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F
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ω
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|Πn∈ωAn/F| = 2ℵ0
�

� � ��b
〈An : n ∈ ω〉

�tU��tf2�
�{bm[lhibmu��mkL�t[ WtbmV����t^��mu�bjdgb z ���t�mW
{|An| : n ∈ ω}

V{f2h
k)�t^`[9�jd��t� z bmkHk&�m^ �jbmV �t[]WXbmV

F
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ω
�ÝV z ���m�mW
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A
b

Σ
f��mW �tU2�jdgf2[ f2Vih��Ja{f2[ [�
�f z U2�Ã^�2t�tu.� d`���{V{k f��mW z bp\_f�[ d`U�dgf�[lf�kJV}f2k

f�[lf2�mf�d�d`f.�&+
κ
��d��OR � � �qv d`U�dgf�[I= � @�~0�tVXd;
`b"h'Y bjd�dI�mbjV

κ
�ÝV�f2�jW�^�f2�to{[9�m^`Y �

F
o{[]dg^`bm�`u.*{^�+{� �$kX�

k)�t^Ìb � � ����[lf�hihib�U��"b � � � ! dgU�d`f2[Dh'Y bjd�d
B = κA/F |= Σ

U��
|B| = |A|κ ≥ 2κ > κ

� 6ÃbjV
d`f2���jd

B
��V{f�kcf��mW0~0�tVXd��t�`bmV

κ
�`u7�jh��t�����m�&E&^�U2��u2�6bm[ h£bju�b z bmu v � vLx [lf��`u��m[l[ s � 2��×f�V{�{f2Y h �

< k)�t[lf�h dgU�dgf2[�h'Y bjd�d*f2u bi^`U��`u��6bm[lhibmu � f2V{V{f��jbmV
B
f2�mW�[ f2�m\_f�[�
�f ��� =_U2�J� �mW ~0�tVXd��t�`bmVA@

κ��u7�mh��t�`���m��E f2[ f2h'Y�^`U��`u�U � f2V z f2u«bmu�f�[lf2h'YB^�U2�`u b¿kmf�^`f2��f�d�d�h��qa{f�[l[��
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A
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A
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B
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�mU2�md`f2[lf�Vc�µdg^`o}kHd�E{^��ed
=_f2[l��+t^`f�V{a�*A@�dgo}[ b3
�a��mV{���m�tbmYBh'f2�Xbma��m���7�jbm[DV{f�h [lf2�}f�dÌf2�mWmU2^µdgf2[ h *{f�V
bmu.�tV��t��� dgbmV{Y�� 6�Y �`u��mVHdÌ\��t^�h£bm[ Ylu��m[ d z �jbm�mW bjk)�j^Ìd`f2^`h'U2��u2f�dgf2��VXWtf2[?�tf�kmf2V ���gbmk bmu

A
��d`^`o{kt�

d�E{^gb�dgo}[ b3
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�mU2�tf���Y a�+'bm[ bjd�d

A
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�f2��f2V hif��tf2�jWtf2u�V{f2k �

R"u�bm[ \_fO
�f2u2f�dB��U2[�
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h'f2� \��t�1
�o}k h�o}drbedgV{Y z ���m�mW kmU�d¿h��Ja{f�[l[$~0�tVXd��t�`bmV bmkHk)�t^�f�[lf2h'Ylf�V(f�k4�JY?�mbj[lf2V}� z �{b �jbmVq�
V6bjk0Ylu.�th��m^�\ o{[]dg^gbj[D�mV��2bmYlk@��� u�u2f�[
dgf2���jdp\��t^`h�o}[D�mkH^gb��jbm[ s �{Y��jbjd`k&�tu��m��V{U�[lk4�{[ z d`Yl��u�d/�jV b
h��qa}f2[l[ f2k���u2f�^`kmf�u2f�dgfp�`f���� d`�`U2�mU.�tf�[ � ^�
�o{k¿hib3
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�a z ���m�mW
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�)�mVXWXbjYlk@�
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V6bj�mW z bmhiY [ Wmf2V V6bm�jW �2�gbjk [lf2�}f�d���P �t�µd£h'f2�mh�o}drbed;
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��}k = v @pY �Xbmu.�t[D�m���7�mbj[�� �6f�[ dgf��{f�d�+ z ���t�mW
A0

�mU2�md`f2[ f2V z k4�{[�2tV � f�V bmu
�m[ [9�]d/�m�Ã�`f�hih'Y d`h��tV}a{s{�

�Df2�mWmf2V
B
f��mW

A0
��bm[ =�U��-f�kJk)�t^Ã~8f�^`�`u�f

A := IA0/F
��f�[{Yl��@
f2[lf�hiY f2V¿f�k4�JY?�mbj[lf2V}�-�µdg^`o}kX�

d�E{^gb z h'f2[ WJ^�f
|B| < κ+ =�bmu2bmu

|B| ≤ κ
@���P�f2�mh�o}drbed;
�o{k z ���t�mW

B
f�[lf2h'Ylf�V � f7�j�mWXbmu��6bjd`s

A
� � b}�	�$�{�{f�u�bmu v � �t� dgU�dgf2[Dh'Y bed`d�f�[lU2� z �6bibju�dÌYl�Xbju��t[F
�o{k z ���t�jW hiY V{a{f�V

b ∈ B
���{f�u'�mbjV

b′ ∈ A
E{�mW z ���t�mW

〈A, b′〉b∈B
h��qa}f2[l[F
�f

B
f�[lf�hiY�a{Y bj�t^gbmh'hC
��mV6bmk =�bmhiY]d z hiY VXd�f2a}a{Yl� Y � z

∆e(B)
� �mf2[�
�f2[�2t[9�}V{k%@��

P�Y?�tf2[
F κ

��^�f2�to{[9�m^`Y � z �mbjV �t[]WXbmV
E ⊆ F

z ���t�mW
|E| = κ

U2� h'YlV{a{f�V
i ∈ I

�Ý^`f
{e ∈ E : i ∈ e}

�mU2�tf��O�{bm[lhibmum� �6f2[]dgf8�tU2��f2Y V{k��`u�f2^�YlVXd
|∆e(B)| ≤ κ

f�u2U�^�dI�jbmV f��mW�Y V 
�f2kXd��?�
f : ∆e(B) → E

\��{�t�&�mU2VXWt� �Df2�mWmf2V�hiY V{a{f2V
i ∈ I

��^�f
γ(i) = {ϕ ∈ ∆e(B) : i ∈ f(ϕ)}

�
�$kHk&�t^
h'YlV}a{f2V

i ∈ I
�Ý^`f
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A
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B
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ϕ0(xb0 , ..., xbn−1), ..., ϕm−1(xb0 , ..., xbn−1)

�	�$kJk)�t^

B |= (∃xb0 ...∃xbn−1) ∧j∈m ϕj(xb0 , ..., xbn−1)
z

U�� hiY?�tf2[
A0 ≡e B

z �jbmV{V6bjk �t[ WtbmV
b′0(i), ..., b

′
n−1(i) ∈ A0

f�[lf�hif�k z hif�[ Wmf2kH^`f
A0 |=

∧j∈mϕj[b
′
0(i), ..., b

′
n−1(i)]

� � u«bmu�d 
�f2[lf�VXdgY z ���t�mW
hiY V{a{f2V
ϕ ∈ γ(i)

�Ý^`f

(∗) 〈A0, b
′
0(i), ..., b

′
n−1(i)〉 |= ϕ

�
�"b

b ∈ B
�t[]WXbmV&f2[ f2h z hif�[ WJ^`f
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V{f�h �`u2f�^`f�~8f�[
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�� � bmV �`f�h z

bmkHk)�t^"[ f2�mWmf2V
b′(i) ∈ A0
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b ∈ B

�Ý^`f«[lf��mWtf�V
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� � [l[�� d�
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�

�$u«bmu2U�^�d �jbmV � �mW z hif�^�d*�6b
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〈A, b′〉b∈B |= ϕ
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φ
f�[lf2h'Y � f7�m�jWXbmu��m� z f�u2U�^�d�bmu

A+ = 〈A, a〉a∈AU��
B+ = 〈B, φ(a)〉a∈A

f2[ f2h'Ylf2V f2kQ�JY��jbm[ f2V{�Ì��d`^`o{kXd�E{^��mk@�*R�dgU�d`f2[-= v @*~0�tVXd;
`b �`u�f2^`Y VXd
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b ∈ Bf�[lf2h'V{f�k h'f2�£kmf2[ [Odgbm[D�m[ VHo{V{k b£kmU�~8U�d«bmu�o{[]dg^`bm�6bjd��&�jVHW � bjV z b£kjU2~;f2k�hiY V{a{f2Vcf2[l��+t^`f�V{aq�
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B
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d`o{[ b3
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∆e(B)
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F
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�
# § * =D§>� ������¤3FX�_­Z§����	��
�� -

A
�	��


L
*�' �6� % /0�6K@� ) " ' �<�	��
�� -

κ
�	��
�'(
�7�� 4 ' '�7�� 1 A

*��
κ
*

'(
 ),�"%@� 7�� �"-&)0/ -!�����(
I
�& /��+/�) � +.-��.� -
X ∈ [A]<κ

*;� ) " '
p ∈ SA

1 (X)
*;���

p
��� )�� +A
�7�� /�),� -

A
* , ),- 1 A '(
 ),� %.� 7�� � �M/�) |A| *�'(
 ),� %.� 7�� � 1

� v



HÌWJY [��)�mVQ�jbm[ls z ���m�mW �{b f2�mW ��d`^`o{kXd�E}^gb
κ
���`u2bjdgo}^��m[]d z bmkHk&�t^0h'YlV}a{f2V

λ ≤ κ
��^`b

λ
�

��u�bjd`o{^��m[]d*Yl���
# § * GD§��Ã�E� � �B§0���	��
�� -

A
�	��


L
*�' � � % /0� K.� )+" ' �<�	��
�� -

κ
�	��
 ��"	�,�8���<� - '(
�7�� 4 ' '�7�� 1 2 / /�4��) /�F���� �./��(
�� /�" � 7��)� !.� 70'0� /�� +)�0)��<� -�' 1��� �

A κ
*�'(
 ),�"%@� 7�� � 1��� � : +.-��.� - n ∈ ω

*;� )�� � +.-��.� -
X ∈ [A]<κ

*;� ) " '
p ∈ SA

n (X)
*;���

p
��� )�� +A
�7�� /�),� -

A
* , ),- 1

�¿�_�'&;�0/Z¤�¢"46�m§ = � @
⇒

= v @$VXWJYl[��)�mVQ�jbm[ s z = v @
⇒

= � @��Ýd
n
�`u�f2^`Y VXdgY@YlV{a}o{k&��Yls1�jbm[6Yl�Xbju��t[F
�o{k@��R"u

V � v f2��f�d � f�VcV{Y V��2�*h'Y d � Y u��tVXW"� dgbmV{Y��
Q�f2�mW"�{k�\_f�[ z ���t�jW

(2)
Y �Xbmu �jbm[lbmh'Yl[ Wmf2V

n ≥ 1
��^`f�U2� [ f2�mWmf2V

p ∈ SA
n+1(X)

��R"u�d
kjf2[l[«Yl�tbmu��t[ V{Y z ���t�mW

p
^`f�bj[lYlu��m[l�{bjdgs

A
� � bmVB� �Zf��mWtf�V

p′ = {∃vnϕ : ϕ ∈ p}
� ��b

q = {∃vnϕ0, ..., ∃vnϕk−1} ∈ [p′]<ω
z bjkJk)�t^ #Jh'Y��mf2[

p
�tU2�mf2�`f�V(^�f�bm[ Ylu7�j[l�6bjd`s
# �jbmV �t[]WXbmV
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�
R \_f2[]dgU�dgf2[ f2k

��u2f2^�YlVXd�h'YlV{a}f2�mWJYlk
γ(i)

^�f�bm[ Ylu7�j[l�6bjd`s
B
� � f2VB�'6"Yl�`u.�tVXd

p
\��t^�h�o{[9�mY � bjV ���gbmk

Y ⊆ A
� � f2[lY

~6bj^gbmh'U�d`f2^`f�k��jbmV{V6bjk z U��×b � � �jy dgU�dgf2[@h'Y bjd�d
A
f2[lf�hiY}^`U2��u2f

B
�ÝV{f2k z f2u2U�^�dÃh'YlV{a{f��mWJYlk

γ(i)
A
� � bmV Yl�*^�f�bm[ Ylu7�j[l�6bjd`s z [lf��mWtf�V

bi ∈ A
f2�jW ^`f2bm[lY u7�&��Yls{� 6�U2�&�{[D[lf��mWtf�V

b = 〈bi : i ∈ I〉/F
�

�$kHk&�t^
b
^`f2bm[lY u7�m[F
`b

p
�Ýd z o{�mWtbmV{Y �×�6b

ϕ(v0, ā) ∈ p
dgf�dg��u�+t[ f2�tf���\��t^`h�o}[ b z bmkHk&�m^�hiY V{a{f�V

i ∈ f(ϕ(v0, ā))
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d�2 ��� f�d*[ f2�{f��`��f2V h��tV}a6bmV{Y�� ,��mWtbmV6bmkHk)�t^ÌbmupV{YlV�����kHYlu7�j^��jb z ���m�mW
� Y u��tVXW&�t� �Ý�`u2U�~  cf2[lh'U2[ f�d`f2kHV{f2k h'U2�tY �i[ f2�mWmf2V{f�k¥��u�bjd`o{^��j[ dih��Ja{f2[ [�
�f�Y�� R�[]Wtf2V}f2kH^`f b x � �
\_fO
�f2u2f�d � f2V�[D�jd`o{V{k£hib3
�a�~;U2[la��mkebjd��
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A
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B
���<��� +	� - � /�� +)�0)��<� -�'I��)�
�40-!4 ' '(
�7�� 4 ' '�7���K '(
 ),�"%@� 7�� �J� 4��.���)�<� / 1

2 / /�4�� A ∼= B 1��� � 5 ) κ ��"	�,�;���<� - '(
�7�� 4 ' '�7�� " ' A κ
*�'(
 ),� %.� 7�� � ��)0/ /�4��

κ+ *�%�- +)����� 
�7�� + ' + ' 1
�¿�_�'&;�0/Z¤�¢"46�m§�= v @Ý���{f�u«d`f2�mW"�{k \_f�[ z ���t�jW

κ = |A| = |B|
z k)2tu2f�[lf ��� ^�+m[

A = {aλ : λ < κ}U��
B = {bλ : λ < κ}

�0P f2�c\��t�7
�o{k bma}V{Y-f�[lf�hiY [lf�kmU�~8f�u2U2��f2k f��mW
〈fλ : λ ≤ κ〉

�t[]WXbmV
���t^��tu2bjd/�ed z h'f2[]Wq^�f�dgf�[�
�f2���{[ z ���t�mW h'YlV}a{f2V

µ < λ ≤ κ
f2�`f�dgU�V

=�b�@
fµ ⊆ fλ

z
= � @

aµ ∈ dom(fλ), bµ ∈ range(fλ)
z

=;�7@
〈A, a〉a∈dom(fλ) ≡e 〈B, fλ(a)〉a∈dom(fλ)

z
=�a�@

|fλ| ≤ |λ| + ℵ0
�

�$u�f�[lU2� z h'f2^�d�f2kHk&�m^
fκ
b"k4���)�mVXd�Ylu��mh��t^ �6u2h�o{�2��R"u�f�[lf�hiYH[lf�kmU�~8f�u2U2��f2k����t^��mu�bjd��jd�d`^gbmV{��u��

�6V}Y d*^`f�kHo{^`u�Yls1�jbm[Dbma 
�o}k
hif��{�$Q�f2�mW"�{k
\_f�[ z ���m�mW h'YlV{a{f�V
µ < λ

��^gb
fµ

bma��md�d*h��m^��
�"b

λ
[lY hif��`u�^`f2V}a{�`u��mh z bmkHk)�t^�[lf��mWtf�V

fλ = ∪µ<λfµ
� �$kHk&�t^

(a)
U��

(b)
VXWJYl[?�)�mVQ�mbj[lsXbmV

U�^��tU�VXW � f2V¿hibm^`bma z
(c)

bmu2U�^�d�h£bj^gbma«U2^ �tU2VXW � f2V z h'f2^µdO�{b
〈A, a〉a∈dom(fλ) |= ϕ

z bmkHk&�t^�h'Y]�
�mf2[

λ
[lYlh'f2��u2^�f2V{a{��u7�mh z �mbjV �t[]WXbmV

η < λ
z ���t�mW

ϕ
� � f2V«[lf2�j\_f2[�
�f ��� bmu

{aµ : µ < η}
f2[lf�hif�Y d


�f�[92t[�+ik)�tV{��dgbmV{���`u2Y h � st[lo{h��tk��`u�f2^�f2~;f2[lV}f2k z f2u�U2^�d
〈A, a〉a∈dom(fη) |= ϕ

U��'�l�mW�bmu YlV{a{o}kX�
��Ylst�×\_f�[ d`f.�tU�� =�~0�tVXd��t�`b ��� bmV =;�7@

η
��^gb����tV6bedgk&�mu2s'~8U�[la��mVXWtbQ@�hiYlbjd`d

〈B, fη(a)〉a∈dom(fη) |=
ϕ
bmu2bmu =�bQ@£h'Y bjd�d

〈B, fλ(a)〉a∈dom(fλ) |= ϕ
� 6"U2���}[�=�aA@
Yl� U�^��mU2VXW � f�V h£bj^gbma z hif�^�d

|fλ| ≤ Σµ<λ|fµ| ≤ Σµ<λ|µ| + ℵ0 ≤ Σµ<λ|λ| + ℵ0 ≤ |λ| · (|λ| + ℵ0) = |λ| + ℵ0

�

� x



�"b
λ
^��mk)23�mf�d`kmf2u.+�^`f�V{a{��u7�mh z h��tV}a 
�o{k

λ = µ+1
z bjkJk)�t^D[lf��mWtf�V

p = tpA(aµ/dom(fµ))U��¿[lf2�jWtf2V
p′ = {ϕ(v0, fµ(ā)) : ϕ(v0, ā) ∈ p}

� � kHk)�t^ =;�7@
µ
��^�f����tV{bjdgk)�tu2s ~;U2[la��mVXWXb

��u2f2^�YlVXd
p′
f2�mW

range(fµ)
\_f2[ f�d`d`Y�d�� ~{o{�

B
� � f2VB�

= �$u�d-^�U2��u2[lf�dgf��`f ��� f�V
Yl�$h'f2�th�o}drbjd�
�o{k�f ��� f2Vib � f2kjf2u�a{U2� � f�VB�	�2�gbjk bmu �tk&�tu��6bjdÃ~{^�� � �
[ U2h��jd z ���t�mW

p′
hiY U2^µd�[lf��`u �tU��tf2��f2V ^`f�bj[lYlu��m[l�{bjdgs

B
� � f�VB�
�$u�dN� �mW0���mV{a��t[ �6bjd;
�o}k �ed����6b

q = {ϕ0(v0, fµ(ā0)), ..., ϕn−1(v0, fµ(ān−1))} ∈ [p′]<ω
z bmkHk&�m^�b k&�mV{��d`^`o{k)�2Yls'h'Y bjd�d

〈A, a〉a∈dom(fµ) |= ∧i∈nϕi(aµ, āi)

f�u2U2^µd
〈A, a〉a∈dom(fµ) |= ∃v0(∧i∈nϕi(v0, āi))

� 7�f£f2kHk)�t^�f�u£o}d`s ��� Y \��t^`h�o{[ b =;�7@
µ
�Ýf2a{Y k

~;U2[ a��mVXWXb hiYlbjd`d
〈B, fµ(a)〉a∈dom(fµ)

� � f�V�Y ��Yl�Xbmu z �jbm�mWJY �
q
^`f�bj[lYlu��m[l�{bjdgs

B
� � f�VB� @

Q �3�)� ��� � =_aA@"h'Y bjd�d
|range(fµ)| < κ

U2�
B
�`u�bedgo{^��m[ d2�
�$u2U2^µdN�mbjV&f��mW

b ∈ B
z hif�[ W

^�f�bm[ Ylu7�j[�
`b
p′
��d�� �Df2�jWtf2V

f ′ fµ
��V{f�kcbju¿b
kHY dgf�^�
�f��`u�d`U2��f z h'f2[ W

aµ
�Ýd
b
�Ý^`f�kjU2~;f2u2Y��N�$kJk)�t^

f ′f��mW f2[ f2h'YB[lf�kmU�~8f�u2U2� z hif�^�d

〈A, a〉a∈dom(fµ) |= ϕ(aµ, ā) ⇔
ϕ(v0, ā) ∈ tpA(aµ/dom(fµ)) ⇔
ϕ(v0, fµ(ā)) ∈ p′ ⇔
〈B, fµ(a)〉a∈dom(fµ) |= ϕ(b, fµ(ā))

�
R�u f2[lf�hiY�[lf�kmU2~;f2u�U2��f2k hiY V{a{Y �(YlV3
�f2kXd��?��\��{�t�)�tU2VXWmf2k@� � u�U2^µd d`f2[F
�f2�`f�V �6bm���mV{[lsXbjV z �jbmV
�t[]WXbmV

c ∈ A
f2[ f2h z ���t�mW

f ′ ��V}f2k bmu b�kHY d`f2^�
�f��`u�dgU2��f z hif�[ W c ��d bµ ��^�f¿kmU2~;f2u�Y f2[lf�hiY�[lf2kjU��~;f2u�U2�Ì[lf2��um� �Zf��mWtf�V
fλ

f2u«bmu«f2[ f2h'YB[lf�kmU2~;f2u�U2��� �$kJk)�t^�=�bQ@�U2��= � @�VXWJYl[?�)�mVQ�mbj[lsXbmV U�^��mU2VXWX�
� f2V h£bm^`bma z =;�7@«bju2U2^µd«h£bm^`bma&U2^��mU2VXW � f�V hif�^�d

fλ
f2[lf�hiY$[ f2kjU2~;f2u2U���U��G=�a�@pbju2U2^µd z hif�^�d

|fλ| ≤ 2 + |fµ| ≤ 2 + |µ| + ℵ0 ≤ 2 + |λ| + ℵ0 = |λ| + ℵ0

�
�$u2u�f2[�b¿k"�?�)�mVXd�f�[lf�hiY8[lf2kjU2~;f2u�U2�`f�kmf�d�hif��tk&�mV{��d`^`o��m[]dgo{k@�
= � @×Yl�Xbmu.�t[D�j�gb��6bj���tV{[ sXbmV
d�2t^�d`U2V{�{f�d�� [lf��mWtf�V

B
f��mW

A
� �jbm[�f�[lf2h'Ylf�V f2kQ�JY��jbm[ f2V{�*��d`^`o{kt�

d�E{^gb z h'f2[ WJ^�f
|B| ≤ κ

� R�u£f�[lf2h'Y$[lf�kmU�~8f�u2U2��f2k k&�tV{�µdg^�o{k&��Yls 
��mV��m[-o}�mWXbmV4E{�jWG
��j^`o{V{k f�[ z
h'YlVXd$bju�f2[�+ ��� z kHY��mU.�mf z ���t�mW�^��mk)21�tf�d`kmf�u�+�[ U2~;U2��f2k � f�V �2�gbjk

B
���m^��tV{k)21�tf�d`kmf�u�+�f�[lf2h'U2V}f2k

kjf2^`f����{V}k¿kmU2~;f�d
A
� � bmV =�\��t^`a��]d��jb"V{f�h Yl�Odgo{a{V��mV{k z �{Yl��u2f2V

B
��^�+m[}�`f�hih'Yl[]Wtf�V¿�`u�bedgo{^��m[ d`���e�

���jd*�`f2h dgf�d�d��{V}k
\_f2[$@�� �$kHk&�t^
fκ

YlVQ�tf�^`u2f
B
f2�jW f2[ f2h'Y � f��m�mWtbmu7�m�`b'[ f2��um�

�$u2f�k �`u�f2^`Y VXd z bma��md�d �tU��mdgf�[lf�V°��u7�mh��t�����m���mV°f��mW(d`f2[F
�f2��f�[lh'U2[lf�d���u�bjd`o{^��m[]d�h��qa}f2[l[F
�f
=_�6b �mbjV�Y [ Wtf�V�f2�mW��m[ dgbm[D�mV�@-Ylu.�th��m^��6u�h�o{��f�^`f�
�U�Yl� f2�jWtU2^µdgf�[lh *B�

P�f��1
�f��mWtf�u2u��}k d��1�)� ��� � z ���m�mW bju f2[9+ ��� Y � Ylu.�tVXW%�]d/�m�£���t^��mV z hiY k&�t^£b(^��mk)21�tf�d`kmf�u�+
^�f2V{a{��u7�mh��tkHV6bmk�h'f2�m\_f�[lf�[9+¿[lU�~8U��`f�k � f2VckJY]dgf�^�
�f2��u�d��{V{k�f2�mW

f
f2[ f2h'YD[lf�kmU2~;f2u�U2�µd z [lU2VXWmf2�tU��

� f2V ���gbmk bmV{VXWJY d��6bm��u2V��m[ o{V{k z ���m�mW�bju E 
Of�[lf2h
dom(f)

\_f�[lf�d�d
o{�jWXbmV6bju��tkebjd
bmu �	��
*+ '(
*�;� -�*
O +67�� + '$\��m^`h�o{[9�mkebjd f2[ U2���]dgY@kHY z hiY VXd-kjU2~;f

range(f)
\_f�[lf�d�d��
Q�f2���jd�V{f�h �`u��}kJ��U2�tf���\_f2[ d`f2V{V}Y

d`f2[�
�f���f2[ ��+t^�f2V{a�*�d�� ~{o{�`bmYlkif2�mWmf2u2U��`U�d��
P �t�µdpbmu
,ÌV{Y9��Y d��m��d`U�dgf�[Of��mW�f2�mWJ�`u�f2^�*&k)21�tf�d`kmf�u2h'U2VXWtU�d�Yl��hif�^�d`f�d;
��}k z hif�[ WJV{f�kcbmu�d/�mV

���tkX\_U2[lf��m[]drbm[9�mV��t��� d��m���jd-Yl��Y �Xbmu.�t[�
�o{k'hib3
�aB�

� �
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A ≡e B 1��� � 5 ) F -!���J$?� %@� �6� )0'(
��@��� ω *�-N� )0/ /�4�� ωA/F ∼= ωB/F 1
�¿�_�'&;�0/Z¤�¢"46�m§�= � @

⇒
= v @�bmu2U�^�d�Yl�Xbmu z hif�^�d

A
U��

B
f2[ f2h'Ylf2V f2kQ�JY��jbm[ f2V{��f2k�h'YlV{a{f�V�o}[ dg^`be�

�6bed��)�mVXWJo{kHkjbj[ z f2u�U2^µd = � @×f2��f�d`U2Vcf��mWJh��j�`�gbj[DYl�2�
= v @

⇒
= � @�Yl��k)2tV{VXWtf�V bma}sqa{Y k0bmu¿f�a{a{Y �tYlf�k � +t[���b � � y � dgU�dgf2[$h'Y bed`d�bju

A′ = ωA/FU��
B′ = ωB/F

o{[ d`^gbm�{bjd��)�mVXW��mk
ℵ1

���`u2bjdgo}^��m[]drbmk°U2�:= v @£hiYlbjd`d£f2[lf�hiY f2V f�k4�JY?�mbj[lf2V}�`f2k@�
Q �1�&� ��� � h'Y��tf�[

ω
�ÝV h'YlV{a{f�V V{f�h'\�+ o}[ dg^`bm�`u.*{^�+�^`f2�mo{[D�m^�Yl� z f�u2U�^�d&b � � � ! d`U�dgf�[�h'Y bjd�d

|A′| = |B′| = 2ℵ0 = ℵ1

=_f2u o}dgs ��� Y�b k&�mVHd`YlVHo{o{h¿���}Yl~0�mdgU�u2Yl�£hiYlbjd`d/@��ÐQOf����jd
A′ U2�

B′ f�[lf�hiY f2V f2kQ�JY��jbm[ f2V{�*��u�bjd`o{^��m[]d*��d`^`o{kXd�E}^��mk z f2u�U2^�d�b � � yty dgU�dgf2[Dh'Y bed`d�Y u��th��t^�\�bjkiY �2�

� dgU�d`f2[�oqd/�mV d`f2^`h'U2��u2f�dgf2�¿kjU2^�a{U2� z ���m�mW:�jb3
��mV � +.-��.� - f2[lf�hiY f2V f2kQ�JY��jbm[lf�V{�¿��d`^`o{kt�
d�E{^gbm~��m^`V6bjk �jbmV{V6bjkX�Ýf
Ylu.�th��t^�\Ho{[]dg^`bm�6bjd��&�jVHWtbmY z �jbm�jWqY �B���t�jW�b � � wmy dgU�dgf�[ � +t[mf�[l�6bm�jWq�{bjdgstkt�
f�bju�o{[ d`^gbm[9�mV����mk;��P�f��p\��m�1
�o{kph�oqdrbjd`V{Y z ���t�mW�bJ�&�j[ bm��u�Yl�tf�V{[9+}� �$[9+m�`u�2m^

gch
\_f�[ dgU�dgf�[lf2u�U2��f

h'f2[ [lf�d�d
~{^�s � �m[F
�o{k b � � y ��dgU�d`f2[]d$dgf�d`�`u.+t[lf��tf2� =_hif��t�`u��mhi[9�m[l�{bjdgstV��m[HV6bm�mW&� ��� @��µdg^`o}kHd�E{^��jkX�
^`b��j[ drbj[D�mV��m��� dgbmV{Y��

�$�{�{f�u�bmu�d�b�kmU�^`a{U���d*kjf2[l[@dgY �`u�d/�mu�V{Y z ���t�mWibm[ kebm[lhibm�$o{[]dg^gbj�`u�*}^�+tkjf�d��{bm�`u�V��m[��jb�kebm~}�6be�
d`o{V{kt��f«f2[ U2�t�tU«�`u2bjdgo}^��m[]d�o}[ dg^`bm�`u.�t^`u2bjd��mkjbed��×R � � y � dgU�d`f2[ � Y u��tVXW"� d��m�gb'o}d/�mV}YDhif��1
�f��mWJu2U2�
��u2f2^�YlVXdpbmu o{[ d`^gbm��u�*{^�+
^`f��to{[lbm^`Y]d/�m�`b'f��{�{f2u¿kjf.�mU2�2� �$�mWcbma��md�d�d��l~{o{�"^`f�bj[lYlu��&�2Y s 
��m���mu�E}�mW
kjU2V{f �`u�U�d��t�`u�drbmV{Y bju�f2�mWmf2� �Ý\_f�[ bma{bjd��tkebjd� z ���t�jW b
k&2mu�2t��k)�%�t^�a{YlV��jd/�m^`b£kmf�^��{[]d�\��t^`h�o{[D�mk
f��mWJ�`u2f�^`^�f'Y ��^`f2bm[lY u7�m[ �6bjdgsmk [lf2�jWtf2V}f2k z o{�mWXbjV6bmkHk&�t^«bmu z ���t�mW0bmu¿f2�jWtf2��\��t^�h�o{[9�mkebjd�h'f2[]W
k)�%�t^�a{YlV��jd/�mk)�tV
bjkjbj^�
�o{k¿^�f�bm[ Ylu7�j[lV{Y z �2�`bmk£bju"Yl[ [lf�d�+�\��t^`h�o{[D�jd`st[}\��{�m�1
�2tV�=�h��m� \��t^`h�o}[D�mkXdgsm[
h��m^�V{f�\��{�m�1
�2tV�@��	�$uph��md`Y��)�m[F
`b�b¿k&21�tf�dgkjf2u�+ a}f.�6V����2Y stkebjd��
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κ
�	��
 '(
�7�� 4 ' '�7�� 1 GH
 f : [κ]<ω → F$'&�������" -�
 � 40-!40�;40-N��/�)

x ⊆ y ∈ [κ]<ω
� '�� �8" -

f(y) ⊆ f(x) 1 f )����,+.� !)���M/�) x, y ∈ [κ]<ω� '�� �;" -
f(x ∪ y) = f(x) ∩ f(y) 1 ��"	��&.�

g : [κ]<ω → F
)�

f
��-!4�� !.�	70'*)��3/�) � +.-��.� -

x ∈ [κ]<ω
*;� )

g(x) ⊆ f(x) 1
R"u�f2[9+ ��� Y�a}f.�6V����2Y s � bmV b ��h��tV��md��tV  «�{f�[ Wtf�d`d�dgbm[D�jV0bmu ��bmVXdgY h��tV��md��tV  z bma{a{Y]d��?���{f��

[]Wtf�d�d�dgbm[D�mV bmu ��bmVXdgYlbma{a{Y]d��?�  ��{f2[]Wtf��`f ��� �&�t[lV{b z a{fidrbm^µd;
�o{k hibm�to{V}kjbed�bmuiYl^��qa6bj[9�th � bmV
f�[ dgf�^�
�f�a}d*f2[ V{f.�mf2u2U��`f�kJ�}f2um� H*WJYl[��)�mVQ�jbm[ s z ���t�mW�bmupbja{a{Y d����'\��{�t�&�mU2VXWtf�k�h��tV��jd��tV��mkiY �2�

6 f2�jW%�}k U2��u2^`f z ���m�mW�d`f�dg��u�+t[ f2�tf��
h : [κ]<ω → F

\��{�t�&�mU2VXWJV{f2k �jbmV h��tV��md��tV �}�
V��mh��]d/�m�`b}�
bmu

f : [κ]<ω → F
z
f(x) = ∩y⊆xh(y)

f2�jW Yl[]Wtf2V�h��tV��md��tVG�6V��th�� d��m�2�
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κ
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�s"o{[]dg^gbj�`u�*}^�+"h'YlV}a{f2V

λ < κ
�Ý^gb

λ
��
�s

Y � z �jbm[ bjhiY VHd����t�mW bmu«f2[�+ ��� YDa}f.�6V����2Y s � bmV f2[ U2�£[ f�d�d �&�t[lV{bibmu�dÌf2[9+&�l^`V}Y z ���m�mW b'h��tV��jd��tV
\��{�m�&�tU�VHWmf2kHV{f�k �jbmV bma{a}Y d��?���6V��th��]d/�m�`b}�

ZFC
� � f2V
V{f�h � Y u��tVXW"� d`�6bjd`s z ���t�mW��mbjV{V6bmk

ℵ1

��dgf�[�
�f2�-V{f2h \�+�o{[]dg^`bm�`u.*{^�+tk@�	� kmU�^`a{U��
h'f2���`u2Y ^`fP�tf�u2f�d`V{f z h'f2[]Wq^�f�V{f2h bmkebm^�o{V{k kHY d`U2^�V{Y z a{fcb&~{^�� � [lU�h£bmk)2t^`^�f2[�kebm~0�2���t[ bjd � bmV
� x � ��^gb�oqdrbm[ o{V{k@�
�D�J ��{���}¢�&;¦�§ v � R��Xbmu.�t[�
�o{k z ���t�mW

ω
�ÝV�hiY V{a{f2V�V{f�h'\�+ o{[]dg^`bm�`u.*{^�+

ℵ1

��
�s}�
� � R��tbmu��t[F
�o{k z ���t�jW f2�mWmf�d`[lf2V

I
\_f�[lf�d`dgY�V{f2h \�+ o{[ d`^gbm��u�*{^�+'��f2h

|I|++ �?
�s{�w �:R��Xbmu.�t[�
�o{k z ���t�jW b
[0, 1]

YlVXdgf�^��jbm[ [lo{h
1
�Df � f2���to{f��ÝhiU�^�d`U2k4*¥^�U2��u2�6bm[ h£bju�bmY

ℵ1

�Ýd`f2[F
�f2�
��u�*{^�+mdÌ�tf2V{f�^��m[ V6bmk@�
�$u2f�k �`u�f2^`Y VXd�f��mW 
�s o{[]dg^gbj�`u�*}^�+'bmV{VXWJYl^`bJ
�s z bmh'f2V{VXWJYl^�f����gbmk£[lf2�}f�d��
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A = Πi∈IAi/F

U2� h'YlV{a{f�V
a ∈ A

��^`b0[lf2�jWtf2V
a′ ∈ Πi∈IAi

bmu
a
f��mW&^`f2~}^`f2u�f2VXd/�jV{�gb}� �Zf��mWtf�V

X ∈ [A]κ
U���[lf��mWtf�V

p ∈ SA
1 (X)

f2�mW&d�� ~{o{���0P�f��0kmf�[l[
h�oqdrbjd`VJo}V{k z ���t�mW

p
^�f�bm[ Ylu��m[l�6bedgs

A
� � bmVB�

P�Y?�tf2[
F

V{f�h
ℵ1

�Ýd`f2[�
�f�� z f2u�U2^µd
�mbjV �m[ WXbjV
〈In ∈ F , n ∈ ω〉

���t^��tu�bjd z hif�[ WJ^`f
J =

∩n∈ωIn 6∈ F
� �Df2�mWmf2V

Jn = ∩m≤nIn − J
z f2kHk&�m^�hiY V{a{f�V

n ∈ ω
��^`b

Jn ∈ F
z
Jn ⊆ Jn+1U��

(∗) ∩n∈ω Jn = ∅
�

P�Y V{a{f�V
p0 = {ϕ0(v0, ā0), ..., ϕn−1(v0, ān−1)} ∈ [p]<ω

�Ý^gb�[ f2�mWmf2V

(∗∗) f(p0) = J|p0| ∩ {i ∈ I : Ai |= ∃v0(∧k∈nϕk(v0, ā
′
k(i)))}

�

f
U2^µdgU�kJkjU2��u2[lf�dgf

F
� � f�[lY z h'f2^�d

p
�mU2�tf��`f2V ^`f2bm[lY u7�m[ �6bjdgs

A
� � bjVB� P �t�µd«�6bm�`u�V��m[F
�o{k z ���t�mW

F κ+ ��
�s}��h'Y��tf�[ |p| ≤ κ
z �jbmV

f
��V{f�k¿f2�mW

g
bma{a}Y d��?� �6V��mh��]d/�m�`b}� �Df��mWtf�V hiY V{a{f2V

i ∈ I
��^�f

γ(i) = {ϕ(v0, ā) ∈ p : i ∈ g(ϕ(v0, ā))}
�

��Y �mWtf�[�
��{kihif�� z ���t�jW
�6b
φ0, ..., φn−1 ∈ γ(i)

z bmkHk&�t^

(∗ ∗ ∗) i ∈ ∩k∈ng(φk) = g({φ0, ..., φn−1}) ⊆ f({φ0, ..., φn−1}) ⊆ Jn
�

7"f�bmu
i ∈ Jn

\_f2[]dgU�d`f2[�^�2t�tu��]dgf�d`d
i
�Ý^`f

(∗)
h'Y bed`d
���gbmkL�mU2�tf��£���mk

n
��^�f dgf2[F
�f2���{[l�{f�d�� �$u

bmu�d 
�f2[ f2VXdgY z ���t�mW
hiY V{a{f2V
i ∈ I

�Ý^`f
γ(i)

f2�mW��tU2�mf2�"�{bm[lhibmum�
P �t�µd�h'f2�th�oqdrbjd�
�o{k z ���t�jWcb

γ(i)
\��t^`h�o}[ bm�6bj[lhibmu��tkihiY V{a{Y �i^�f�bm[ Ylu7�j[l�6bjd`stk

Ai
� � f�VB�

��b
γ(i) = {φ0, ..., φn−1}

bmkHk)�t^
(∗∗∗)

h'Y bjd�d
i ∈ f({φ0, ..., φn−1}) = f(γ(i))

bmu�bju
(∗∗)h'Y bjd�dC�jbmV �t[ WtbmV

bi ∈ Ai
z h'f2[ Wc^`f2bm[lY u7�m[F
`b

γ(i)
�Ýd

Ai

� � f�VB�
6�U����{[ [lf��mWtf�V
b = 〈bi : i ∈

� !



I〉/F
�

P�f��th�o}dgbjd;
�o{k z ���m�mW
b
^�f�bm[ Ylu7�j[�
`b

p
��d

A
� � bjVB� �Zf��mWtf�V

ϕ(v0, ā) ∈ p
dgf�d`�`u.+t[lf��tf2� z

f�[lU2� Y �Xbmu��m[lV{Y z ���t�mW
A
� � bmV f2u�dcb \��t^�h�o{[9�jd

b
kHYlf�[lU���� d`Y�� P�Y V{a{f�V

i ∈ g(ϕ(v0, ā))
��^`b

ϕ(v0, ā) ∈ γ(i)
f2u�U2^µd

Ai |= ϕ(bi, ā
′(i))

� P Y��tf�[
g(ϕ(v0, ā)) ∈ F

z f�u2U�^�d b � � ����[ f2h'h£b
h'Y bjd�d

A |= ϕ(v0, ā)
�

P �t�µd�^��jd`U2^��{V{k b 
�s o{[]dg^`bm�`u.*{^�+tk¥k&�tV}��dg^�o{k&��Yls 
��j^gb}� � �}�{f2u f2�jW ���t^£a{f.�6V��9�2Y stV U2�
[ f2h'h��mV��jdC�tf�u2f�d�bmu�E}d��
�$[�+t�`u.2t^ 
�f2�jWtf2u�u��{k h'f2� z ���t�mWc[lf2�mf2�mWJ�`u�f2^�* ��� f2V E{�mW �m[ [9�]dg�6be�
d`o{V{k f2[�+

h : [κ]<ω → P(λ)
d��l~}o{��E(bma{a{Y]d����c\��{�t�&�mU2VXWtf�kmf�d z ���t�mW

λ
h'YlV{a{f�V

i
f2[ f2h'U2^�f

h'f2�Xbja 
�o{k z ���t�mW0hif�[ WJYlk�bmu b [lf�� � +1�mf ��� �6bm[ h£bmu
[κ]<ω

� � bmV z h'f2[]WJV{f2k
h
�`u�f2^`Y VXdgY$kmU�~8f

h'U2� dgbm^�dgbm[lhibmu2u2b
i
��d�� 6Ãbm[ls � bmV z �6b

g : λ → [κ]<ω
dgf�d`�`u.+t[lf��tf2� \��{�t�)�tU2VXW z bmkHk&�t^�b

h : [κ]<ω → P(λ), h(w) = {i ∈ λ : w ⊆ g(i)}
f2�jW�bma{a{Y]d��?�£\��{�t�)�tU2VXW�[ f2�`uj�

R"u£b ��U2[ o{V{k z ���t�jW&bmuif�[9+ ��� Y	2mdg[ f�dgf�d�=�U2���jbm^`Y9�mV{�gbjY d @"�{bm�`u�V��m[��jb�dg^gbjV{�`u8�6V{Y d ^`f�kHo{^µ�
u�Yls1�jbm[�U�~�� d`���{V}k°\_f�["f2�jW 
�s o}[ dg^`bm�`u.*{^�+jd�� R d`^gbmV}�`u.�{V{Y d k)�tV{�µdg^`o}k&�2Y s ���t^��mV ���mk �t[]WXbmV
g
\��{�t�&�mU2VXWJ^`f [lf��`u¿��u��{kH�`U����{V{k z hif�[ Wmf2k � +m[$bmu�f�[9+ ��� Y�h'YlVXd/�m^`b
bma{a}Y d����

h
\��{�m�&�tU�VHWmf2kjf�d

�m[ [9�]dgo{V{k f�[9+{� S �tbja��m�`o}["f2u�f2kHV{f�k b
g
��kHV{f2k¥f2�mWJh��m��d`st[Ìkmf2[ [9+tkjU2~{~ k4�{[�2tV � 2mu2V{Y��{k¥kjf2[ [ z

���m�mW�b�dg^`bmV{�`u8�6V{Y]d�k)�tV{�µdg^`o}k&�2Y s£���t^��mV�h'YlV{a}Yl��drbj[D�m[F
�o{V{k hif��m\_f2[ f2[�+md*b�\��t[ WHdgbjd/�m�����tuj�	� u
h��mdgY?�)�m[�
`b b k)21�tf�d`kmf�u�+ a{f8�6V��9��Ylsmd2�
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F
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G
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µ
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\��{�t�&�mU2VXWtf�k �Ýf2�mW"�}d�dpYl����u��{^$
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hiY V{a{f�V
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�o{k«f2�jW�dgf�dg�`u.+t[lf��tf2�
λ
��u7�mh��t�����m��E

I
�6bm[ h£bju2^gb z �{Y �`u2f�V b�\_f2[]dgU�dgf2[-�2�`bmk bmV}VHWJY]d�h��tV{a z ���t�mW �6b

G
� � +t[-bmk �m^`���m�mW �tf2��u��{V}k

µ
�ÝV{U2[�kjf.�mf2�`f ��� \��{�t�)�tU2VXWHd z U2�'f2u2f�k U2^µdgU2kjf2Y]d£f�[9+�� ^�
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d��th��jVHWJV6bjk��t[]WXbmV�~0�tVXd;
`b z bm���t[Db�\��{�t�&�mU2VXWtf�k�hiY V{a bmu�f2[�+��l^µd�U2^µdgU2kjf2kjf�dJ�mf2��u2Ylk
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P�Y?�tf2[
2λ
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λ
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\��t�1
�o}k

x��



Y V{a{f8Mqf�[lV{Y��OR \_f�[ bma6bedgo{V{kpdgf����jdÃb�k)23�mf�d`kmf2u.+{�$�6b
λ
^�U2��u2�6bm[ h£bju�bmY V6bmkpf2�mW

µ
��V}U2[{^�23�JY a{f ���

���t^��tu2bjd/�edJ�tf��`��u��{k z U2��f����t^��mu�bjd�h'YlV}a{f2V0f�[lf�hiU��{f2u�f�[9+�� ^`o{V}k f��mW
β
� � f�[lYZU2^µdgU�kmf�d z bmkHk&�t^

dgbm[D�m[ VHo{V{k£kjf2[ [Obju«U�^�d`f2[lh'f2u�U2��YZdgbm^�d��th��mVXW � bmV�f��mWP�t[]WXbmV ~5�mVHd��md z h'f2[]W � f�Vcb
λ
^`U��`u2�{bm[]�

hibmu�bjY��jbm[�YlV}a{f8Mqf2[]di\��}�t�&�tU�VXWtf2Y V{k°U2~{~ bmu�f2[�+��l^µd U2^�d`U2kjf2kmf�dP�tf2��u2Y k°\_f�[�� �$u2U2^µd bmu�[lf��{f�d
bmu£f2[l��+�2md`[lf�d��{V{k z ���t�jW bmu

I
U�^�dgf�[lh'f2u�U2�`YÃdrbm^µd��th��mVXW:�m[l[F
��tV bmu!2t���`u2f��

µ
��V}U2[×^�21�qY a{f ���

���t^��tu2bjd��mk(~��m^$
`bmY � st[ �×bmu f�[l��+&���t^��mu�bjd'h'f2�Xbma}V�� b
λ
� � f�[lY×^�U2��u2�6bm[ h£bju��tkebjd z b h��m���Ja{Y k

~;f2a{Y ��bmu�Y]d`d�f�[9+�� ^�d"\��}�t�&�tU�VXWtU2^µdgU�kmf2kjf�d2� < b1
�V��t�pbmu.�tV � bmV �l�mW
|I|

V{bm�mW�� ��� [lf2V}V{f
λ
��V��m[��

6"Yl�`u.�tVXd*f2�mWJ��u2f2^�^`f E{�mWJYl� ���gbmk
µ
��V{U�[Bkmf8�tf2��f ��� \��}�t�&�tU�VXW�U2^�d`U2kjU�d�kmf2[ [Bf2[]drbm[9�m[lVHo{V}k z f2u�U2^�d

λ
^�U2��u2�6bm[ h£bju�bmY
k)2tu��}[$f2[lU�� b

µ
��V{U�[
kHYl�`f ��� f2kmf�d �mf2V{V}Y�� �$u�d bmu
2md`[lf�dgf�d'�jbm[ st���]d;
`b£h'f2��b

k)23�mf�d`kmf2u.+
k&�mV{��d`^`o{k)�2Yls}�
�Df2�mWmf2V

I = {〈h, v〉 : h : α→ P(λ)
YlV3
�f2kXd��?� z

v : α → β, α < µ, | ∪γ<α h(γ)| < µ}
�

S 2t�tu.� dgf�d`d
α
f2��f�d`U2V

v
� � +t[

β |α| ≤ λ
a6bm^`b � [ f2�{f�d z

h
��d ~8f�a{Yl� E{�mW kjU2~{u�f2[l�}f�d;
��}k z ���t�mW
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λ
f2�mW

µ
�ÝV{U2[6kHY �`f ���

E
^`U��`u��6bm[lhibmu��jd z f2u*[ f2�`u

∪γ<αh(γ)
z hib3
�a

E
� � +t[

�)�m[lbm�`u�dgo{V{k
α
a6bm^`b � ^�U2��u2�6bm[ h£bju�d z f�u2f2k�[ f2�`u�V{f2k

h
U�^�dgU�kmf�Y���P�f2�mYlVXd z ^�2t�mu�� d`f�d�d

α
��^`b

E
�Ýd

[ f2�m\_f�[�
�f ���
λ
\_U�[lf�kmU2~}~8f�V �)�m[lbm�`u�dg�6bed;
�o{k z U��
^�2t�mu�� d`f�d�d

E
��^`f

h
�Ýd
[ f2�m\_f�[�
�f ���
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z
���m�mW°hiY V{a{f2V

γ < α
��^`b

fJγ
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In = {〈i,m〉 ∈ I : n ≤ m}
�>� kHk)�t^¿bmu
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G−G′ ⊥µ [F ∪ {λ−X}] 1
�¿�_�'&;�0/Z¤�¢"46�m§ �"b

F ∪ {X}
�tU��tf2��h'f�d`�`u2f�d�dgo}[ b3
�a��mV{���m�&E0U2�

G µ
��\��{�t�tf�dg[lf�V b£�tf�V{f2^��m[ d

��u�*{^�+c\_f2[ f�d`d z bmkHk)�t^
G′ = ∅
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�

�$kHk&�t^
f ′ bmu f f2�jWK�6V��th�� d��m�gb z h'f2^�d'�{b

i ∈ f ′(w)
z bmkHk&�t^£b

w
��V{U�[ � +1�mf ���

wg(i)
�Ý^`f
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• |G0 −Gµ| ≤ |µ| + ℵ0

�
��b

κ
[ Ylh'f2��u2^`f�V{a{��u7�mh z bmkHk&�t^Ã[lf��mWtf�V

Fκ = ∪µ<κFµ
U2�Ã[lf��mWtf�V

Gκ = ∩µ<κGµ
�$n 2tV{VXWtf�V

[9�jdg�6bedgs z ���t�mW
bmupYlV{a{o}k&�2Y st��\_f2[]dgU�d`f2[ f2k£U�^��mU2VXW � f�V0h£bj^gbma{V{bmk@�
�Df2�mWmf2V h��t��d

κ = µ + 1
^��jk&21�tf�dgkmf�u�+{� �"b

sµ ⊆ λ
z bmkHk)�t^ b � � � v [ f2h'h£b �`u2f�^`Y VHd

Gµ

� � +t[Bf2[Bd`o{a{o{V}k �6bm�mWJV{YDf��mW!�tU��tf2�
H
�6bm[ h£bmu�d E{�mW z ���t�mW
b'hibm^`bma{U2k'\��{�t�tf�dg[ f2V

=�b�@
[Fµ ∪ {sµ}]

\_f2[ f�d�d �jbm�mW = � @
[Fµ ∪ {λ− sµ}]

\_f�[lf�d`d��
�Df2�jWtf2V

Gκ = Gµ − H
U2�
[ f2�mWmf2V

Fκ

=�bQ@ U2� = � @'k)2tu��{[�bmu0b ��u�*{^�+ z hif�[ W \_f2[ f�d`d
Gκ\��{�m�tf�d`[lf2V��

�"b
sµ

f��mW
Fµ

� � f kmU�~8f�u�+ h��tV��md��tV°\��}�t�&�tU�VXW z bmkHk&�t^i[lf��mWtf�V
g ∈ Gµ

dgf�dg�`u.+t[lf��tf2�
=
|Gµ| = 2λ

=_U2� �l�mW V{f�h �{^`f��/@$bmu�o}d��t[l��s«Y V{a{o{k)�2Y st�$\_f2[ d`U�d`f2[{h'Y bjd�d @��OR � � � � [lf�hihib"h'Y bjd�d
Gκ = Gµ−{g}

\��{�t�mf�dg[ f2V
Fµ

f��mW
�t[]WXbmV
Fκ

� +1�"� d`U2��f*\_f�[lf�d`d z h'f2[]Wq�}f2u �jbmV
sµ
��V{f�k

Fκ

� � b
kjU2~;f2u�+£bma{a{Y]d��?���6V��th��]d/�m�`b}�

�"b
sµ

f2�jW �t[ WtbmV \��{�t�&�mU2VXW z hif�[ W0V}f2h
Fµ

� � f kjU2~;f2u z bmkHk&�t^«[lf��mWtf�V{f2k
Fκ = Fµ

U2�
Gκ = Gµ

�¿n 2mV{VXW%*&f2[ [lf�V�+t^`Y u2V{Y z ���m�mW0f�u2f2V&f2��f�d`f2k h'YlV{a{f��mWJYlkjU � f2V U2^ �tU2VXW � f2V hibm^gbjaq�
V6bjk bmu�YlV}a{o{k&��Ylst��\_f�[ dgf8�tU��`f2k@� � [ [9� d�
�o{k z ���m�mW

F = F2λ

b'kjf2^�f2�`f�d`d�o{[ d`^gbm��u�*{^�+{�
P�Y V{a{f2�jWqY k

Fµ

f2�jW ��u�*{^�+ z U2�
s
� � f2V

λ
h'YlV{a{f�V(^�U2�`u��6bm[ h£bmu2b�f�[9+m\��t^�a{o{[ z � �mW&b�\_f2[lbe�

a6bed��tk0h'f2�&�t[la��j�gb ���t^��mV(h'YlV}a{f2V Yl[]Wtf�V ^�U2�`u��6bm[ h£bmu�dN�mbj�mW k&�mhi~{[ f2h'f2VXdgo}h��jd � f.�mf�d�d��{k
�jbm[lbmhif�[ WJYlk

Fµ

� � f z f�u2U�^�d
F
o{[ d`^gbm��u�*{^�+{� Q �1�)� ��� �

F0

V{f�h
ℵ1

�Ýd`f2[F
�f2� z f2u2U�^�d'b � +1�tf ���
F

�`f�h
ℵ1

��dgf2[F
�f2��� 6�U����{[ [lf2�jWtf2V
f : [λ]<ω → F

f2�mW h��tV��md��tV \��{�m�&�tU�VHWm��P�Y?�tf2[
|dom(f)| = λ < cf(2λ)

f�u2U�^�dG�jbmV �t[ WtbmV
ν < 2λ

z ���m�mW
Fν

drbj^�drbj[lhibmu2u2b
f
U2^µdgU2kt�

kjU2�`u�[lf�dgU�d2��Q �1�)� ��� �
f 2λ

����u��t^Ì\��t^`a}o{[Zf2[9+
s
� � f2V z f2u�U2^µdC�jbmV>�t[]WXbmV

µ > ν
z ���t�mW

sµ = f
�

f�u�d*b \_f�[ bma{bjd��md×b
µ+ 1.

[ U2~;U2� � f�V hif����t[la��md`d`o{k z �jbm�mWJY �-�jbmV
f
��V{f�k

Fµ+1

� � f�kmU2~;f2u.+'bmaq�
a{Y]d��?�'�6V��th�� d��m�gbB#«f �6V��mh��]d/�m�OU2^�d`U2kHkmU��`u�[lf�d`U�d

F
Yl�Odgbm^�dgbm[lhibmu�u�b z �jbm�mWJYl�

F
�jbm[ s � bmV 
�s{�

�$u2f�k&��u2f�^`YlVXd«dgf����jd hiY V{a{f2V �tU��mdgf�[lf�V
λ
�`u��mh��m�`���j�t���tu �jbmV{V6bmk

λ
��V&V{f�h

ℵ1

��dgf�[�
�f2� z

�s�o{[ d`^gbm��u�*{^�+tk z U2�!=

λ
�����muikjU2~;f2��d/@ kHY9���`Y VXWtf2[?�"* ��dg^�o{kXd�E{^��mk Yl[]Wtf2V o{[ d`^gbm��u�*{^�+tk �`u�f2^�YlVXdgY

o{[]dg^`bm�`u.�t^`u2bjdrbmYBb � � y ��d`U�dgf�[DhiYlbjd`d
λ+ ���`u2bjdgo}^��m[]drbmk@�

xmy
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Q 2 ��� ��u�2t^$Y � z ~;U2[ a��mo{[qb � � y �Ìd`U�dgf�[}o}d��mV¿h'f2�7
�f2�mWmf2u�d��{k z ���t�mW � �m^�hif�[ W«f2[ f2h'Ylf2V f2kQ�JY]�

�jbm[ f2V{�Ì��d`^`o{kXd�E}^gbm~��j^`V6bmkP�jbmV{V6bjk Y u��th��t^µ\
o{[]dg^gbj�6bjd��)�mVXWtbmY z dgf����jd�bmu f�[lf�hiYZf2kQ�JY��jbm[ f2V���Y b
k)2tu.�mf�dg[ f2V4�{[Ão{[ d`^gbm�{bjd��)�mVXW��mkJkebm[$Y � 
�f2[l[ f2h'f2u��{f�d�+ ��b � � wmy dgU�dgf2[ � f�V ��u2f�^`f2~}[9+co}[ dg^`bm[D�jV����tk
f�[l�6bm�jWq�{bjdgstk@� � ��� f2V¥b0\_f�
�f2u�f�d � f�V�f2u�dib�
�f�[l[ f2h'u2U2�µd¿Yl�tbmu��t[F
�o{k&h£b3
�a��K�$[9+t��u�2t^ bmu �m[Û�
dgbm[D�mV��t���]d��md�d�k&�tVXd`YlVHo{o{h¿���{Y ~5�jdgU2u�Yl�ph'f2[l[ f�d�dpYl�Xbmu.�t[�
�o}k z ���m�mW f2[ f2h'Ylf2V f�k4�JY?�mbj[lf2V}����d`^`o{kt�
d�E{^��mkHV6bjk°h'YlV}a{Yl���jbmV{V{bmk Ylu��mh��t^µ\"o}[ dg^`bm�6bjd��)�mVXWXbmY z hib3
�a°d`Yl��u�d/�jV

ZFC
� � f2V°Yl� � f � Y]�

u.�tVXW%�]d;
�o{k£f2u�d�b�dgU�dgf�[ d��
< u.�{kH�`U2�&�{V{k�[lf��`u«b¿k&21�tf�dgkmf�u�+ [ f2h'h��m^`b}�
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λ
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�7�� 4 ' '�7��3$?���<� �"� ��)0/ /�4��

|λA/F| ≥ 2λ 1
�¿�_�'&;�0/Z¤�¢"46�m§-P�Y VHd-f2[ h��]dgf�d`d��}k z bju �q� v bj[ \_f�
�f�u2f�d � f2V£h'f2�mh�o}drbed;
�o{k�hib3
�a z ���m�mW
�jbmV£f��mW
�t[]WXbmV

L
�tU2�mf2�*VXWtf2[?��U2��f�u2f2V�f2�mW£k&�tV}u2Yl��u�d`f2V{�

T
f�[lh'U2[lf�d z hif�[ WJ^`f�Y �Xbmu z ���t�jW

T
h'YlV}a{f2V

�mU2�md`f2[lf�V
B
h��Ja{f�[l[�
�U � f�V�h'YlV{a{f�V

X ∈ [B]λ
�Ý^gb

|SB
1 (X)| = 2λ

� �Df2�mWmf2V
A
f2V{V{f�k¿b

T
��V{f�k

f��mW��t[ WtbmV£h��qa}f2[l[F
�f z h'f2[]WqV}f2k
A
bmu"bm[ bj~{�6bm[ h£bmu2b}� �$kJk)�t^

C = λA/F
b � � y �«d`U�dgf�[8h'Y bed`d

λ+ ����u�bjd`o{^��j[ d��B� u�U2^µd |C| ≥ λ
=�f2[ [lf�V{kmf�u�+£f��`f�d � f2V b

λ
��V��m[Dkmf8�tf2��f ��� f2[ f2h'f�dÌdrbm^µdrbm[ h£bju2s

{x 6= ca : a ∈ C}
\��t^`h�o}[ bm�6bj[lhibmu�d =_hif�[ W b��mU2�md`f2[lf�V

C
� � f�V>�tU��tf2��f2V ^`f2bm[lY u7�m[ �6bjd`s4@�kJY

[ f2�{f�dgV{fpdgf�^�
�f2��u�d`f2V{YOf2�mW �t[]WXbmV
C
\_f2[lf�d`d`YZd��l~{o}�`��� z h'f2[]W

C
� � f�VcV{f�h [lf2V}V{f ^�f�bm[ Ylu��m[l�6bedgs4@��

6ÃbmV d`f2���ed¿f2�mW
X ∈ [C]λ

�{bm[lhibmum�>R��`h'U�d
C λ+ ����u�bjd`o{^��j[ dg���m�Xb hiYlbjd`d SC

1 (X)
hiY V{a{f2V

f�[lf2h'f ^`f2bm[lY u7�m[ �6bjdgs
C
� � f2V�� 7"f

C |= T
h'Y bed`dpf2u

2λ
k4�{[92mV � 2tu.+�d�� ~{o{�p^`f2bm[lY u7�&��Yls 
��ed-
�f��

[ f2VXdgY z �jbm�mWJYl�
|C| ≥ 2λ

z d��1�)� ��� �>�qY [D�m�&�t� z ���t�mW
|C| = |λA/F|

z hif�^�d bmu£o{[ d`^gbm��u��t^�u�bjd
bm[lbm~{�6bj[lhibmu7�mV{bmk(��u7�mh��t�`���m�Xb&V{f2h \��{�t�(bjd`d`st[ z ���t�mW°h'Yl[]Wtf2V°^`f�[D�&��YlstkL�jbmV}V6bmk h'U2� b
�µdg^`o}kHd�E{^��jk � bmVB�
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λ
$?���<� �"�)�

)0/ /�4��
A
" '

B F
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�¿�_�'&;�0/Z¤�¢"46�m§ �"b �mbj[ bmh'f2[]WqY kc�µdg^`o}kHd�E{^gb>�mU2�tf�� z bmkHk&�m^¿bmu!�j[l[9�]d/�m�p��f2h'hiY]dgh��tV{a{s{� �6f2[Û�
d`f2�`��u��{k d`f2���jd z ���t�jW

A
U��

B
Y �B�tU��mdgf�[lf2V��

= � @
⇒

= v @ h'f2�mYlVXd'k&2tV{VXW"*B�&hiY?�tf�[�b � � � w d`U�dgf�[�h'Y bed`d
λ
��V �jbmV�V{f2h

ℵ1

�Ýd`f2[�
�f��N
�s
o{[]dg^`bm�`u.*{^�+ z f2u�U2^�d = � @-��u2f2^�YlVXd

A
��V{bmkiU��

B
�ÝV{f2k��mbjV{V6bmkiYlu��mh��t^µ\Do{[]dg^gbj�6bjd��)�mVXWtbmY z f2u�f2kHkmf�[

bmu�o{[ d`^gbm�{bjd��)�mVXWXbjYlkHkebm[
A
U2�

B
f�[lf�hiY f2V£f�kQ�qY?�jbm[lf�V{�`f�k z f2u2U�^�d*f��mWJh��m���gbm[;Yl�-f2[ f2h'Ylf2Vif2kQ�JY]�

�jbm[ f2V{��f2k@�
= v @

⇒
= � @�����2tu£f�[9+t��u�2t^��mf2�mW"�{k �6�mWmf2[lf�h � f z ���t�jW b � � y � dgU�d`f2[-hiYlbjd`d

A′ = λA/FU��
B′ = λB/F

f��mWXbj^��mVXd
λ+ ����u�bjd`o{^��m[]drbmk U���~8f�^`��u2fP= v @Ìh'Y bjd�d"f�[lf�hiY f2Vcf�kQ�qY?�jbm[lf�V{�`f�k�Y �2�

Q �1�&� ��� ��b � � � y [ f2h'h£b*h'Y bjd�d
2λ ≤ |A′|

U��$VXWqY [��)�mVQ�jbm[ls z ���m�mW
|A′| ≤ |A|λ ≤ 2|A|·λ = 2λ

�

x �



�$u2U�^�d
|A′| = 2λ

U����6bm���mV{[lsXbjV
|B′| = 2λ

�pR"u �m[]drbm[9�mV��t��� d��jd`d*k&�mVHd`YlVHo{o{h¿���}Yl~0�mdgU�u2Yl��hiYÛ�
bjd�dpdgf2���jd

|A′| = |B′| = λ+ z bmu2bmu A′ U�� B′ �`u�bedgo{^��m[ d«U2� b�k&�t^�� ��� Ylbmk0�`u�f2^�YlVXd«f2[lf�hiY f2Vf�k4�JY?�mbj[lf2V}�Ìh��Ja{f2[ [lf2k z f2u�U2^�d"b � � yty dgU�d`f2[Dh'Y bjd�d�Ylu.�th��t^�\�bmk@�

�$u2f�k �`u2f�^`Y VHd
gch

� � st[�k)23�mf�d`kmf2u�Ylk z ���t�mW
= v @ kjU�d��µdg^`o}kHd�E{^gb�bmkHk&�t^-U2�B���gbmk'bmkHk&�m^�f2[ f2h'Ylf2V'f2kQ�JY��jbm[ f2V{� z �{b �jbmV{V6bmk Y u��th��t^�\8o{[]d��

^`bm�6bjd��&�jVHWtbmYlk �
= � @"��+md z f2[lU���V6bm�mWc�6bm[lhibmu.�tk&�tV��jbmV}V6bmk>�m[ WXbjV&o}[ dg^`bm�`u.*{^�+mk z ���t�mW �6b kHY9���`Y z a{f f2[ f��

h'Ylf�V f2kQ�JY��jbm[lf�V{�*��d`^`o{kXd�E}^��mk
o}[ dg^`bm�6bjd��)�mVXWXbmY]d�Yl[]Wtf2V�o{[]dg^`bm�`u.*{^�+tk£�`u2f�^`Y VHd �mf2�`��u��{k z bmkHk&�t^
Y u��th��t^�\Z�µdg^�o{kXd�E{^��mkebjdÌkjbj~{o{V{k@�

Q�f2^`h'U2��u2f�dgf2�$kjU2^�a{U2� z ���t�mW
ZFC

� � f�VG=�dgf2���jd
gch

V{U2[ k"�}[$@DhiY]d�d`o{a{o{V}k h��tV{a6bjV{Y��On 2j�
�mf�dgkjf2u.+C�2U�[lo{V{k < �{f2[lbm� � Ylu��mVHW"�]d/�m���jdZYl��hif�^�dgf�dgV{Y z hif�[ W���u2f�^`YlVXdB= v @

ZFC
� � f2V«Yl�ZU�^��tU�VXWtf2���

P�f��1
�f��mWtf�u2u.�{k�d��1�)� ��� � z ���t�jW
ZFC

��V{f�k��jbmV
�m[ WXbjV�h��Ja{f�[l[�
�f z h'f2[]W � f�V��jbmV¿kmU�d$f2[ f2h'Ylf2V
f�k4�JY?�mbj[lf2V}�$hif��t�`u��mhi[9�m[l�{bjdgsXbjV��mU2�md`f2[lf�Vi�µdg^�o{kXd�E{^`b z hif�[ Wtf�kH�{f2u

ω
\_f2[ f�d`d
V{YlV���� �t[ WtbmV¿o{[]d��

^`bm�`u.*{^�+£bmhiYD��u2f�^`YlVXd"o{[ d`^gbm�6bed��)�mVXW��tu8�jbiYlu.�th��t^�\O��d`^`o{kXd�E}^��mkebjd�kebm~{V��mV}k =�dgf�^`h'U2�`u�f�d`f2�`f�V
ω
�ÝV��m[JV6bm�mW&� ��� bm[ bj~{�6bm[ h£bmu \_f2[ f�d�d �jbmV Yl[ Wmf2V¿o{[]dg^`bm�`u.*{^�+4@���Q�f2���edÃb�k&�tVXdgY VHo{o{h¿���{Y ~5�md`U2u�Yl�

V{U�[lk4�{[ h'U2��b � � y �
dgU�dgf2[ ��f2h Yl�tbmu z f2u�U2^�d!= � @�����2tu �6bm���mV{[ls �m[l[�� d��m�"Y �Xbmu��m[D�m�`b
ZFC

� � f2V
V{f��{U2u«~{^�� � [lU�h£b z h'f2[ WN
�f2[ f2V{[ f2�¿Yl��VXWJY d��md`d2�

P �t�µd£^��jdgU�^��{V}k bmu:= v @ R�u��mh��t^ �6u2h�o{��d`U�dgf�[
ZFC

� � f�[lY z < � < �{f2[lbm�q��dgst[���u7�m^�h£bmu�s � Y]�
u.�tVXW%�]d/�m���m^gbq���$�{�}f2u'�6bm�`u�V��m[F
�o{k0hib3
�a&bmu f2[9+mu�+ \_f�
�f�u2f�d f2^�f2a{h'U2VXWmf2Y d U2�B
�f2[�2t[lU��`f�Y d�U�� b
k)23�mf�d`kmf2u.+
[lf�hih��mkH^gb�Y ���`u.�{kH�`U2�&�{V{k�[lf��`um�

�"b
g, h ∈ λβ

bmkHk&�m^
||g = h|| = {i ∈ λ : g(i) = h(i)}
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(∗)
h'YlV{a{f�V
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G′ = ∪γ<αKγ ∪ {gγ : γ < α}

� P Y��tf�[
α < β < µ

z U��
µ
^�f2�to}[D�m^�Yl� z
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f ��� +m[�bmuÌYl�-k&21�tf�dgkjf2u2Y k z ���t�mW
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∪γ<αFγ

�`u.*{^�+t^�f z b
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{i ∈ λ : A 6|= ϕ(aτ0(i), ..., aτn−1(i))} ∈ [Uγ ]

z
=���@ ��b

ϕ
f2�mW

n
� �)�m[ d��tu2sm�

L
��\��t^`h�o{[ b�U��

τ0, ..., τn−1 < γ
h'f2[ Wmf2kH^`f«h'YlV{a{f��mWJYlk

aτi
U2�

bτi
a{f8�6V{YD�j[ d z bmkHk&�t^

{i ∈ λ : A |= ϕ(aτ0(i), ..., aτn−1(i))} ∈ [Uγ ] ⇔
{i ∈ λ : B |= ϕ(bτ0(i), ..., bτn−1(i))} ∈ [Uγ]

�
�Df2�jWtf2V

U0 = {λ}
z f�kHk&�t^"b � � � � [lf�hihib¿hiYlbjd`dB�jbmV �t[ WtbmV

G0 ⊆ λβ
z ���m�mW

|G0| = 2λ
U2�

G0 ⊥µ [U0]
� �$u2f�kJ^�f�=�bQ@Ý�8=���@-VXWqY [��)�mV
\_f�V{V��m[ [ =�=_�4@-U���=_�A@�bmu�U2^�d z h'f2^�d��6b¿�`u�b � bmaG�)�m[ d��tu2s

V{U�[lk4�{[ Yt\��t^`h�o}[D�mkebjd �mf2�`u.�{V{k z bmkHk&�t^�bÌkjU2^�a{U2��f2�
λ
� � f2[lYXY V{a{f M}�{bm[lhibmu��mkJ�jbm�mWN�{^�f2�`f�k z �mbj�mW

λ
� �jbm[Of2�mWmf2V{[�+tk0U2�

A ≡e B
h'Y bjd�d�f2u�f2k0f��mWJ�`u�f2^`^�f£k)23�mf�d`kmf2u�V{f2k � f1@��¿Q�f2�jW%�}k0h��m��d�\_f2[ z

���m�mW
κ ≤ 2λ

U��"a{f8�6V{Y9�m[ d`o{k h��j^
aγ
�Ýd z

bγ
��d z

Gγ

��d"U��
Uγ
�Ýd E{�mW z ���t�jW�h'YlV}a{f2V

γ < κ
��^gb

=�bQ@�� =��A@Ãd`f2[F
�f2���}[��
�"b

κ
[lY hif��`u�^`f2V}a{�`u��mh z bmkHk)�t^O[ f2�mWmf2V

Gκ = ∩γ<κGγ
U2��[lf��mWtf�V

Uκ = ∪γ<κUγ
� �$u2f2kH^�f

h'f2�tY VXd×k)2tV{VXW"* h'f2�m���tV{a��m[lV{Y z ���t�mW>=�b�@��8=_�A@$U2^��mU2VXW � f�V�hibm^`bmaB� �Df2�jWtf2V
κ
^��mk&21�tf�dgkjf2u�+ z

h��tV{a 
�o}k
κ = γ + 1

�
�"b

sγ ⊆ λ
z bmkHk)�t^Ìb � � � v [lf�hih��jd�bm[lkH[ bjh£bmu8�jb

Gγ

�Ý^gb¿U2�
[Uγ]

�Ý^gb�drbm[9�m[lo}V{kif��mWP�t[]WXbmV
G′ ⊆ Gγ

�Ýd z ���t�jW
|G′| < µ

U2�
G′ ��d Gγ

� � sm[�f2[ �6bm�mW4�jb¥b hibm^gbja{U2k
µ
�Ý\��{�t�mf�dg[ f2V [lf��`u

[Uγ ∪{sγ}]
�jbm�mW

[Uγ ∪{λ− sγ]
\_f�[lf�d`d�� �$V{V{f2k'h'f2�m\_f�[lf2[�+qf�Vi[ f2�mWmf2V

Gκ = Gγ −G′ U2� Uκ
Uγ ∪{sγ}

�jbm�jW
Uγ ∪{λ− sγ}

z bj�`u2f�^`Y VHd z ���t�mW
Gκ

hif�[ WJYlk4�{k�\_f�[lf�d`d
µ
�Ý\��}�t�tf�d`[lf�VB�$P�f��tYlVXd

k)2tV{VXW"*ch'f2�t���mV{a��t[ V{Y z ���t�mW =�bQ@Ý�8=���@-U2^ �tU2VXW � f2V hibm^gbma��
�J�edg^gb �jbmV�h'U2�(bmu�bmu�f��`f�d z ���m�mW

sγ ∈ λA
�jbm�mW

sγ ∈ λB
� � kjU�d
f��`f�d£dgf�[�
�f��`f2V

��u2Ylh'h'f�dg^�YlkHo{� z �{Y �`u2f�V bmu 2t���`u�f2�0Y V{a{o{k)�2Ylsm��\_f�[ d`f.�tU���h'f2�j\��t�Xbm[ h£bmu��m�gb =_�4@
kHY��tU�dgf�[lU.�mf2[
��u2Ylh'h'f�dg^�YlkHo{�

aγ
��^gb
U��

bγ
��^gb z a{f =_�4@�a{o��j[lYl�`biY ��f2�mWJ��u2f2^�*{f2V&k&21�mf�dgkjf2u�Ylk =��4@Ý� � +t[�U2��=���@��

� st[��×QOf����jd �2�gbjk�bju
sγ ∈ λA

f��`f�d�dgf�[O\��t�to}V{k
\��t�t[lbm[lk)�tu2V{Y�� ��b
sγ ∈ {aξ : ξ ≤ γ}

z bmkHk)�t^
V{Y V��2��d`f2f�V{a�+tV{k@�«b

Gκ = Gγ, Uκ = Uγ
�)�m[lbm�`u�d/�m���gbm[ =�bQ@�� =��A@ÌVHWJY [��)�mVQ�jbm[lsXbjV0U2^ �tU2VXW � f2V

hibm^gbjaB�
Q�f2�mW"�{k
d`f2���jd*\_f�[ z ���m�mW
sγ ∈

λA− {aξ : ξ ≤ γ}
�

�Df2�mWmf2V�hiY V{a{f2V
n
� �)�m[ d��tu2sm�

ϕ ∈ Form(L)
\��t^�h�o{[9�m^gb�U��

τ̄ ∈ {aξ : ξ ≤ γ}
��^gb

x?!



Aϕ,τ̄ = {i ∈ λ : A |= ϕ(sγ(i), τ̄(i))}
�

P�Y?�tf�[
|Form(L{aξ :ξ≤γ})| ≤ λ + |γ|

z Y]d`d 2m�`�`u�f2��f2V�[ f2�m\_f�[�
�f ���
% = λ + |γ|

a6bm^`b � �6bm[Û�
hibmu2^�st[	�mbjV �`u2s =�bmu�bmu
\_f�[ d`f2�{f�d�+ z ���m�mW

〈zν : ν < %〉
bmuG2t���`u2f��

Aϕ,τ̄

bm[ bmk4E �{bm[lhibmu��mk
f��mW0\_f2[ ���t^��t[D�j�gbQ@���R � � � � [lf2h'hib£hiYlbjd`d�f2kHk&�t^'�jbmV �t[ WtbmV

G′ ⊆ Gγ
z ���t�mW

|G′| ≤ % · µU��N�jbmV �t[]WXbmV
F ′ ⊇ [Uγ ]

���t�jW
Gγ − G′ ⊥µ F ′ U��phiY V{a{f2V ν < %

�Ý^gb!�jbm�mW
zν ∈ F ′

�jbm�mW
λ − zν ∈ F ′ �'Q �1�)� ��� ��\_f�[ dgf��{f�d�
��{k z ���t�mW F ′ ��d«bmu U ′ = Uγ ∪ {zν : zν ∈

F ′} ∪ {λ− zν : zν 6∈ F }
�{bm[lhibmu2^�f2V{a}�`u2f�^��tf2V}f2^��j[�
`b �{f�kHk&�t^

|U ′| ≤ |Uγ | + % = λ+ |γ|=_Y d`d = � @Ý�Ýd�Y ���6bm�`u�V��m[]dgo{k%@��
Fκ

��dph£b3
�a E}�mW0\��t�7
�o{k �)�m[lbm�`u�drbmV}Y z ���t�mW0dgbm^�dgbm[lhibmu2u2b
F ′ �Ýd��f�u2u2f�[Zf2[lU�^�
��{k z ���m�mW =_�4@×U2^ �tU2VXW � f2V hibm^gbma3
��tVB�

�Df2�mWmf2V hiY V{a{f2V
n
� �)�m[]d��tu�st�

ϕ ∈ Form(L)
\��m^`h�o{[9�m^gb U2�

τ̄ ∈ {bξ : ξ ≤ γ}
��^`b

hϕ,τ̄ : λ→ β
b¿k&21�tf�dgkjf2u�+
\��}�t�&�tU�VXW8�

hϕ,τ̄ (i) = σ
z �6b

σ
b [ f2�tkHY �`f ��� �t[]WXbmV&^`f�V{a{�`u��mh z h'f2[ WJ^�f

B |= ϕ(dσ, τ̄(i))
z �6bP�jbmV

Y [ Wtf�V
σ
z k4�{[92mV � f2V [lf��mWtf�V

hϕ,τ̄ (i) = 0
�

P�f��tYlVXd z � �mW [ f2�m\_f�[�
�f ���
% = λ + |γ|

a6bm^gb � \��{�m�&�tU�VHWHd£bma}d`o{V{k h'f2�{� R�[lkebm[lhibmu�u2o{k b
� � � � [lf�hih��jd

Gγ−G
′ ��^`f z F ′ ��^�fÌU��×bju 2m�`�`u�f2� hϕ,τ̄ � � st[A�m[ [ls H �Ý^gb�=�f�u�dÃh'f2�md`f2�{f�d;
��{k z hif�^�d

=�bQ@�h'Y bjd�d
|Gγ−G

′| = |2λ−% ·µ| = 2λ > |U ′| ·% ·µ
z �{Y �`u�f�u�o}dgs ��� Y}��u7�mh��t�`���m��[lf��m\_f2[F
�f ���

λ+ |γ|
@�� �$u2f�k£�`u�f2^�YlVXd�dgf����jd-�mbjV!�t[ WtbmV

G′′ ⊆ Gγ −G′ z ���t�jW |G′′| ≤ λ+ |γ|
U���hiY V{a{f�V

g ∈ Gγ −G′ −G′′ ��^�fpU2� h ∈ H
�Ý^gb

(∗) Gγ −G′ −G′′ − {g} ⊥µ [F ′ ∪ ||g = h||]
�

R \_f2VXd`Y � f����`[ U2�`f�k �`u2f�^`Y VHd
|G′ ∪ G′′| ≤ λ + γ

z f�u2U2^µd>�jbmVÈf2�mW
g ∈ Gγ − G′ − G′′\��{�m�&�tU�VHWm� �Df��mWtf�V&h��t�µd�h'YlV{a{f�V

i ∈ λ
��^gb

t(i) = dg(i)
U2��h'YlV}a{f2V

ϕ ∈ L
\��t^`h�o}[D�m^`b'U��

τ̄ ∈ {bξ : ξ ≤ γ}
��^`b�[lf��mWtf�V

Bϕ,τ̄ = {i ∈ λ : B |= ϕ(t(i), τ̄(i))}
�

R k&�tV{�µdg^�o{k&��Yls � f�\_f�
�f�u2U2��f2kjU2~{~;f2V � f2[9�jd;
�o}k z ���t�mW =�bQ@Ý�8=_�A@
κ
�Ý^gbcY ��U2^ �tU�VHW � f2V¥h£bm^`bma b

Gκ = Gγ − G′ − G′′ − {g}
z
Uκ = U ′ ∪ {Bϕ,τ̄ : Aϕ,τ̄ ∈ [U ′]}

z
aκ = sγ

U��
bκ = t�)�m[lbm�`u�d/�m���gbm[��

R k&�t^�� ��� Y � f����`[ U2�`f�k hiYlbjd`d
|G′| = |G′′| = λ + |γ|

z f�u2U2^µdG=�bQ@�\_f2V}V��m[l[�U2��= � @Ý� � +t[
Yl�
�JYl[9�m���t�pbju'oqd��t[ �`s ^`U2��uikHY?�tU�d`f2[ U.�tf�[-h'YlV}a{f2VB�

Uκ
�tU��tf2� hif�dg�`u�f�d«dgo{[lb3
�a��tV}���m�Q�edpU2��=;�1@Ý�Ýd

f��mWJ�`u2f�^`^�f�[D�ed;
�o{k � fm� �Df��mWtf�Vcdgf����jd
α < µ

U2�
〈kδ ∈ Gκ : δ < α〉

~��m^��tV{kmU�VXd�k4�{[92mV � 2tu.+
\��{�m�&�tU�VHWmf2k f��mW0���t^��tu2bjdrb z [lf2�jWtf2V

〈vδ ∈ β : δ < α〉
U���[lf��mWtf�V

X ⊆ λ
�t[ WtbmV z h'f2[]W

Uκ�mU2�tf��'���tk(f�[lf�hiU�V{f2k hif�dg�`u�f�d`f2kmU�VXd!�m[ [-f�[9+ z h��tV{a3
�o{k
X = Y0 ∩ ... ∩ Yn−1 ∩ Bϕ0,τ̄0 ∩

... ∩ Bϕm−1,τ̄m−1

z bj���t[$bmu¿f�[l��+
n
�6bj[lhibmu

U ′ � � f2[ Y z U�� Aϕ0,τ̄0, ...Aϕm−1,τ̄m−1 ∈ [U ′]
��� [ U2�

h'f2�th�o}drbjd`V{Y z ���t�mW��jbmV �t[]WXbmV
i ∈ X

z hif�[ WJ^`f
(∀δ < α)kδ(i) = vδ

�Of ��� +t[$k&21�tf�dgkjf2u2Y k z
���m�mW

Uκ
�mU2�tf���h'f�d`�`u�f�d*dgo{[lb3
�a��tV}���m��E�U��

Gκ ⊥µ [Uκ]
�

���



Q�f2���jdih'YlV{a{f�V
j < m

�Ý^`f
Aϕj ,τ̄ ∈ [U ′]

� ��Y �mWtf�[�
�o{k hif�� z ���t�mW
φ = ∧i<mϕ

�Ý^`f U2�
τ̄ = τ̄0...τ̄m−1

�Ý^`f
Aφ,τ̄ = Aϕ0,τ̄0 ∩ ... ∩ Aϕm−1,τ̄m−1

U2�
Aφ,τ̄ ∈ [U ′]

� �$u�U2^�d bjucf2V}V{U2[
� +1�tf ���

A∃v0φ,τ̄ = {i ∈ λ : A |= (∃v0)φ(v0, āτ (i))}
�6bm[lhibmu�V6bmk = � @�U�� =��4@

γ
�Ý^gb>���e�

V6bedgk&�mu2s ~;U2[ a��mVXWXb h'Y bjd�d
[Uγ]

� � bjV kmf�[l[�[ f2V{V}Ylf z f�u2U�^�d =_�A@
γ
�Ý^gb �&�tV6bjd`k&�tu�s ~8U�[la��mVXWtb

��u2f2^�YlVXd
B∃v0φ,τ̄ = {i ∈ λ : B |= (∃v0)φ(v0, b̄τ (i))} ∈ [Uγ ]

� �$u2U�^�d
(∗)

hiYlbjd`d��mbjV
�t[]WXbmV

i ∈ Y0∩ ...∩Yn−1∩||g = h(∃v0)φ,τ̄ ||
E}�mW z ���t�jW¿hiY V{a{f�V

δ < α
�Ý^gb

kδ(i) = vδ
� �$u�f2k

��u2f2^�YlVXd
g(i)

f��mWP�t[]WXbmV f2[ f2h z hif�[ WJ^`f
B |= φ(g(i), b̄τ(i))

z �mbj�mWJYl�
i ∈ Bφ,τ̄ = ∩j<mBϕj ,τ̄jd`f2���jd

i ∈ X
z bm���t�mW!�m[l[�� d��md`d`o{k@�

=�a�@ z =�f1@�U�� =_\�@
κ
��^gb0VXWJYl[?�)�mVQ�mbj[lsXbmV Yl�Xbju
h£bj^gbmaB� =_�4@�bmu2U�^�d¿hibm^`bma Yl�Xbju z h'f2^�d

F ′ �Ýd
E{�jW �)�m[ bm��u�d��md`d`o{k z ���t�mW�dgbm^�dgbm[lhibmu�u�b�bphif��m\_f2[ f2[�+��6bm[ h£bmu.�tkebjd z U2�

F ′ ⊆ [Uκ]
� 6"U2���}[ =��A@

Y �ÌY �Xbmuphibm^gbma
κ
��^`b z hif�^�d

Uκ
k&�mV{��d`^`o{k)�2Yls3
`b£hiYlbjd`dÌb>=��A@Ý� � f2[ YBYlh'~{[lY k �&�2Y s � bm[ ^`st["
�� ��� ^gb

\_f�V{V��m[ [�� �A�m^`a��]d��jb z �6b
Aϕ,τ̄ 6∈ [Uκ]

z bmkHk&�t^�=��Q@�h'Y bed`d
λ− Aϕ,τ̄ = A¬ϕ,τ̄ ∈ [Uκ]

f2u�U2^�d
Uκa{f8�6V����2Yls3
`bih'Y bjd�d

B¬ϕ,τ̄ ∈ [Uκ]
z �jbm�mWJY �

λ − Bϕ,τ̄ ∈ [Uκ]
��7"f¿bmu�d�h��m^�Y �Xbmu.�t[ d`o{k z ���m�mW

Uκ
�tU2�mf2�"h'f�d`�`u�f�d*dgo{[lb3
�a��tV}���m��E z f2u�U2^�d

Bϕ,τ̄ 6∈ [Uκ]
�

�$u2u�f2[�b d`^gbmV{��u.�6V}Y dik&�tV{�µdg^�o{k&��Ylsmd � f�\_f�
�f�u�d��}k z h��t�µd£b k&�mV{��d`^`o��m[]d�� � 
�f2kXdgo}h��tk ��f��
���]dg��U2�tU8�tf2[×hif��Xbma 
�o{k&bmu Y u��th��t^ �6u2h�o}��d�� �Zf��mWtf�V

F = [U2λ ]
� �$u = � @ h'Y bed`d �`u�*}^�+ U2�

=_aA@ h'Y bjd�d�o{[]dg^gbj�`u�*}^�+{� �"b
ξ < η < 2λ

U��
aξ/F = aη/F

bmkHk&�t^ =_�4@ h'Y bjd�d
{i ∈ λ :

aξ(i) = aη(i)} ∈ [Uη+1]
f�u2U2^µd =_�A@

η + 1
��f�a{Ylk ~8U�[la��jVHW��jdib

v0 = v1

\��t^�h�o{[9�m^gbcU��£b
τ̄ = 〈aξ, aη〉

���t^��mu�bjd`^gb bm[ kjbj[lhibmu.�jb�kjbj~"
�o{k z ���t�mW
bξ/F = bη/F

� �$hibmY d�d�U�� =_\�@ h'Y]�
bjd�dpbmu

f(aξ/F) = bξ/F
hif��m\_f2[ f2[ d`f�d`U2�	
�sm[la{f8�6V{YD�j[ d =��jbm�mWJYl�

f
f2^`f�a{h'U2VXWtf'V{f2h,\��{�t��bmu

bm^��to{h'f2VXdgo}h�� � bmV �`u�f2^�f2~{[�+ f2kQ�JY��jbm[lf�V��2Ylb&�t��u�d/�j[ W ^`f�~{^`f�u2f�VHd��mV{���jdgst[D@�� Q �3�)� ��� � =�f7@ hiYÛ�
bjd�d

f
bmu f2�tU��`u λA/F

��f�V U2^�d`f2[ hif�u.�tf �jbmV U2����u��{^$
�f2kXd��?�8� �"bj���tV{[ sXbmV z �6b
ξ < η

U2�
aξ/F 6= aη/F

bmkHk&�t^
(g) η + 1

�"~8U�[la��mVXW��jdpb
ϕ = v0 6= v1

\��t^`h�o}[D�m^`b'U��
τ̄ = 〈aξ, aη〉

�
^�f bm[lkebm[ h£bmu8�jb¥kebm~"
�o{k z ���m�mW

Aϕ,τ̄ ∈ [Uη+1]
f2u�U2^µd

(h)
hiYlbjd`d

Bϕ,τ̄ ∈ [Uη+1]
bju�bmu

f(aξ/F) = bξ/F 6= bη/F = f(aη/F)
z �jbm�jWqY �

f
Y V 
�f2kXd��?� \��}�t�&�tU�VXWt�:6"U2���}[N=��A@Ý�Ýd bju

bjd��th'Y8\��t^�h�o{[D�jkJ^`b¿bm[lkebm[ h£bju.�jb�bma}sqa{Y k z ���t�mW
f : λA/F → λB/F

Y u��th��t^��{u2h�o{���

R � � w�� d`U�dgf�[
�`u�f2^�YlVXd�f2�jW>�tU��mdgf�[lf�V&�µdg^�o{kXd�E{^`b bj[lkebm[lhibm�*o{[]dg^gbj�6bjd��)�mVXWtbmY�f�[lf2h'Ylf�V0f2kt�
�JY��jbm[ f2V{� z a}f£V{f�h Y u��th��t^�\-��d`^`o{kXd�E{^��mkebjd �m[l[�� dgbmV6bmk f2[�+ �
f2u����t[]d�bju��tkeb z ���t�mW&bP�tU2�jdgf��
[ f2V
�µdg^`o}kHd�E{^��jk£Ylu.�th��t^��6u�h�o{�Ãf2^�f�
�U2Y ��f2[ ��+t^�f2V{a � f�V [lf�� ^`�6bedrbjd`[ bmV��mk;� ,��mWtbmV6bmkHk)�t^ < �{f�[ bm�
Y u��th��t^��{u2h�o{�µdgU�dgf2[ f��`u�f2^�YlVXd«f2[lf�hiY f2V f�k4�JY?�mbj[lf2V}����dg^�o{kXd�E{^��mkHV6bmk��jbmV{V{bmk0Ylu.�th��t^�\ o{[]dg^`be�
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bmV{bm[9� u2Yl�×bm[ bj~"
`bmY � st[8bma{o{V}kG�lu2f�[lY]d�+md2�

� 	���	 � � � ����� � ��� �
� � � � �������
R � � � � dgU�d`f2[ � f�V0�`u.�{kH�`U2�mf2�pU2��f�[lU��t�`U��tf2�"\_f�[ d`U�dgf�[ d"bma}d`o{V{k�bm^`^`b����mV6bjdgk)�tu2stbmV z ���m�mW
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Φ
bju�2m�`�`u�f2���t[ WtbmV

Φā

bm[lbmk4E \��m^µ�
h�o}[D�mk�a{Y �`u�
�o}V{k&��Yls 
`b z hif�[ Wmf2kH^`f¿Y �Xbmu z ���t�jW

T
�jbm[ bmh'f2[]W�h��Ja{f�[l[�
�U � f�V �jbmV f��mW

ā ∈ A
z

���m�mW
RA(ā)

\_f2V{V��m[l[�� � [l[9�]d;
�o{k z ���t�mW f�u b
Φ
a{f8�6V{YD�j[�
`b

R
��d��L�$�{�}f2u�[lf��mWtf�V

A |= T
�

��b
ā ∈ RA z bmkHk&�t^ b�k&�tV{�µdg^�o{k&��Yls0h'Y bjd�d A |= ΦA[ā]

z f2u�U2^�d
A |= R ⇒ Φ

� ���t^`a��]d��jb z
�6b

A |= ΦA[ā]
z bjkJk)�t^ �mbjV �t[]WXbmV

B |= T
U2�
b̄ ∈ B

z ���t�jW
Φā = Φb̄

U2�
B |= R[b̄]

�
P�Y?�tf�[

B |= Φb̄[b̄]
z f2u�U2^µd

B |= ∃x̄(Φb̄(x̄) ∧ R(x̄))
�
T
bmu.�tV � bmV d`f2[�
�f��£f�[lh'U2[lf�d z f�u2U�^�d

o{�jWXbmV{f�u�dpb'\��t^`h�o}[D�jd
A
Y �"kHYlf�[lU2�&� dgY z U2�"f2u2U�^�d

Φā = Φb̄

h'Y bjd�d �mbjV��t[ WtbmV
c̄ ∈ RA z ���m�mW

Φā = Φb̄ = Φc̄
��6"Yl�`u.�tVXd¿f2kHk)�t^

(∗)
hiYlbjd`d

ā ∈ RA z �mbj�mWJYl� A |= Φ ⇒ R
�&P�Y?�tf�[

Ad`f�dg��u�+t[ f2�tf�� �&�t[ d z f2u�u2f2[ � f2[D�ed`dgo}k z ���m�mW
R
f M}~}[lY9��Y d*h'sJa��tV a{f.�6V}YD�m[ �6bjdgs

T
� � f2V

L
\_f2[ f�d�d �

f�u«f�[l[ f2VXdgh��tV{a�bmupY V{a{Yl^�f2kXd�\_f2[]dgf8�tU2���{V{kHV{f�k;�-QOf����jd
Σ
k)�tV{u�Yl�`u�dgf�V{�2�

�Df2�mWmf2V h��t��d
〈A, ā, b̄〉 |= Σ

� �$kJk)�t^
Σ

�)�m[ bj�`u�d��m�gb�hiYlbjd`d
A′ = 〈A|L, ā〉

U2�
A′′ =

〈A|L, b̄〉
f2[lf�hiY f2V f2kQ�JY��jbm[ f2V{��f2k@� < �{f�[ bm� R�u��mh��t^ �6u2h�o{��d`U�dgf�[lf:=�b � � � �0dgU�dgf�[$@�h'Y bjd�d

A′ �V{f�k U2�
A′′ �ÝV{f2k �mbjV{V6bmk Y u��th��t^�\Ão{[]dg^`bm�6bjd��&�jVHWtbmYlk ��[lf��mWtf�V

f
f2�mW0Ylu��mh��t^ �6u2h�o{�2�iP�Y?�tf2[

A′|L = A|L = A′′|L
z f�u2U�^�dpf2u bju

f
Ylu��mh��t^ �6u2h�o{��bmu

A|L
��d`^`o{kXd�E{^gb�bmo}d��th��t^��6u�h�o{�`b z

h'f2[]Wq^�f
f(ā) = b̄

z o{�mWXbjV6bmkHk&�t^pbju�o{[ d`^gbm�{bjd��)�mVXW =;�tk%@
Σ
h��Ja{f2[ [�
�fQ=_Y$@ z f2u2U�^�d«bmu�o{[ d`^gbm�6bed��

�)�mVXW � bmV
R(ā)

dgf�[�
�f����{[ z a{f
R(b̄)

V}f2h �N� u bju��tV � bmV f�[l[ f2VXdgh��tV{aL= � @Ý��V{f�k z h'f2[]W �`u2f�^`Y VHd
bmoqd��th��t^��{u2h�o{��o{V{kHV6bmk£hif��'kjU2V{fpdrbj^�drbjV{Y

R
�Ýd2�
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ϕ ∈ Form(L)
�

/�4(��

K |= ϕ

" '
M |= ¬ϕ 1
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�¿�_�'&;�0/Z¤�¢"46�m§ � [ [�
`bmV{bmk
K ′′ U2� M ′′ ^`f2V}a{^`f£bmu��tk � st[Ãb �µdg^�o{kXd�E{^��mk � st[ z h'f2[]Wtf�k f2[lf�hiY f2Vf�k4�JY?�mbj[lf2V}�`f2k

K
Yl[l[ f�d��tf

M
f��mWX��f2�jW f2[ f2h'U.�mf2[�� �$kHk&�t^

K ′′ U�� M ′′ u��m^�d�bju0f2[ f2h'Y"f2kt�
�JY��jbm[ f2V���YD�m^`b}� P f2�th�oqdrbjd�
�o{k z ���t�mW°o{[]dg^`bm�`u.�t^`u2bjdg^`b&Y �iu��m^�dgbmk@�0�6b ~;U2[ a��mo{[

Ai ∈ K ′′ z
i ∈ I

bma��jd`d��µdg^`o}kHd�E{^��jk z bmkHk&�m^�f2u2f�k0h'YlV{a{f��mWJYlkjf¿f2[lf�hiY f2V0f�kQ�qY?�jbm[lf�V{� � Ylu.�tVXW��t�
K
� � f�[lY

Bi
�µdg^`o}kHd�E{^��jkJkebm[ z U2�*b � � ����[ f2h'h£b«hiYlbjd`d-�qY [D�m�&�t� z ���t�mW
bmu

Ai

��k£o}[ dg^`bm�`u.�t^`u2bjdrb f2[lf�hiY f2V
f�k4�JY?�mbj[lf2V}�«[ f2��uib

Bi
�Ýk0bmu.�tV��t�po{[]dg^`bm�`u.*{^�+��`u�f2^�YlVXdN�tf�d�d�o}[ dg^`bm�`u.�t^`u2bjd/�7�jbm[ z a{f f2u'o}dgs ��� Y

o{[]dg^`bm�`u.�t^`u2bjd
K
� � f2[ Y��

R � � � �¿dgU�dgf2[��`u�f2^�YlVXd
K ′′ U2� M ′′ b MqY9�mh£bjd`Ylu��m[l�6bedgs �t��u�d��m[ W&�tk z h��tV{a 
�o{k

TK
b3M}Y��thibe�

d`Ylu7�j[�
`b
K ′′ �Ýd"U2� TM b MqY9�thibjd`Ylu7�j[�
`b

M ′′ ��d���Q �1�&� ��� � a{Yl��u�
�o{V}kHdgbmk Yl�2�Ì�6b A ∈ K ′′ ∩M ′′[ f2V{V{f z bmkHk&�t^�[ f2V{V}U2V{f�k��t[ WtbmV
B ∈ K

U��
C ∈ M

��dg^�o{kXd�E{^��mk z hif�[ Wtf�kH^`f
B ≡e A ≡e C

z
a{f f2kHk&�m^ < �{f�[ bm� � � � ��R�u��mh��t^ �6u2h�o{��d`U�dgf�[lf hiYlbjd`d

B
�ÝV{f2k�U��

C
�ÝV{f2k�[ f2V{V{f Ylu.�th��m^�\
o}[ dg^`be�

�6bed��)�mVXWXb}�
K
U2�
M

o{[ d`^gbm��u��t^�u�bjd`^gb¿u7�m^µd z f�u2U�^�dÌf2V{V}f2k�bmu�o{[]dg^`bm�6bjd��&�jVHWJV6bjk
K ∩M

� � f�V
kjU2V{f«[lf�V{V{Ylf z a{fpf2up[ f2�{f�dgf�d`[lf�V z h'f2^�d

K
U2�
M

a}Yl�`uO
�o{V{kXd��
P �t�µdÃhif��th�o}dgbjd;
�o{k z ���t�mW �jbmV �t[]WXbmV

ϕ ∈ Form(L)
z hif�[ WJ^`f

K ′′ |= ϕ
U2�
M ′′ |= ¬ϕ

�
��b V}f2h � �mW
[ f2V{V{f z bmkHk&�t^

TK
hiY V{a{f2VG�mU2�tf���^�U2�`u��6bm[ h£bmu��mV6bmki[lf�V{V{f

M ′′ � � f�[lY8h��Ja{f2[ [�
�f z
U�� �l�mWib�k&�mhi~6bjkHd`���m�mY�dgU�dgf2[ =�U2�

M ′′ o{[ d`^gbm��u��t^�u�bjd`^gb �jbm[ s�u7�j^�dg���m�XbQ@ÃhiYlbjd`d
TK

��V6bmk'[lf�V{V{f
M ′′ � � f2[ Y"h��qa{f�[l[F
�f z bmh'Y"[ f2�{f�dgf�d`[lf�V z h'f2^µd h��m^ � f2[D�ed`dgo}k z ���t�jW

M ′′ U�� K ′′ a{Yl��u�
�o{V{kt�dgbmk@� P�Y?�tf�[
K ⊆ K ′′ U2� M ⊆ M ′′ z f2u2U�^�dcbmu o}d��m[l�`s �m[ [9�]d/�m�
k)21�tf�d`kmf�u2Ylk@� 6"U2���{[pb

K ′ = Mod(ϕ),M ′ = Mod(¬ϕ)
�)�m[lbm�`u�d/�m���gbm[�kebm~}�6bjd;
�o}k hif��¥b �`u�f2~6bj^��m[ s �mU2�tf��`f2V

b MqY��th£bedgYlu��m[l�{bjdgs��t�`u�d/�m[]W��tkebjd2�

�D�J ��{���}¢t§ �Zf��mWtf�V
L1

U2�
L2

kmU�d�f2[l��+t^`f�V{a�* VHWmf2[?� z [ f2�mWmf2V
L
bju
b�VXWmf2[�� z h'f2[]W ~5�mVHd��j�

�`bmV&bmu��tkebjd«b ��u2Ylh � st[ o{h��tkebjd"dgbm^�dgbm[lhibmu2u2b z h'f2[]Wtf�k
L1

� � f2V U2�
L2

� � f2V Y ���`u2f�^`f�~8f�[lV{f�k;�
Q�f2�mW"�{k
\_f�[ z ���t�mW

ϕ ∈ Form(L1)
U2�
ψ ∈ Form(L2)

E}�mW z ���m�mW
ϕ |= ψ

�ÃR�u�dÌh��tV{a 
�o{k z
���m�mW

θ ∈ Form(L)
b
ϕ
U��
ψ
f2�mW«Y VHd`f2^�~5�t[9�mV{�`b z �{b

ϕ |= θ
U��
θ |= ψ

� R��tbmu��t[F
�o{k � ^gbjYl�ÌYlVq�
d`f2^`~0�t[9�&�2Y st�Ãd`U�d`f2[lU�d��$�6b

ϕ |= ψ
z bmkHk)�t^�f"\��t^�h�o{[D�jkJV{bmk
�mbjV

Form(L)
� � f�[lY;YlVXdgf�^`~0�t[D�jV{�gb}�

=��Ìdgh�o}drbjd��m�2� bj[lkebm[lhibmu�u2o{k'b w � � < u�f2~6bj^��&��Ylst��dgU�dgf�[ d�� @
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�¿�_�'&;�0/Z¤�¢"46�m§ n�f2u�a 
��{k�= v @DY �Xbmu.�t[D�m���7�mbj[���[ f2�mWmf2V

T
d`f2[F
�f2� z U2��dgf��mW"�{k�\_f2[ z ���t�jW

T
Ylh'~{[lY��2Y d

h'sqa��tVia}f.�6V{Y9�m[�
`b
R
�Ýd
L
\_f�[lf�d�d�� ��b

A |= T
U2�
f
bmu

A|L
��dgo}kHd�E{^gb f2�mWibmo}d��th��t^��6u�h�o{�`b z

bmkHk)�t^
B = 〈A, f(Q)〉Q∈L′

f2�mW �t[ WtbmV h��qa{f�[l[F
�f
T
��V}f2k z hif�[ WJ^`f

A|L = B|L
=_�{Yl��u2f�V

fh'f2�mdgbm^�d�
`b bmu
L
� � f2[ Y��`u�Ylh � st[ o{h��mk°Y VXdgf2^�~{^`f�d/�&��YlstY]d @�� �$kHk&�t^ bmu.�tV � bmV

RA = f(RA)Y � dgf�[�
�f����{[
R
Y hi~}[lY9��Y dpa{f8�6V{Y9�m[l�6bedgst���m�Xb�h'Y bed`d���Q�f2���jd'bju�d�kebm~qdgo{k z ���t�mW

T
h��Ja{f�[l[�
�f�Y

L
��^�f2a{o}kHd`o{hibmYlV6bjk&h'YlV}a{f2V bjo}d��th��&�6u�h�o{�`bchif��mdrbj^�d;
`b

R
YlVXd`f2^`~}^`f�d��&�2Y s 
��jd z f2u�U2^�d < �tf��

V��mV{Ylo{� w � y a{f8�6V{Y9�m[l�6bedgst���m�tYtdgU�dgf�[lf×h'Y bed`d
T
� � f2V

R
f8Mq~{[ Y9�2Y]d�hisJa��tV«a{f.�{V{YD�m[ �6bjd`s

L
\_f2[ f�d�d��

� �



= � @pY �Xbmu��m[D�m���m���tu �`u2b � bma}o{[�
�o{V}k&h��t�µd h'f2�cb
T
d`f2[�
�f��`��U2�tU�^`f��&�tV6bjd`k&�tu�sc\_f2[]dgU�d`f2[]d�+t[��

�$[9+m�`u�2m^*bmu�dÌ[D�ed;
�o{k � f z ���t�mW bmu
L
VXWtf2[?� \��t^`h�o{[D�mY V6bmk
�jbmVP�t[ WtbmVG�tU��tf2�

Φ
^�U2�`u��6bm[ h£bmu2b z

���m�mW
T
hiY V{a{f�V
h��Ja{f�[l[�
�U � f�V

R
YlVXd`f2^`~}^`f�d��&�2Y s 
`b�h'f2�tf��mWtf�u2Ylk

Φ
�jbm[lbmh'f2[ WJY k¿f2[lf�hifJ�m[ dgbm[

a{f8�6V{Y9�m[ d ^�f2[D�)�2Yls1�jbm[�� R�V{a}Yl^`f�kXd
h'sqa��mV d`f2�mW"�{k \_f�[Ìo}�mWXbmV}Yl� z ���t�mW f�ucV{Y V��2���l�mWm� �$ucb
\_f�[ dgf8�tU�� bju�dB
�f2[ f2VXdgY z ���t�mW0b�k)21�tf�d`kmf�u�+

Σ
\��m^`h�o{[lbm�6bm[ h£bju h'YlV{a}f2V��tU��tf2�«^`U��`u�U2V{f�k �jbmV

h��qa}f2[l[F
�fm�

Σ = T ∪ {R 6⇔ φ : φ ∈ Form(L)}
�

R � � �t� k)�th'~6bmkXdg���m�tY"d`U�dgf�[�h'Y bjd�d
f2kHk)�t^
Σ
��V6bmk �jbmV f2�mW

A
h��Ja{f2[ [�
�f z bmhiY � f�V�dgf����jd

RA f2�jWtf�d`[lf�V
L
��\��t^`h�o}[ b�
�f2[lf�VXdgU2��U.�mf2[��`f�h f��`Ylk°f2�jW � fm� � h

T ′ = Th(A)
f2�mW°dgf�[�
�f2�

f�[lh'U2[lf�d z U2�
Σ ⊇ T

hiYlbjd`d
R T ′ � � f2V Y ��Ylh'~{[ Y9�2Y]dphisJa��tV(a{f.�6V}YD�m[ �6bjdgs

L
\_f�[lf�d`d�� �$u�U2^�d

= v @×hiYlbjd`d×f8Mq~{[ Y9�2Y]d�h'sqa��tV Yl��a{f8�6V{Y9�m[l�6bedgs z dgf2���jd
RA h'U2�tY ��f2�jW � f2f��`Y k

T ′ � � f2[ Y�a{f8�6V{Y9�m[ls\��t^�h�o{[9�3
��mV6bmk
A
� � f2[ Y4
�f�[lf2VXd`U2�`U8�tf�[ z f2[ [lf2VXd`h��tV}a��m�2�

6ÃbmV�dgf����jd
L
�Ý\��t^�h�o{[9�mkHV6bmk£f��mW!�mU2�tf��

Φ = {φ0, ..., φn−1}
�6bm[lhibmu2b E{�mW z ���t�mW

(∗) T |= ∨i<n∀x̄(R(x̄) ⇔ φi(x̄))
�

�6f2[]dgf��{f�d�+ z ���t�jW
Φ
f2[ f2h'f2YÃ~��m^��tV{kmU�VXdiV}f2h f2kQ�JY��jbm[lf�V{�`f�k

T
� � f2V��&P �t��d

n
�`u�f2^�YlVXdgY-YlVq�

a{o}k&�2Y smd"bm[lkebm[ h£bmu�o{V{k@� �"b
n = 1

z bmkHk&�t^
T
hiY V{a{f�V�h��qa}f2[l[F
�U � f2V

φ0


�f2[lf�VXdgU2��f�U��
R
Y Vq�

d`f2^`~}^`f�d��&�2Y s 
`bpf2�mW � f2f2��Ylk z f�u2U�^�d�f�kHk&�t^
φ0

f Mq~{[lY��2Y dÃh'sqa��tVia}f.�6V{Y9�m[�
`b
R
��d
T
� � f�VB�
Q�f2�mW"�{k

h��t��dÃ\_f2[ z ���m�mW'�6b
T ′ �t[]WXbmVif2[lh'U2[ f�d z h'f2[]Wq�}f2u �jbmV L ��\��t^`h�o{[D�mkHV6bjk¿f2�mWi[lf��m\_f2[F
�f ��� n− 1f�[lf2h�*

Φ′ �6bm[ h£bmu2b�E{�mW z ���t�mW
T ′ h'YlV{a{f�V h��Ja{f2[ [�
�U � f�V

R
YlVXdgf�^`~{^�f�d��&�2Y s 
`b bju��tV��m�

Φ′

�jbm[lbmhif�[ WJYlk�f�[lf2h'U2V}f2k 
�f�[lf�VHd`U2��U.�tf�[ z bmkHk&�t^
R
f8Mq~{[lY��2Y]d�hisJa��tV Y ��a{f8�6V{YD�j[l�6bjd`s

T ′ � � f2V L\_f�[lf�d�d z U2�pbm���m�mW
(∗)

� � bmV0Y ���`u�f2^`f�~8f�[ z b
h'Y
T
f2[ hiU�[lf�d��{V{kH��2mu�f2�mW

n
�Ýf2[lf�h *

Φ
drbj^�d��mu2Ylk@�

�Df2�jWtf2V
T ′ = T ∪ {∨i<n−1(R ⇔ φi) ∧ (R 6⇔ φn−1)}

z [lf��mWtf�V
K = Mod(T ′)

U2�"[lf2�jWtf2V
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R = {b̄ ∈ nA : A |= ϕ(b̄, ā)}
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Yl�
R
�Ýd a{f.�6V}YD�m[F
`b z bju�bmu

R
�Ýd �����mk&h��m�«~6bm^`bmhiU�dgf�^`^`f�[  'Y � a{f8�6V{Y9�m[l�6bed;
�o{k@�

6Ãbm[ s � bmV z �6b
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,��jWXbmV6bjkJk)�t^ bmu bmV6bm[��lu�Yl�"��~8f.�2Ylbm[lY ��d/�jYO��f�
µdgU��`f�Ylk kHY bm[lbmk4� d��m���m^`b z �jbm�jW0f2�jWtf2�«U2^ �tf�[lU2��f2k
[ f2^�21�JYla�� dgU��`f U2^�a{f2kjU � f2V(d��1�&� ��� ^gb Yl���6bj�`u2V��m[ d��mk bP�mU2�md`f2[ f2V(kHY��2�`Y U����mU2�md`f2[lf�V(V6bj�mW \��j�
�Xbj[lh��jd��G�$u�U2^�d�d��1�)� ��� ^`bcYl��E{�mW d�*}VHd z ���t�jW Y VXdgo����2Yls3
�o{k h�2m��2md`dN�jbmV �mbj[ bmh'Yl[]Wtf2V&hibe�
d`f2hibjdgY kjbjY
�Ý^`f�bj[lY d��m�� >=�bmu�bju��jbmV°b0���jd`d`U2^ � f�V°f��mW �µdg^�o{kXd�E{^`b z bjhiY � f�V f2u�f2k bmu Y VXdgo{Y]d����
��u7�mh��t[D�j���tk'~{^`f.��� u2f2V�hif��tYl��hiU�dgf�[l�{f�d�+tk%@��

R �Df2Y � V{Ylu���~{^��t�t^gbjh��md��tU����{[ Yl� R�� S � � Y V{���tVK�jbm[ st���]d��md�drbch'f2� v"!txqv � � f2VB�°P �t��dibmu
� k)�tV{��d`^`o{k)�2Y s 
��jd¿Y �`h'f2^�d`f�d�
��{k@� R V{f�hi��u�dgf�V{a{f�^`a bmV6bj[9�lu�Yl��f��mW&V6bm�mW dgf�^��{[ f�d z V{f�h ��U��
[ o{V{k(^�U2��u2[lf�dgf��`f2V�f2[lh'U2[]Wtf�a{V{Y�b0dgU�h�� � bmVB���$~{~;f2V �2�`bmkK�lu�f2[lY]d�+md��`u�f2^`f�dgV{U�V{k°bma{V{Y�� R"u
U�^`a{f�kJ[�+qa�+ �t[?�jbm�`s � y � � � f�V&dgbm[D�j[�d��1�)� ��� Y$^�U2��u2[lf�dgf�kmf�d2��f2u'hibm�mWXbj^�VHWmf2[?�tf2V �l^��jd`d z kHY]d�*{V�+
�µd��l[ o{��E�U��Ì���tk bm[ kebm[lhibmu7�j��d �ed`dgf�kHYlVXd�+ h *B�

�Df2�mWmf2V
F
f��mW�V{f�h'\�+'o{[ d`^gbm��u�*{^�+

ω
��V z f�u�d"b'\_f�
�f�u2f�d �mU2�tU�Yl�£^�2t�tu.� dgf�d`d`V{f2k
kjU2~{u�f2[F
��{k@�

�Df2�jWtf2V
<
b��jbm[ st����u7�mh��tk(�{bm[lhibmu�bq�:� ��� f2V°b ^`U��`u � f�V ∗<

��f�[N=�Y �/@ 
�f�[92t[F
��{k&bmu ω</Fo{[]dg^`bm�6bjd��&�jVHWHd2� �"bm���tV{[lstbmV z �6b
P
f2�mW0^`f2[9�&�2Y s!�jbm�mW =�bmk �m^�d�2 ��� �)�m[]d��tu�st�/@�\��}�t�&�tU�VXW

<
�

f�V z bmkHk)�t^ ∗P
� �mf2[&
�f2[�2t[�
��{k bju�d�b«^`f�[D�&��Ylsmd	�jbm�mW \��{�t�)�tU2VXWHd*bmu�o{[ d`^gbm�{bjd��)�mVXW � bmV z h'f2[ WJV{f�k

h'YlV{a}f2V«k&�"�t^`a{Y V��jd��3
`b�bju-f�^`f2a}f�dgY
P
�OQ �1�&� ��� � z f2a{a{Y �tYH�`u.�tk �m�gbmY V{kHV6bmkph'f2�m\_f�[lf2[�+qf�V«b�a{Ylbe�

���mV��m[lY � � f7�m�mWtbmu7�j� ��u2f2^�YlVXd
<
f2[ f2h'f2Y d«bju��tV��m��� d�
�o{k ∗<

� Ylu��mVHW&�t�«f2[lf�hif�Y��mf2[��'P YlVXd«[D�jd`V{Y
\��t�7
�o{k z b kjf2^`f��`f�d`d � +1�%�]dgU�� z bjhif�[ W�d`f2���jd �tU��mdgf�[lf�V
kHY9�2��Y8U��×V6bj�mW �`u��mh��mkjbed-Y �Ãdgbm^�dgbm[lhibmu z
∗<

[lf��`um�
<
f�[lf�hif�Y d ���`u�dgf�V{a{f2^�a �`u7�jh��tkHV6bjk! z ∗< − <

f�[lf2h'f2Y]d �ÝV{f2h'�`u�dgf�V{a{f2^�a �`u��mh��mkX�
V6bjk! �Yl����u��tk �m�ÌV{f.�mf2u�V{Y��

��Y �mWtf�[�
��{k h'f2� z ���t�jW b � � y � d`U�dgf�[Oh'Y bed`d ∗<
f2�mW

ℵ1

����u�bjd`o{^��j[ d���dg^�o{kXd�E{^`b z f�u2U�^�d ∗<
�

� f2V ^�f�bm[ Ylu7�j[l�6bjd`s'b
{0 < v0} ∪ {v0 < 1/n + 1 : n ∈ ω}

\��t^`h�o}[ bm�6bj[lhibmum� �$u¿bmu�f�[lf�h
~0�tu2Y]d��?� z a{f�h'YlV}a{f2V
~0�tu�Y d��?� �mbj[lst�-�`u7�jhiV��j[�kHYl��f ��� =�bju�bmuJ�mU2�md`f2[ f2V kHY9���`Y$@���� �t�jW��jbmV{V{bmk
Y [ Wtf�V�f�[lf�hif�k ∗<

� � bmV z bmu«k&2mu.�tf�dg[ f2V4�{[�Y �*[D�jd`�`u2Y k@�-[ f2�mWmf2V
a = 〈1, 1/2, 1/3, ...〉/F

� � VJ�
V{f�k�h'YlV{a}f2V¿k&�"�t^�a{YlV��ed/�3
`b"~0�tu�Y d��?� z U2�$h'YlV{a}f2V¿~0�tu2Y]d����N�jbm[ st�
�`u��mh'V��m[}hib3
�a{V}f2h h'YlV}a{f2V
k)�%�t^�a{YlV��jd/�3
`b�kHY �`f ��� � � u�U2^µd

a
~5�mu2Y d���� z a{fph'YlV{a}f2V ~0�tu2Y]d������jbm[lsm���`u7�jhiV��j[DkJY �`f ��� �
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 a, b ∈ ∗<
���<��� � / ��"	�,�8���<� - /�F�
���� �0),- -&)0/

�	��
�� 70'I/�4�
��>/�)
a− b

��"	�,�8���<� - /0+	O ' +>�0)���
 - %.�)� ) 1
�D�J ��{���}¢t§BR��Xbmu.�t[�
�o{k z ���t�mW�bmu �

x
�tU2�jdgf2[ f2V k&2tu�f2[ �jbmV

y
�Ý���tu  �f��mW f2kQ�JY��jbm[ f2V���Y bm^�f2[9�&�2Y s{�

P �t�µd � f � Ylu��mVHW"�]d;
�o{kpb�dgf�^��{[ f�dOf2�mW 
�f�[l[lf�hiu.+ z U2��V6bm�mW&�tV�Y VXdgo{Y]d�����dgU�dgf2[ U�d2� �$u2f�k ��u2f�^`YlVXd
f��mW \��{�t�&�mU2VXW bmkHk)�t^×U��B�2�`bmk£bjkJk)�t^-\��m[ WHd��tV��t� z �6b �mU2�md`f2[lf�V
k&2mu2f2[ Y8f�[lf�hif�k'kjU2~;fJ�tU��mdgf�[lf�V
k)2tu2f�[lY��
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f : < → <
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x0 ∈ <
#�40- �6*

, ),- 1 ��� � 5 ) a ∈ ∗<
��"	�,�8���<� - /�F�
����%�0),-

x0

*	/�4�
�� )0/ /�4�� ∗f(a)
" ' ∗f(x0)

+ ' ��"	�,�8���<� - /�F�
���*
� +	� / 1
�¿�_�'&;�0/Z¤�¢"46�m§-QOf��mW"�{k
\_f2[Bf�[9+t��u�2t^ z ���t�mW

f
\��t[ WHd��mV��t�

x0

� � bmVB�	�$u«bmu�d 
�f2[ f2VXdgY z ���t�jW

� !



〈<, f〉 |= (∀ε > 0)(∃δ > 0)(∀x)(|x− x0| < δ ⇒ |f(x) − f(x0)| < ε)
�

�Df2�jWtf2V¿h��t�µd
a ∈ ∗<

�mU2�md`f2[ f2V¿k&2mu2f2[
x0

�����mu z U��
[lf��mWtf�V�h'YlV{a{f�V
n ∈ ω

�Ý^gb
εn = 1/(n+1)

�
P�Y?�tf�[�f2u�f2k k)2tu�2mV{�`U��tf2� �jbm[lsm�c�`u��mh��tk z f2u�U2^µd

<
� � f�V hiY V{a{f�V

n ∈ ω
�Ý^gb°Yl�Xbmu z ���t�mW

�
(∃δn > 0)(∀x)(|x − x0| < δn ⇒ |f(x) − f(x0)| < εn)

 r� �Df��mWtf�V{f2k
dn ∈ <

�t[]WXbmV
=_�`u�d`f2V{a}f2^`a�@	�jbm[lsm�$�`u7�jh��tk z ���t�jW

δn = dn
��f�[@bmu*f2[�+tu�+�\��t^�h�o{[ b�Y �Xbmu�[ f2�mWmf2VB�	�$kHk&�t^ dgf����jd

h'YlV{a}f2V
n ∈ ω

��^`b

〈<, f〉 |= (∀x)(|x− x0| < dn ⇒ |f(x) − f(x0)| < εn
@��

7"f
〈∗<, ∗f〉

f2�mW
f2[lf�hiY � +1�"� d`U2�`f
〈<, f〉

��V{f�k z f2u�U2^�d

(a) 〈∗<, ∗f〉 |= (∀x)(|x− x0| < dn ⇒ |f(x) − f(x0)| < εn)

Y ��\_f2V}V��m[l[��«P�Y��mf2[$bju��tV � bmV
a
�mU2�md`f2[lf�V k&2tu�f2[ �jbmV

x0
�����mu z U��

dn
�`u�dgf�V{a{f2^�a �jbm[ st�"��u7�mh z

h'YlV{a}f2V
n ∈ ω

��^`b¥dgf�[�
�f����{[ z ���t�jW
|a − x0| < dn

� �$u2U�^�d
(a)

h'Y bed`d0h'YlV}a{f2V
n
��^`f

|f(a) − f(x0)| < εn = 1/(n + 1)
Yl�'dgf�[�
�f2���{[ z �mbj�mWJYl�

f(x0)
U2�
f(a)

�tU2�jdgf2[ f2V k)2tu2f�[
�jbmV{V{bmk
f2�jWqh��m�����tum�

H�U�u2u.�{k bp\��m^`a��]d��md�d$Yl^��mVXWJd z bmu�bju*d`f2�mW"�{k \_f2[ z ���t�mW bmu
x0

�Ý���tu �tU��mdgf�[lf�Vik)2tu2f�[lY6�`u��mh��tk
f
��u2f�^`YlVXd`Y×kmU�~8f!�mU2�md`f2[ f2V k&2tu�f2[ �jbmV

f(x0)
�����tuj�
�Df2�mWmf2V

ε > 0
dgf�d`�`u.+t[lf��tf2����u�d`f2V{a{f�^`a

�jbm[ st���`u��mh z U2�«[lf��mWtf�V
γ

�tU2�jdgf2[ f2V ~{Y9��Y z a{f'~5�tu�Y d�����f2[lf�h ∗<
� � f�VB�!�$kHk&�m^

〈∗<, ∗f〉
� � f2V

Y �Xbmu«[lf2��u z ���t�mW �
(∀x)(|x − x0| < γ ⇒ |f(x) − f(x0)| < ε)

 z �{Yl��u2f2V z �6b
|x − x0| < γ

z
bmkHk)�t^

x
U��
x0

�mU2�md`f2[ f2V k)2tu2f�[lYlf�k z �l�mW(\_f2[ d`f.�mU2���}V{k¥��u2f�^`YlVXd
f(x)

U2�
f(x0)

Yl�
�tU��mdgf�[lf�V
k)2tu2f�[lYlf�k z f2u2U�^�d

|f(x) − f(x0)|
kHYl��f ��� b �`u�d`f2V{a}f2^`a

ε
��V��j[��
R�u�dÌkebm~}dgo}k£dgf����jd z ���t�mW

〈∗<, ∗f〉 |= (∃δ)(∀x)(|x− x0| < δ ⇒ |f(x) − f(x0)| < ε)
z

�{Y �`u�f2V°~8U�[la��mo}[*b
δ = γ

f2�jW hif��m\_f2[ f2[9+cf2[lf�h��¥P�Y?�tf�[
〈<, f〉

U2�
〈∗<, ∗f〉

f2[ f2h'Ylf2V f�kX�
�JY��jbm[ f2V{��f2k z kebm~"
�o{k z ���m�mW

〈<, f〉 |= (∃δ)(∀x)(|x− x0| < δ ⇒ |f(x) − f(x0)| < ε)
�

6"U2���{[
ε ∈ <

d`f�dg��u�+t[ f2�tf��*~5�tu�Y d����i�`u7�jh ���t[]d z f�u2U2^µd
f
�mbj[ls � bjV
\��t[ WHd��mV��t�

x0

� � bmV��

R V}f2h'�`u�d`f2V{a}f2^`a h'sJa{�`u�f2^Ã�`f2h �O�����Ja6bj\_f��mW4�tf2^� z V{f2h 
�2tV{V}f2k kHYBb«d`U�d`f2[lf�k h£bm�mo{kXdgst[��
P�Y V{a�2t���`u�f�bm^�^`st[��jbmV �`u2s z ���t�jWpf2�mW«h��m�Ddgf��r�}V{Ylk �jd z h��m��bm~{~6bm^��jdgo}��d � Ylu�d��t��� d z h'f2[ W�V{U2�6b
Y VHd`o{Y d����jb ��� z hiY VXdpb �`u�d`f2V{a}f2^`a �tk&�t��k&�Ja��m���tk@�£��U2[la��mo{[ S � � YlV}���tV V{f�hi��u�d`f2V{a{f�^`a h'sJaq�
��u2f2^�f2kHkmf�[ �t[ a��md�d h'f2� f2�jW0�J2mV6bma 
�o{V}�Q�m[ dN�m~8f�^��jd��t^��tkcYlVQ�jbm^`Y9�mV{�«bm[ d`f2^�f2Y��mf2[$kebm~0�2���t[ bjd��t�
� ~}^�� � [ U2h��jd z hif�[ Wmf�d*k&�m^�� ��� bmV b ��u�d`f2V{a{f�^`a�hisJa{�`u�f2^�f2kHkmf�[D���t�`��u�E�U.�tf�kHYl�'V{f2h �`Ylkjf2^��{[ d
h'f2���m[la6bmV}Y b��`f2V}kJY V{f2k@�(P>�m��k&�t^ �JYl��u��tVXd b0V}f2h'�`u�d`f2V{a}f2^`a°h'sqa{��u2f�^ � Ylu.�tVXWJo{[×V{f��{U2u�kmf��
��f ��� V}f2k@� � �t�mW�h'Ylk&�m^�h'f2[]WqY k
dgf.�r�{V{Ylk �jdC�2U2[ �`u�f2^�* �{bm�`u�V��m[lV}Y z bju�b
~{^�� � [lU�h£bC
�f2[ [lf2�mU�d�+m[
=_U2�*~8f�^`��u2f b ��u2f�hiU�[ Wtf�� � u2[ U2��d�+t[$@ \��{�t�{�
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R � �)� \_fO
�f2u2f�d � f2V0��u�bjd`o{^��j[ dÌh��Ja{f�[l[lf�k
k&�mV{��d`^`o{k)�2YlsmY d �qY u2���Q�m[ d`o{k@�B�$u2f�k � f�V bi��d`^`o{kt�
d�E{^��mk � bjV � +.-��.� - =_f2[ U2� kHY9���`Y$@Ì�6bm[lhibmu«\_f2[lf�d`d`YOd�� ~{o{��^�f�bm[ Ylu7�j[l�6bjd`s{�N� ��� f2V&b
\_f�
�f2u�f�d � f�V
b h��m�`Y k �mU2�t[ f�dgf�d �qY u2���Q�m[�
�o}k;�!�jbmV}V6bmkt��f�f2�jW f2[ hiU�[lf�d`V{f2k:�t[ WtbmV h��Ja{f�[l[�
�f�Y z hif�[ Wtf�k � f�V
� Y u��tVXW&�t� d��l~}o{���tk¥V{f2h ^`f�bj[lYlu��m[lsJa{V6bjk z Y [l[ f�d��mf �jbmV{V{bmkt��f �t[ WtbmV h��qa{f�[l[ f2k z hif�[ Wtf�k � f�V
2t���`u�f2�`f�V0V{f�h d�E{[D���tk£d��l~{o{��^�f�bm[ Ylu��m[l�6bedgs �

P�Y V{a{f2V}f2k0f�[9+md�d�hif�� kmf�[l[
h��tV{a6bjVJo}V{k z hiY]d�U2^µd��{V}k ����� "��<� �8� /pd��l~{o}�gbmY V z �{Y �`u¿f2a}a{Yl�
���gbmk
�µdg^�o{kXd�E{^��mk
d�� ~{o{�gbjY��jbm[8\��m�t[ bm[ k&�tu�dgo{V}k;�
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R � � w ��a{f.�6V��9�2Y s¿o}d/�jV{YDhif��1
�f��mWJu2U��`f2Y V{k
h'YlV{a U�^��mU2VXWtf��`f2k�h��m��d*Yl���
P �t�µd'hif��th�o}dgbjd;
�o{k z ���t�mW bmu�f2[�+ ��� Y�a}f.�6V����2Y s:�j[ drbj[D�mV��m��� d�
`b�f�a{a{Yl�mY�a{f.�{V��9��YlstV{kebjd z

�jbm�mWJY ��b ��dg^�o{kXd�E{^��mk��{^�f2���6bm[lhibmu�\_f�[lf�d`dgY�d�� ~{o{�gbjY
bmu.�tV��t�`bmkcf�[lh'U2[lf�dgf�Ylk�d��l~}o{�gbmY?�jbm[ �0�mbj�mW
h��m�`kjU2~{~'\��t�Xbm[ h£bju.�jb}�Ddgf�[�
�f2� =_U2�Ãk&�tV{u�Yl��u�dgf�V{�/@ f2[ hiU�[lf�d`f2k«d��l~}o{�gbmY@bju��tV��m�gbmk bph��Ja{f�[l[�
�f�Ylk
�{^�f2���6bm[lhibmu�\_f�[lf�d�dgY�d��l~{o}�gbmY?�mbj[��

�Df2�mWmf2V(d`f2���ed
T
d`f2[F
�f2��=�U���k&�mV{u2Y �`u�d`f2V{��@«f�[lh'U2[lf�dpU2�«[lf��mWtf�V

A
f��mW dgf�dg��u�+t[ f2�tf���h��j�

a{f�[l[F
�f
T
��V{f�k@� 6�Y [D�m�&�t� z ���t�mW

A
�}^`f2���6bm[ h£bmu \_f2[lf�d`d`Y�d�� ~{o{�gbjY�f2�jW%Eqd`drbj[

T
��V{f�kcYl��d��l~}o{�gbmY��

���t^�a�� d��mb z [ f2�mWmf2V
p ∈ S(T )

f��mW£d��l~{o{���	�$kJk)�t^
p ∈ SA(∅)

Yl�×d`f2[�
�f����{[ z �{Y �`u�f2V
p
f2[ f2h'f2YBbju

f�[9+�� ^�d�bm[ bjk"E \��t^`h�o{[D�mk z h'YlV{a}f2V�\��m^`h�o{[lb z �jbm�mW�biV{f��Q�m[]d;
`b
p
� � f2[ Y ���tU����{[ z h'Y��tf�[ZhiY V{a{f2V

p0 ∈ [p]<ω
��^gb

T ∪ {∃v̄ ∧ p0}
��V6bmk:�mbjV°h��Ja{f2[ [�
�f z U��

T
dgf�[�
�f2� z f�u ���gbmkKE}�mW [lf��{f�d z �{b

T |= ∃v̄ ∧ ϕ
U2� �l�jW

A |= T
h'Y bed`d

p0 A
� � bjV Yl��^`f2bm[lY u7�m[ �6bjd`s{� �$�mW£dgf2[F
�f2��f�[lh'U2[lf�d×d��l~{o{�`bmY

d`f2���jd«f��mW&h��Ja{f2[ [�
�fP=_hiY V{a{f��mW z ���t�jW hif�[ WJYlk�� @ �{^�f2���6bm[lhibmu�\_f�[lf�d�dgY$d�� ~{o{�`bmY��jbm[$bju��tV��m� z
f�u2U2^µd�f�kHk&�t^

S(T )
Yl�pf2�mW k)�th'~6bmkXd �"bmo{��a��t^ � ��dgU2^�� P �m��d hif��th�o}dgbjd;
�o{k z ���t�mW0f2u'V{f2h

d`f2[�
�f��
T
f2[ hiU�[lf�dgf2k'f2��f�d`U � f2V0Y � �l�mW��mbjVB�

�"b
T
f��mW f2[ hiU�[lf�d U��

ϕ, ψ
\��t^�h�o{[D�jk z bjkJk)�t^

ϕ ∼T ψ

�f2[ f2VXdg��f"bju�d z ���t�jW

T |= ϕ⇔ ψ
�

�$kHk&�t^
∼T

f�k4�JY?�mbj[lf2V��2Y bj^`f2[9�&�2Y s z bjhif�[ W k&�th'~6bjd`Y � Y [lYl�Ob | �"�t[lf���h *��mf2[ f�dgf�kHkmf2[��O�{b
ϕ ∼T ϕ

′U��
ψ ∼T ψ′ bmkHk&�t^ ϕ ∧ ψ ∼T ϕ′ ∧ ψ′ U2� ¬ϕ ∼T ¬ϕ′ � �$u2U�^�d«kmU�~8f�u2�{f�d;
��{k&b \��t^`h�o{[D�mk

| �"�t[ f���bj[l�tf � ^��3
��jV6bmk
∼T

��u2f2^�YlVXdgY6\�bmkXd��t^��jd2� �$u�d×b«\�bmkXd��t^�d
T
�DYlV{a}f2V � bmo{h¿��QObm^��`kHY;bm[l�tf � �

^�� 
��mV6bmkiV{f.�mf2u�Ylk@�

� v
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v̄
��7�� �;4�
 - / �	��
 ��F(��
*!.�8� �"� '�4�*

��4�
 ),��)B" ' � � +.- �3�(���,+A� + ' �3D?���<F�� D'& /
Fv̄
*;����� )�
�4 /0-&)0/ )�
 ���$'������ -�����$?4���� %.�A70/0-&)0/ ) �L4�4��<��*

)�� �.� , � 7 D 7,�)� � ����
�� / , � - �<�	� $?��� D?� ,�,
v̄
���<��� � + $?4��(�,%.� -&)0/ ���<� '(
 ) , )��.40- 1 2 / /�4�� Sv̄(T )

)�
�4�*
-!4 ' !.�)/�),� -

Fv̄/ ∼T

� �;40-!��*��8����"������ 1
�¿�_�'&;�0/Z¤�¢"46�m§ ��b

p ∈ Sv̄(T )
bmkHk)�t^�[ f2�mWmf2V

p∗ = {ϕ/ ∼T : ϕ ∈ p}
�-n 2tV{VXW"*0f2[ [lf�V�+t^`Y u2V{Y z

���m�mW
p∗
f2�jW o{[ d`^gbm��u�*{^�+

Fv̄/ ∼T
��VB�

���t^`a�� d��jb z �{b
p∗

f2�jW o{[ d`^gbm��u�*{^�+
Fv̄/ ∼T

��f�V z bmkHk&�t^ b
p = {ϕ ∈ Fv̄ : ϕ/ ∼T∈ p∗}\��t^�h�o{[lbm�6bm[ h£bmu

T
f2�mW¥d�� ~{o{�gbq� 6"U2���{[�bmu Yl���JY [D�m���m� z ���t�jW b

p ↔ p∗
hif��m\_f2[ f2[ d`f�d`U2�

k)2t[9����2tV�2m�`f2V f2�jWtU2^µdgf�[lh *B�

� 	���	 � � � ��� �����
����� ���
� � � ��� �������
� u�f2k�oqd/�mV«bmu
f�[9+tkjU2��u��{[ f�dgf�k�o}d/�jV�^��jd`U2^`�}f�d��}V{k"\_f�
�f�u2f�d��{V{k�\�+�kjU2^�a{U2��U2V{f�kN�JY u2�`���m[ bjd��m^gbq�
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L
-�
�������� -N�

p ∈ S(T )
� " '

A |= T
� ����
 , � -

p-!��� ��� )�� +A
�7�� /�),� - � )0/ /�4�� )�
*� � 40-�� D %(/��C/�4(��

A
���$/����'&.� +

p
*�� 1

�"b
p
b
T
f2[ hiU�[lf�d�Ylu.�t[D�j[ d*d�� ~{o{�gb =$�jbm�mWJYl�

p ∈ S(T )
Ylu.�t[D�j[ dÌ~5�mVHd�b < d��tV{f��Ýd��t~5�m[lst�tYÛ�

� � bmVA@ z bmkHk&�t^pb � � �'dgU�d`f2[
��u2f�^`YlVXd
p
f2�mW�\�+
o{[]dg^gbj�`u�*}^�+ z bmu�bmu �mbjV

p
� � f2V0f��mW �t[ WtbmV

ϕ(v̄)\��t^�h�o{[lb z h'f2[]W � +t[Bh'YlV}a{f2V�h��m�
p
� � f�[lY�\��t^�h�o{[lb�k&21�tf�dgkmf�u2Y k =_h��Ja

T
@����"b

T ∪ {¬∃v̄ϕ}
�

V{f�kL�jbmV¥h��Ja{f2[ [�
�f z bjkJk)�t^'f2u b&h��Ja{f2[ [×VXWJYl[��)�mV f�[lkmf�^��{[ Y
p
��d�� QOf��mW"�{k \_f2[�h��t��d z ���t�mW

T |= ∃v̄ϕ
� �$kHk&�m^�dgf2���jd

∃v̄ϕ(v̄)
Yl�tbmu

T
h'YlV{a{f�V h��Ja{f�[l[�
�U � f�VB�'�$u��JYl��u��tVXd«bmu�d-
�f2[ f2VXdgY z

���m�mW
T
h'YlV{a{f�V h��Ja{f�[l[�
�U � f�V(^�f�bm[ Ylu7�j[l�6bjd`s

p
� �$u2u�f2[�Y u��t[9�m[ d«d�� ~{o{���tk f�[lkjf2^��}[l�{f�d�+t��U2�tU�d

d`Yl�`u�d/�mu�dgo{k@�
T
f��mW Ylu��m[D�m[]d�d��l~}o{�gbibmkHk&�t^�U��J���gbmk�bmkHk&�t^�kmf�^��{[ �{f�d�+
f2[ z �6bibid�� ~{o{�ÌYlu.�t[D�m[ s

\��t^�h�o{[9�3
`b�V{f�h k&21�tf�dgkmf�u2h'U2VXWtf
T
�ÝV{f2k@�

P�YÃb��{f2[]Wqu�f�d�b V}f2h Ylu.�t[D�j[ d�d��l~{o{���tkHkebm[�� � U2[ o{V{k h'f2�th�o}drbjd`V{Y z ���t�mW �6b
T
VXWtf�[��mf

h'f2�t��u7�mh'[D�j[l�6bjd`s z bmkHk&�t^
T
h'YlV}a{f2V V{f�h �ÝYlu��m[D�m[]d�d��l~{o}���jd f�[lkmf�^��{[ Y

T
f��mW¿h'f2�t��u7�mh'[D�j[l�6bjd`s

h��qa}f2[l[F
�fm� 6Ãbm[ls 
�� � bmV�d�2 ��� f�dÌ\��t�to}V{k�Yl�Xbmu.�t[lV}Y�� V{f2h Y u��t[9�m[ d�d��l~{o}���tk�f2[�+t^`f bma��jd`d ��kHY9���`Y# 
�6bj[lhibmu�bmY ���tu �jbmV{V{bmk

T
�ÝV{f2kN�t[]WXbmV hif��t�`u��mh'[D�m[ �6bjdgs*h��qa}f2[l[F
�f2Y z hif�[ Wtf�kpbmu×f�[9+�� ^�dZd�� ~{o{���tk

h'YlV{a}f2�mWJYlkjU�d*f�[lkmf�^��{[ Ylk@�
�Df2�mWmf2V

X
f��mW0d��m~5�t[��t�tY kJo}�"dgU�^2���$�mW

K ⊆ X
�6bm[ h£bmu�~5�tVXd��t�gbmV bmkHk&�m^«��f2���m[Ã��f2h

��*{^�* z �{b'[ f2u7�j^�d;
��jV6bmk � f�[l�`fO
�fN�{^`f��2�-� u«bmu�d 
�f2[ f2VXdgY z ���t�mW
f2�jWtf�d`[lf�V�~0�tVXdÌ�`f2h [ f2�{f�d � f�[l��+'~0�tVXd;
`b

K
[lf2u��m^�d�
��mV6bmk z �jbm�jWqY �

f2�jWtf�d`[lf�V�V{f�h �{^�f2�ÌVHW"� [ d��6bj[lhibmu��`f�h [lf��{f�d*^�U2�`u�f
K

[lf�u7�m^µd;
��mV6bjk��jbm�mWJYl�
h'YlV{a{f�VcV{f�h �{^�f2��VXW"�l[]d"�6bj[lhibmu2V6bjk��jbmV

K
[lf�u7�m^µd;
��mV�k4���"�{[lYZ~0�tVXd;
`b>=�U2�"hiY?�tf2[

K
[ f��

u��m^�d�
`b u��m^�d*�{bm[lhibmu1@
h'YlV{a{f�V V}f2h �{^�f2�OVHW"� [ dO�6bm[lhibmu�V6bmk �jbmV

K
�Ýd`st[Ha{Yl��u�
�o{V{kXd�V{f2h �}^`f2�OVXW%� [ d�^`U��`u��6bm[lhibmu2b}�

R d��l~{o{���tk < d��tV{f��Ýd`f2^`U�^`f bm[ kebm[lhibmu.�jbibmu¿f2[�+ ��� Y �tk&�t��k&�Ja��m�µd z bmu�dpkebm~4
�o{k z ���t�mW bju
E ⊆

S(T )
�6bm[ h£bjuibjkJk)�t^�U�� �2�`bmk&bmkHk&�t^ �`f����t[×��f2h ��*{^�* z �6b hiY V{a{f�V �t[]WXbmV

ε
\��m^`h�o{[9�m���tu z

� �



h'f2[]Wq^�f�dgf�[�
�f2���{[ z ���t�mW
T |= ∃ε

z �jbmVif��mW
δ
\��m^`h�o{[lbJE{�mW z ���t�mW

∅ 6= Nδ ⊆ Nε
U2�
E∩Nδ =

∅
��P�U2� f��mWJ�`u�f2^�* ��� f�VB�"�{b

T |= ∃ε
z bmkHk&�t^ �jbmV �t[ WtbmV

δ
z ���t�mW

T |= (∃δ) ∧ (δ ⇒ ε)
U��

h'YlV{a}f2V
p ∈ E

�Ý^`f
¬δ ∈ p

d`f2[�
�f����{[��
�$hi[ U2kjf2u�d`f�d��{V{k ^�� z ���t�mW f��mW d��t~0�t[��t�tYlkHo{�
d`U2^��`f����t[«�`f�h ��*{^�* ^`U��`u��6bm[lhibmu2bmYlV6bjk

h'f2�t��u7�mh'[D�j[l�6bjd`spo{V{YlsmYlkmU�VXd�f2[�+Q�m[l[ sp�6bm[lhibmu.�tkebjd�b«dgU2^×f2[l��+�kebjdgf��tst^��3
�E
^`U��`u��6bm[lhibmu2bmYlV6bjk
V{f8�tf�u2u��}k;� 6"Yl[D�j���t� z ���t�mW�f�[l��+ikebjd`f2�tst^��3
�E �6bm[lhibmu.�tk£^�U2�`u��6bm[ h£bmu2bmYBU���h'f2�t��u7�mh'[D�j[l�6bjd`s
o{V}YlstYBY ��f2[ ��+ kebjdgf��tst^`Y9�3
�E �6bm[ h£bju��tk@�
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*;� )
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En ⊆ Srn(T )
�"!$#&%('�4 / �	��
 ���$'�� /,),�8�	� - � +67 D'K /�)���� )�
 ) 1 2 / /�4��=�0),- T *�-!� / 4���
,),-� �	�0'(
�7��+�A7�� /�),� - � 4��.���)� D?�I��� ����
 � +.-��.�	��
0+ /

En
� +.-��.�	��
0+ / ���<��� " �J���$/����'&@� + 1

Q�f2^`h'U2��u2f�dgf2�-���tV{a��t[ bjd z ���t�jW¿b�d��l~}o{�`f�[lkmf�^��{[ U2��Y{dgU�d`f2[]d | bmYl^�f�kebjdgf��tst^`Ylbe�Ýd`U�d`f2[lU � +m[q~{^�sj�
� �j[�
�o{k � Ylu.�tVXW%�]drbmV}Y��(= | bmYl^�f kebjdgf��tst^`Ylbe�Ýd`U�d`f2[lf��`u�f2^`Y VXd�k)�th'~6bmkXd �"bmo{��a��t^ � ��dgf2^�f2k V}f2h
�m[ [lV6bjkif�[9+ hif��t�`u��mh'[D�m[ �6bjdgs����tk ��f2���t[Z��f2h ��*}^�* =��jbm�mW z bmhiY�o{�mWXbjV6bmu z h'f2�t��u7�mh'[D�j[l�6bjd`s
���tk
f2[ ��+ kebjdgf��tst^�YD�3
�EA@Ã^`U2��u2�6bj[lhibmu2o{k£o{V{YlsmYlkmU�VXd @��

R d�� ~{o{�`f�[lkjf2^��}[lU2��Y$dgU�d`f2[ �jbm[ls � bmV Yl�Xbju��t[ �6bjdgs£Yl[ Wmf2V&hisJa��tV z a{fif��mW Yl[]Wtf�V � Y u��tVXW"� d��m�
d�E{[����tk dgf��r�}V{YlkebmY�f2[9+mkmU2��u��{[ f�d`f�d Y �tU2VXWtf�[lV{fj� �$u2U�^�d f��mW �m[ WXbjV � Ylu.�tVXW"� d/�j��d
h�o}drbjd`o{V{k z
h'f2[]W�V}f2h �{bm�`u�V��m[�
`b | bmYl^�f�kebjdgf��tst^�Y be��dgU�d`f2[ U�d��"R d�� ~{o{�`f�[lkjf2^��}[lU2��Y�dgU�dgf�[
U2�pb | bjYl^`f��Ýd`U�dgf�[
kebm~0�2���t[ bjd��m^gb�h'U2�
�JYl���`u2bjdgU�^��{V{k@�
�¿�_�'&;�0/Z¤�¢"46�m§×P�YlV}a{f2�mWJY k

En
�`f����t[D��f2h ��*{^�* �6bm[ h£bju��tk h'f2�t��u7�mh'[D�m[ �6bjd`s o{V}Yls 
`b z f2u�U2^�d

bmu
En
��f2kjf�dpkHY9���`f�^`U2[?�tf¿f�u2f2kH^�f£b
��f2���t[��`f2h ��*{^�*&�{bm[lhibmu��mkJ^`b z d��1�&� ��� ^gb
Y �"d�� ~{o{���tkcf��mW

h'f2�t��u7�mh'[D�j[l�6bjd`sc^�f2V{a{��u2f�^`U�d£kebm~"
�o{k@� � h'Y bed`d�\_f�[ dgf��{f�d�
��{k z ���m�mW bmu
En
�Ýf2k ��f2���t[*��f2h

��*{^�* �6bm[ h£bmu.�tk@�
�Df2�mWmf2V

L′ bju L VXWtf2[?� � +1�"� d`U2�`f×bmu E3

{ci : i ∈ ω}

k&�tV{�µdrbmV}�`�`u�Ylh � st[ o{h��mkJkebm[�� �Zf��mWtf�V
s
f2�mW �t[ WtbmV

ω
��d��l~}o{��E ���t^��mu�bjd z hif�[ W � f�VL�tU��mdgf�[lf2V ���tkH�`u��m^�\��t^`a{o}[×f2[�+

L′ h'YlV}a{f2V(\��m^µ�h�o}[D�3
`b z U���hif�[ W � f2V
h'YlV{a}f2V
〈n, c̄〉

~��m^×f�[9+m\��t^�a{o{[ z bj���t[
n ∈ ω

U2�
c̄
bmuCE3
-k&�tV{�µdrbmV}�`�`u�Ylh¿�

� st[lo}h��tk � st[�kjU2~{u�f�d�d
rn

���m�`�`u.E(���t^��tu2bjd�=�U�� h��m��V{f�h \��t^`a{o}[$f2[9+
s
� � f2V�@��£P�f2� \��t�1
�o}k

bma}V{Y
L′ f�[lh'U2[ f�dgf�YlV{f�kif��mW V�21�&+i���t^��tu2bjd/�ed E}�mW z ���t�mW

= v @×hiY V{a{f2V
n
��^`f

Tn
k&�mV{u2Y �`u�d`f2V{� z

Tn − T
�tU��tf2� z

= � @ �"b
sn−1 = ∃vϕ(v)

U��
sn−1 ∈ Tn−1

z bjkJk)�t^ �jbmV �m[ WXbjV
m
z ���t�mW

ϕ(cm) ∈ Tn
z

= w @ �"b
sn−1 ∈ Form(L′)

z bmkHk&�t^ �jbm�mW
sn−1 ∈ Tn

�jbm�mW
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�t^��j\��mk
f2�mW�V�23�&+£[9�mV���b
!tw



[ f2�`u z �m[l[�� d�
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k ∈ ω
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U2� �tU2�mf2�$^`U��`u��6bm[lhibmu2bmY

ω
�ÝV6bmk z U2��kjU2~;f2u2u.�{k0bju�d�b

0 − 1
���t^��tu�bed��md z h'f2[]W � f�V � v  ��`u2f�^`f�~8f�[
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pX0 6= pX1

U2�
� �mW

qX0 6= qX1

dgf�[�
�f����{[��*P>�m��kmU2~}~0\��t�Xbm[ h£bmu8�jb}� b
P(Z) 3 X 7→ qX

[lf�kmU2~;f2u�U2��Y V 
�f2kXd����;�
�$u2f�k0�`u�f2^�YlVXd b

Q = {qX : X ⊆ Z}
�{bm[lhibmu2^`b£f2�jWq^�U2��u�d

|Q| = |P(Z)| = 2κ
h��m��^`U2��u�d

Q ⊆ SA
1 (Z)

�	�$u2U�^�d
|SA

1 (Z)| ≥ 2κ
�

R
TR

k&�tV}u2Yl��u�d`f2V���YD�3
��m^`b*bma��md�dZkmU�d � Ylu��mVHW"�]d/�m� � bmVpf2�mWmU � kjU2VXdOYlu��mh��t^µ\H�t^��e\��tkebjdBk)�tV{��dµ�
^�o��m[ d`o{V{k z ��+jd z f2u�f2kHkmf�[-V}f2h Y u��th��t^µ\ hif��t�`u��mhi[9�m[l�{bjdgsi�t^��j\ÃV{f�h Yl��[ f2�{f�d

TR
h��Ja{f2[ [�
�fj�

�$u�d�b¿h'f2�t[ f2~0+ �m[l[�� d/�j��d�Y �Xbmu.�t[�
�o{kibmupbm[9� ��� Ylbmk � bmVB�
@ § © §�� ���
��¤3FX�_­Z§����	��
�� -

κ
'(
�7�� 4 ' '�7�� " '

T
�	��
 ����� "��<� � 1 GH
*� � 40-�� D % /�� /�4(��
 T κ

*
/,),�;�	�.4�� + /0%('I��/�)

T
*�-!� / )

κ
'(
�7�� 4 ' '�7���K � 4��.���)� D?� +>� +.-�� +A
�4�� 4��)$ )0/ �	��
�� 70' '*)�� 1

@ § @ §�� ¡X¢L�J �§ ��� 4�� ��� ),%E��/�� �8� '(
*� � 135 ) )�
 L -�
������ T ����� "��<� �8" -!� /=O '*)0/���"	�,�;���<� -B� 4��.���)��*D?� +��0),- -&)0/ " '
T
/,),�8�	�.4�� + /0% ' �	��


κ ≥ |Form(L)|
'(
�7�� 4 ' '�7��.40-N� )0/ /�4��

T
�;��� D?� ' 1

�¿�_�'&;�0/Z¤�¢"46�m§ ��b bju �j[l[9�]d/�m� V{f2h [ f2V{V}f Y �Xbmu z bmkHk)�t^ [lf2V}V{fP�t[ WtbmV
ϕ
\��t^�h�o{[ b z h'f2[]WJ^`f

T ∪ {ϕ}
�ÝV{f2k�U2�

T ∪ {¬ϕ}
��V{f�kcYl��[ f2V{V}U2V{f�k0h��Ja{f�[l[�
�f�Y �B[ f2�mWmf2V{f�k0f2u�f2k ^�f2V{a{^�f

A
U��

B
�

�$u2f�k��tU��mdgf�[lf�V{f2k z h'f2^�d
T
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B = {bn : n ∈ ω}
� �Zf��mWtf�V

f0 = f
U2�¿dgf��mW"�{k \_f2[ z ���m�mW h'f2�Xbja}dgo{k(h��m^�b �mU2�tf��

fn
\��{�t�&�mU2VXWHd z h'f2[]W Ylu.�th��t^��6u��

h�o}��bmu�U�^�d`f2[lh'f2u�U2��YOdrbj^�d��mh��mVXWtb£U2��U�^�d`U2kHkmU��`u2[ f�d`f��j[ drbj[Z\_f��`u.� dgf�d`d�^�U2��u2�t^��j\��tk =��jbm�mW�bmh'Y
o{�jWXbmV6bjum�Ì�tf2V{f�^��m[]d�^�U2�`u���d`^`o{kXd�E}^��mk%@�k&2tu.2md`d2�p[lf2�jWtf2V

am ∈ A
b£[lf��tkHYl��f ��� Y V{a{f8M%* f�[lf2h z

h'f2[]W¿hiU���V{Y V��2�
dom(fn)

� � f�VB� �Df2�mWmf2V
X = {a ∈ dom(fn) : A |= E(am, a)}

U2�-[lf��mWtf�V
! �



Y = dom(fn) −X
�B�$kHk&�t^

dom(fn)
��^�f V}U2u.�mf�Y �Xbmu z ���t�mW

am
~0�tVXd��t�`bmV0bmu

X
� � f�[lY ����Eq�

�����tkHkebm[ �jbmV>2t���`u�f2k&2jd��tfj��P�Y��mf2[
fn

YlV3
�f2kXd��?� z bju
fn[X]

U2�
fn[Y ]

�6bm[lhibmu.�tk£a{Y �`uO
�o{V{kXdrbmk z
f�u2U2^µd

B |= TR
hiYlbjd`d �jbmV �t[]WXbmV

b ∈ B − range(fn)
z h'f2[ W

fn[X]
hiY V{a{f2V f�[lf2h'U.�mf2[

2t���`u�f��jbmV(k)2md��mf z a{f
fn[Y ]

f2�mWJYlk f�[lf�hiU8�tf2[ ��YlV�����2t���`u2f�k&2md��tfj�cQ�f2^�
�f��`��u��{k kJY
fn
��d�E{�jW z

���m�mW
am
�Ýf�d

b
��^`fÌkmU�~8f�u2u�fm�-� u�bmu

f ′ kJY]dgf�^`kmf��`u�dgU2�×�`u2Y VXdgU2Vif2�mW �mU2�tf��×Ylu.�th��t^��6u�h�o{� [lf��`u z f
� f2kjf2u2a}U2�*f2[ f�
�f���u2f2^�YlVXd*YlVQ�mf2^`u�f�kHY dgf�^�
�f��`u�d`�{f�d�+ E{�mW z ���t�mW

f ′−1 U�^�dgf�[lh'f2u8�tf�[lf��mWtf�V B ��V}f2k
range(fn)

� � +t[
kHYlhibm^`bma{s
f�[l��+�f�[lf2h'U2^�fm� �$u'bmu
E 
`b ��� kHY]dgf2^$
�f2��u�dgU�� [ f2�mWmf2V
fn+1

� 6�U����{[
f = ∪n∈ωfn

[ f2��u b¿kjf2^`f��`f�d`d�Y u��th��t^ �6u2h�o}�2�
= � @�Yl�Xbju��t[9�m���m���tu [ f2�mWmf2V

A
U2�

B
kjU�d«h'f2�t��u7�mh'[D�m[ �6bjd`sih��qa}f2[l[F
�f

TR
��V{f�k;� �$kHk&�t^«bmu

f = ∅
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A
U2�

B
k)2tu�d`Y

Y u��th��t^��{u2h�o{�µd��

R
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Y [ Wtf�V h��Ja{f2[ [ d�[ U2~;U2�`f�V{kmU�VXd bmkebm^`V��mV{k0\_f2[ U2~��]dgf�V{Y z bmkHk&�m^�h'YlV{a{f�V f��mWtf�����\_f2[ bja6bjdph'f2���t[Û�
a��j�gbmk)�t^� L=�bju�bmu E 
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b¿�`u�f2h'[lU�[lf�d ���gbm[ stkeb}� �jbm[ s 
�� � bmV�h'YlV{a}f2�mWJYlk
ϕn,m

�ÝV{f2k��mbjV �mU2�tf���h��qa}f2[l[F
�fm�
� �m�mW0f�u�d«Yl�Xbju��t[ �6bm�`��o{k z b!�tU�[lf�d`[lf�V �t^��j\��mkcf2[ hiU�[lf�dgU�d"�����7
�o{k��`f���� d`�`U2�&�{[�� �Zf��mWtf�V

Vf��mW bm[lbm~{�6bj[lhibmu z b
V
� � f�[lY�~��m^��mkJ^`b
k4�{[92tVJ��k4�{[92mV z f2�jWqh��m�µdgst[�\��{�t�tf�dg[lf�V4�{[ z f2�mW �tU2[ f�d`[lf2V

k4�l��U2^�[lf�d�dgf�[qa�2mVHd�
��{k«f2[ z �mbjVq��f-U2[{b�~��m^�d
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a{f�V

{x, y} ∈ [V ]2
��^`f*[ f2�mWmf2V

ξx,y
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�jbm[lst��u�� V"*}�`U2�mY��&�j[ d��mu2s z h'f2[]W¿b � U�� v U2^µdgU�kmf��

kjf�d�f2�mWtbm^��mVXd v��t� �jbm[lsm�`u�� V4*{�`U��t�tf2[ �mf2�`u�Y�\_f�[DU2�*dgf��mW"�{k
\_f2[ z ���t�mW�b
〈ξx,y : {x, y} ∈ [V ]2〉^�f2V{a{��u2f�^«d`f2[�
�f��`f�V&\��{�m�tf�d`[lf2V�� ��Yl�mWmf2[F
��{kch'f2��f
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x
�Ýd

~0�tVXd��t�`bmV bjkJk)�t^�k)2t�`���{k
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ξx,y = 1
� R"uif2^�f2a{h'U2VXW"�{[×kebm~0�md�d �m^��j\�~;f2^��`u�f

\��{�m� b��tU�[lf�d`[lf�VHd�+t[���R�u
�l�mW �Ýk&�tV{�µdg^�o��m[ d� ��m^��j\��tkebjd�V{f8�tf2u�u��{k hib3
�a��mU2[lf�dg[ f2V �t^��j\��tkHV6bmk@�
< u�Yl���m^�E6bmV!�mU.�mf���� hikjU2u�f�d`dÌ�t^��j\��tkH^`sm[�kmU�V{f � f��`u2U�[lV4�{V{k z h'f2^�dÌb
����E������tk

V
�6bm[ h£bju7�mV6bjk

f�[lf2h'f2Y]d hif��tV{f8�tf2u�d��{k z U���k4�{[92mV � 2tu.+tV{f2k¿d`f2kHYlVXd��}V{k ~8U�[la��mo}[;kjU�d �t[ WtbmV w �2��E��2��E =_f2�mWmU � �
kjU2VXdcVXWJYl[?�)�mV Ylu.�th��m^�\�@i�t^��e\��md z hif�[ Wmf2k � f�V v � v U2[C�jbmV 2t���`u2f��`f�V z a{f f2u2f�k bmu U2[ f2k

Vh��m�µ�Ýh��j��f2[ f2h'f2YBk)2tu�2md�dÌhif�V{V{f2k
b kjU�d��t^��e\ � bmVB�
R �tU�[lf�dg[lf�V �t^��e\��tkebjd�h��m�`kjU2~{~�Yl�×f2[lkjU2~{u�f2[ �{f�d�
��{k@�-^`b3
�u��t[F
�o{k'[lf�b

V
����E����gbmY V h'f2�tbmaq�

�6bedgs 2t�`��u2f��£�t^��j\��md z f�u2f2kjf�didgf2�jW%�}k f2�mW kebm[lbm~ � b z U����mU2[lf�dg[ f2V4�{[B�)�m[ bj�`u�d��jb �4E{u�u2o{V}k¥kHY
f��mWtf�d�� � uiU2��bmuif�[9+tu.+ch��qa}f2[l[
bmu��tV��t�2���{b

V
�mU2�tf�� z bmkHk)�t^�h'YlV{a}kmU�d f2��f�d � f�V

1/2|[V ]2|

�jbm[ st�`u.�lV4*{�`U��t�tf�[Ãkebm~}o{V{k&hif��cf2�jW k)�tV{kH^`U�d��t^��j\��md2� �$V{V}f2k&hif��m\_f2[ f2[9+Jf2V z h'YlV}a{kmU�d�h��j�
a{f�[l[]d �{bm�`u�V��m[lV}Y-\��t�7
�o{k z bjd�dgst[ \��{�t�&+qf�V z ���m�mW bja��md`d ~{Y [l[ bjV6bjd � bmV hif�[ WJYlkjf�d�f��mWJ�`u�f2^�* ���
�jd`[D�jd`V{Y��

6Ãbm[ st�`u.�lV4*{�`U��t�`u��mh�� d/�j�`Ytdgf�^`h'YlV��m[lst�tY9�jdD�6bj�`u2V��m[��jbÌbmu×f�[lf2h'YXf2��f2h'U2VXWtf�k�bÌk&�tV{kH^�U�d$�t^��e�
\��tk z f��`f�hiU�VHWmf2k �t^��j\��tk =_hiU�^`�{f�d�+4@£�6bj[lhibmu�bmY�� �"b

ϕ
f2�mW f�[l��+t^`f�V{a�* \��t^`h�o}[ b z bmkHk&�t^

P (Gn |= ϕ)
� �tf�[ 
�f�[92t[F
��{k b

ϕ n = {0, 1, ..., n − 1}
bm[lbm~{�6bj[lhibmu��tV��mf�d�d�h��qa{f�[l[ �6bm[lhibe�

u��mV6bmk z h'YlVXd�f2��f2h'U2VXWJV{f2k b
�jbm[lst��u�� V"*}�`U2�mU�d��
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n,m ∈ ω
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limk→∞ P (Gk 6|= ϕn,m) = 0 1
�¿�_�'&;�0/Z¤�¢"46�m§ 7"Yl��u�
�o{V}kHd

X ∈ [k]n
�Ý^`f U2�

Y ∈ [k]m
�Ý^`f �mbj[ bmh'YlVXd

z ∈ k
��^`b �m[ [�
`bmV{bmk0bmu

EX,Y,z
f��`f2h'U2VXWmf2k bmu.�tk � st[�b(�t^��j\��tk � st[ z h'f2[]Wtf�kJ^�f0V{f�h d`f2[�
�f����{[ z ���t�mW �

z
2t���`u2f��jbmV

k)2md��mf
X

h'YlV{a}f2V f2[ f2h'U.�mf2[ z a}f
z
V{Y V��2�N2t���`u�f2k&2jd��tf

Y
f2�jWtf�d`[lf�V f�[lf2h'U.�mf2[
��f2h  r�
�$kHk&�m^

P (EX,Y,z) = 1 − 1/2n+m � �Df��mWtf�V δ = 1/2n+m � �Df2�mWmf2V EX,Y bmuibmu'f2�`f�hiU�VXW z ���m�mW
�
Gk − (X ∪ Y )

� � bmVcV{YlV����J�t[]WXbmV
z
�2��E��2� z h'f2[]W

X
h'YlV{a{f�V0f2[ f2h'U.�mf2[ 2m�`�`u�f �jbmV0k&2jd��tf z

a{f
Y
f2�mWJY kcf2[ f2h'U.�mf2[���YlV����'2t�`��u2f�k&2md��tf  g�¿P�Y?�tf�[�k4�{[92mV � 2tu.+

z
��kH^�f bmu

EX,Y,z
f2�`f�hiU�VXWtf2k

\��{�m�tf�d`[lf2V}f2k z f2u�U2^µd
P (EX,Y ) = (1 − δ)k−n−m

�N6"U2���}[$bmu
E = {G : G

f��mW0�t^��j\
k
�ÝV U2�

G 6|= ϕn,m}
f2�`f�hiU�VXWq^�f

E = ∪X,YEX,Y
z f2u2U�^�d

(∗) 0 ≤ P (Gk 6|= ϕn,m) ≤ kn+m(1 − δ)k−n−m
z

h'f2^µdZb�a{Yl��u�
�o{V}kHd
X
U��
Y
�{bm[lhibmu��mkjbed�[ f2�m\_f�[�
�f ���

kn+m \_U2[lf�kmU�~{~8f�V��)�m[lbm�`u�dg�6bed;
�o{k�=�^`bmk�
�o{k
k
f�[lf�hif�Y d����t^ � b z bmu¿f2[ ��+

n
f�[lf2h � +t[ �m[ [�
��tV

X
z b
k&21�tf�dgkjf2u�+

m
f�[lf�h � +m[

Y
�*[9�jdg�6bed;
�o{k z

���m�mW b
kn+m f2�mW f�[lU��'V{bm�mW4���tV{bm[9E \_f2[ ��+ � f��2��[lU��"b¿[lf��{f�d�+t�`U��tf2k£�`u7�jh��m^`bQ@��

(∗)

�� ��� �t[ a6bm[9�mV�bmupf2[ ��+¿dgU�VHWmf2u.+

k
�ÝV6bmk

n+m
��f2aq\��tk4E�~0�t[lY V��thC
`b z b h��m��Ylkid`U2VXWtf�u�+

δ > 0
h'Y bed`d�f��mW v ��V}U2[$kHYl��f ��� bj[ bm~�E f M}~0�tV{f�V��2Y9�m[lY ��kHY \_f�
�f�u2U��

k
� � bmV z f�u2U2^µdP=_~8U�[la��mo}[$b

� � � �t��~{Y dgbm[���u�b � �j[ WHd
n + m

�Ý�`u2f�^«bm[lkebm[ h£bmu8�jbQ@�kjbj~"
�o{k z ���t�mW
k → ∞

f2��f�dgU�V
(∗)


�� ��� �
�t[ a6bm[lb�U2�*f2u�u2f�[�f��mW"�}d`d � bj[9�t[ a6bm[ b Yl� � �Ý���tu�k&�mV4�mf2^��Q�m[ z bj���t�mW!�m[l[�� d��jd`dgo}k;�
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limk→∞ P (Gk |= Σ) = 1 1
�¿�_�'&;�0/Z¤�¢"46�m§ �Df2�mWmf2V

Σ ∈ [TR]<ω
z dgf2^�hiU��`u�f�dgf��`f�VÐf��mW �tU��tf2� �tU2[ f�d`[lf2V �t^��e\�[lf��`u

Σh��qa}f2[l[F
�fm� �$u2f�k � f2V
E

Yl^�^`f��{f8M%����U2���`u�Ylh'hif�dg^`Y kHo{� z f2u�U2^µd ���gbmk b
ϕn,m

bm[ bmk4E
Σ
� � f2[ Y

\��t^�h�o{[9�mkHkjbj[-kjf2[l[-\��t�t[ bj[lk&�mu2VHo{V{k@� �Df2�jWtf2V dgf����jd
Σ
Yl[ Wmf2V bm[lbmk4E \��t^`h�o{[D�mY V6bmk �6bm[ h£bju�b

{φ0, ..., φm−1}
� �$kHk&�t^

P (Gk 6|= Σ) ≤ P (Gk 6|= φ0) + ... + P (Gk 6|= φm−1)
z U���Y d�d�b

^�2t�tu��]dgf�d`d
m
�`u7�jh E�2t���`u2f2bma6bmV}a{s bmu �q� � d`U�d`f2[�h'Y bed`dÌVHo{[l[9�m���tupdrbm^µd��ÌR k)�thi~}[lf2h'f2VXd`o{h

f��`f2h'U2VXWJ^`f �jd�dgU2^ �tf bma{sJa{Ylkibmu��m[ [9� d��m�×h��m���qa{Y k'\_f�[lfj�
R"u�dZkebm~}dgo}k�dgf����jd z ���t�mW�f�[lU��ÌV{bm�mW =�a{f ~;f2^`��u2f �tU��tf2��@

k
��^`b�~5�mu2Y d�����bmV{V{bmk�bmu$f��`f�hiU�VHWX�

V{f�k b��jbm[lst��u�� V"*}�`U2�mf z ���t�mW f2�jW �mU2[ f�dg[ f2V4�{[I�)�m[ bm��u�d��md`dÌ�t^��j\$h��qa{f�[l[F
�f
Σ
��V6bmk@� �$u2U2^µd�f2[ U2�
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��^`bQ@ �jbmV

Σ
��V6bmk

k
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�fj�

6Ãbm[ s 
�� � bmV bjV{V6bmk �mbj[lst��u��lV4*{��U2�tf z ���t�mW�f2�jW��tU�[lf�d`[lf�V"�}[ �)�m[ bm��u�d��md`d��m^��j\Ãh��qa{f�[l[F
�f
Σ
�

V6bjk z V{f�h �2�gbjk z ���t�mW0~5�tu�Y d���� z �6bmV{f�h v ���}f2u k&�tVQ�mf2^`���m[ �
f�V{V{f�k&h'f2�j\_f2[lf�[9+Jf2V V{f�h����gbmk z
���m�mW �jbmV

Σ
�ÝV6bmk

k
f2[ f2h * h��Ja{f2[ [�
�f z �6bjV{f2h ��hib3
�a{V{f�h,h'YlV}a{f2V  �t^��j\ Yl[]Wtf�V z �6b

k
f�[lU��

V6bj�mWt�
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�a{V{f2h�h'YlV{a}f2V:�mU2�tf����t^��j\ � bmV Yl�Xbmu z
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�a{V{f2h hiY V{a{f2�jWqY k � f�V �{bmhiY �2�
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ϕ
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ā ∈ nA

� ��Yl�mWmf2[F
��{k h'f2� z ���t�mW
ā
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ā

=�f��mW ^`U��`u2U�VA@�\_f2[?�tf�d`d�U�^�d`U2kmU8�tf�[ z U2�"f2u2f�kcb'dgf2^�hif�k�f�[ d`U2^�+
f�[lf2h'f2kH^�f VXWJYl[?�&�jV�k4�{[�2tV � 2tu.+tk@� �$u2U2^µd�b �tf2V}f2^��edgo{h f2[ f2h'f2Y V{f2k

ā
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�'6�Yl[9�m���t� z
���m�mW!� �mW

(a) − (c)
U2^��mU2VXW � f�V0hibm^gbma�� �$u2u2f�[�bmupf2�tU��`u

T
��u��lV}f2u2U��`U�d"h'f2�Xbja}dgo{k@�

T
��V{f�k �2�gbjk

| ∪n∈ω
n2| ≤ Σn∈ω2

n = ℵ0

�2��E��2�gb��jbmV z b��2��E��2���mkJ���tu"drbj^�d��mu2s \��m^`h�o{[9�mkt�
� bjV£k4�{[92mVq��k4�{[�2tV

X
��V{f�k¿hiY V{a{Y �����gbmk �mU2�tf������mk¿f2[lf�hif�\��t^�a{o{[@f2[�+ z f2u�U2^�d×b

T
�2��E��2�gbjYl���tu

dgbm^�d��tu2s�\��t^�h�o{[D�jk � bmV 2t�`��u2f2��f2V!���gbmk¿h'f2�m�`u7�jhi[9�m[l�6bedgs����tk
X
� � f2[ Y}~6bj^gbmh'U�d`f2^$\��t^`a}o{[6f2[�+ z

[ f2�mWmf2V&f'~{bm^gbmh'U�d`f2^�f2k0�6bj[lhibmu�b
Y
� �Zf��mWtf�V(h'YlV{a}f2V

f ∈ ω2
��^`f

pf = {ϕf |n : n ∈ ω}
�

P�Y V{a{f�V
f ∈ ω2

�Ý^`f
pf

�mU2�tf��`f�V ^`f2bm[lY u7�m[ �6bjdgs�\��t^`h�o}[ bm�6bj[lhibmum�
pf

f��mWK�tU��tf2�'^`U��`u2U � f�V
�jbmV �t[]WXbmV�\��t^`h�o}[ b z hif�[ W � +t[

(b)
�`u�f2^�YlVXd«bid�2 ��� Y�k)21�tf�d`kmf�u2Ylk z U2�

(a)
�`u�f2^`Y VXd�hiU��
f2u bju

o}d��t[l��s�\��t^�h�o{[ b«Yl�C=����mkH\_U�[lf�kmU2~}~8f�VA@�kJY]dgf�^�
�f2��u�d`�{f�d�+'f��mW'd��l~}o{�`��� z �`~;f���YD�m[ Yl�`bmV£^�f�bm[ Ylu7�j[l�6bjd`s
Y �2��Q�f2���jd hiY V{a{f��mWJYlk

pf
kJY]dgf�^�
�f2��u�d`�{f�d�+«f��mW

Y
\_f�[lf�d`dgY

qf
d�� ~{o{�`���}� 6"U2���}[ z �6b

f 6= g ∈ ω2
z

v �tx



bmkHk)�t^��jbmV:�t[ WtbmV
n ∈ ω

z hif�[ WJ^`f
f(n) 6= g(n)

z U2� f2u�U2^�d
f |(n + 1) 6= g|(n + 1)

z bmu2bmu
pf 6= pg

���$h'Y bjd�d
|{qf : f ∈ ω2}| = |ω2| = 2ℵ0

�iQ�f2���jd
|SA

1 (Y )| ≥ 2ℵ0
�£P�Y��mf2[ hif��j�

��u7�mh'[D�m[ �6bjd`s
�6bm[ h£bmu.�tk�\_f2[lf�d`d�[ f2�m\_f�[�
�f ��� k&�tVXdgY VHo{o{h ���tkcd�� ~{o{�C�jbmV z f�u2U2^µd�= � @ �jbm[ s � bmV
d`f2[�
�f����{[��

6�U����{[ = w @
Yl�Xbmu.�t[D�j���m���mu×dgf��mW"�{k�\_f2[ z ���t�mW
T

�mbj[ bmh'Yl[]Wtf2V �tU2�jdgf2[ f2V
λ
�Ý^gb�V{f�h

λ
�Ý��drb � Yl[ �

h'f2�'kmf�[l[�h�o}drbedgVHo{V{k z ���t�mW�f2kHk)�t^
T
V{f�h

ℵ0

�Ý��dgb � Yl[��*P�Y?�tf2[
T
V{f�h

λ
���µdrb � Yl[ z f�u2U�^�dJ�jbmV

�t[]WXbmV
A |= T

U��
X ∈ [A]λ

z h'f2[]Wq^�f
|SA

1 (X)| > λ
� � u�U2^µd

(2)
h'Y bjd�d �jbmV �m[ WXbjV

Y ∈ [X]ℵ0
z

h'f2[]Wq^�f
|SA

1 (Y )| = 2ℵ0 > ℵ0
z bmu2bmu

T
�jbm[ls � bmV V{f�h

ℵ0

����dgb � Y [��

R x � w d`U�dgf�[ZU2��b x � v a{f.�{V��9��Yls'bm[ bj~"
��mV�VXWqY [��)�mVQ�jbm[ls z ���t�mW
hiY V{a{f2V
ℵ0

���µdrb � Yl[Bf�[lh'U2[lf�d
��u2o{~;f2^���drb � Yl[BU���hiY V{a{f�V �`u2o}~8f�^`��dgb � Y [Bf2[ hiU�[lf�d×��dgb � Yl[�� P �t�µd*hif��th�o}dgbjd;
�o}k z ���t�mWif2u�f2k b
k)23�mf�d`kmf2u�dgf�dgU2��f2k V{f2h \��t^�a�� d`�6bjdgsmk'h'f2�}� �$�{�{f2u��{bm�`u�V��t��[lf��`u�k4�{[�2tV
h'f2�t�&�tV{a��t[ V{Y z ���m�mW
��bmu bmo}d��th��t^��6u�h�o{���tk¥h'f2�&+t^`u�Ylk°b(d�� ~{o{���mkjbed  r� �$u�d bju bm[D� ��� Y�f��mWJ�`u�f2^�* �m[ [9� d��m� dgf2��u2Y
~{^�f��.�lu2u�U z h'f2[]Wtf�dÌf��mWtU � kmU�VHd"k&�t^�� ��� bjV�Y ���6bm�`u�V��m[]dgo{V{k£h��m^��
�B§ © § � � ���(�B§0���	��
�� -

A
�	��
 ' �6� % /0�6K@� )��C�<�	��
�� -

X ⊆ A
" 'H�<�	��
�� -

n ∈ ω 1 5 ) ā, b̄ ∈ nA4���
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tpA(ā/X) = tpA(b̄/X) 1
�¿�_�'&;�0/Z¤�¢"46�m§��Df2�jWtf2V

f
b"��u2s � bmV}\��t^��tspbmo}d��th��t^��6u�h�o{��� �$kHk&�t^
d`f�d`�`u�+m[lf2�mf2�

ϕ
\��t^�h�o{[9�m^gb

U��
X
� � f2[lY

c̄
k&�mV{��dgbmV{�`���t^��mu�bjd`^gb
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B
�Ýd

f�[lf2h'f2V}kmU2VXd ��Mqf2V¥�6bm�mWms&bmo}d��mh��t^ �6u2h�o{�gb z h'f2[ W
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� � �)�m[ d��tu2st�-^`f�[D�&��Ylst��u2Ylh � st[ o{h �
T

�m[ [�
��tV£b k)21�tf�d`kmf�u�+ =$�tU��mdgf�[lf2V ���mk�@-\��m^`h�o{[9�mk � sm[���hiY Vq�
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A
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a6bm^`b � �t��u�d��m[ W��mV6bmk o{V{Y stY�� < +md z o{�mWtbmV�� �mW
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�

�Df2�jWtf2V h��t�µd
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a, b ∈ B − X
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f�k4�JY?�mbj[lf2V}� z �jbm�mW
Xn

f2�mWJYlkpf�[lf2h'U.�mf2[q�`f2hÐf2kQ�JY��jbm[ f2V{��� �$kHk&�t^ b
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�Ýf2kQ�JY��jbm[ f2V���Y b&�t��u�d��m[ W&�tk

��u7�mhib}�
(|Xn|+1)ω ≤ λℵ0

�ÃP �t��d×hif��th�o}dgbjd;
�o{k z ���t�mW'�6b
a, b ∈ B−X

U2�
a ∼ b

bmkHk&�t^
B
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f
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X
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f2�mW Y u��th��t^ �6u2h�o}��U2^µdgf2[ hif�u2U��`Y
dgbm^�d��th��jVHWtb«U��×U�^�dgU�kHkmU2��u2[ f�dgf�k)2tu�2jd`d��ÃP �t��dÃdg^`bmV{�`u8�6V{Y]d×^�f2kHo{^`u�Yls1�jbm[@kHY dgf�^�
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µ ≤ κ

U2�ÃhiY V{a{f2V
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�
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V
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n
b�[lf2�mV6bm�mW&� ��� f2[ f2h'f z bmkHk&�t^D[ f2�mWmf2V

e ∈ dom(fν)
f2�jWC�t[]WXbmVpf2[ f2h z
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f ′
ν

��^�f�dgf2[F
�f2���{[ =�YD@ z =�Y YlYD@ÃU2��=�Y?��@��ÃR"u«f2[9+mu�+ kmU�d � f2kjf2u2a}U2� � f2V [ f�� ^�drbjk
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A
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ω
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�f2[ [lf�hiu�U2�`U�d
bja 
`b z
h'f2[]W�V{f�h �{Y��jbjd`k&�tu�Ylk b < d��tV{f��Ýd`f2^`f�k�h'U2^`f�dgf�Yl^`f z �6bmV{f�h [lU�VXWtf2�mU � f2V
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T |= ∃x̄0...∃x̄n−1(∧i<j<nϕ(x̄i, x̄j) ∧ ∧i6<j<n¬ϕ(x̄i, x̄j)) 1
�B§ 68§�� ���
��¤3FX�_­Z§����	��
�� - )�
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X
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`bq�B�$u2U�^�d

|SA
1 (X)|

[ f2�m\_f�[]�

�f ��� bmkHk)�t^gb z bmh'f2V{VXWJY

X
\_f�[lf�d`dgY6a}f.�6V{Y9�m[lsp��U2hibN�jbmVB� � �jWH�Ýf2�mW Y [ Wmf2V'a{f.�6V}YD�m[ s«��U2hib f��mW

Form(L)
��f�VcU�^�dgf�[lh'f2u�f�d`d�U2�

Form(LX)
� � f«kmU�~8f�u�+
\��{�m�&�tU�VHW z f�u2U2^µd�f a{f.�6V}YD�m[ si��U2h��mk

��u7�mh��t�`���m�Xb¿[lf��m\_f2[F
�f ���
|Form(L)Form(LX)| = λ|Form(L)| = λ

�
Q�f2�mW"�{k h��t��d \_f2[ z ���m�mW

(3)
Y �Xbmu��

(4)
���{f�ucbmu�d'kmf2[ [*hif��th�o}dgbjdgV{Y z ���t�mWK�jbmV �m[ WXbjV

λ
h'f2[]Wq^�f

T λ
����dgb � Y [ z bmu�bmu z ���t�jW �jbmV �m[ WXbjV

λ
z h'f2[]W f2[ f2�tf�d�dgf2��u

(3)
\_f2[]dgU�dgf2[ f2Y V{f2k@�

�Df2�jWtf2V
κ
d`f�dg��u�+t[ f2�tf�� �tU2�jdgf2[ f2V'�`u��mh��m�`���j� U��Ã[ f2�mWmf2V

λ = κ|Form(L)| � �$kHk&�t^ λ|Form(L)| =

vtvLw



κ|Form(L)|2 = κ|Form(L)| = λ
�

6�U����{[Zb x � ! d`U�d`f2[ =�k)�tVXdg^`bm~5�mV��m[ d�
`bQ@-��u2f2^�YlVXd
(4)

� � +t[8k&21�tf�dgkmf�u2Y k
(1)

�

���tVXd��t�����m�tb�h'Y bjd�dOk4�{[�2tV�Y �OkHY f2h'f2[�
��}k z ���t�mW«f�u2f2k«�`u�f2^�YlVXd
�µdrb � Y [Hf2[lh'U2[ f�d`f2k�h��qa{f�[l[F
�f2Y]�
� f2V�h'YlV{a{f�V£d�� ~{o{��a{f8�6V{Y9�m[l�6bedgs�U��*�6b�f2�mW£f2[ hiU�[lf�d×��dgb � Yl[ z bjkJk)�t^�h'YlV{a{f�V

λ = λ|Form(L)|bm[lbmk4E��`u7�jh��t�����m�m^gb
λ
�Ý��dgb � Yl[��

P �t�µd�^��edgU2^��{V{kcb x � v � dgU�dgf�[�Yl�tbmu��t[9�m���j^gb}�J� �}�{f2u¿��u��{kH�`U����{V{k [ f2��u�bm^�^gb z ���t�mW�hif��j�
�JYlu��`�Q�j[�
�o{k@�Z��dgb � Yl[Jf2[ hiU�[lf�dgf2k�h��Ja{f2[ [�
�f2Y � f�V«b"^`f�V{a{f2u�U2��f2kmf�V£k4���"�{[!��h'f2V}VHWJY ^`f×Y VXdgf2^�~{^`f�d/�m[Û�
�6bedgs  �V{U2���jVHW£d��1�)� ��� YDk)�th � Y V6bjd��m^`YlkHo{���µdg^�o{kXd�E{^`b}�
�B§ ¨X© §>� ������¤3FX�_­Z§����	��
�� -

T
�	��
B����� "��<� � �

ϕ(v̄, w̄)
�	��
 $?4��'� %@� ) )

T
-�
�������" - " ' �<�	��
�� -

n ∈ ω 1 GH
*�!� 40-�� D % /�� /�4(��
 ϕ �
T
* , ��� +�� /�� � �;� ' +.-��.���@�#�<�	� )��A7 ,�,

n
� D?���<F��<" ' �

KI(ϕ(v̄, w̄)) ≥
n
���>/�)

T
*�-!� /0�0),- 4���
,),-

A
� 4��.���)� D?�I��� ����
 , � - �0),- -&)0/
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{āi, i ∈ ω} ⊆ A
^�U2��u2�6bm[ h£bju�b z ���t�mW

A |= ϕ[āi, āj]
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āi = b̄_i c̄i

U2�
[ f2�mWmf2V

φ(v̄v̄′, w̄w̄′) = ¬ϕ(w̄, v̄′)
�	�$kHk&�t^
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o{�mWXbjV��t[ WtbmV ���t�`��u�E����t^��tu�bjd��tk@�
�B§ ¨ 6�§>� ������¤3FX�_­Z§����	��
�� -

T
�	��
B����� "��<� � �

ϕ(v̄, w̄)
�	��
 $?4��'� %@� ) )

T
-�
�������" - " ' �<�	��
�� -

n ∈ ω 1 GH
*� � 40-�� D %(/��%/�4(��
 ϕ �
T
* , ��� +���7��,+.-��.���@� �<�	� )��A7 ,�,

n
� D?���<F��<" ' �

BI(ϕ(v̄, w̄)) ≥ n
���

/�)
T
*�-!� / �0),- 4���
,),-

A
� 4��.���)� D?�I� � ����
 , � - �0),- -&)0/

{c̄η : η ∈ <n2}, {b̄η : η ∈ n2} ⊆ A���<��� � /��C/�4(��
 � +.-��.� -
η ∈ n2

*;��� " '
i ∈ n

*;��� �;��� D?� '�&@� ) /�F���� �./��(
����

A |= ϕ[c̄η|i, b̄η] ⇔ η(i) = 1 1
GH
 +)� " - � +C$?��� �8" �;��� -!� / ���<�	�.� � �8�����

〈cη, bσ : η ∈ <n2, σ ∈ n2〉
'(
*!.-!�(
�� �"�M$ 7,�

ϕ
�	��


n
*

$ 7 D 7,-&)0/ -!�����(
I
�& / 1 5 ) �0),- 4���
 ),- n ∈ ω
� ����
����

BI(ϕ) ≥ n
�.�

BI(ϕ) 6≥ n + 1
�

)0/ /�4���)�
*��� 40-�� D % /��C/�4(��

ϕ
7��,+.-��.���@��#�40- �;4 '*),-

n
9>/�) +)��
�� -

n
- +.-!O 'I� )0/ /�4��

ϕ
7��,+.-��.���@�

��"	�,�;���<� - 1
�$u2f�k¿�`u2f�^`Y VHd

BI(ϕ) ≥ n
~5�mVHd��t�gbjVibju�d 
�f2[ f2VXdgY z ���t�mW

ϕ
��V{f�k

T
f2�mW bj[lkebm[lhibm�Oh��Ja{f2[ []�


�U � f�V��jbmV
n
�Ý\;�3
`b}� �Df2�mWmf2V

V
b
ϕ
f��mW

n
��\;�3
`b«bmu

A
��dg^�o{kXd�E{^�� � bmV z [lf��mWtf�V
f2V}V{f2k'b«\;�jV6bmk

vtv �



η
f��mW V{f�h �Ý[lf8�tU2[ �2��E��2�gb z U2�p[ f2�mWmf2V

σ
f��mW [ f.�tU�[�� �$kHk&�t^«bmu f�[9+tu.+ a}f.�6V����2Y s U2^�d`f2[ hiU � f�V

A |= ϕ[c̄η, b̄σ]
bmkHk&�t^ U2� ���gbmk bmkHk)�t^��m[l[×\_f�V{V z �6b bmu

η
�2��E��2� � sm[ 
�� ��� ^gb =�bju�bmu�bmu � v  

Y ^��mVXW � bQ@×kjf2[l[DkebmVXWtbm^��Ja{V{YZbm�}���tu z ���t�mW b
σ
[lf8�tU2[ �{f2u 
�o{���`o{V}k;�

P �t�µdC�tf��mW"�{k0U��`u2^�f b£k&21�mf�dgkjf2u.+md�� �Zf��mWtf�V
V
b
ϕ
f��mW

n
�Ý\;�3
`b z [lf��mWtf�V

H
f2�jW��t[]WXbmV

d`f2[�
�f��
k− 1

�`u2Y VXd�*�^`U��`u�\�b
V
� � f�V z h'f2[]W

V
f2�jWtf�d`[lf�V [ f.�mf2[lU�d*�`f�h drbm^µdrbm[ h£bju2u�bq� �"b¿h��t��d

H
h'YlV}a{f2V [ f.�tf�[lf£bm[ bjd�d 
�� ��� ^gbcU�� � bm[ ^gb�d`f�dg��u�+t[ f2�tf��`f�V°kHY?�&�j[ bm��u�d;
�o}k

V
� � � [ f.�tf�[lU�d z U2�

f�u2f2kHkjf2[�kJY � +1�"� d�
��{k
H
�Ýd z bmkHk&�t^*f2u«b¿kHY � +1�qY]dgU��

ϕ
f��mW

k
��\;�3
`b¿[lf��`um�

�Df2�mWmf2V
T
d`f2[F
�f2�ÌU2�Ìk&�tV{u�Yl��u�dgf�V{��f�[lh'U2[lf�dÌbmu

L
VHWmf2[?�tf2V�� �$kHk&�m^�b

BI(ϕ) ≥ n
�m[ [9�]d/�m�

kHY \_fO
�f2u��{f�d�+ bmu
L
VHWmf2[?�tf2V����mbjV �t[]WXbmV

ψ
\��t^`h�o{[ b z h'f2[ W°bjkJk)�t^'U2�����gbmk°bmkHk)�t^£k)23�mf�dµ�

kjf2u2h'U2VXWmf
T
�ÝV{f2k =��jbm�jW z bmhiY

T
dgf�[�
�f��`�`U��tf�h'Y bjd�dÌo{�mWXbjV6bmum�ÌbmkHk)�t^"U��C�2�`bmkcbjkJk)�t^�f�[lf2h'f

T
��V}f2k%@ z �6b

BI(ϕ) ≥ n
� S �tbma��m�`o{[

ψ
� � f�V V}YlV����`f2V}f2k �`u2b � bma��tV�f�[9+m\��m^`a{o{[ s �)�m[ d��tu2stk@�

�D�J ��{���}¢t§ �Zf��mWtf�V
T
dgf2[F
�f2� U2� k)�tV{u2Y �`u�dgf2V}�£f2[ hiU�[lf�d¿U2� [lf��mWtf�V

R
kmU�d��)�m[]d��tu�st� ^`f2[9�&�2Y sj�

��u2Ylh � st[lo{h �(R�a3
�o{V{k h'f2� f2�mW(\��t^`h�o}[D�jd z hif�[ W bjkJk)�t^ U2���2�`bmk bmkHk&�t^ Y �Xbmu
T
h'YlV}a{f2V

h��qa}f2[l[F
�U � f2V =�bmu�bju bjkJk)�t^*U2� �2�`bmk�bmkHk&�m^Ìk)21�tf�d`kmf�u2h'U2VXWtf
T
��V}f2k%@ z �6b

BI(R(v, w)) ≥ 2
�

�B§ ¨ =D§ � ¡X¢L�J �§����	��
�� -
T
�8��� D?� '=" ' /�40-.
*+ '(
*�8� -�'+����� "��<� � 1 5 ) �	��
 ϕ $?4��'� %@�A7�� ) BI(ϕ) ≥

2n+2−1
)0/ /�4��

KI(ϕ) ≥ n 1 � #��IO +67�� + '*),- � /�) � +.-��.� -L$?4��'� %@�A7,-&)0/ ��"	�.� '�) T * , ��� + /�� �"�8� '+.-��.���@�I��)0/ /�4�� � +.-��.� - $?4��'� %@�A7,-&)0/=��"	�.� ' )
T
* , ��� +M7��,+.-��.���@� 1

�¿�_�'&;�0/Z¤�¢"46�m§*P Y��tf�[
BI(ϕ) ≥ 2n+2 − 1

z �jbmV �m[ WXbjV
A |= T

z hif�[ WJV{f�k
f2[ f2h'f2Y dN=�f2[ f2h'���j�
^��tu�bjdgbmY d/@��6bm��u2V��m[?�jb f2[�+ d`o{a 
�o{k��m[ [9� dgbmV{Y

ϕ
��V{f�k f2�mW

2n+2 − 1
�Ý\;�3
��ed z [lf2�jWtf2Vif2u

V
� ���tVXd��t�

[ f2�`u"hif��tk4�{[92tV � 2tu�d`f�d`V{Y
V
[lf.�mf2[ f2Y d-U2��V}f2h¿��[lf8�tf�[lf2Y]d�� � u�U2^µd � f8�tf�u2f�d�
��{k b�k)21�tf�d`kmf�u�+£k)�tVq�

�mf2V���Ylsmd2� �"b
σ
V{f�h [ f.�mU2[

V
� � f2V z bmkHk&�t^

σ
��u�� V{U�d

cσ

�f�[92t[ Y z �6b

η
[lf8�tU�[

V
� � f�V z bjkJk)�t^

η��u��lV}U�d
bη
� �jbm[4
�f�[92t[F
��{k@�
QOf�[�
�f���YlV{a{o}k&�2Y s1�mbj[�h'f2��\��t�7
�o{k'h�o}drbedgV{Y z ���t�jW
h'YlV{a{f�V

r ≤ n
��^`f

[ U�dgf�u2Y k£f2�jW

(∗) b̄0, c̄0, ..., b̄q−1, c̄q−1, K, b̄q, c̄q, ..., b̄r, c̄r

���t^��tu2bjd z hif�[ WJ^`f�d`f2[�
�f����{[ V{f2k
b k)21�tf�d`kmf�u�+
\_f2[]dgU�dgf2[ f2k@�
=�b�@

K
b
ϕ
f��mW

2n+2−r − 1
��\;�3
`b �

= � @
A |= ϕ[b̄i, c̄j] ⇔ i ≤ j

=�bmu2bmu
b̄i
~0�tVXd��t�`bmV b

(∗)
���t^��mu�bjd � bmV0V��j[ b ���jdg^�� ��� [ f.�&+

c̄j
��kHkmf�[I�jbmV

ϕA ^`f�[D�&��Yls � bjVA@ �
=;�7@ ��b

η
b
K

\�b¿dgf�dg�`u.+t[lf��tf2�ÌV{f�h �Ý[lf.�mU2[I�2��E��2�`b z bmkHk&�t^
A |= ϕ[b̄i, c̄η] ⇔ i < q

=�bmu�bmu
K
dgf�d`�`u.+t[lf��tf2�ÃV{f2h¿��[ f.�mU2[��2��E��2�`bmYlV{bmk �`u�� V{f2Y@~0�tVXd��t�`bmVibmu��tkHkebm[;b

(∗)
� � f2[lY

b̄i
��kHkmf�[0�jbmV{V{bmk

ϕA ^`f�[D�&��Yls � bjV z h'f2[]Wtf2k
K
�Ýdgsm[ � bm[ ^gb��jbmV{V6bjk�@ �

=�a�@ �"b
η
b
K

\�b0f��mW [ f.�mf2[lf z bmkHk&�t^
A |= ϕ[b̄η, c̄j] ⇔ q ≤ j

=�bmu2bmu
K

[lf8�tf2[ f2Y V{f2k
��u��lV}f2Y ~5�mVHd��t�gbjV bmu.�tkHkjbj[-b

(∗)
� � f2[ Y

c̄j
��kjf2[	�mbjV{V6bmk

ϕA ^`f2[9�&�2Y s � bmV z h'f2[]Wtf2k
(∗)

� � bmV
Ko}d��mV�k&21�tf�dgkjf2u2V}f2k%@��

� [l[9�]d/�m��o{V{k
r = 0

��^gb¿Y �Xbmu z hif�^�d*f2kHk)�t^"b ���m^��tu2bjd � bjV ���gbmk f��mW \�b¿�`u�f2^`f�~8f�[ z U��"b
K = V�)�m[lbm�`u�d/�m��h'f2�j\_f2[lf�[9+{� ��Yl�mWmf2[F
��{k hif��cd��1�)� ��� � z ���t�mW(b = � @«\_f�[ d`U�dgf�[×h'Y bjd�d

r = n
��^`f
b

vtvLx



(∗)
���t^��tu�bed � bmV°�`u�f2^�f2~{[�+

b̄i, c̄i
f2[ f2h'f2k(dgbmV4E{���]d;
��mk z ���t�mW

KI(ϕ) ≥ n
� �$u�f2V�k4�?�%�}[ z b

=��1@"U2��=_aA@�\_f2[]dgU�d`f2[ f2k0bju�dph��tV{a 
��mk z ���m�mW b
(∗)

� � bmV �`u�f2^`f�~{[9+�V{f�h �Ý[lf8�tU2[ �2��E��2���mk&��u�� V{f2Y
[ f2�{f�dgV{f�k bmu v �Ýf2[
V6bj�mW�� ���

r
���{f�u�drbm^µd��tu�s����t^��tu�bjd � bmV&b [lf��{f�d`�`U2�mf2� �

c̄
 �f2[ f2h'f2k z h�� �

K[ f.�tf�[lf�YlV{f�k ��u�� V{f2Y�b
k&21�tf�dgkmf�u�+ ���t^��tu�bed�~5�jdgf2V��2YD�j[lYl�"�
b̄
 f2[lf�hif�Y��

K
V{f�h �Ý[lf.�mU2[ �2��E��2�`bmY
U2�

[ f.�tf�[lf�Y�~0�tVXd��t�`bmV E{�mW �JYl�`f�[lkjf2a{V{f�k0b
���t^��tu2bjd"d�2 ��� Y�drbm�7
��7�jbm[ z hiY VXd�b �
K

�{f�[ WtU�V [lU.�&+
b̄U��

c̄
f2[lf�hif�k  r�
Q�f2�mW"�{k h��m��dÌ\_f2[ z ���t�jWcbja��md`d

r
��^`f«Yl�tbmu��t[]dgo{k£h��m^Ìf2�jW

(∗)
bm[ bmk4E����t^��tu�bjd"[lU�dgf2u�U2��U�d z

h'f2[]Wq^�f =�bQ@Ý�8=_aA@�dgf�[�
�f2���{[��
K

hiY V{a{f2V
η
[lf.�mf2[ U2^`f [ f2�mWmf2V

H(bη) = {σ : A |= ϕ[b̄η, c̄σ], σV{f�h �Ý[lf8�tU2[ �2��E��2�gb
K
��V6bjk

}
� n�U�dÌf2��f�d`f�d�k"�}[92tV � 2tu�d`f�d��}V{k
h'f2�{�

�"bJ�jbmV
�m[ WXbjV
η
[ f.�tU�[

K
� � bmV z h'f2[]WJ^`f

H(bη)
dgbm^�dgbm[lhibmuÃf2�mW

2n+1−r−1
�Ýf2��d`f2[�
�f��
^`U��`u��

\;�jd z bjkJk)�t^�[lf��mWtf�V f2u�b�^�U2��u�\�b
H ′ z [lf��mWtf�V b̄q = b̄η

z [ f2�mWmf2V
c̄q H

′ �jW�2tkjf2^`f�U���[lf��mWtf�V H ′′ b
H ′ �mW�2tkjf2^�U�d�+m[ � bm[l^`b�[lU8��+ �2��E��2�`bmY � st[ �m[ [ls ^`U2��u�\�b}� 6"U2���{[8dgf�d`�`u.+t[lf��tf2�*h'sqa��mV��)�m[ bm���`u�o{V{k
H ′′ [lf8�tf2[ f2Y�bm[ bjd�d 
�� ��� ^gb
U�� � bm[l^`b � � � [lf8�tf2[ f�d

K
� � sm[ z U�� � +1�"� d`���{k�kHY
f2u�f2kHkmf�[

H ′′ ��d��pR"uf�^`f2a}hiU�VHW"�{[Zf�[9+Q�m[ [ls«\�b�[lf2�jWtf2V
H ′′′ �ÃP �t�µd

(∗)
� � bmV

K
�{f2[]WtU�^`fN�l^$
�o{k
b

b̄η, c̄q, H
′′′ ���t^��tu2be�d��md�� � [l[9�]d;
�o{k z ���t�jW bmu'E 
×���t^��tu2bjd*kHYlf�[lU2�&� dgY;bmu�=�bQ@�� =�aA@ÃkJY k&2md`U2��f2k

r + 1
��f�a{Ylk'~;U2[la��mVXWXbmY]d��

� ��� +t[ =�b�@C�JY [D�m���m�2�
H ′′′ b ϕ f2�mW

2n+1−r − 1
�Ý\;�3
`bq�'R = � @"\_f2[ d`U�d`f2[l�}f2u �2�`bmk bmV{VXWJY d«kmf�[l[

�jd`���tV{a��t[lVHo{V{k z ���t�mW
A |= ϕ[b̄q, c̄q]

z f�u��JYl��u��tVXd�Yl�Xbmu z h'f2^µd
c̄q ∈ H(b̄q)

� = � @pd�2 ��� Y kHY]�
k)2mdgU��`f
bju'Y V{a{o{k)�2Y st��\_f2[ d`f.�mU2�`f�k hiYlbjd`d�Y �Xbmuj� ��bm���tV}[lsXbmV z =��1@�U2��=�a�@pbju2U2^µd�hibm^`bma Yl�Xbmu z
h'f2^µd

H ′′′ [lf.�mf2[ f2Y@Yl[ [lf�d��tf�V{f�h �Ý[lf8�tf2[ f2Y@f2�jW%Eqd`drbj[;[ f.�mf2[lf�Y@Yl[l[ f�d��tf�V{f�h [ f.�mf2[lf�Y
K
��V6bmk z Yl[ [lf�d��tf z

h'f2^µd
c̄q ∈ H(b̄q)

U2�*h'f2^µd
b̄q
�Ýd
H ′′′ �Ýd�+t[ � bj[l^gb � ^�d`o{k@�

Q�f2�mW"�{k0h��t�µd�\_f2[ z ���t�mWcb
H(b̄η)

�6bm[ h£bju��tk
K

f2�mWmf�d`[lf2V
η
[lf.�mf2[ U2^`f��`f2h drbm^µdrbm[ h£bmu��

V6bjk
2n+1−r − 1

��f���dgf2[F
�f2�*^`U��`u�\;�mkebjd����Df2�mWmf2V
c̄q
b
K
�mW&2tkmf�^`f z [lf��mWtf�V

H ′ b K �mW�2tkjU2^µd�+t[

�� ��� ^gb [lU.�&+>����E����gbmY � st[-�m[ [ls�^`U��`u�\;�1
`bK=_d`f2���jd

H ′ bmu��tk � st[Ãb>�2��E��2���tk � sm[B�m[ [ z hif�[ Wmf2kH�{f2u
K
� � bmV � v  ���f�[{kmf�u2a�+Ja�+�Eqd �mf2u�f�d×b«�mW&2tkmU�^ � +t[$@
U��Ã[ f2�mWmf2V

b̄q
f��mW�dgf�dg��u�+t[ f2�tf��-[ f.�tU�[

H ′ � � f�VB�
< u.�lV{f�u2u.�{k

H ′ f2�mW σ V{f2h¿��[ f.�tU�[A�2��E��2���ed�~{Y ^��t��^gb z �6b A |= ϕ[c̄σ, b̄q]
�Jf2�jWtU � kmU2VXd���u�� V{f2u�u��{k

bmu Yl[ [lf�d�+ �2��E��2���jd�kmU�kJ^�fm� �6f�[ dgf8�tU����{V{k �`u�f2^�YlVXdpb
H ′ V{f�h �Ý[lf.�mU2[I�2��E��2�`bmY � st[ �m[l[ s'��u�� V{f2u�f�d`d\�b'V{f2h drbj^�drbj[lhibmu

2n+1−r − 1
�Ý�`u2Y VXd�*�d`f2[F
�f2�"~}Yl^��m��^�U2�`u�\;�jd�� �$u2U�^�dpb x � v�x [lf�hihib �`u2f�^`Y VHd

f�u"b�\�b�drbm^µdrbm[ h£bmu×f2�mW
2n+2−r−3− (2n+1−r−1) = 2n+1−r−2

����u2YlVXd�*idgf�[�
�f��ÃkjU2k¿^�U2�`u�\;�jd z
[ f2�mWmf2V(f�u

H ′′ �G6�U����{[
H ′′ [lf8�tf2[ f2YÃbm[lbjd`dB
�� ��� ^gb�U�� � bj[l^gb dgf�dg��u�+t[ f2�tf��`f2V:�&�j[ bm���`u2o}V{k � � �

[ f.�tf�[lf�d
K
� � sm[ z �tf��mW"�{k f2u2f�kmf�d�bi[ f.�mf2[lf�kmf�d

H ′′ ����2tu z [lf��mWtf�V0bmu��l�jW kebm~5�jd`d*\�b
H ′′′ �*P �t��d

(∗)
� � bmV �2�`f�^`U�[�
��{k�kHY

K
�Ýd
H ′′′, b̄q, c̄q

��^`b}��R�u E 
*���t^��tu�bjd`^gb>=�bQ@�VXWJYl[��)�mVQ�jbm[ sXbmV�U2^ �tU2VXW � f2V
hibm^gbja z = � @�� � +t[
h'f2�mYlVXdpbmu�d�\��tVXd��t��h'f2�t�&�tV{a��t[ V{Y z ���t�mW

A |= ϕ[b̄q, c̄q]
�
�$u h��t�µd«bmu2U�^�d

[ f2�`u¿Y �Xbmu z h'f2^�d
c̄q
b
K

�mW�2mkmf2^�f
���t[]d z
b̄q
��d�~8f�a{Yl�
b��jW�2tkjU2^ � +t[0
�� ��� ^gb kebmVXWXbj^��Ja{sGE}d`dgbm[

U�^`�{f�d;
��{k'f2[ =�h'Y��mf2[
b̄q
b
H ′ f2�jW£[ f.�tf�[lf7@�� P�f��tYlVXd z =��1@ÃU��N=�a�@-bmu�U2^�d×h£bj^gbma'Yl�Xbju z hif�^�d

H ′′′[ f.�tf�[lf�Y8Y [l[lf�d��mf"V{f�h �Ý[lf.�mf2[ f2Y;f2�mW"E}d�drbm[8[lf.�mf2[ f2Y;Yl[l[ f�d��tfÌV{f2h [lf.�mf2[ f2Y
K
��V6bmk z Yl[l[ f�d��tf z h'f2^�d

H ′′kjU2k �`u.�lV4* ^`U2��u�\�b U2�*h'f2^�d
c̄q
��d
H ′′′ �Ýd�+t["
�� ��� ^gb
�l^µdgo{k@�

�$u2u�f2[�bmu£YlV{a{o}k&�2Y st��[ U2~;U2��kjU2��u z bmhiY k)�t^�� ��� Y�h'f2�7
�f2�mWJu2U��`f�YlV{k&�`u�f2^`Y VXd bma 
`b0b dgU�d`f2[
Y �Xbmu��m[D�m���jd�Y �2�

�D�J ��{���}¢t§ R��Xbmu��m[�
�o{k£b x � v ��dgU�dgf�[Dhif��m\��t^`a�� d/�j���jd2�
�6b f2�mW
d`f2[F
�f2�*U2�Ìk&�tV}u2Yl��u�d`f2V{�Ìf2[ hiU�[lf�dµ�
� f2V
h'YlV}a{f2V'\��t^`h�o}[D�mV6bjk��tU��tf2��bjuC�m�tY V{a{f M}f z bjkJk)�t^×h'YlV}a{f2V'\��t^`h�o}[D�mV6bjk��tU��tf2�*b«kmf�d�d�+t�
Y V{a{f8MqfpYl���

vtv��



�Df2�mWmf2V h��t�µd
T
f2�mWcdgf2[F
�f2�«U2�pk&�mV{u2Y �`u�d`f2V{� f2[ hiU�[lf�d z [lf��mWtf�V

A |= T
f��mW ��d`^`o{kXd�E{^gb z

[ f2�mWmf2V
ϕ(v̄, w̄)

f2�jW�\��t^�h�o{[lb
A
VXWtf2[?�tU�V U���[lf��mWtf�V

ψ(v̄)
�t[ WtbmV0\��t^�h�o{[ b z h'f2[]W � f2Vcf2�`f�d��

[ f2�£d��3�)� ��� Y z
A
f2[lf�hif�Y d 
�f2[�2t[9+ik&�tV{�µdrbmV}�`u2Y h � st[lo{h��tk�Yl�"�`u2f�^`f�~8f�[lV{f�k =�bmh'f2[]Wtf�k d`f2���jd

AVXWtf�[��mU � f2V V{f2h�\_f2[]dgU�dg[lf�V4�{[Ã\��m^`a{o{[ V6bmk f2[�+4@��
BI(ϕ, ψ) ≥ n


�f�[lf�VHd`�`f bju�d z ���t�mW
A
� � bjV

ϕ
�ÝV{f2k!�jbmV �t[ WtbmV

n
�Ý\;�1
`b z hif�[ WJV{f2k h'YlV}a{f2V [lf8�tf2[ f kHY f2[lU���� d`Y

ψ
�Ýd2� 6�Y [D�m���m� z ���t�jW�hiY V{a{f2V

\��t^�h�o{[lbm~��m^�^gb
BI(ϕ, ψ) ≤ BI(ϕ, v = v) ≤ BI(ϕ)

z f�u2U2^µd"�{b
ϕ
�ÝV{f2k

T
�`u2f�^`Y VHd �tU��tf2�"bmu

�m�mYlV{a{f Mqf z bmkHk&�m^Ìh'YlV}a{f2V
ψ
��^�f

BI(ϕ, ψ)
Y �B�tU2�mf2�Ì[lf2��u

A
h'YlV{a}f2V�f2[ f2h'Y � +3�"�]dgU2��U � f2VB�

�B§ ¨ GD§��Ã�E� � �B§0���	��
�� -
T
�8��� D?� ' " ' /�40-.
*+ '(
*�;� -�' ����� "��<� � � " ' �;�	��
 & /L$?��� �J/�4(��


A |= T
�

c̄ ∈ A
" '
BI(ϕ(v̄, w̄), ψ(v̄)) = n 1H2 / /�4��

BI(ϕ(v̄, w̄), ψ(v̄) ∧ ϕ(c̄, v̄)) < n
�0)���


BI(ϕ(v̄, w̄), ψ(v̄) ∧ ¬ϕ(c̄, v̄)) < n 1
�¿�_�'&;�0/Z¤�¢"46�m§ Q�f2�mW"�{k¿\_f2[ z ���t�mW¿bmu �m[l[�� d/�j�`�gbj[}f2[ [lf�VHd`U�d � f�V

BI(ϕ(v̄, w̄), ψ(v̄)∧ϕ(c̄, v̄)) ≥
n
U2�
BI(ϕ(v̄, w̄), ψ(v̄)∧¬ϕ(c̄, v̄)) ≥ n

� � u�f2k �`u�f2^�YlVXd
ϕ
��V{f�k��jbmV{V6bjk �t[ WtbmV

n
��\;�mYI=�[ f2�mWmf��

V{f�k f�u2f�k
V0

U2�
V1

@ z ���m�mW
V0

h'YlV}a{f2V [lf.�mf2[ f
A
� � bmV(kHYlf�[lU���� d`Y

ψ(v̄) ∧ ¬ϕ(c̄, v̄)
��d�U��

V1h'YlV{a}f2V&[lf.�mf2[ f'kHY f2[lU���� d`Y
ψ(v̄) ∧ ϕ(c̄, v̄)

��d�� �Df��mWtf�V
V
bjuib�\�b z hif�[ WJV{f�k �mW�2tkjf2^�U�d

c̄
� �tf2[

��u��lV}f2u2u.�{k z b �mW&2tkmU�^�d�+m[ � bm[l^`b
V0

��u2f�^`f2~;f2[ z b'�mW&2tkmU�^�d�+t[�
�� ��� ^`b'~;f2a{Y �
V1

�-�$kJk)�t^
V
hibe�

�Xbj�`���j�Xb'[ f2�Xbj[D� ���
n + 1

�6hif��th�o}dgbjd;
�o}k z ���t�mW
V
b
ϕ
f2�mW

n+ 1
��\;�3
`b z h'f2[]WqV}f2k h'YlV{a{f�V

[ f.�tf�[lf�kHYlf�[lU���� d`Y
ψ
�Ýd��

V
hiY V{a{f2V�[ f.�tf�[lf'�jbm�mW

V0

�ÝV6bmk��jbm�mW
V1

�ÝV{f2k£[lf.�mf2[ f z f2u�U2^�d
V
hiY V{a{f�V [ f.�mf2[lfpkHYlf�[lU���� d`Y

ψ
�Ýd2� 6"U2���}[ z �6b

σ V
��V{f�k b��jW�2tkjU2^�d�+t[ � bm[ ^gb
drbm[9�m[l�{bjdgs
[ f.�mf2[lf z bjkJk)�t^

σ
f��mW � f�V

V0

f��mW
[ f.�tf�[lf'Yl� z f2u�U2^µd

A 6|= ϕ[c̄, b̄σ]
� �"bj���tV{[ sXbmV z �6b

σ
b
V
f2�mW&�mW&2tkmU�^�d�+m[I
�� ��� ^gb dgbm[D�j[l�6bjd`s

[ f.�tf�[lf z bmkHk&�t^
A |= ϕ[c̄, b̄σ]

�
�$u2f�kc�`u�f2^�YlVXd

V
drbmV4E{��� d;
`b z ���m�mW

BI(ϕ, ψ) ≥ n + 1
z f�[l[ f2VXdgh��tV{a��jb¿\_f2[]dgU�d`f2[ f2YlV}kJV}f2k@�

P �t�µdÌh��m^�h'YlV}a{f2V kjU2�`u�f2V �j[l[Dbm�}���tu z ���t�mW
Y �Xbmu.�t[�
�o{kib x � v � dgU�d`f2[]d��
�¿�_�'&;�0/Z¤�¢"46�m§ � h'[lU�kmf�u�dgf�d��{V}k ^�� z ���m�mW¥\_f�[ d`f.�tU��`f�YlV{k ��u2f�^`YlVXd

T
�t[]WXbmV d`f2[�
�f��
U2� k)�tVq�

u�Yl�`u�dgf�V{�cf�[lh'U2[lf�d z h'f2[]WJV{f2k V{Y V��2� ^`f�V{a{f�u�+m\��t^�h�o{[9�3
`b z
A |= T,X ⊆ A

U2�
R ⊆ nA�t[]WXbmVÈ^`f�[D�&��Yls z hif�[ W

A
� � f2[ Y�~6bm^`bmhiU�dgf�^`f2kHkjf2[«a{f.�6V}YD�m[ �6bjdgs z h��mV{a 
�o{k b

ϕ
\��t^`h�o}[D�7�jbm[

U��
b̄ ∈ A

k)�tV{�µdrbmV{���tkHkebm[
R = {x̄ ∈ nA : A |= ϕ(x̄, b̄)} = ||ϕ(v̄, b̄)||A

� P�f�� kmf�[l[
h�oqdrbjd`VJo}V{k z ���t�jW �mbjV(f2�jW

φ(v̄, w̄)
\��t^�h�o{[ b U�� �jbmV{V6bjk

c̄ ∈ X
k)�tV{��dgbmV{���tk z hif�[ Wtf�kH^`f

nX ∩R = nX ∩ ||φ(v̄, c̄)||A
�

T
� � f2V V}YlV�����^`f�V{a{f2u.+m\��t^�h�o{[ b�f2u2U�^�d b x � v � dgU�dgf2[-hiYlbjd`d h'YlV{a{f�V \��t^�h�o{[9�mV6bmk��mU2�tf��

b&kmf�d�d�+t�iYlV{a}f8Mqf z ��+md
b x � v �&d`U�dgf�[�h'Y bed`d'bmu �m�tY V{a{f8Mqf�Yl�2� �Df��mWtf�V
p = tpA(b̄/X)

U��
[ f2�mWmf2V

ψ(v̄, c̄) ∈ p
�t[ WtbmV0\��t^�h�o{[ b z h'f2[]Wq^�f

BI(ϕ, ψ)
h'YlV{Y h��j[lYl� z h��mV{a 
�o{k

m
� �Df��mWtf�V

�mU2���{[
φ(ȳ)
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 g� �$u�dgU�VXWq[ f2� kJY]\_f�
�f�u2�{f�d�+ f��mW �t[ WtbmV¥\��m^`h�o{[9�7�mbj[

h'f2[]W � f2V([lf2�j\_f2[�
�f ���
X

f�[lf2h'f2Y \��t^�a{o{[lV{bmk f2[9+c~6bm^gbjhiU�dgf2^�kmU�VHd2� R � Ylu.�tVXW%�]d/�m� � f�\_f�
�f�u2U��
��f2kmU�~{~;f2V0h'f2�th�o}drbjd�
�o{k z ���t�jW

φ X
��f�VG�tf�d�dÌVHW&�thib'h'f2�tf��mWtf�u2Y k

R X
� � f2[lY8VXW��th��7�mbj[��

vtv �



�$[9+t��u�2t^�d`f2�mW"�{k \_f2[ z ���t�mW
s̄ ∈ R ∩ nX

�B�$kHk&�t^
A |= ϕ[s̄, b̄]

bju�bmu
ϕ(s̄, v̄) ∈ p

�B�$u2U�^�d
ψ(v̄, c̄) ∧ ϕ(s̄, v̄) ∈ p

U2�
ψ

�)�m[ bj�`u�d��m�gb h'Y bjd�d
BI(ϕ(v̄, w̄), ψ(v̄, c̄) ∧ ϕ(s̄, v̄)) ≥ m

bmu�bju
A |= φ[s̄]

� � u�u2f�[ � f2[9�jd`d`o{k z ���t�jW
R ∩ nX ⊆ ||φ||A ∩ mX

�
���t^`a�� d��jb z d`f2�mW"�{k h��t��dÃ\_f2[ z ���t�mW

s̄ 6∈ R∩ nX
z f2kHk&�t^

A 6|= ϕ[s̄, b̄]
bmu�bju

A |= ¬ϕ[s̄, b̄]d`f2���jd
ψ(v̄, c̄) ∧ ¬ϕ(s̄, v̄) ∈ p

��� u�U2^µd�Y �`h'U�d
ψ

�)�m[ bj�`u�d��m�gb h'Y bjd�d
BI(ϕ(v̄, w̄), ψ(v̄, c̄) ∧

¬ϕ(s̄, v̄)) ≥ m
�-�$h'Y bjd�d�b x � v"! [ f2h'h£b�U�^�d`f2[lh'U � f2V

BI(ϕ(v̄, w̄), ψ(v̄, c̄) ∧ ϕ(s̄, v̄)) < mU�� � �mW
A 6|= φ[s̄]

bju�bmu
s 6∈ ||φ||A

�
R"u o}d��m[l�`s'kmU�d � f2kjf2u2a}U2����u2f2^�YlVXd"d`f�d`�`u�+m[lf2�mf2�

s̄ ∈ nX
��^�f

s̄ ∈ R
U��
s̄ ∈ ||φ||A

f2kQ�JY��jbe�
[ f2V{��f2k z bm���t�jWP�m[l[�� d��md`d`o{k@�

vtv"!



� 	�� 	
ℵ1 �

� � � � � ��� ��� ��� ������������� ���
R �µdrb � Y [$f2[ hiU�[lf�d`f2k d��1�)� ��� Y �JYlu��`�Q�j[ bjd��1�jbm[O\��t[ WHdrbed;
�o{kcb�\_fO
�f2u2f�dgf�d��£Q 2 ��� f�k k&2tu.2md`d

Y �Xbmu��m[�
�o{k0hib3
�a z ���t�jW(bju
ℵ0
���µdrb � Yl[$f2[ hiU�[lf�dgf2kHV{f�k �mbjV{V6bmk �`u2bjdgo}^��m[]d�h��qa}f2[l[F
�f2Y�� | f8�tf��

u�f�d;
��}k�b�kmU�dg�`u��mh��t�`���m�mdgU�dgf�[lf2k \��t�Xbm[ h��jd z U2� ~8U�[la��ed
h�o}dgbjdgo}V{k�f��mW�kjU�dg��u7�mh��t�����m�md`U�d`f2[l^�fm�
�$V{V{f�k
�`f���� d`�`U��tU.�mf2[DYl�tbmu��t[F
�o{k h£b1
�a�b�\_f2[l��u7�m[ [ls�P �t^`[ f�WX�Ýd`U�d`f2[ d2�
�6b�f��mW
h'f2�t��u7�mh'[D�j[l�6bjd`s
f�[lh'U2[lf�d

ℵ1

��kebjd`f2���m^`YlkHo{� z bmkHk&�t^ h'YlV{a}f2V
κ > ℵ0

��^`b
κ
��kebjdgf����t^�YlkHo{�2�L� u�o}d/�jV¥�µdrb � Y [×f�[]�

h'U2[ f�dgf�k bjd��th��m��h��Ja{f2[ [�
�f�YlV{f�k�f��tu2Y �`u�d`f2V���YD�3
��ed Y �Xbmu.�t[�
�o{k�U2�«�`f���� d`�`U2�&�{kHkmf2[ � Y u��tVXW"� d�
�o{k
b£d`f2[�
�f��«P �t^�[lf�WX��dgU�d`f2[]d��"f��mW h'f2�t��u7�mh'[D�j[l�6bjd`siVXWmf2[��"*&f2[ hiU�[lf�d�bmkHk&�t^�U������gbmk0bmkHk&�t^

ℵ1

�
kebjd`f2���t^�YlkHo{� z �6b'bmu'2t�`��u2f��"V{f�h �Ýhif��t�`u��mhi[9�m[l�{bjdgs

κ
�`u��mh��t�`���m���tV

κ
��kebjd`f2���t^�YlkHo{���

R"u�u�bm[8kmf�u2a 
��{k z ���m�mW'kjbj~5�����t[lbjd��mdÃdgf�^`f�h�d��{V}k£b�V}f2h¿��h'f2�t��u7�mh'[D�m[ �6bjd`s«kebjd`f2���m^`Y9��Y d��m�
U���b¿�µdrb � Y [lY]d/�m��k)2tu�2jd`d��
�B§ #BL § � ¡X¢L�J �§����	��
�� -

L
� �	�0'(
�7��+�A7�� /�),� - -�
��������+�<�	��
�� -

λ ≥ ℵ1

" 'B�<�	��
�� -
T
�	��


λ
*

/,),�;�	�.4�� + /0%(' ����� "��<� � )�

L
-�
�������� - 132 / /�4�� T ℵ0

*�' ��) , +)� 1
�¿�_�'&;�0/Z¤�¢"46�m§$Q�f2�mW"�{k \_f2[ z ���t�mW��m[ [9� d��m�`o}V{kHkjbj[Jf�[l[ f2VXdgU�d � f2V

T
V{f2h

ℵ0

���µdrb � Y [ �jhif���\��t�1
�o}k
k)�tV{��d`^`o��j[lV{Y

T
kmU�d z V{f2h Y u��th��t^µ\

λ
�`u7�jh��t�����m�&E h��Ja{f2[ [�
�U�d2�

R y � v�� dgU�dgf�[�hiYlbjd`d��mbjV �m[ WXbjV
λ
�`u��mh��m�`���j��E

A |= T
��d`^`o{kXd�E{^gb z ���t�mW�hiY V{a{f2V

X ∈ [A]ℵ0
�Ý^gb

A
� � bmVP�2�gbjk
hif��t�`u��mh'[D�m[ �6bjdgs����tk

X
\_f�[lf�d�dgY�d��l~{o}�Ì^�f�bm[ Ylu��m[l�6bedgs{�

�6f2[]dgf.�mU2���{V{k��`u�f2^`Y VXd
T
V}f2h

ℵ0

���µdrb � Y [ z f�u2U�^�d �mbjV>�t[]WXbmV
B |= T

U��
X ∈ [B]ℵ0

z ���m�mW
|SB

1 (X)| ≥ ℵ1

� �)�m[lbm�`��u2o{V{k kHY*dgf�dg�`u.+t[lf��tf2�'h'sqa��mV
ℵ1

a6bm^gb � Yl[]Wtf�V°d��l~{o{�µd�� [lf��mWtf�V�f2u
Q = {pi : i ∈ ω1} ⊆ SB

1 (X)
� �Df2�mWmf2V

C
b
B
f2�jW

λ+ ����u�bjd`o{^��j[ d*f2[ f2h'Y � +1�"� d`U2��f z U2�ÌhiY Vq�a{f�V
i ∈ ω1

�Ý^`f�[lf��mWtf�V
ci ∈ C

f��mW
pi
��d*^`f2bm[lY u7�m[ s�f2[ f2h �ÃP�Y��mf2[

C λ+ ���`u2bjdgo}^��m[]d z |C| ≥ λ+ �
6"U2���{[8[lf��mWtf�V

D
f2�mW

X ∪ {ci : i ∈ ω1}
�Ýf�d-drbm^µdrbm[ h£bmu�s z

λ
��u7�mh��t�����m��E f�[lf�hiY@^`U��`u

C
� � f2VB�

�$kHk&�t^
D
� � f�V

Q
hiY V{a{f�V¿f2[lf�hif×^`f�bj[lYlu��m[l�{bjdgs z dgf����jd

D
� � f�V �jbmV f2�mW�hif��t�`u��mhi[9�m[l�{bjdgs

�6bj[lhibmuG=_f2u
X
@ z h'f2[]W�\_f�[lf�d`d�[ f2�Xbm[9� ���

ℵ1
a6bm^`b � d��l~}o{��^`f2bm[lY u7�m[ �6bjdgs

D
� � f2V�� �$hiYlbjd`d

AU��
D
V{f�h [lf��{f�d`V{f2k
Y u��th��t^µ\�bmk z bmu2bmu

T
V{f�h [lf��{f�d

λ
��kebjd`f2���t^�YlkHo{���

�D�J ��{���}¢�&;¦�§ v ��R��Xbmu��m[�
�o{k z ���t�mW&bju'f�[9+tu.+ d`U�d`f2[ V{f2h \��m^`a��]dg�6bjd`s�hif��{��bja 
�o{V{k ~;U2[ a��jd
ℵ0

�Ý��drb � Yl[Bf�[lh'U2[ f�dg^�f z hif�[ W
V}f2h
ℵ1

�Ýkjbedgf2�&�t^`Y kJo}�2�
� R�a 
�o{V}k ~8U�[la��jd

ℵ0

�Ý��dgb � Yl[ z a}f«V}f2h dgf�[�
�f���f2[lh'U2[ f�d`^`fm�
�B§ #D¨ § � ¡X¢L�J �§����	��
�� -

L
�	��
 -�
��������%�<�	��
�� - � ,�, � -

T
�	��


ℵ0

*�' ��) , +)������� "��<� �)��� ����
0-!� /L�0),-�*
-&)0/=��"	�,�;���<� - � 4��.���)� D?� + 1��� � 5 ) κ ≥ |Form(L)|

���	�,%@�A7�� + ' '(
�7�� 4 ' '�7�����)0/ /�4��
T
*�-!� /=�0),-

κ
'(
�7�� 4 ' '�7���K '(
 )�*

�"%@� 7�� � � 4��.���)� D?� 1��� � 5 ) λ ≥ κ ≥ |Form(L)|
�
κ
���	�,%@�A7�� + ' '(
�7�� 4 ' '�7���� )0/ /�4��

T
*�-!� / �0),-

λ
'(
�7�*

� 4 ' '�7���K
κ
*�'(
 ),� %.� 7�� � � 4��.���)� D?� 1

�¿�_�'&;�0/Z¤�¢"46�m§�R
λ = κ

�)�m[ bm��u�d��m�`�`bm[ = � @�� � +t[�k&21�tf�dgkjf2u2Y k = v @ z f2u�U2^�dpf�[lU�� = � @Ý�Ýd�Y �Xbmu��m[lV{Y��
�Df2�jWtf2V

κ
U2�
λ
^�2t�tu��]dgf�d`d��ZR � � yXw = � @�dgU�d`f2[J�`u�f2^`Y VXd

T
��V}f2kC�jbmV�f��mW«[lf��Xbm[D� ���

λ
��u7�mh��t�����m��E

κ+ �Ý�`u�bedgo{^��m[ d A h��Ja{f2[ [�
�fm� �Zf��mWtf�V
A0

f�V{V{f�k0f2�mW
λ
��u7�mh��t�`���m��E f�[lf2h'Y�^�U2��u2fm� QOf��mW"�{k

v����



\_f�[ z ���t�mW
µ ≤ κ

U��×a{f8�6V{Y9�m[ d`o{k�h��m^
A λ

�`u��mh��m�`���j��E
f2[ f2h'Y6^`U��`u2f�YlV{f�k f2�mW
〈Aα : α < µ〉f�[lf2h'YD[D�jV��7�jd2� �"b

µ
[ Ylh'f2��u2^`f�V{a{��u7�mh z bmkHk&�t^�[lf2�jWtf2V

Aµ = ∪α∈µAα
z �6b

µ
^��mk&21�tf�dgkjf2u�+ z

h��tV{a 
�o}k
µ = ν+1

z bmkHk&�t^
A
� � bmV ^`f�bj[lYlu��m[�
�o}V{k�hiY V{a{f�V

Aν

\_f2[ f�d�dgYHd��l~}o{��d2�$P�Y?�tf2[q\_f2[ d`U�d`f��
[ f2YlV}k£�`u�f2^�YlVXd

|Aν| = λ
U2�
T ℵ0

�Ý��drb � Yl[ z f2u�U2^µd�b x � w = w @×dgU�dgf�[DhiYlbjd`d�f�uN2t�`��u2f2��f2V
λ
a{bm^gb �

d��l~{o{��^�f�bm[ Ylu��m[D�m���jd 
�f�[lf2VXd`Y��$R�^`f2bm[lY u7�m[ s�f2[ f2h'f2kmf�d �tf2�jW%�}k ���tu2u��
Aν
����2mu z U����tf�V{f2^��m[�
�o}V{k

A
� � bmV f2u�u2f�[Ob � +3�mf ��� �6bm[ h£bmu�u�bm[8f2�mW

λ
�`u��mh��m�`���j��E�f�[lf�hiYB^�U2��u�d �6f�u [ f2�mWmf2V

Aµ

�
R k&�tV}��dg^�o{k&��Yls�hiYlbjd`d"hiY V{a{f2V

α < κ
��^`b

Aα+1 κ
���`u2bjdgo}^��m[]d�=���+md z

κ+ ����u�bjd`o{^��m[]d @ Aα\_f�[lf�d�d�� �$u2U�^�d�b � � yXw = v @�dgU�dgf2[��`u�f2^�YlVXd
Aκ

f2�mW
κ
����u�bjd`o{^��m[]dÌh��Ja{f2[ [�
�f

T
��V}f2k z U���b k&�tV}��d��

^�o{k4�2Yls hiYlbjd`d
|Aκ| ≤ Σα∈κ|Aα| ≤ λ ·κ = λ

�jbm�jWqY �
Aκ

b«kmf2^�f2��f�d`d
κ
�Ý�`u�bedgo{^��m[ dÃh��qa{f�[l[��

�Df2�mWmf2V
T
f��mW&f2[ hiU�[lf�d«bju

L
VXWtf�[��tf�V z U�� dgf��mW"�{k \_f2[ z ���m�mW

R
f��mW v � �)�m[]d��tu�st��^`f�[D�e�

��Ylst��u2Ylh � st[lo{h
L
� � f2V����"b

T
�ÝV{f2k��jbmV �m[ WXbjV

A
h��qa{f�[l[F
�f z hif�[ W � f�V

RA �tU��mdgf�[lf�V z bmkHk&�t^
A
f2�mW

|A|
��^�f2�to}[D�m^�Yl�"o}[ dg^`bm�`u.*{^�+���u2f2^�YlVXdgY

B
o}[ dg^`bm�6bjd��)�mVXWXb�b � � � ! d`U�d`f2[$h'Y bjd�d

2|A|
��u7�e�

h��t�`���m��E
[ f2��u z U��
|RB| = 2|A|

Yl�×d`f2[F
�f2���}[ =���u2Y VHd`U2V b � � � ! d`U�dgf�[Bh'Y bjd�d @���R kjU�dg��u7�mh��t�����m�j�
d`U�dgf�[lf�k
bm^�^gb bma{V6bjk£f2[ f2�t��U2�tf���\_f2[ d`U�d`f2[lf�kmf�d z ���t�jW

T
��V{f�k£h'Ylk)�t^ �jbmV{V6bjk!�t[ WtbmV h��qa{f�[l[F
�f2Y z

h'f2[]Wtf2k
bm[ bm~}�6bm[lhibmu2b V6bm�jW�� ��� �`u��mh��t�`���m��E z h'YlVXd
R
YlVXdgf�^`~{^�f�d��&�2Y s 
`b}�

P �t^�[lf�W
dgU�dgf2[ U2V{f�k
Yl�tbmu��t[9�m���j���tu���u��{kH�`U����{V{k�[ f2�`upf��mW kmU�dg��u7�mh��t�`���m�j��dgU�d`f2[ ^`fpYl���
�B§ #(# §��Ã�E� � �B§0���	��
�� -

L
� �	�0'(
�7��+�A7�� /�),� - -�
��������

T
�	��
 ����� "��<� �

L
* , � - " ' �<�	��
�� -

R�	��
 � *;��7�� �;4�
 - ' �����A7.O + - '(
*+)� ,�- � %.� 1 � �	��
 & /L$?��� �J/�4(��
 A,B |= T
� �	�0'(
�7��+�A7�� /�),� - ' � � % /�*

�6K@� 70/��
A
�0)�� - �,+ ���<��� +���" '(


B
* , � - " '

RA = RB 1H2 / /�4����0),- -&)0/ 4���
,),- C,D ' �6� % /0�6K@� 70/��� ����
�� /���� �8��� D?� '�&.� -!� / ) /�F���� �./��(
�� /��

(o) B
���<��� +>��" '(


D
* , � -N�

(i) C,D |= T
�

(ii) |C| = |D| = ℵ0

�
(iii) C

�0)�� - �,+ ���<��� +���" '(

D
* , � -N�

(iv) RC = RD �
(v) C ∼= D

�
(vi) C,D

����� '�� -
ℵ0

*	/�4�� 4(�." - 1
�¿�_�'&;�0/Z¤�¢"46�m§ < �{f�[ bm� Y u��th��t^��{u2h�o{�µdgU�dgf2[ f =�b � � � ��dgU�dgf�[$@ ��u2f2^�YlVXd �jbmVK�t[]WXbmV

I
�6bj[lhibmu

U��
U

o{[]dg^gbj�`u�*}^�+
I
\_f2[ f�d`d z ���t�mW

A∗ = IA/U
U2�

B∗ = IB/U
Y u��th��t^�\�� R � � ytw = w @

d`U�dgf�[@�`u2f�^`Y VHd-�jbmV��t[]WXbmV
B∗ � � st[6Y V{a{o{[ spo{[ d`^gbm[9�mV�� z h'f2[]WqV}f2k¿[lY hif��`u�fÌf�^�+t��f2V ℵ0

�Ý���th��t�tU�VB�
�Df2�jWtf2V�f2u b'[ Ylh'f2��u

B′ z U2�Ì[lf��mWtf�V A′ bmV{V{bmk bmu A∗ � � st[BY V{a{o{[ s o{[ d`^gbm[9�mV��2V{bmk
b [lY hif��`u2f zh'f2[]W � f2V b�^��mk&21�tf�dgkjf2u�+�^`f2V}a{�`u��mh��mkJ���tu�drbm^µd��tu�s���dg^�o{kXd�E{^��mkebjdÃhiY V{a{Y ��b
B′ �Ý��2tu�dgbm^�d��tu2s[9�mV���h'f2�j\_f2[lf�[9+
o}[ dg^`bm�`u.*{^�+mYO��u2f2^�YlVXdgY�o{[ d`^gbm�6bed��)�mVXW��tu��m�`�`bm[
kebm~"
�o}k;���$kJk)�t^
A′ U�� B′ Ylu.�j�h��t^�\�bjk£[lf��`u�V{f2k z [lf��mWtf�V

f : B′ → A′ f��mW Ylu.�th��t^��6u�h�o{��k)2tu�d��{k@� ,Ì�mWXbmV{bmkHk&�t^ z h'Y��mf2[
A�jbm[ sqa{YO^`U��`u2�{bm[lhibmu�b

B
��V{f�k z

A∗ �jbm[lsJa{YO^`U2��u2�µdg^`o}kHd�E{^��1
`b
B∗ �ÝV6bmkL=�Yl[ [lf�d��tf

A′ Yl� B′ ��V{f�k%@��
�Df2�jWtf2V

B′′ = 〈B′,A′, f〉
�-� ��� f2V0b ��d`^`o{kXd�E{^�� � bmV�d`f2���jd

A′ f2�jW v � �)�m[]d��tu�st�*bm[lbm~{^`f�[D�&��Yls z[ f2�mWmf2V�b V}f2kHYZhif��m\_f2[ f2[9+�E 
�=
L
��f2V k4���"�{[ Y$@-^�f2[D�)�2Ylsm�`u2Y h � st[lo{h

A
�

B′ f2^�+t�`f�V ℵ0

�����th��m�tU2VB� �$u(bju�d

�f2[lf�VXdgY z ���t�mW �{b
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L
*�' �6� %(/0�6K.� )��>� ����
��I�

Th(B) ℵ0

*�' ��) , +)� �M" '3�<�	��
�� -
X ⊆ B�;� � '(
����<�	�.� ' 1 2 / /�4�� �0),- B *�-!� / �	��
 X $?���<� � ��/�40-�' �6� %N7�� /�),� - ���<��� +���" '(
�� 1

�¿�_�'&;�0/Z¤�¢"46�m§�QO^`bmV{�`u8�6V{Y]d"^�f2kHo{^`u�Yls1�jbm[�hif��Xbma{o{V}k f2�mW
X

\_f�[lf�d`dgYZk)�tV{��d`^`o{k)�2Y smd��ÌQOf��mW"�{k
\_f�[ z ���t�mW hiY V{a{f�V

i < α
��^`b�hif��Xbma}d`o{kÈh��m^cb ~��m^��tV{kmU�VXd k4�{[�2tV � 2mu�+

ci ∈ B
f2[ f��

h'f2kjf�dPE{�mW z ���m�mW h'YlV{a}f2�mWJYlk
i < α

��^`b
tpB(ci/X ∪ {cj : j < i})

Ylu��m[D�m[]d�� �Df2�mWmf2V
Y = X ∪ {ci : i < α}

� �"b�bmu
Y
�6bm[ h£bju

B
f2�jW f2[ f2h'Y�^`U��`u�U2V{f�k bj[ bm~{�{bm[lhibmu�b z bmkHk)�t^

kjU2�`u�f2V �jbm�jWqo}V{k@� ��b V}f2h f2u b �{f2[]WJu2f�d z bmkHk)�t^ f2�mWJ^`U��`u�d
B − Y

V{f�h �{^�f2� z h��m��^`U��`u�d
bcQObm^��`kHY]� 6Ãbmo{�t�Xd�d`f2��u�d = v � vLw dgU�d`f2[D@«h'Y bjd�d��jbmVK�m[ WXbjV

ϕ ∈ Form(L)
U��
c̄ ∈ Y

z ���t�jW
B |= ∃vϕ(v, c̄)

z a{f£bmu
Y

�m[]drbm[$h'f2�m�6bjd/�j^��tu.�md`d«��d`^`o{kXd�E{^�� � bmV V{Y V��2�
ϕ(v, c̄)

��d�^�f�bm[ Ylu7�j[ls
f�[lf2h � R x � � � d`U�dgf�[phiYlbjd`dG�jbmVÈYlu.�t[D�m[]d

p ∈ Nϕ(v,c̄) ⊆ SB
1 (Y )

d��l~{o{��� �$u2f�k �`u2f�^`Y VHd
ϕ(v, c̄) ∈ p

� P�Y��mf2[
p
Y u��t[9�m[ d z

Th(B)
hiY V{a{f�V h��Ja{f2[ [�
�U � f�V z � �mW

B
� � f2V&Yl�"^`f�bj[lYlu��m[l�{bjdgs{�

�Df2�jWtf2V
cα ∈ B

f2�jW
p
��d�^`f2bm[lY u7�m[ s£f�[lf2h �«P�Y?�tf2[

cα
d�� ~{o{�gb

p
z f2u�U2^µd«bmu �JYl[D�j���t� z ���t�jW

cαd��l~{o{�`b'Y u��t[9�m[ d�bik&�m^�� ��� Y�f�[lf�hif�k =�o{V{Y s
X
@�\_f�[lf�d�d���Q �1�)� ��� �

cα
^`f�bj[lYlu��m[�
`b

ϕ(v, c̄) ∈ p
�Ýd z

h'f2[]W
Y
� � bmV�V{f�h ^`f2bm[lY u7�m[ �6bjdgs}� �$u2U�^�d

cα
k4�{[92mV � 2tu�Ylk
bju�2m�`�`u�f2�Ìk&�t^�� ��� Y

ci
��d�+t[��

6�U����{[ h'Y��tf�[
B
f2[lf�hiY$^�U2��u2f'�gb3
��jd hibm�Q�mV6bjk z b�k&�tV}��dg^�o{k&��Yls�[lf2�mkmU2��+ ��� bmkHk&�t^ � f�\_f��


�f�u�+Ja{Ylk z �6b
B−X

h'YlV}a{f2Vpf2[ f2h'U�dD\_f�[l���m^��t[]dgo{k =�a{f [lf��{f�d z ���t�mW�f�[9+ ��� kjU2�`u�f2V��jbm�jWqo}V{k%@��

�D�J ��{���}¢t§ �Df2�mWmf2V
B
bja��md`d���dg^�o{kXd�E{^`b U��p[lf2�jWtf2V

X ⊆ B
� �"b

A0

U2�
A1

kmU�d z
X

\_f�[lf�d`d
k)�tV{��d`^`o��j[l�6bjd`s¿f2[ f2h'Y�^`U��`u

B
� � f2V z bjkJk)�t^

A0

U2�
A1

Ylu.�th��t^�\ =_��+md z �t[]WXbmV Y u��th��t^��{u2h�o{�×Yl�
�jbmV�k&2mu�d��}k z h'f2[]W

X
�ÝV Y a{f2VXd`YlkHo{�/@��

�B§ *(# § � ¡X¢L�J �§ 5 ) )�
 A L
*�' �6� %(/0�6K.� ) /�40-�' �6� % 7�� /�),� -

X
$?���<� �"� ��)0/ /�4�� ),�;4�� 4 '

X
$?���<� �"� 1

�¿�_�'&;�0/Z¤�¢"46�m§ �Df2�mWmf2V
〈ci : i < α〉

bmu
A

f2�mW
X

\_f2[ f�d`d`Y�k&�tV}��dg^�o{k&��Yls 
`bq�ÈQ�^gbjV{�`u8�6V{Y d
Y V{a{o{k)�2Yls1�jbm[6Y �Xbmu��m[�
�o{k z ���m�mW hiY V{a{f�V

β ≤ α
�Ý^gb�dgf�[�
�f2���{[ z ���t�mW �6b

c̄ ∈ {ci : i < β}
bmkHk&�m^

tpA(c̄/X)
Ylu.�t[D�j[ d�� Q�f2�mW"�{k \_f�[ z ���t�mW

β ≤ α
U2� f2u�d Yl�tbmu��t[]dgo{k�h��j^�hiY V{a{f2V

γ < β
��^gbq�

v��t�



�Df2�jWtf2V
c̄ ∈ {ci : i < β}

f��mW!�mU2�tf������t^��tu2bjd��
�"b

β
[lY hif��`u2^�f2V{a}�`u7�jh z bmkHk&�m^�bmu �m[l[�� d��m�`o{V}k

β
��^gb Yl�*Y �Xbmu«h£bm^`bmaB��Q�f2�jW%�}k�h��t��dÌ\_f2[ z

���m�mW
β = γ + 1

� ��b
cγ 6∈ c̄

z bmkHk&�t^
c̄ ⊆ {ci : i < γ}

z f�u2U2^µd�bju Y V{a{o{k)�2Ylsm�Ì\_f�[ dgU�dgf�[DhiYlbjd`d
��u2YlVXd`U2V�Y �Xbmu h£bj^gbma�bmu �j[l[9�]d/�m���I�$u2U2^µd�\_f�[ dgf��{f�d�
��{k z ���t�jW

c̄ = c_γ c̄
′ z bm���t[ c̄′ ⊆ {ci : i < γ}

�
6 f2�jW%�}k U��`u�^`f z ���t�jW

tpA(cγ/X ∪ {ci : i < γ})
Y u��t[9�m[ d�d��l~{o}� z h��tV{a 
�o{k�b

ϕ0(v, d̄) ∈
Form(LX∪{ci:i<γ})

\��t^�h�o{[ b Ylu��m[D�m[F
`b}��Q �1�&� ��� � z Y V{a{o{k)�2Y st��\_f2[ d`U�d`f2[9�}V{k£U�^�dgf�[lh'U � f2V

tpA(d̄_c̄′/X)

Y u��t[9�m[ d z h��tV{a 
�o{k
ϕ1(w̄, ē)

Ylu.�t[D�j[�
`b}� � [ [9� d�
�o{k z ���t�jW
p := tpA(c_γ d̄

_c̄′/X)
��d
Ylu.�t[D�j[�
`b

b
φ(v, ȳ_z̄) = ϕ0(v, ȳ)∧ϕ1(ȳ

_z̄, ē)
\��m^`h�o{[lb}� ��b«f�u*V{f2h � �mW¿[lf�V{V{f z bjkJk)�t^Ã[lf2V}V{f �m[ WXbjV

%(v, ȳ_z̄, f̄) ∈ Form(LX)
\��t^`h�o{[ b z h'f2[ WJ^�f

φ ∧ %
U��
φ ∧ ¬%

Yl��^`f2bm[lY u7�m[ �6bjdgs'[lf�V{V{f
A
�

� bjV �X^`f2bm[lY u7�m[F
��mk�f2u�f2kjf�d-b�\��t^�h�o{[D�jkjbedO^�f2V{a}^`f*bmu
a_0 ā

_
1 ā2

U2�$b
b_0 b̄

_
1 b̄2

���t^��tu�bed��tk@� �$kHk&�t^

∃v(ϕ0(v, ȳ) ∧ ϕ1(ȳ
_z̄, ē) ∧ %(v, ȳ_z̄, f̄)) ∈ tpA(ā_1 ā2/X)

U��
∃v(ϕ0(v, ȳ) ∧ ϕ1(ȳ

_z̄, ē) ∧ ¬%(v, ȳ_z̄, f̄)) ∈ tpA(b̄_1 b̄2/X)
z

d`f2���jd
tpA(ā_1 ā2/X) 6= tpA(b̄_1 b̄2/X)

k)21�tf�d`kmf�u2V{fj� ,Ì�mWXbjV6bmkHk&�t^ z b�\_f2VXdgY f2k �`u2f�^`Y VHd
A |= ϕ1(ā

_
1 ā2, ē)

U��
A |= ϕ1(b̄

_
1 b̄2, ē)

z bmh'Y
ϕ1

�)�m[lbm�`u�d/�m�`b(h'Y bjd�d£bju�d�
�f�[lf�VHd`Y z ���m�mW
fpkmU�dÌ���t^��tu�bjd

X
\_f2[ f�d�dgY�d��l~{o{�`bmYlV{bmk£h'U2�tY ��h'f2� kmU�V{f f��mWtf�u2V{Y fm�

�$u2f�k��`u�f2^�YlVXd
dgf����jd
p
Ylu��m[D�m[]d¿d��l~}o{�2� � [l[9�]d;
�o{k z ���t�mW

q = tpA(c_γ c̄
′/X)

�ÝdiYlu.�t[D�j[�
`b
b
∃z̄φ(v, ȳ, z̄)

\��t^�h�o{[ bq� R��`h'U�d0Y V{a{Y ^`f2kXd � Ylu.�tVXW"� dgo}V{k@��dgf��mW"�{kÈ\_f�[ z ���m�mW �mbjV �t[ WtbmV
%(v, ȳ, f̄) ∈ Form(LX)

z ���t�mW
∃z̄φ(v, ȳ, z̄) ∧ %(v, ȳ, f̄)

U��
∃z̄φ(v, ȳ, z̄) ∧ ¬%(v, ȳ, f̄)Y �"^`f2bm[lY u7�m[ �6bjd`s

A
� � bmV �B^�f�bm[ Ylu��m[�
��mk£f�\��t^`h�o{[D�mkebjd�^`f�V{a{^�f¿bmu

a_0 ā1

U2��b
b_0 b̄1 A

� � f2[ YZ���j�
^��tu�bjd��tk@�	�$u2f2k ��u2f�^`YlVXd �jbmV{V6bjk!�t[ WtbmV

ā2, b̄2 ∈ A
���t^��mu�bjd��tk z hif�[ Wtf�kH^`f

A |= φ(a0, ā1, ā2) ∧ %(a0, ā1, f̄)
U2�

A |= φ(b0, b̄1, b̄2) ∧ ¬%(b0, b̄1, f̄)
�

< ~;f���YD�m[ Yl�`bmV z
tpA(a_0 ā1/X) 6= tpA(b_0 b̄1/X)

z h'f2^�d
%
���gbmk£bmu�f�[l��+ d��l~}o{� � bjV!�mbjV � f�V{V{fm�

,Ì�mWXbmV{bmkHk&�t^ z hiY?�tf2[
φ
Y u��t[9�m[�
`b

p
��d z

p = tpA(a_0 ā
_
1 ā2/X) = tpA(b_0 b̄

_
1 b̄2/X)

k&21�tf�dgkmf��
u�Ylk z f2[ [lf�VHd`h��mV{a��jb¿bmupf2[�+tu�+ h��tV{a6bjd`V6bmk@�

R�k&21�tf�dgkjf2u�+£f2^`f�a{h'U2VXW�f2�mW
ℵ0
�Ý��dgb � Yl[8f2[ hiU�[lf�d`f2kH^`fC�&�tV6bjd`k&�tu�sid��l~{o{��f2[ kmf2^��{[lU��`YBd`U�dgf�[��

�B§ *(* § � ¡X¢L�J �§����	��
�� -
T
�;��� D?� ' " '

ℵ0

*�' � ) , +)� ����� "��<� � ) � �	�0'(
�7��+�A7�� /�),� -
L
-�
�������� -N��" '

�;�	��
 & /H$?��� �#/�4(��

A |= T

�	��
 -!���+*;� �	�0'(
�7��+�A7�� /�),� - ' �6� %(/0�6K.� ) 1 2 / /�4�� A *�-&)0/=�0),- 4���
,),-�0)�� - �,+
B
���<��� + , ��� !.�;" '��I�#� ����
��I� �8��� D?� '�&.� ��/�4(��
 � +.-��.� -

X ∈ [A]ℵ0
*;� ) " '

p ∈ SA
1 (X)

*;���
p
)0/ /�4��0" ' O '*)0/ )0/ /�4������ )�� +A
�7�� /�),� -

A
* , ),-N��/�) ��� )�� +A
�7�� /�),� -

B
* , � - 1

�¿�_�'&;�0/Z¤�¢"46�m§ �"b
B
f�[lf2h'Y � +1�%�]dgU��`f

A
��V{bmk z bmkHk&�t^ph'YlV{a{f�V

A
� � bjV ^`f�bj[lYlu��m[l�{bjdgs'd��l~}o{��d

B
� � f2V(o}�mWXbmV{bmu
bmu

A
� � f�[lY$f�[lf2h ^�f�bm[ Ylu��m[���� u�U2^µd�f2[ U2� �t[ WtbmV

B
f2[ f2h'Y � +1�"� dgU���d kmf�^`f2��V{Y z

v�� �



h'f2[]W � f2V
A
f��mW�d`f�d`�`u�+m[lf2�mf2�$h'f2�t��u7�mh'[D�m[ �6bjd`s�^�U2�`u��6bm[ h£bmu2b"\_f2[ f�d`d
V{f2hT^`f�bj[lYlu��m[l�{bjdgsÌd�2 ���

d��l~{o{� z h'YlVXd
A
� � bjVB�

�$[9+t��u�2t^�h'f2�mh�o}drbed;
�o{k z ���m�mW!�jbmVP�t[ WtbmV
ϕ ∈ Form(LA)

\��t^�h�o{[lb z h'f2[]Wq^�f
=�YD@

||ϕ||A
h'f2�t��u7�mh'[D�m[ �6bjd`stV��m[@V6bm�jW�� ��� �6bm[ h£bju z a}f

=�Y Y$@ P�Y V{a{f�V
ψ ∈ Form(LA)

\��t^�h�o{[9�m^gb �jbm�jW
||ϕ ∧ ψ||A

�jbm�mW
||ϕ ∧ ¬ψ||A

hif��j�
��u7�mh'[D�m[ �6bjd`s��6bm[ h£bmuj�
Q�f2�mW"�{k \_f2[ z ���t�mW�f�u�V{YlV��2� �l�jWt�$P f2�p\��t�to{V{k�bma{V{Y

A
� � bmV¿f��mW ���`o{~{b«h'f2�t��u7�mh'[D�j[l�6bjd`stV��m[

V6bj�mW�� ��� U2�
a{f8�6V{Y9�m[l�6bedgs"�{bm[lhibmu � st["�m[ [ls
h
��bmo{�`a��t^ � ����U2h��jd�� �Zf��mWtf�V

h∅ = A
U2��d`f2�mW"�{k

\_f�[ z ���t�mW
n ∈ ω, n > 0

U2��h'YlV{a}f2V
s ∈ <n2

�Ý^`fihif��Xbma}d`o{k h��m^ b
hs

a}f.�6V{Y9�m[l�{bjdgs z U2�
h'f2�t��u7�mh'[D�j[l�6bjd`stV��m[�V6bm�mW&� ��� �6bm[ h£bju�d�� �Df2�mWmf2V

s ∈ n−12
� �6f2[]dgf.�mU2��f2YlV}k���u2f2^�YlVXdpb

hs
�Ýd

a{f8�6V{Y9�m[ls
ϕ
\��t^�h�o{[9�m���tu*Yl�	�jbmV£f��mW

ψ ∈ Form(LA)
z hif�[ WJ^`f

||ϕ∧ψ||A
U2�

||ϕ∧¬ψ||A
Yl�

h'f2�t��u7�mh'[D�j[l�6bjd`stV��m[HV6bj�mW�� ��� � �Df2�mWmf2V
hs_0 = ||ϕ∧ψ||A

U2�Ã[lf��mWtf�V
hs_1 = ||ϕ∧¬ψ||A

�
�$u2u�f2[Db �"bmo{��a��t^ � �Ý�`U2h��jd-hif��Xbma}d`o{k@���Df2�mWmf2V�hiY V{a{f�V

s ∈ <ω2
��^�f

ϕs
f2�mW

hs
��d×a{f8�6V{Y9�m[ls

\��t^�h�o{[lb z [ f2�mWmf2V
Z
b
{ϕs : s ∈ <ω2}

\��t^�h�o{[ bj�6bm[lhibmu � bmV
f�[9+m\��t^�a{o{[ s
2t�`��u2f2��k&�tV}��drbjV{���tk
h'f2�t��u7�mh'[D�j[l�6bjd`s¿�6bm[ h£bmu2b¿U2�"[ f2�mWmf2V�hiY V{a{f2V

f ∈ ω2
��^�f

pf = {ϕf |n : n ∈ ω}
��n 2tV{VXW"*

f�[l[lf�V�+t^�Ylu2V}Y z ���t�mW h'YlV}a{f2�mWJY k
pf

�mU2�tf��`f2V°^`f2bm[lY u7�m[ �6bjd`s z f�u2U2^µd'kJY]dgf�^�
�f2��u�d`�{f�d�+&f��mW
qf Z\_f�[lf�d�dgY}d��l~{o}�`���q�$P�Y?�tf2[

h
�"bmo{��a��t^ � �`U�h£b z f�u2f�k b�d��l~{o}���tk ~��m^��mV{kmU�VHd-k4�{[92mV � 2tu�V{Y}\��t�tV{bmk

f��mWJh��m�µdgst[ z f�u2U�^�d
{qf : f ∈ ω2} ⊆ SA

1 (Z)
h'Y bjd�d

|SA
1 (Z)| ≥ 2ℵ0

f�[l[lf�VXdgh��tV{a��jb£bjV{V6bmk z
���m�mW

T ℵ0

�Ý��dgb � Yl[��
S 2t�tu��]dg���{V{k
f��mW

ϕ
\��t^`h�o{[D�jd z h'f2[]Wq^�f�=�YD@-U2� =�Y Y$@Ãd`f2[F
�f2���}[DU2�*[lf��mWtf�V

p = {ψ ∈ Form(LA) : | ||ϕ ∧ ψ||A | ≥ ℵ1}
�

R�u�f2[�+ ��� Y =�YD@*U��
=_YlY$@�h'Y bjd�d
p ∈ SA

1 (A)
f2�mW�d��l~{o{��� �Df2�jWtf2V

C
f2�jW

|A|+
�Ý�`u2bjdgo{^��m[ d�f2[ f2h'Y

� +1�%�]dgU��`f
A
�ÝV6bmk z f ��� f2V!�jbmVif2�mW

c ∈ C
z h'f2[]W ^`f2bm[lY u7�m[F
`b

p
�Ýd2� �Df2�mWmf2V

B
f2�mW��t[ WtbmV£f�[lf�hiY

^�U2�`u
C
� � f2V z hif�[ Wik&�tV}��dg^�o��m[ �6bjdgs

A ∪ {c}
\_f�[lf�d�d�� R�[]Wtf�V

B
�jbmV b x � w}v d`U�dgf�[Bh'Y bjd�d z ��+md z b

x � wX� dgU�dgf�[Dh£bmY]d`d
B
bed��th��t�

A ∪ {c}
\_f2[ f�d`d2� � [ [9� d�
�o{k z ���t�mW f�u b¿kjf2^`f��`f�d`d��µdg^�o{kXd�E{^`b}�

P�Y?�tf2[Ãh'YlV{a{f�V
a ∈ A

��^`b
v 6= a ∈ p

U2�
c
^�f�bm[ Ylu7�j[�
`b

p
��d z f2u2U�^�d

c 6∈ A
z bmu�bmu

B
f��mW

�jbm[ sqa{Y8f2[ f2h'Y � +1�"� d`U2��f
A
�ÝV6bmk@�

�Df2�mWmf2V{f�k
X ∈ [A]ℵ0

U2�
b ∈ B

dgf�dg��u�+t[ f2�tf��`f2k � bmu�d kmf2[ [¿hif��th�o}dgbjdgV}Y z ���t�mW b
q = tpB(b/X)

d��l~{o}�
A
� � bjV Yl��^�f�bm[ Ylu��m[l�6bedgs{��R k&�tV}��dg^�o{k&��Yls&hiYlbjd`d

q
Ylu��m[D�m[]d

A ∪ {c}\_f�[lf�d�d z bju�bmu'�jbmVP�t[ WtbmV
ϕ(v, z, w̄) ∈ Form(L)

\��m^`h�o{[lb�U2�
d̄ ∈ A

z ���m�mW

B |= ∃vϕ(v, c, d̄)
U2�

〈B, c, a〉a∈A |= ∀v(ϕ(v, c, d̄) ⇒ γ(v))

\_f�V{V��m[ [
hiY V{a{f�V
γ(v) ∈ q

��^`b}� R k&�th'~6bmkXd`���m�tY
d`U�d`f2[ hiYlbjd`d�f2u2U�^�dN�jbmV �t[ WtbmV hif��t�`u��mh �
[9�m[l�6bedgs

∆ ⊆ Th(〈B, c, a〉a∈A)
z ���t�mW

∃vϕ(v, c, d̄) ∈ ∆
U��

∆ |= ∀v(ϕ(v, c, d̄) ⇒ γ(v))d`f2[�
�f����{[Zh'YlV{a}f2V
γ(v) ∈ q

�Ý^gb}�ÌP �t��d �6�mWtf�[�
��{k�h'f2� z ���m�mW �6b
δ(c) ∈ ∆

z bjkJk)�t^
δ(v) ∈ pU���f2u�U2^�d

δ(v)
�Ýd h'f2�t��u7�mh'[D�m[ �6bjd`s kHY?�tU�d`f2[ [lf2[

||ϕ||A
��V{bmk hiY V{a{f2V(f2[lf�hif'kHYlf�[lU2�&� dgY�� P�Y��mf2[

|∆| ≤ ℵ0
z f�u2U2^µd!�jbmV �m[ WXbjV

c0 ∈ A
z hif�[ W f��mWJ�`u2f�^`^�f0kHYlf2[ U2���]d'hiY V{a{f2V �t[ WtbmV

δ(v) ∈

v�� !



Form(LA)
\��m^`h�o{[9�jd z hif�[ WJ^`f

δ(c) ∈ ∆
� �$u�bmu�d	
�f�[lf2VXd`Y z ���t�jW

A+ := 〈A, c0, a〉a∈A
f��mW

h��qa}f2[l[F
�f
∆
�ÝV6bmk@�N�$kHk&�t^J�JY �`u��mVHd

A+ |= ∃vϕ(v, c0, d̄)
z �mbjVcdgf����jd'�t[]WXbmV

a ∈ A
z hif�[ WJ^`f

A+ |= ϕ(a, c0, d̄)
��Q �1�)� ��� �'hiY V{a{f2V

γ(v) ∈ q
�Ý^gb

A+ |= ∀v(ϕ(v, c0, d̄) ⇒ γ(v))
bmu2bmu

a^�f�bm[ Ylu7�j[�
`b
q
�Ýd z bm���m�mWXbmV �m[ [9� d��md`d`o{k@�
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ℵ1

'(
�7�� 4 ' '�7���K � 4��.���)� D?� '(
 ),�"%.�(7�� � 1
�¿�_�'&;�0/Z¤�¢"46�m§ R���u�bjd`o{^��j[ d�h��Ja{f2[ [lf�k � � yty o{V{Y��2Y]d/�m�µdgU�d`f2[ f h'Y bjd�d f2[lU�� = � @��Ýd�Yl�tbmu��t[ V{Y��
�Df2�jWtf2V dgf����jd

A |= T
f2�mW

ℵ1
�`u7�jh��t�����m�&E°�µdg^�o{kXd�E{^`b}�¥P�f2� \��t�to}V{k bma{V}Y�f2�mW

A
� � st[

Y V{a{o{[ s
〈Aα : α ≤ κ〉

��u2Y ���t^�E{bmV V�21��+°f2[ f2h'Y�[9�mV����jdGE{�mW z ���m�mW h'YlV{a}f2V
α ≤ κ

�Ý^gb z
X ∈ [A]ℵ0

�Ý^gb�U2�
p ∈ SA

1 (X)
��^�f

=�b�@
p
bjkJk)�t^*U2� �2�`bmk�bmkHk&�m^Ì^�f�bm[ Ylu��m[l�6bedgs

A
� � bmV z �6b'^�f�bm[ Ylu��m[l�6bedgs

Aα

� � bmV z U��
= � @

|Aα| ≤ ℵ1 + |α|
�

�Df2�jWtf2V
A0 = A

�°Q�f2�jW%�}k \_f�[ z ���t�mW
α ≤ κ

U��ih'YlV}a{f2V
β < α

��^`b
Aβ

�Ýd'a{f8�6V{YD�j[ dgo}k
h��m^2� ��b

α
[ Ylh'f2��u2^`f�V{a{��u7�mh z bmkHk&�t^ [lf��mWtf�V

Aα = ∪β<αAβ
z f2^�^`f:=�bQ@�U��>= � @�VXWqY [��)�mV

U�^��tU�VXW � f2Vch£bm^`bmaB�
�"b

α = β + 1
^��mk&21�tf�dgkjf2u�+ z bmkHk&�t^ b x � wtw dgU�d`f2[ �`u�f2^�YlVXdN�mbjV:�t[]WXbmV

B
�jbm[lsJa{Y�f�[lf�hiY

� +1�%�]dgU��`f
Aβ

��V{bmk z h'f2[]W � f2V �2�`bmk bmu��tk bmu
A
h'f2�m�`u7�jhi[9�m[l�6bedgs¿�6bm[ h£bju�bmYB\_f�[lf�d�dgYDd�� ~{o{���tk

^�f�bm[ Ylu7�j[l�6bjd`stk z h'f2[ Wmf2k
Aβ

� � bmV Y �£^�f�bm[ Ylu7�j[l�6bjd`stk@� �$u bmuK=�bQ@'\_f�[ d`U�dgf�[
β
�Ý^gb:�&�tV6bjd`k&�tu�s

~;U2[ a��mVXWXb���u2f2^�YlVXdÌbmu�d 
�f2[lf�VXdgY z ���t�mW
A
h'f2�t��u7�mh'[D�m[ �6bjd`s ^�U2�`u��6bm[ h£bmu2bmY@\_f2[lf�d`d

B
� � f2VP���gbmk

bmu
A
� � bjV0^`f2bm[lY u7�m[ �6bjdgs d�� ~{o{���tkebjd�[ f2�{f�d�^`f2bm[lY u7�m[ V{Y��ÌQ�f2���jd

B
��^�f�bmuG=�bQ@*kJY ^��1�)�m�"d`f2[�
�f����{[ z

a{f = � @¿V}f2h � Ylu�d��t����[ f2�{f�d z ���t�mW
B
d�E{[�V{bm�mWt� � u�U2^µd£[ f2�mWmf2V

Aα

f2�mW �m[ WXbjV
ℵ1 + |α|��u7�mh��t�`���m��E f�[lf2h'Y�^�U2��u

B
� � f2V z hif�[ W drbm^µdrbm[ h£bju2u�b

Aβ

��d�U2� � +1�tf ��� V��m[ b}� � u�u2f�[
A
hif��j�

��u7�mh'[D�m[ �6bjd`s¿^`U2��u2�6bj[lhibmu�bmYD\_f�[lf�d�d"^�f�bm[ Ylu��m[l�6bedgs�d�� ~{o{���tk �`u��mh��ed"V{f�h V�21�tf2[]d��{k@�
Aα

� � bmV
Y ��[ f2�m\_f�[�
�f ��� bmu

A
� � bmV ^`f2bm[lY u7�m[ �6bjd`s'Y [ Wmf2V�d��l~{o}���tk�[lf��`u�V{f2k ^`f2bm[lY u7�m[ �6bjdgsmk;� ,Ì�mWXbjV6bmkHk&�t^

A
f2[ f2h'Y�^`U��`u�f

Aα

�ÝV6bmk z f2u�U2^µd =�bQ@N=�U��Ì~;f2^��`u�f!= � @×Yl��@-dgf2[F
�f2���{[
Aα

��^`b}�
�Df2�mWmf2V

A∗ = Aκ

�$R k&�tV{�µdg^�o{k&��Yls = � @Ã~0�tVXd;
`b�h'Y bjd�d
|A∗| = κ

U2��bju v � v �«d`U�d`f2[�h'Y bed`d
A∗ |= T

��Q �1�)� ��� ��b x � �Jv dgU�dgf2[q�`u�f2^`Y VXd
T
��V{f�k��jbmV

ℵ1

�Ý�`u�bedgo{^��m[ d
κ
��u7�mh��t�����m��E�h��Ja{f2[ [�
�f z

U���hiY?�tf2[
T κ

�Ýkjbedgf2�&�t^`Y kJo}� z
A∗ Y � ℵ1

����u�bjd`o{^��j[ d�� �"b�dgf����jd
X ∈ [A]ℵ0

U��
p ∈ SA

1 (X)
d`f�d��

��u�+t[ f2�tf�� z bmkHk)�t^
X ⊆ A∗ U2� p ^`f2bm[lY u7�m[ �6bjdgs A∗ � � bmVB� 7"fif2kHk&�t^G=�bQ@phiYlbjd`d

p A
� � bmV Yl�

^�f�bm[ Ylu7�j[l�6bjd`s z �jbm�mWJYl�
A

�mbj[ls � bjV �`u�bedgo{^��m[ d2�
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= � @�� � +t[ = w @�VXWJYl[��)�mVQ�jbm[ sXbmV k&21�tf�dgkjf2u2Y k@� R x � wmy =�[lf��`u��m[l[ s P �t^`[ f�WX�Ýd`U�d`f2[$@���u2f2^�YlVXd!= w @Ý� � st[
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6�U��tYl�«\_f2[]dgf�d�d��{k z ���t�mW'h��qa{f�[l[F
�f2YlV}k�VXWtf2[?�tf�h'f2�t��u7�mh'[D�j[l�6bjd`s{�OP �t^�[lf�W'f�^`f2a}f�dgY8dgU�d`f2[ U��
� f2V Y ���l�jW ��u2f�^`f2~;f2[]d bmuG�j[l[9�]d/�m� z U2�¿���mk)�jYl�cVXWJY d��md`d�~{^�� � [lU�h£bP���t[]d z ���m�mW(h'Y-bc�{f2[]WJu2f�d
h'f2�t��u7�mh'[D�j[l�6bjd`stV��m[;V6bm�jW�� ��� VXWtf2[?�tf�k�f��`f�d`U2VB� 6"U2���{[Z���tk z �)�m^`bjdg[lbmV dgf.�r�{V{YlkebmYZV{f��{U2u��`U��
�tf�dD[lf��mW�+mu.�tf z < �}f2[ bj��Yl�Xbmu.�t[ dgb z ���t�mW�bju$f2[9+ ��� Ymk)21�tf�d`kmf�u2h'U2VXW d`f2^�hiU��`u2f�dgf�� �j[ drbj[D�mV��m��� d��m�gb
Y �Xbmu�hibm^gbja h'f2�m�`u7�jhi[9�m[l�6bedgstV��j[;V{bm�mW�� ��� VXWmf2[��mf2kH^`f Yl���

P �t^�[lf�W�f2^�f2a{f�dgY � Y u��tVXW"� d��m�gb�h��m� �&�t[ d z hiY VXdZbmh'Y d;\_f2VXdgf ��� Y �`h'f2^µdgf�d�d��{V}k z U��Ob ��P �t^�[lf�WX�
^`bmV{�  ×\��t�Xbm[ h��m^`b"U2~��{[ d2� �$V{V{f2k'b�\��t�Xbm[��th'V6bmkpV6bm�mW&�tV£���tk¿�`u�U2~iU2�ÃU2^`a}f2kmf���bm[ kjbj[lhibmu7�m�`b
�jbmV z f 
�f2�jWqu�f�d � f�V£kmU���+ ��� h'Y{Yl�$�6bj�`u2V��m[�
�o{k�h£b3
�a�� �$u2U2^µd-bp\_fO
�f2u2f�dgf�d�bmu�u�bm[6u��m^�
�o}k z ���m�mW
a{f8�6V{Y9�m[�
�o{k£b'P �t^`[ f�WX��^`bmV{���jd�U2�*h'f2�&�JYlu��`�Q�j[�
�o{kiV{U2���jVHW bj[ bm~}d`o{[ b1
�a��tV{���m�Q�jd2�

�$hi[ U2kjf2u�d`f�d��{V{k b(d��t~5�m[9�t�tY kHo{�'d`f2^�f2k ~0�tVXd;
`bmY V6bmk � bmVXd��m^µ� | f2V{a{Y M%�tVq�Ý\_U�[lf��m�`u�d��m[ W&�j�
u��m���m^`b}�$[lf��mWtf�V

X = 〈A, τ〉
f��mWid��t~0�t[9�t�mYlkHo{�-d`U2^��

X
Ylu��m[D�m[]d×~0�tVXd;
`bmY V6bmk �6bm[ h£bju7�jd 
�f2[�2t[]�


��{k
X∗ ��bj[ z U���dg^gbjV{�`u8�6V{Y dp^�f2kHo{^�u2Yls1�jbm[$a{f8�6V{Y9�m[�
�o{k�b CBX(α)

�6bj[lhibmu��tkebjd�b k&21�tf�dgkmf�u�+
h'sqa��tVB� �Zf��mWtf�V

CBX(0) = X∗ � �"b α d`f�dg��u�+t[ f2�tf�� ^`f2V}a{�`u��mh z U�� CBX(β)
�Ýd$a{f8�6V{Y9�m[ d`o{k

h��m^ÃhiY V{a{f2V
β < α

��^`b z bmkHk&�t^-[lf2�jWtf2V
CBX(α) = (X −∪β<αCBX(β))∗

�{b 
�� ��� �t[ a6bm[��tV
bmu
X − ∪β<αCBX(β)

bm[ d`U2^ � f2VP�tf��`��u��{k�bmu«Ylu��m[D�m[]d�~0�tVXd��tkebjd2�B�$�mW
x ∈ X

~5�tVXdÌ^gbjV{�1
`b
bmu�b�[ f2�tkHY �`f ���

α
^`f�V{a{�`u��mh =_�6b!�mbjV Yl[ Wmf2VA@ z h'f2[ WJ^�f

x ∈ CBX(α)
d`f2[�
�f����{[�� R�u¿Ylu.�t[D�m[]d

~0�tVXd��tk�^gbmV{�7
`b�dgf����jd �}z bmu��mkJV{bmk b«~0�tVXd��mkJV{bmk b«^`bmV{�7
`b�[lf2��u vmz hif�[ Wtf�k¿Ylu.�t[D�m[]d`d�� �)�m[lV6bjk
bmu�Y u��t[9�m[ d×~5�mVHd��tk£f�[la�� � �m�gb¿o}d��mV =�bmu2bmu z h'f2[]Wtf�kJ�}f2u��2�gbjk
Ylu.�t[D�m[]d×~0�tVXd��mk£d��t^�[lsJa{V6bmk%@ z U2�
� �mW�d��3�)� ��� �
R"u�d×h��tV{a3
�o{k z ���t�mW

X
a{Yl��u2~;f2^��Q�m[ d�dgU2^ z �{b«h'YlV{a}f2V ~5�mVHd�
��mV6bmk �mbjVi^`bmV{�7
`b}�

��U2[la��mo{[�b0^`b&�2Y��tV��m[ Yl�«�`u7�jh��tk&h'f�dg^�YlkHo{��d`f2^�f�b ��u��tk �m���t�¿h'f�dg^�Ylk �7�jbm[-2mV{h£bj�Q� � bmV(��*{^�*
=�bmu�bmu£V{f2h drbm^µdrbm[ h£bmu Y u��t[9�m[ d«~0�tVXd��md/@ z f2u�U2^µd hiY V{a{f2V

α
^`f�V{a{�`u��mh'^gb

CBQ(α) = ∅
U��

� �mW f2u bid`U2^NHJ�ÃP a{Y �`u�~8f�^`�Q�m[]d��	7"Y �`u�~8f�^`�Q�m[]d"d`f2^`f�kH^`f b£\_f2[lbma6bjd��tk � bmV bja{o{V{k�~8U�[la��mkebjd z
V{f�k4�{V{k�b¿k&21�tf�dgkjf2u�+
d`U�d`f2[Dh'Y bjd�d�\��tVXd��t�*b¿\��t�Xbj[9�th �
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SA

1 (X)
�;"����,+ '(
 #���� ��7�� � 1

�¿�_�'&;�0/Z¤�¢"46�m§ �Df2�mWmf2V0h'YlV}a{f2V
α
^`f2V}a{�`u��mhi^`b

Cα = ∪β<αCBSA
1 (X)(β)

�×Q�^gbmV{��u.�6V}Y d�YlVq�
a{o}k&�2Y s1�mbj[DYl�Xbmu.�t[�
�o}k z ���t�mW£hiY V{a{f�V

α
^�f2V{a}�`u7�jhi^`b d`f2[�
�f����{[Zb¿k)23�mf�d`kmf2u.+{�

(∗)
�6b

Cα 6= SA
1 (X)

z bjkJk)�t^
SA

1 (X) − Cα
� � bmVG�jbmV�Ylu��m[D�m[]d�~0�tVXd��

�$u bmu�d 
�f2[ f2VXdgY z ���t�mW z bmh�� � b
CBSA

1 (X)(α)
�6bm[ h£bju��tk � f0V{f2h \_f2a}Ylk

SA
1 (X)

��d =�bmu�bmu
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bmh��l� V}f2h \��t�jW��md�d f�[
SA

1 (X)
2t���`u�f2��f�[lf�hif7@ z bma{a{Y � b

Cα
�6bm[lhibmu.�tkc��u2Yl�&�t^�E6bjV&V�+tV{f2k z

bmu2bmu hiY V{a{f�V [ U2~;U2� � f2V kHY��tf��`u.�{V{k«[lf2�tbm[D� ��� v ~0�tVXd��md z f�u2U2^µd�[ f2�m\_f�[�
�f ���
|SA

1 (X)|+ = |X|+[ U2~;U2� � f2V�hiY V{a{f2V«~0�tVXdg���tu-�`Y kmf2^��{[J^gbmV{�&�mdOd��m^`��� dgbmV{Y0=�bju-f�[9+ ��� YJf��mWtf�V{[9+m�`U2��oqd��t[ �`sÌ[lU2~;U2��U��
� f2V �6bm��u2V��m[]dgo{k

T ℵ0

���µdrb � Yl[lY]d/�m���jd�U��Ìb x � w dgU�dgf�[ d*Yl��@��
�$[9+t��u�2t^ � f2[9�jd;
�o}k z ���t�mW

Cα
VXW%� [ d$�{bm[lhibmum� �Df2�mWmf2Vio{�mWXbjV{Yl�

p ∈ Cα
z f2kHk)�t^ �jbmV��t[]WXbmV

β < α
z ���m�mW

p ∈ CBSA
1 (X)(β)

���$uibmu�dB
�f2[ f2VXdgY z ���t�mW
p
Ylu.�t[D�m[]d�~0�tVXd�bju

SA
1 (X) − Cβd`U2^ � f2V���6ÃbmV dgf����jd«f2�mW �m[ WXbjV

p
�Ýd�drbj^�drbj[lhibmu2s VXW"�l[]d

G
�6bm[lhibmu z hif�[ WJ^`f¿dgf�[�
�f����{[ z ���t�mW

G− {p} ⊆ ∪γ<βCBSA
1 (X)(γ)

z bmu�bmu
G ⊆ Cα

�
Q�f2�mW"�{k \_f2[	�tU����{[ z ���t�mW �jbm[lbmh'f2[ W

α
^�f2V{a{��u7�mh'^gb

Cα
�jbm[lsJa{Y$^�U2�`u��6bm[ h£bmu2b

SA
1 (X)

�
V{f�k@���$kHk&�t^

SA
1 (X) − Cα

V{f2h �}^`f2�pu��m^�d«�6bm[ h£bju z f�u2U2^µd�b x � � �
dgU�dgf�[Ãh'Y bed`dJ�jbmV � f2V{V{f
Y u��t[9�m[ d-~5�mVHd z bmu�bju

(∗)
�jbm[ls � bmV
\_f2V}V��m[l[��

�D�J ��{���}¢�&;¦�§ v � | Y u��tVXW"� d`�`o{k z ���t�mW h'YlV{a}f2V hif��t�`u��mhi[9�m[l�{bjdgs�d`f2[�
�f���h'f�d`^`Y kJo}�*d`U2^Ìa{Yl��u��
~;f2^��Q�m[ d2�

� � | Y u��tVXW"� d`�`o{k z ���t�mW hiY V{a{f2V h'f2�m�`u7�jhi[9�m[l�6bedgsck)�th'~6bmkXd �"bmo{��a��t^ � ��dgU2^¿a}Yl�`u�~8f�^µ�
�Q�j[ d z ��+md�bmu�Y u��t[9�m[ d×~5�mVHd��tk
�6bj[lhibmu�b���*{^�*��
�B§ * 6�§>� ������¤3FX�_­Z§����	��
�� -

A
�;� �.'(
����<�	�.� ' ' � � % /0� K.� ) 1 G p ∈ SA

1 (X)
� !$#&% '

RM(p) : 4��'�<��
 *� ),-.� D ) )
p ⊆ p′

#�40- �;4 /���),- �84��'* �L� -��,+ � '�40- � ),-.� D ),+.-&)0/ '(
*% #���"�� %.� )
SA′

1 (X ′)
* , � -N��)�/�4��

A′ �8� �.'(
����<�	�.� ' ���<��� + , ��� !.�8" '�� A *�-&)0/�� X ⊆ X ′ ⊆ A′ " ' p ⊆ p′ ∈ SA′
(X ′)

'(
*+.- �8" - �;� �.'(
���*
�<�	�.� '�� / 1=2 ��
 �;4 #�4��<4(�,+ /0%(' �;"�� �	��
 a #�40- � D 7,-&)0/���),- �;4���* � � -��,+ �@40- � ),-.� D 7,� CBR(a)

*;�0)��
D?���<F�� D'& / 1

P�f��«\��t�7
�o{k h�o}drbedgV{Y z ���t�mW
ℵ0

����dgb � Y [{f2[ hiU�[lf�d`f2k«h��Ja{f�[l[�
�f�Y � f2V�h'YlV}a{f2V�d��l~{o{��V6bmk��jbmV
P �m^`[lf�WX��^gbjV{�1
`bq���$V{V}f2k b�hif��m\��t^`a�� d/�j�gb
Yl�pY �Xbmum�p�6b�f2�jW f2[lh'U2[ f�d�h'YlV}a{f2V h��qa{f�[l[F
�U2V{f�k
h'YlV{a}f2V < d��mV{f���dgf2^�fpa{Yl��u2~;f2^`���m[ d z bmkHk&�m^�bju«f�[lh'U2[ f�d

ℵ0

�Ý��drb � Yl[��
P �t�µd*d��l~}o{���tkH^�st[B\��t^`h�o{[D�mkH^`b�Yl��kHY d`f2^$
�f2�`u�d;
��{k�b'P �m^`[lf�WX��^gbjV{�¿\��t�Xbm[ h��jd2�

�B§ * =D§>� ������¤3FX�_­Z§����	��
�� -
A
�;� � '(
����<�	�.� '�' �6� %(/0�6K.� ) 1 G ϕ ∈ Form(LA)

$?4��'� %@� )
RM(ϕ)

: 4��'�<��
 *;� ),-.� D 7,��!A��
 �.� ��- +67�� D % /��

RM(ϕ) = sup{RM(p) : p ∈ Nϕ}
�

/�) ) D?4 ,�, 4��A� )��3"�� �;����� � ' � )�
 )�
 /�)
A
� +.-��.� - ���<��� + , ��� !.�;" '�" , � -N� � +.-��.� - /�)���� )�
�$?��*

�<� �"� ��� +.-��.� -
ϕ
*�� � )�� ��)���� )�
 - �"!$#&%(' -&)0/ �0),- : 4��'�<��
�*;� ),-.� D ) � 1 5 ) X ⊆ A

" ' O '*)0/ )�

SA

1 (X)
* , ��� +

ϕ
*�� ��)�� ��)���� )�
 - $?4���� %.�A70/ � ),-.� D ),+.���8� /0+.- � D'&(/�� )0/ /�4��

ϕ X
*;��� ��40-&),�./�4�
 - �<4�*

/�7�� + ' : 4��'�<��
 *;� ),-.� D 7,� /,) # D % /�� RMX(ϕ) = sup{CBR(p) ∈ Nϕ ⊆ SA
1 (X)} 1

HÌWJY [��)�mVQ�jbm[ls z ���t�jW
RMX(ϕ) ≤ RM(ϕ)

�
R \��t^�h�o{[9�mk P �t^`[ f�WX��^`bmV{�7
��jd f2�mW(h��m��Ylk h'sqa��mV Yl��a}f.�6V{Y9�m[l�{bjdgV��jV{k@�(P �t��d¿f�u�d Y �µ�

h'f2^µdgf�d�
��{k@�
� U2[ o{V{k [lf2��u hif��th�o}dgbjdgV}Y z ���t�mW b x � w ��U2� b0k&21�mf�dgkjf2u.+ x � w?! a{f8�6V��9��Yls f�k4�JY?�mbj[lf2V}�2�
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�$[lf�YlVXdgfÃbmu.�tV � bmV hiU��Ìk4�{[�2tV � �`U��tf�d�kmf�[l[tdgf�V{V4�{V{k«b�kjU�dO^gbmV}�m\��t�Xbm[��thÈk&2tu.2md`d2� �$u2U�^�d z bmh��l�
b(a}f.�6V����2Y stk f2kQ�JY��jbm[lf�V��2Y9�jdiV{f2h Yl�Xbmu.�t[ d`o{k z

ϕ
x � w?! a}f.�6V����2Y s �`u�f2^`Y VXdgY�P �t^`[ f�WX��^`bmV{�7
��jd

Y a{f2Y �t[lf�V{f2��f2V
R(ϕ)

� �mf2[B\��t�7
�o{k'
�f2[92m[lV{Y��
�B§ * GD§>� ������¤3FX�_­Z§����	��
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A
�8� �.'(
����<�	�.� ' ' � � % /0� K.� )�� �<�	��
�� -

ϕ ∈ Form(LA)
� " '=�<�	��
�� -

α
�	��
 ��� -��0'(
�7�� 1
• R(ϕ) ≥ 0 ⇔ A |= ∃vϕ(v)

9
• R(ϕ) ≥ α ⇔

/�)
α
� +)� � '(
���� -��0'(
�7�� " '�� +.-��.� -

β < α
*;� )

RM(ϕ) ≥ β
9

• R(ϕ) ≥ α + 1 ⇔ A
�0)�� )�� ����


B
���<��� + , ��� !.�8" '�" , � - �0),- -&)0/ 4���
 ),- �	��
�� 70' �

#N7���40-�/�" - ��/0+A
�7�� -
ψi ∈ Form(LB), i ∈ ω

$?4��'� %.�A70/���/�4(��
 � +.-��.� -
i ∈ ω

*;� ) �8��� D?� '�&.�
R(ϕ ∧ ψi) ≥ α 1
5 ) �0),- 4���
 ),- α ��� -��0'(
�7��0� � ����
��I� R(ϕ) ≥ α

�.�
R(ϕ) 6≥ α + 1

� )0/ /�4�� )�
*� � 40-���*
D % /��M/�4(��


R(ϕ) = α 1H5 ) +)��
�� - �I� -��0'(
�7�� - +.-!O 'I� )0/ /�4�� R(ϕ) = ∞ 1
5 ) B �;� � '(
����<�	�.� '=���<��� + , ��� !.�;" '�� A *�-&)0/�� )0/ /�4�� RB(ϕ)

*�� )�
 ���<� ,�, +	� / � +.- �	7 D 7�� ) �.��*
��- +67�� D % / )�
I
 )�� ) /�&@�<F0- , '�"	���.��� ��/�4(��
�) � 1 #�40- � , ),- '(
�������#��<� ��"	�,�;���<� - '�4 / #N7���40-�/�" - �/0+A
�7�� - $?4��'� %.�A7,�C� +.-��,+A�

Form(LB)
* , � - /������ ' '�&(/ � )�
 )�
 '�4�/�) -!��� �8"��'&�-�/07,�>� 70'L���<��� +

, ��� !.�;" '�� /���� � 1
�B§ © L §��Ã�E� � �B§0���	��
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A
�;� � '(
����<�	�.� ' ' �6� %(/0�6K.� )���" ' �<�	��
�� -

B
�	��


ℵ0

*�'(
 ),�"%@� 7�� � ���<��� +
, ��� !.�;" '��

A
*�-&)0/ 1��� � 5 ) ā, b̄ ∈ A, tpA(ā/∅) = tpA(b̄/∅)

)0/ /�4��+� +.-��.� -
ϕ
$?4��'� %@�A7�� )

R(ϕ(v, ā)) =
R(ϕ(v, b̄)) 1��� � : +.-��.� - ϕ ∈ Form(LB)

*;���
R(ϕ) = RB(ϕ) 1

�¿�_�'&;�0/Z¤�¢"46�m§L= v @�Yl�Xbju��t[9�m���m���tu QOf��mW"�{k&\_f�[ z ���t�mW
R(ϕ(v, ā)) ≥ α

z f�kJk)�t^
A
�ÝV6bmk��jbmV

�t[]WXbmV
C
f�[lf2h'Y � +1�"� d`U2��f z h'f2[]WJ^`f

RC(ϕ(v, ā)) ≥ α
� �Df��mWtf�V

D
f2�mW�f2^�+t�`f�V

ℵ0

�����th��m�tU2V
f�[lf2h'Y � +3�"�]dgU2��f

C
��V{f�k@� � ��� f2V:�mbjV �t[]WXbmV

f : D → D
bjo}d��th��t^ �6u2h�o}� z hif�[ W

ā
��d
b̄
�Ý^`f

kjU2~;f2u2Y z U2��f2u2U�^�d
RD(ϕ(v, b̄)) ≥ α

z bmh'Y � +t[
R(ϕ(v, b̄)) ≥ α

k&21�tf�dgkjf2u2Y k@� �$u2f2k �`u�f2^`Y VXd
R(ϕ(v, ā)) ≥ R(ϕ(v, b̄))

�6b¿kjU�dÌ\��t^`h�o}[ b��`u�f2^�f2~;U�dÌ\_f2[9���`f�^`U2[?�tf«bma{sJa{Y k
bmuN�m[ [9�]d/�m���
= � @ � Y u��tVXW"� d��m���m���tu

α
��u2f�^`YlVXd`Y}dg^`bmV{�`u8�6V{Y]d$^`f�kJo}^`u2Y s1�mbj[}Yl�tbmu��t[F
�o{k z ���t�mW �6b

R(ϕ(v, ā))
≥ α + 1

z bmkHk&�t^
RB(ϕ(v, ā)) ≥ α + 1

� � ��� +t[
RB(ϕ(v, ā)) ≥ R(ϕ(v, ā))

k&21�tf�dgkjf2u2Y k z b
\��t^�a�� d��md`d�f2�mWmf2V{[�+mdg[ f2V{��U2� ~8f�a{Yl� VXWJYl[?�&�jV4�jbm[ s{�

Q�f2�mW"�{k«dgf2���jd�\_f�[ z ���t�mW�b
β < α

^�f2V{a}�`u7�jh��tkH^`b"Yl�Xbju��t[]dgo{k�h��m^ �m[l[�� d��m�`o{V}kjbed z U2�
���t�mW
R(ϕ(v, ā)) ≥ α + 1

�P� u£bmu�d 
�f2[ f2VXdgY z ���t�mW
A

�jbm[lbmhif�[ W
C
f�[lf�hiY � +3�"�]dgU2��U � f2V �jbmV}V6bmk

�t[]WXbmV ~��j^��tV{kjU2VXd'kHYlu7�j^`s
{ψi(v, c̄i) ∈ Form(LC) : i ∈ ω}

\��m^`h�o{[9�mk z ���t�mW hiY V{a{f2V
i ∈ ω

��^`b
R(ϕ(v, ā) ∧ ψi) ≥ α

� �6f2[ d`f2�{f�d;
��{k z ���m�mW
B
f2[lf�hiY ^�U2�`u�f

C
�ÝV{f2k =�f��{�{f2u f�[lU��

�jd�dgU�^`V{Y
C
f��mW [ f2�Xbm[9� ���

|B|+
�Ýo{V{Y��mf2^�u7�m[ Yl��f�[lf2h'Y � +1�"� dgU��`U�^`f1@��

B ℵ0

�Ý�`u�bedgo{^��m[ d z f2u�U2^�d�h'YlV}a{f2V
i ∈ ω

�Ý^gb �jbmV}V6bmk �t[ WtbmV
b̄i ∈ B

���t^��mu�bjd��tk z ���t�mW
tpC(b̄i/ā ∪ ∪j<ib̄

_
j c̄j) = tpC(c̄i/ā ∪ ∪j<ib̄

_
j c̄j)

� �$kHk&�m^ = v @'h'Y bed`dihiY V{a{f2V
i ∈ ω

�Ý^gb
R(ϕ(v, ā) ∧ ψi(v, c̄i)) = R(ϕ(v, ā) ∧ ψi(v, b̄i))

f2u�U2^�d&bju YlV{a}o{k&��Ylst�c\_f�[ d`f.�tU�� �`u2f�^`Y VHd
RB(ϕ(v, ā) ∧ ψi(v, c̄i)) ≥ α

� 6�U2�&�{[ z b
b̄i
��kL�)�m[lbm�`u�d/�m�`b&h'Y bed`d'b

{ψi(v, b̄i) : i ∈ ω}
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f��mWJh��m�µd ~��m^��tV{kmU�VXd×kHYlu��m^`s�\��m^`h�o{[9�mk � sm[��m[ [ z f�u2U�^�d
R(ϕ(v, ā)) ≥ α+1

z bm���t�jWXbmV��m[ [9� d��md��
d`o{k@�

�B§ ©�¨ §��Ã�E� � �B§
��� �H���	��
�� -

X
" '
Y
/�" � /�4���#�)0/0��" 'H�,+ '(
 #���� ��7�� � 5 ),%('��.4����3*��;"��I�>" ' �<�	��
�� - f : X → Y$?4���
0�840-!4 'B" ' '(
�&@�)D?� /0�"!)� $'&�������" -�
 1 2 / /�4�� � +.-��.� - b ∈ Y

*;� ) �8��� D?� '�&.� �L/�4(��
 �0),- 4���
,),-
a ∈ X

�#� ����
����
f(a) = b

" '
b Y
* , ��� +�� ),-.� D ) �<�	� $?��� D?� ,�, )0/ /�4�� )��#� +.- �

a X
* , ��� +�� ),-.� D ) 1��� �B���	��
�� -

A
�	��


ℵ0

*�' ��) , +)��' � � % /0� K.� )��
Y ⊆ X ⊆ A

" '
p ∈ SA

1 (Y ) 1 2 / /�4�� �0),-4���
,),-
q ∈ SA

1 (X)
� � ����
����

p ⊆ q
" '
CBR(p) ≤ CBR(q) 1

�¿�_�'&;�0/Z¤�¢"46�m§ = v @BYl�Xbmu.�t[D�j���m���mu�dg^`bmV{�`u8�6V{Y]d�Y V{a{o{k)�2Yls1�jbm[Xh'f2�th�o}drbjd�
�o{k z ���t�mWp�6b
b
^gbmV}�1
`b

[ f2�Xbm[9� ���
α
z bmkHk&�t^

b f
��u2f�^`YlVXd`Y +t�`kjU2~;U � f2V0��u2YlVXd`U2VP�mbjV�[ f2�Xbm[9� ���

α
^`bmV{��E�f2[ f2h �

Q�f2�mW"�{k \_f�[ z ���t�mW(hiY V{a{f�V
β < α

�Ý^gb0f2u�d Yl�Xbju��t[]dgo{k&h��j^2� ��b
α
[lYlh'f2��u2^�f2V{a{��u7�mh z

bmkHk)�t^�h'YlV{a{f�V
β < α

��^gbi[lf2�jWtf2V
bβ

f2�mW�[lf��Xbm[D� ���
β
^`bmV{��E f�[lf2h

f−1(a)
� � bmVB��P�Y��mf2[

Xk)�thi~{bmkXd z b
∩β<αcl({bγ : β ≤ γ < α})

�6bm[lhibmu�V6bmk!�jbmV0f��mW
b
f�[lf2h'f z U2��hiY?�tf�[

f−1(a)u��m^�d��{bm[lhibmu z
b ∈ f−1(a)

�$Q �1�)� ��� ��hiY V{a{f2V
β < α

��^`b
b
d��t^`[ sqa}Ylk

{bγ : β ≤ γ < α}
�����tu

Y ��=�h'YlU2^µd �3@ z f2u�U2^�d
b
^`bmV{�7
`b¿[lf2�tbm[D� ���

β
h'YlV{a{f�V

β < α
��^`b z bmu2bmu�f2u b¿^gbmV}�'[ f2�Xbj[D� ���

α
�

Q�f2�mW"�{kph��t��dD\_f�[ z ���t�mW
α = β+1

^��mk&21�tf�dgkjf2u�+"^`f2V}a{�`u��mh��OR \_f2[ d`f.�mU2�`f�YlV{k���u2f�^`YlVXd �jbmV
f��mW | �

{bi : i ∈ I} ⊆ Y
�6bm[lhibmu z h'f2[]W f2�mWJ^`U��`u�d�d��t^�[lsJa{Ylk

b
�Ý�{f2u z h��m�`^�U2�`u�d z h'f2[]WJV{f2k

h'YlV{a}f2V f2[lf�hif«[lf��Xbm[9� ���
β
^gbmV}��EB� R�V{a{o{k)�2Y st��\_f�[ dgf8�tU����{V{k U2^µdgf�[lh'U � f2Vch'YlV}a{f2V

i ∈ I
��^`f

�jbmV f��mW&[lf��Xbm[D� ���
β
^`bmV{��E

ai ∈ f−1(bi)
~5�mVHd2� � [l[�� d;
�o}k z ���t�jW&bmu

A := {ai : i ∈ I}�6bj[lhibmu2V6bjk �jbmV(f��mW
a ∈ f−1(b)

� � f�[lY
d��m^`[lsJa��m��Y$~5�mVHd�
`b =_f2uif2[lU�� z hif�^�d«f2kHk&�m^
a
^gbjV{�1
`b

[ f2�Xbm[9� ���
α
@�� �"b f2u V{f�h � �mWc[ f2V{V}f z bmkHk&�m^«h'YlV}a{f2V

x ∈ f−1(b)
�ÝV{f2k0[ f2V{V}f
�t[ WtbmV VXW%� [ d

k)2t^`VXWtf�u2f�dgf z h'f2[]W¿a{Y �`u�
�o}V{kXd
A
��dgst[�� �$u2f�V k&2t^�VXWtf2u�f�d`f2k
o{V}Yls 
��jd	�mU.�tf'�m[ WXbjV

f−1(b)
��d-dgbm^µ�

dgbm[lhibmu2s VXW"�l[ d
G
�{bm[lhibmu�d kebm~{o{V}k z h'f2[]W a{Yl��u�
�o{V{kXd

A
�Ýdgsm[ z bju�bmu

A ⊆ X − G
�&P Y��tf�[

X
k)�thi~{bmkXd z U2�

f
\��t[ WHd��mV��t� z f2u2U�^�d

f [X − G]
f2�jW0k&�mhi~6bjkHdpU���f2u�U2^�d

Y
� � bmV u��m^�d z

B
��d

dgbm^�dgbm[lhibmu2s z a}f
b
��d*V{f2h drbm^µdrbm[ h£bju2s��{bm[lhibmum� �$u«[ f2�{f�dgf�dg[lf�V z h'f2^µd�f2kHk)�t^

B
V{f2h dgo{a{V{b

b
���}f2u�d��t^�[lsJa{V{Y��
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|aclA(ā)| ≤ sā
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ȳ ∈ A
��"	�.� '�'�4���4�
 ),� " '

a, b ∈ A 1H5 )
a
" '
b
�6� ),-�'(
�OI� -��.� -�'����<��� � /

ȳ
$?���<� �"� ��)0/ /�4��

tpA(a/ȳ) = tpA(b/ȳ) 1
�¿�_�'&;�0/Z¤�¢"46�m§ �"b�V{f2h �l�mW&[ f2V{V{f z bmkHk&�t^�[lf2V}V{f��t[]WXbmV

ψ ∈ Form(Lȳ)
hif�[ W

a
��^`b�dgf�[]�


�f����{[ V{f z a{f
b
��^`f V}f2h � P�Y?�tf2["hiY V{a{kmU�d�f2[ f2h d`^gbmV}�`u���f2V{a}f2V{�

ȳ
\_f�[lf�d`d z f2u�U2^µd b

||ψ||AU��
||¬ψ||A

�6bm[ h£bmu.�tk �tU2�jdgf2[ f2V z a{f8�6V{Y9�m[l�6bedgs z a{Yl��u�
�o{V{kXd�^`U��`u2�{bm[lhibmu�bjYB[lf�V{V{U2V}f2k
A
�ÝV6bmk z

bmh'Y
A
h'YlV{Y h£bm[ Y d��m�gbphiYlbjd`d×[lf��{f�d`f�dg[ f2VB�

�$hi[ U2kjf2u�d`f�d��{V{k ^�� z ���t�mW
Formn(L)

�Ýf2[Zbmu.�tV
L
��\��t^`h�o{[D�mk �6bj[lhibmu7�jdI
�f2[�2t[ d��{k z h'f2[ WX�

f�k � f2V�[lf��m\_f2[F
�f ��� b
v0, ..., vn−1

�)�m[ d��tu2smk
�`u�f2^`f�~8f�[lV{f�k@��Q �1�)� ��� �
A n

��f�[lf�hiYB^�U2��u
B
� � f�V z

�6b f��mWJ^`U2��u�d�^`U2��u2�µdg^`o}kHd�E{^gb � f�V{V{f z h��m�`^�U2��u�d«hiY V{a{f�V
ϕ ∈ Formn(L)

��^�f U2�phiY V{a{f�V
A\_f�[lf�d�dgY

k
U�^�d`U2kmf�[lU��`^`f

A |= ϕ[k] ⇔ B |= ϕ[k]
�
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A
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ℵ0

*�/,),�;�	�.4�� + /0% 'I�#� +.- +)� 7�� + '
L
*�' �6� %(/0�6K@� ) 1��� � : +.-��.� - n ∈ ω

*;� ) " ' � +.-��.� - ��"	�.� '
X ⊆ A

*;� ) �0),-
A
*�-&)0/ �	��


X
*(� ��� )�� ��)���� )�
 -

��"	�.� '
n
*(���<��� +���" '(
�� 1��� �
Th(A)

-!��� ) � +	4�� ),�"+A
�7�� /�),� - ��"	�.� '�� - 1
�¿�_�'&;�0/Z¤�¢"46�m§ = v @�Yl�Xbmu.�t[D�j���m���mupd`f2�mW"�{k�\_f2[ z ���t�mW

n
U��
X

^�2t�tu.� dgf�d`d z U���[lf��mWtf�V
s
b x � � �

d`U�dgf�[ � f2Vik&2t^��{[9� ^�d \��{�t�&�mU2VXWt���Df��mWtf�V
X ′ f��mW X ��f�d-dgbm^�dgbm[lhibmu�s z [lf��Xbm[9� ��� s(n)+1

f�[lf2h�*
�mU2�tf��Ã^�U2��u2�6bm[ h£bju

A
� � bmV z U��$[lf2�jWtf2V

Y = aclA(X ′)
� �$kHk&�t^

Y
b x � � � dgU�dgf�[{�`u�f2^`Y VXd

A
f��mW

�mU2�tf��-^�U2�`u��6bm[ h£bmu2b z h'f2[]W�u7�j^�d
A
h *��tf�[lf�dgf2Y ^`f�Y �2���6b

f
f2�mW

k
� �)�m[ d��tu2sm��\��{�t�&�mU2VXWJ�`u�Ylh � sj�

[ o{h U2�
ā ∈ kY

z bmkHk&�t^
f(ā)

bm[ �tf � ^`bmY
Y
\_f�[lf�d`d z h'f2^µd×f�u�bmuÌf2�mWmf�d`[lf2V£f2[lf�h z h'f2[]W kJY f2[ U2���]dgY

b
v = f(ā)

\��t^�h�o{[D�ed��B�$u�U2^�d�b x � � � [lf�hihib¿hiYlbjd`d
f(ā) ∈ Y

�B� [ U2�'dgf2���jd"h'f2�mh�o}drbedgV{Y z
���m�mW

Y
f2�jW

n
�Ýf2[lf�hiY�^`U2��u

A
� � bmV��

v�y{v



�Df2�mWmf2V
ϕ(v, w̄) ∈ Formn(L)

�Zbmu v � vLw = v @*d`U�d`f2[���u2f�^`YlVXd«bmu�d�kjf2[l[OYl�Xbju��t[ V{Y z ���m�mWc�{b
ȳ ∈ nY

U��
A |= ∃vϕ(v, ȳ)

z bmkHk&�m^ �jbmVP�t[]WXbmV
b ∈ Y

z h'f2[]WJ^`f
A |= ϕ(b, ȳ)

�$Q�f2�mW"�{k
d`f2���ed
\_f�[ z ���t�jW

A |= ∃vϕ(v, ȳ)
z U2�Ì[lf2�jWtf2V

a ∈ A
�m[ WXbjV�f�[lf2h z h'f2[ WJ^�f

A |= ϕ(a, ȳ)
� �"b

a
bm[]�

�tf � ^gbjY
ȳ
\_f2[lf�d`d z bmkHk&�t^ z hiY?�tf�[

Y
bm[ �tf � ^`bmYl[lbm�Ìu7�m^µd z b x � � � [lf�hihib���u2f�^`YlVXd

a ∈ Y
U2� kjU2�`u�f2V

�jbm�mWJo{V}k;� � [ [lf�V{kmf�u�+�f2��f�d � f�V
a
d`^gbmV{��u���f2V{a{f�V{�

ȳ
\_f2[lf�d`d2��R x � � w [lf2h'hib�h'Y bjd�dOf�u2U�^�d h'YlVq�

a{f�V
ȳ
\_f2[ f�d�d�dg^`bmV{�`u.�2f�V{a{f2V}�

b
f�[lf�hi^�f¿Yl�Xbmu z ���t�jW

tpA(b/ȳ) = tpA(a/ȳ)
�
�$u�U2^�d

ϕ(v, ȳ)h'YlV{a}f2V
ȳ
\_f2[lf�d`d dg^`bmV{��u��2f�V{a{f�V{��f2[ f2h'^`f*dgf2[F
�f2���{[�� 6�Yl��u��tVXd

|aclA(ȳ)| ≤ s(n) < |Y |
z dgf����jd

Y
� � bmV�Y �B�mbjV�f��mW

ȳ
\_f�[lf�d`d�d`^gbmV{��u���f2V{a{f�V{�

b
f�[lf�h z f2u«bmupf2[ f2h kHYlf�[lU���� d`Y

ϕ(v, ȳ)
�Ýd��

= � @�����2tu f2[�+t�`u.2t^¿hif��1
�f��mWtf�u2u.�{k z ���t�jW
A
hiY V{Ylhibm[lY]d/�m�`b hiYlbjd`d

A
P �t^`[ f�WX��^`bmV{�7
`b vtz

U���f2u�U2^µd
A

�tU��mdgf�[lf2V(�6bm[lhibmuj� �Df2�mWmf2V h'YlV{a}f2V
n ∈ ω

�Ý^gb
φn

bmuib \��t^�h�o{[lb z ���t�mW � �jbmV
[ f2�Xbm[9� ��� V k"�}[92tV � 2tu�+ f�[lf2h  r� P�YlV{a}f2�mWJYlk

φn
Yl�tbmu

A
� � bmVB� ��bch��m��d

Th(A)
�tU��tf2��f2V

b MqY��th£bedgYlu��m[l�{bjdgs [ f2V{V{f z bmkHk&�t^�f��tU��tf2� ���mk(b MqY sth£b k&�tV3
�o{V{k&��Yls 
��ed �tU8�tf�f2�mWmf�d`[lf2V \��m^µ�
h�o}[D�jd*kebm~{V��mV{k z hif�[ WJV{f2k = v @��`u�f2^�YlVXd"[ f2V{V}fN�mU2�tf��"h��qa}f2[l[F
�f�Yl� z �jbm�mWJYl�*f«k&�tV 
�o}V{k&��Yls � st[
f�[lU2� V6bj�mW

n
��^`f�V}f2h k)23�mf�d`kmf2u�V{f

φn
�$Q�f2���ed�f��mW Y [ Wtf�V!�tU��tf2�Ìk&�tV3
�o{V{k&��Yls � st[DV{f�h k&21�mf�d��

kjf2u2�}f�d�hiY V{a{f2V
A
� � bmV�Yl�Xbju"\��t^`h�o{[ b}�

R x � � y d`U�d`f2[ U2^ �tU2VXW � f2V hibm^gbma
ℵ0

��kebjd`f2���m^`YlkHo{� z
ℵ0

����dgb � Y [$��dg^�o{kXd�E{^��mk f2��f�d`U � f2V Y �2�
� ��� f2V�bmu��m[ dgbm[D�jV��t�×f��`f�d � f2VcY ��k&2tu�~5�mVHd`YZ�`u2f�^`f�~8f�d	
��jd`�`u2bmV6bmk b¿h'YlV{Y h��j[lYl� �6bj[lhibmu��tk'U2�
�µdg^`o}kHd�E{^��jk z �jbm[lbmhiY VXd�f2u�f2k�bm[ �tf � ^gbmY z �tf.�th'f�dg^�Y bmY;dgo{[lb3
�a��tV}���m�XbjY z bju bjo}d��th��t^ �6u2h�o}���2���j�
~0�t^�d�
�o{k'�`u2f�^`kjf2u2f�dgf z �µd � � � dgo{[lb3
�a��tV}���m���mk � st[;h�o}dgbjdgo{V}k � f�bm[9� ��� f��mW
kjf.�tf��`f�d z hif�[ Wmf��
kjf�dÌkmU���+ ��� k&2tu8�tf�d`[lf�V"�}[�Y �*bm[lkebm[ h£bju2o{V{k'hib3
�a bm[l�tf � ^gbjY�~{^�� � [lU�h��jk��JYlu��`�Q�m[lbjd/�j^gb}�
�B§ @(@ §��Ã�E� � �B§0���	��
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�¿�_�'&;�0/Z¤�¢"46�m§�R x � � � [ f2h'h£b¿h'Y bjd�d

aclA
bm[l�mf � ^`bmYD[lf�u7�m^��m�`Y �t~;f2^��ed��t^ z f�u2U�^�d�f�[lU��
b x � y'!

a{f8�6V����2Yls � bmV ��u2f2^�f2~{[�+ o}d��m[l�`s�dgo{[lb3
�a��tV{���m���md�f2[ [lf2V�+t^`Y u2V{Y�� R�V{a}Yl^`f�kXd¿hisJa��tV dgf2�jW%�}k \_f2[ z
���m�mW

a ∈ aclA(X∪{b})−aclA(X)
a}f
b
V{f2h bm[l�tf � ^gbjY

X∪{a}
\_f�[lf�d�d��
P�Y��mf2[

a
bj[l�tf � ^gbmY

X ∪ {b}
\_f2[ f�d�d z �jbmVP�t[]WXbmV

ϕ(v, w) ∈ Form(LX)
\��t^�h�o{[lb�U2�

n ∈ ω
�`u��mh z ���t�mW

= v @
A |= ϕ(a, b)

U��
| ||ϕ(v, b)||A| = n

�

b
��V}f2k£f�u«bmu = v @�� � f2V ��u2f�^`f2~}[9+¿dgo{[lb3
�a��tV}���m�Xb�kHY]\_f�
�f2u��{f�d�+ f2�mW

X ∪ {a}
� � f2[ Y�f2[ f2h'f2kjf�d*~6be�

^`bmhiU�dgf�^`kmU�VXd"drbj^�drbj[lhibmu2s f2[ ��+t^�f2V{a�*�\��t^�h�o{[D�7�jbm[��×Q �3�)� ��� �iY V{a{Yl^�f2kXd*\_f2[]dgf.�mU2���{V{kc��u2f�^`YlVXd
b
V{f2h bj[l�tf � ^gbmY

X ∪ {a}
\_f2[lf�d`d z f2u2U�^�d'�mU2�md`f2[lf�V ���tk��t[]WXbmV

b′
f2[lf�h �jbmV

A
� � bmV z h'f2[]WJ^`f

= v @�dgf�[�
�f2���{[��¿R�u�= v @��ÝV{f2k�f2[ f2�tf�d«d`f.�&+
b′
f2[lf�hif�kc�6bj[lhibmu�b

X ∪ {a}
\_f2[lf�d`d«a{f8�6V{YD�j[l�6bjd`s z

f�u2U2^µd
A
h'YlV{Y h£bm[ Y d��m�gb¿h'Y bjd�d�= v @ �mU2�tf�� ���tk =�h��tV{a3
�o{kch a{bm^gb � @�kHY?�tU�d`f2[ [lf2[

A
h'YlV}a{f2V

��� f�[lf2h'U2^�f dgf2[F
�f2���{[�� �$uco}d`s ��� Y �m[ [9� d��m��bju��tV � bmV
a
��V6bjk f2�mW f�[l��+m^`f2V}a�*¥d`o{[ b3
�a��tV{���j�Xb z

h'f2[]Wtf�d � �mW£\��m^`hibm[lY u7�m[ �6bjdgo}V{k@�
= � @ bmk �m^`���m�mWXbmVP�)�m[ bj�`u�d`o{V{kik"�}[92tV � 2tu�+

b0, ..., bm
f2[ f2h'f2kmf�d z [ f2�Xbm[9� ��� f��mWJYlk4�{kH^`f

dgf�[�
�f2���{[lV}Y�\��t�
ϕ(a, bi) ∧ | ||ϕ(v, bi)||

A| = n
�

v�yH�



�$u0b \��t^`h�o{[ b �2�`bmk
X
� � f2[lY�~{bm^gbmh'U�d`f2^�f2kmf�d
drbj^�drbj[lhibmum� ,Ì�mWXbjV6bmkHk&�t^

a
V{f2h bm[ �tf � ^`bmY

X
\_f2[ f�d�d z f�u2U2^µd	�tU2�jdgf2[ f2V'���tk

a′ ∈ A
��u2Y VHd`U2V'kHYlf2[ U2���]dgY = � @Ý�Ýd2� �$u z h'f2�tY VHd

A
h'YlV}Ylhibm[lY]d/�m�`b

h'Y bjd�d¿bmu�dJ
�f2[ f2VXdgY z ���t�mWL�mU2�tf��i���tk z h��tV{a 
�o{k
k
a6bm^`b � kJY?�tU�dgf2[ [lf�[N= � @ d`f2[F
�f2���}[�hiY V{a{f2V

a′ ∈ A
��^gbq�

�"b
a ∈ A

z bmkHk&�t^"[lf2�jWtf2V
B(a) = {b ∈ A : A 6|= ϕ(a, b) ∧ | ||ϕ(v, b)||A| = n}

� ��b
a
�Ý^gb = � @-d`f2[F
�f2���}[ z bmkHk)�t^

|B(a)| ≤ m
�

6'�j[ bm���`u2o}V{k h��t�µd
A
� � st[

n+1
a6bm^gb � ~��m^��tV{kjU2VXd�k4�{[�2tV � 2tu.+

a0, ..., an
f�[lf�hif�d z hif�[ WX�

f�kJ^�f = � @'d`f2[F
�f2���}[�� P�Y��mf2[
B(a0) ∪ ... ∪ B(an)

[lf2�j\_f2[�
�f ���
(n + 1)m

f2[lf�h * z �jbmV f2�mW
b ∈ A− (B(a0) ∪ ... ∪B(an))

f2[ f2h � �$kJk)�t^ÌhiY V{a{f2V
i ≤ n

�Ý^`f�d`f2[�
�f����{[ z ���t�jW

A |= ϕ(ai, b) ∧ | ||ϕ(v, b)||A| = n
�

�$u�bju��tV � bmV [ f2�{f�dgf�dg[lf�V z hif�^�d
a0, ..., an+1 ∈ ||ϕ(v, b)||A

f��mW
n+1

�Ýf2[ f2h *i^`U2��u2�6bj[lhibmum�

	 f��th'f�d`^`Y bjY8[ f2u7�j^��m��Y �t~;f2^��ed��t^�^gb�drbj[D�mV�b¿[lf��Xbm[lbm~Q�tf�d�+ ��� ~;U2[la{b¿b k)21�tf�d`kmf�u�+{� �Df��mWtf�V
V
f2�mW �mf2kXd��t^µdgU�^ =_d`f�d`�`u�+m[lf2�mf2�id`f2�µd£\_f2[ f�d�d @�U2�ihiY V{a{f2V

X ⊆ V
�Ý^`f [lf��mWtf�V

c(X)
bmu

X�m[]drbm[��tf�V{f2^��m[ d�bm[ d`U2^2���$kHk&�t^ z hiY VXd�Yl��hif�^`f�dgf2� z �jbm�mWcbmk �m^�k)2tV{VXWtf�V(f2[ [lf�V�+t^�� u2�{f�d�+ z
c
f��mW

�tf.�th'f�dg^�Y bmY8[lf�u7�m^��m�`Y �m~8f�^��jd��t^2�
�Df2�mWmf2V h��t�µd

c
d`f�dg��u�+t[ f2�tf��i�mf��th'f�d`^`Y bjY�[lf�u7�m^��m�`Y �t~;f2^��jd��t^
�jbm[lbmhif�[ W

V
�6bj[lhibmu��tV z

U��¿V{f.�mf2u2u.�{k
X ⊆ V

��d¿u7�m^µdgV6bjk z �{b
X = c(X)

�:�$kHk&�t^ bmu�2t�`��u2f2�'u7�j^�d¿�6bj[lhibmu��tk � st[
�m[ [ls

{c(X) : X ⊆ V }
�6bm[ h£bmu�^`f�V{a{�`u�f2^µd�~{^�f2�tf.�thif�dg^�YD�mV6bjk&��u��tk �m��V{f.�mf2u2V}Y�� n 2mV{VXWtf2V

�jd`���tV{a��t[l�6bedgs z ���t�mW f��mW
V
�6bm[lhibmu�^�U2��u2�6bm[ h£bju�bmY V6bmkcf��mW �2�`bm[D�ja 
`b hiY k&�t^�bju��tV��m� f��mW

�tf.�th'f�dg^�Y bmY$[ f2u��m^��m��Y	�t~8f�^��jd��t^«u7�m^µd��6bj[lhibmu�bmY V6bmk0^�f2V{a}�`u2f�^`U8�tf2[ z �l�mW&b�~{^`f��tf��th'f�d`^`Y9�mkebjd
d`Yl�`u�d/�mV&k&�mh � YlV{bjd��t^�YlkHo{�«hisJa��tV Y �«d`o{a 
�o{k�
�f2[ [lf�hif�u2V{Y��iR �tU��tf2�¿bj[ bm~{�{bm[lhibmu�E ~}^`f2�mf��j�
h'f�d`^`YD�jkjbed�hibjdg^��tYla��mkJV{bmkiY �*V{f.�mf2u2Y k@�

�Df2�mWmf2V
G ⊆ P(V )

f��mW�~{^�f2�tf.�thif�dg^�Y b
V
��V��

G
�ÝdÌ�tf.�thif�dg^�YD�mV6bjk£V{f8�tf2u�u��{k z �{b

∅ ∈ GU���h'YlV{a}f2V
a ∈ V

��^`f
{a} ∈ G

z bmu�bju z �6b£bju �{^�f2���6bm[lhibmupU2� 6 2m�`�`u�f2��f2�mWmf2[lf�h *c^�U2��u2�6bm[Û�
hibmu�b =_~5�tVXd�
`bQ@�u7�m^µd��{bm[lhibmum�-�$�mWtf�V{f2��f2kHV{f�kcV{f8�tf2u��{f�d`V{U2V}k0bmu.�tkebjd�b'u��m^�dÌ�6bm[ h£bju��tkebjd z
h'f2[]Wtf2k£kmU�d`f2[ f2h *�^`U2��u2�6bj[lhibmu��tki[lf�u7�m^µd;
`bmY �{��� k&�tkHV6bmk V}f.�tf�u2�{f�dgV{U�V{k�b'���j^��th'f2[ f2h *��6bm[Û�
hibmu��mk«[ f2u��m^�d�
`bmY d2� | f.�tf�u2f�dg�{f�dgV{U�V{k'b"~{^��3
�f2kXd��?���tf.�th'f�dg^�YD�mkebjd2�Df2u�f2k¿bmu.�tk b"�tf��mhif�dg^`Y9�mk z
h'f2[]Wtf2k � f2V � �m^`h'f2[]W
kjU�d z k)2tu�2t����� kjbjV�\_f�kQ��+
f��mWtf�V{f2��V{f2kP�jbmV�k)2tu�2m��~0�tVXd;
`b}�	6�U����{[Zf2h¿�
[ U2kmf�u�d`f�d��}V{k ^�� z ���m�mW b 7 � f2�gbj^`�to{f��'d`U�d`f2[��`u�f2^�YlVXd z �6b kmU�d'���j^��th'�`u.2t� ~8f�^`��~8f�kHd���� f��mW
~0�tVXdg^`b z bmkHk&�t^pf��mW f2�jWtf2V}f2�`^�f£Y ��~8f�^`�`~;f2kXd����tf�k@���$u V{f2h dgf2[F
�f2���{[$hiY V{a{f�V =�f2[�+ ��� Y�U2^�d`f��
[ f2h � f2VL�mf�d`d/@�~{^�� 
�f�kXd���� ���lkH^`b =�bmu�bjuG�t[ WtbmV ~{^�� 
�f�kXd����(�tf��mhif�dg^`Y9�m^gb z hif�[ WJV{f�k bm[ bj~{�6bm[Û�
hibmu�b f2�mW w f2[lf�h *(^�U2��u2�6bm[ h£bju£[lf�u7�m^µd;
`bQ@ z �JY �`u��mVHd�hiY V{a{Y ��d`f2[F
�f2���}[ z �{b0b��tf.�th'f�dg^�YD�mV}k
[ f2�Xbm[9� ��� w a{Y hif�V{u2Y st��=�bmu2bmu �jbmV � f�V{V{f��t[ WtbmV w f�[lf�h * ^�U2��u2�6bm[ h£bju z h'f2[ WJV{f�k0[lf�u7�m^µd;
`b
V{f�h bmuÌf2�tU��`u�bj[ bm~{�{bm[lhibmu1@�� ��b b 7 � f2�gbj^`�to{f��-d`U�dgf�[;d`f2[F
�f2���}[;f��mW ~{^�� 
�f2kXd��?� �tf��mhif�dg^`Y9�m^gb z
bmkHk)�t^�bmu �Ýk&�"�t^`a}YlV��jd��mu2�{bjdgs  g�
bmu�Yl[]Wtf2V �mf��th'f�d`^`YD�jk =�h'YlVXd��6bj[lhibmu2^�f2V{a{��u2f�^`f2k%@Ãd`f2�µdgf2k'\_f��
[ f�d`d`YB~{^�� 
�f2kXd��?�
dgf�^`f�k � +t[D��u7�m^�h£bmu�drbjd`�6bjd`stk@�

�$u2u�f2[*�tf��mhif�dg^`YlbmY dgf2^�hiU��`u�f�d�*°��d`^`o{kXd�E{^��mk@� ~{^�f2�tf.�th'f�dg^�YD�mk z �tf.�thif�dg^�YD�mk z ~{^�� 
�f2kXd��?�
�tf.�th'f�dg^�YD�mk z 7 � f��gbm^��to{f��µ�Ý\_U�[lfp~{^�� 
�f2kXd��?� �tf.�thif�dg^�YD�mkif2�mW �}Ylf2^`bm^��r�}YD�3
��jd�kjbj~"
�o{k@�

v�yXw



� �tf.�th'f�dg^�YD�mk \��tVXd��m� ��u2f�^`f2~;f�d

��jd`�`u�bjV6bmk bmu
ℵ0
�Ý��drb � Yl[���dg^�o{kXd�E{^��mk �`u�f2^�kmf2u�f�d`U2V{f�k

[ f��l^��m��� � bmV Yl� z Y [l[lf�d��mf h��Ja{f2[ [lf�[lh'U2[lf�dgY dgf.�r�{V{Ylk �mk ��f2���]dgf�d`dgf�k f2�mWmf2�i�tf��th'f�d`^`Ylb&�t�`u�d/�m[]W��tk
d`f2[�
�f����ed`dgf�kHYlVXdgU��`U � f2V����$u2f�k(b kjbj~5�����t[lbjd��tk V{bm�mW��mV hif��`��u2Yl^�f��mf2u2f�dgV{f�k z h'Y$Y d�d�h'f2�mf��
[ U2�t��u��{V{k0bmV{VXWJY
f2^�f2a{h'U2VXW kHYlU�~�� d`U2�`U8�tf�[ z bmh'f2V{VXWJY
d��1�)� ��� Y �JYlu2���Q�m[lbjdrbmY V{kH���tu �`u��}kJ��U2�tf��
[ f2�`uj�

R"u«f2[�+ ��� Yla{U�u2f�d�d z 7 � f2�`bm^`�to}f2�µ��\_U2[ f �tf.�th'f�dg^�YD�mkH^`b
�&�tV6bjd`k&�tu�s
^`f�~{^`f�u2f�VHd��&�2Y st��d`U�d`f2[�Yl�
kHYlf�hif�[lY$bP�tf�kHd��t^�d`f2^�f2k&�`u2f�^`f�~8U�d�� R"uibm[D� ��� Y$a{f.�{V��9��stk U2�«[lf2h'h��mk0h'YlV{a �tf�kXd��t^µdgU2^ � f�[lY
k)�tV{��d`^`o{k)�2Y stYlV{kidgf2^�hiU��`u�f�dgf��J�j[ drbj[D�mV��m��� d��m�gbjY��
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�¿�_�'&;�0/Z¤�¢"46�m§ = v @ � Ylu��mVHW"�]d/�m���m���tu�b � �t^`VJ��[lf�hih��jd«\��t�7
�o{k bm[ kebm[lhibmu2V}Y�� �Df2�mWmf2V

H =
{Y ⊆ X : Z ⊆ Y

U2�
Y
\��}�t�tf�d`[lf�V

}
�P�$kHk&�m^

H
�Ýd b�drbm^µdrbm[ h£bmu��m��^`U��`u � f�V{^`f�V{a{f2u�Y��

Hh'YlV{a}f2Vp[lY V{f7�m^�Yl�`bmV�^`f�V{a{f2u�f�d�d
^`U��`u��6bm[lhibmu��mV6bmk�o{V{Yls3
��jdZYl�Ddrbj^�drbj[lhibmu2u2b z hif�^�dZ�6b
H0 ⊆ Hf��mW�Y [ Wmf2V�[ YlV{f��m^`Y �gbmV ^`f2V}a{f2u�f�d`d ^�U2��u z bmkHk&�m^

Z ⊆ ∪H0 ⊆ X
��Q �1�&� ��� � z

∪H0

\��{�t�tf�dg[ f2V�Y �2�
�6b

a ∈ c(∪H0 −{a})
dgf�[�
�f����{[ V{f �jbm[ f2h'f2[ W

a ∈ ∪H0

�Ý^gb z bmkHk&�t^×hiY?�tf2[
c
bm[l�mf � ^`bmY@[lf2u��m^��j�`Y

�t~;f2^��jd��m^�Yl� z [lf2V}V{f
�t[ WtbmV��tU��tf2�
E ⊆ ∪H0 − {a}

z h'f2[]Wq^�f
a ∈ c(E)

� 7"f
H

[lY V{f7�m^�Yl�`bmV
^�f2V{a{f�u2f�d`d z f�u2U2^µdp[lf�V{V{f
�t[]WXbmV

G ∈ H
z h'f2[]Wq^�f

a ∈ G
z
E ⊆ G

Y �"\_f2V}V��m[l[���� u'bmu.�tV � bmV
[ f2�{f�dgf�d`[lf�V z h'f2^�d

G ∈ H
hiYlbjd`d

G
\��{�t�tf�dg[lf�VB�

R � �t^�Vq��[ f2h'h£b�dgf����jd*bj[lkebm[lhibmu��6bjdgs
H
�Ý^gb z [lf��mWtf�V

I ∈ H
hib MqYlh��m[lY �2� �$kHk&�t^

Y ⊆ IU��
I
\��{�t�tf�dg[lf�VB� R"u�d kjf2[ [$Yl�Xbmu.�t[lV}Y z ���t�mW

I
�tf2V{f�^��m[F
`b

X
�Ýd2�¿QOf��mW"�{k \_f2[ z ���t�mW f�uiV{Y V��2�

� �mWt� �$u bmu�d�
�f2[ f2VXdgY z ���t�mW �jbmV f��mW
a ∈ X − c(I)

f2[ f2h �
I
hib MqYlhibm[ Y d/�j�gb hiYlbjd`d

I ∪ {a}
V{f�h [lf��{f�d�\��}�t�tf�d`[lf�VB��� u ���gbmk�E}�mW [lf��{f�d z ���t�mW��jbmV&f2�jW

b ∈ I
f�[lf2h z h'f2[ WJ^�f

b ∈ c((I − {b}) ∪ {a})
�$R"u.�tV � bmV

I
\��{�t�mf�d`[lf2V�U��

c
�tf��th'f�d`^`YlbmY8[ f2u��m^��m��Y �t~;f2^��jd��t^ z f�u2U2^µd

f�kJk)�t^
a ∈ c(I − {b} ∪ {b}) = c(I)

k)21�tf�d`kmf�u2V{f z f2[ [lf2VXd`h��tV}a��jb
a
�)�m[ bj�`u�d��m���jV6bmk@�

= � @�Y �Xbmu.�t[D�m���m���tu¿Y V{a{Y ^`f2kXdph'sqa��tV dgf2�jW%�}k \_f�[ z ���t�jW
Y
U��
Z
kmU�d � �ju2Yl�`b

X
��V{f�k z U2�

���m�mW
|Y | < |Z|

� �$[9+m�`u�2m^��JYlu��`�Q�m[F
�o{k°bmu�d
bmu0f��`f�d`f�d z bmh'Ylk)�t^
|Z|

�tU2�jdgf2[ f2VB�ÐP Y��tf�[
cbm[ �tf � ^gbmY$[ f2u7�j^��m��Y �t~8f�^��jd��t^ z

Y
hiY V{a{f2V

y
f2[ f2h'f � f�V{V{f��jbmV

Z
f��mW&bm[lkebm[ h£bj�J�tU��tf2�

Zy^�U2�`u�U2V{f�k��tf2V{f�^��jd`o{h�� � bmVB�	�$u�U2^�d
Y ⊆ c(∪y∈Y Zy)

U2�Ìh'Y��tf�[
Y
�tf�V{f2^��m[�
`b

X
��d z

(∗) X = c(Y ) = c(∪y∈Y Zy)
�

Q �1�&� ��� � z �{b
Y

�tU��tf2�cbmkHk&�t^ z
∪y∈Y Zy

Yl� bmu z Yl[ [lf�d��tf z �6b
Y

�mU2�md`f2[ f2V z bmkHk)�t^
|Y | =

| ∪y∈Y Zy|
�'P�Y V{a{kmU�d«f2�`f�d � f2V

| ∪y∈Y Zy| < |Z|
z f2u�U2^µd��jbmV&f2�jW

z ∈ Z − ∪y∈Y Zy
� � u

v�yty



�JYl��u��tVXd
(∗)

hiYlbjd`d*bju�d 
�f2[ f2VXdgY z ���t�jW
Z
V{f2h \��}�t�tf�d`[lf�VB�

6�U����{[;bmu�d×bjuÌf��`f�dgf�d �JYlu��`�Q�m[F
�o{k z bmhiY k&�t^
Y
U��
Z
Yl� �tU��tf2���ÃP�f2�mh�o}drbed;
�o{k z ���t�mW¿�{b

YV{f�h�^`U2��u2�6bj[lhibmu�b
Z
��V{f�k z bmkHk&�t^

Z
�jdgbm[ bmk4�]dg�6bjd`s*f2�mW��t[]WXbmV

Z ′ � �mu�Yl�`���"h'f2[ WJ^�f |Z| = |Z ′|U��
|Y ∩ Z| < |Y ∩ Z ′|

�B� �}�{f2u [lf2�jWtf2V
y ∈ Y − Z

U2�����t^��t[lo3
�k£\_f2[
Z
f2[lf�hif�Y d E{�mW z ���t�mW

Z ∩ Y
f2[ f2h'f2Y d�d`f2���`u��}k&f�[9+t^�fm�

Z = {z0, ..., zn−1}
�£P�Y��mf2[

Z
� �mu�Yl� z �jbmV&f2�mW [ f2�tkHY �`f ���

i < n
�`u7�jh z hif�[ WJ^`f

y ∈ c({z0, ..., zi})
��Q �1�&� ��� � z h'Y��mf2[

Y
\��{�t�mf�dg[ f2V z

y 6∈ c(∅)
z f�u2U�^�d

y ∈ c({z0, ..., zi}) − c({z0, ..., zi−1})
�
c
f2�mW
�tf��th'f�d`^`YlbmY�[ f2u7�j^��m��Y �t~8f�^��jd��t^ z f2u�U2^�d

(∗∗) zi ∈ c({z0, ..., zi−1, y})
�

6 f��mW"�{k hiU���U2��u2^�f z ���m�mW
zi 6∈ Y

z hif�^�d-f2[l[ f2V{kjf2u.+�f2��f�d � f�V�b«\_f2[ ���t^��t[D�j�	�)�m[lbm�`u�d/�m�`b h'Y bjd�d
z0, ..., zi−1 ∈ Y

k)23�mf�d`kmf2u�V{f z bmh'Y
(∗∗)

hiYlbjd`d$f�[l[ f2V{kHh��tV{a6bmV{b«bjV{V6bmk z ���t�mW
Y
\��{�t�tf�dg[ f2VB�

�Df2�jWtf2V
Z ′ = Z − {zi} ∪ {y}

� 6"Yl[9�m���t� z ���t�mW
|Z| = |Z ′|

U������t�mW
|Z ∩ Y | < |Z ′ ∩ Y |

�
�$u2U�^�d£bmu�d'kjf2[l[*f�[l[lf�V�+t^�Ylu2V}Y z ���t�jW

Z ′ f2�mW � �ju2Yl���¥R�u�Y � VHWJY [��)�mVQ�jbm[ls z ���m�mW
(∗∗)

hiYlbjd`d
zi ∈ c(Z ′)

U�� �l�mW ~8f�^`��u2f
Z ⊆ c(Z ′)

�K�$u2U�^�d
X = c(Z) = c(Z ′)

bmu2bmu
Z ′ bmu X f��mW

�tf�V{f2^��jd��m^`^`f�V{a{��u2f2^�fm�×P �t�µd�h'f2�mh�o}drbed;
�o{k z ���m�mW
Z ′ \��{�m�tf�d`[lf2V�Y �2�

�"b
y ∈ c(Z ′ − {y})

dgf�[�
�f2���{[lV}f z bmkHk)�t^
(∗∗)

h'Y bed`d

zi ∈ c({z0, ..., zi−1, y}) ⊆ c(c(Z ′ − {y})) = c(Z ′ − {y})

k)23�mf�d`kmf2u�V{f z �jbm�jWqY � z h'Y��tf�[
Z ′ − {y} = Z − {zi}

z bmu�d kebm~}V��mV{k z ���t�mW
Z
V{f2h \��{�j�

�tf�dg[ f2VB�
�Df2�mWmf2V h��t��d

j 6= i
U�� dgf��mW"�{k \_f2[ z ���t�mW

zj ∈ c(Z ′ − {zj})
��P�Y��mf2[

Z
� �mu�Yl�N���t[]d z

zj 6∈ c(Z ′ − {zj, y})
�$hiYlbjd`d z h'Y��mf2[

c
�tf��mhif�dg^`YlbmY�[lf2u��m^��j�`Y �m~8f�^��jd��t^ z

y ∈ c(Z ′ − {y})
�

�$u'�JYl�`u.�tVXdÌ[lf2�}f�dgf�dg[ f2V bmupf2[�+tu�+ � f2kmf�u2a{U��"��u2f2^�YlVXd��
R�V{a{o}[�
�o{V{k(kJY

Z
� � +t[ z U��ibju f�[9+tu.+ ���tV{a��t[ bjd`hif�V{f�d¿bm[ bm~4
��mV dgU2^$
��{V{kK�ed'b

Z ′ z Z ′′ z � �]�
� �ju2Yl���tkH^gb«f2�tU��`u2f�V�bma{a{Y � z h�� �

Y
dgf�[�
�f��-f��tU2��u2U � f2V ^�U2��u2f�V{f�h [lf2��u �jbm[lbmh'f2[ WJY k

Z∗ � �mu2Y �µ�
V6bjk;�ÃP Y��tf�[

|Z| = |Z∗| > |Y |
z �jbmVif2�mW

z ∈ Z∗−Y
f2[ f2h � �$u�bju��tV � bmV£[lf2�}f�dgf�dg[ f2V z hif�^�d

h'Y��mf2[
Y
bmu
X

f2�jW � �mu2Y �gb z
z ∈ c(Y )

z o{�mWXbjV6bmkHk&�t^
Z∗ Yl� � �mu2Y � z f2u2U�^�d�b Z∗ − {z} ⊇ Y�6bj[lhibmu�[lf�u7�m^µd;
`b�V{f�h drbj^�drbj[lhibmu2�6bedgV��
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�B§ @ =D§��Ã�E� � �B§0���	��
�� -
A
" '

B
/�" �

L
*�' �6� %(/0�6K@� ) " ' �<�	��
�� -

f
�	��
 ���<��� + �<� /�"�#��(
�" ' )�


X ⊆ A
" '
Y ⊆ B

/�)���� )�
�4 / /�F�
�F0� � 1 2 / /�4�� f /0+.�8���)D?� '(
*�)/�� �8� �	��
 g : aclA(X) → aclB(Y )���<��� +��<� /�"�#��(
�" ' '�" 1
�¿�_�'&;�0/Z¤�¢"46�m§*Q�^gbmV{��u.�6V}Y d�^`f2kHo{^�u2Y s3�jbm[Zk)�tV{��d`^`o��j[�
�o{k�h'f2�

g
��d�� �Df2�mWmf2V

aclA(X) −X =
{ai : i < κ}

z [lf��mWtf�V
f0 = f

� �Df2�mWmf2V
j ≤ κ

U���dgf��mW"�{k \_f2[ z ���m�mW�hif��Xbma}d`o{k�h��j^Ìf�[lf�hiY
[ f2kmU�~8f�u2U��`f2k«f2�jWpV�21��+

〈fi : i < j〉
���t^��mu�bjd��jd E{�mW z ���t�jWphiY V{a{f2V

i < j
�Ý^`f

ai ∈ dom(fi+1)
�

��b
j
[lYlh'f2��u2^�f2V{a{��u7�mh z bmkHk&�t^�[ f2�mWmf2V

fj = ∪i<jfi
� �Zf��mWtf�V�h��t�µd

j = i+ 1
^��mk)23�mf�d`kmf2u.+{�

�$kHk&�t^
ai

bm[ �tf � ^`bmY
X

\_f2[lf�d`d z d`f2���ed!�jbmV �t[ WtbmV
ϕ(v, x̄) ∈ Form(LX)

\��t^�h�o{[lb U2�
n ∈ ω

z ���t�mW
A |= ϕ(a, x̄)

U��
| ||ϕ(v, x̄)||A| = n

�!6C�m[ bj�`�`u�o{k
ϕ
�Ýd�E{�jW z ���t�mW&b����tu2u��

dgbm^�d��tu2s
n
b�[ f2�{f�d�+�[lf2�mkJY �`f ��� [lf��mWtf�VB� � �jW(Y [ Wtf�V

ϕ
\��t^`h�o}[ b b

p = tpA(ai/X)
d�� ~{o{��d

v�y �



Y u��t[9�m[�
`b z �{Yl��u2f�V �6b�f2�jW
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�¿�_�'&;�0/Z¤�¢"46�m§�R�u �q� vLw d`U�d`f2[��`u2f�^`Y VHd

Aut(A)
�t[ Yl���th��t^µ\�� �Df2�mWmf2V h��t��d

n ∈ ω
^�2t�tu.� d`f�d`d

U��«[ f2�mWmf2V
X ⊆ A

bma��md`dC�mU2�tf����6bj[lhibmum� �Zf��mWtf�V
Y = aclA(X)

z f2u'b x � � � dgU�dgf2[$h'Y bed`d
�mU2�tf��2� R"u�d-\��t�7
�o{k � f2[9�jdgV}Y z ���t�jW �6b

ā, b̄ ∈ nY
�t[]WXbmVi���t^��tu�bjd��tk z hif�[ Wtf�k

aut(A)
�`u2f�^`Y VHd

bmu.�tV��t�×~��m[ W��mV!�jbmV{V6bjk z bmkHk&�t^B�jbmV
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�ÝV6bmk

Y
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ā
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�6u�h�o{�`b}�
�Df2�mWmf2V

ā
U��
b̄
kmU�diY [ Wmf2V ���m^��tu2bjd z U2��d`f2�mW"�{k(\_f�[ z ���t�jW bmu

f ∈ Aut(A)
bmo}d��th��t^µ�

�6u�h�o{��^gb
f(ā) = b̄

� �Df2�mWmf2V
f0 = f |aclA(ā)

z f2u�VXWJYl[��)�mV f��mW f2[ f2h'Y�[lf�kmU�~8f�u2U2�
A
� � bjV z

h'f2[]Wq^�f
dom(f0) ⊆ Y

��P�f2� \��t�7
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fi
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dom(fi) ⊆ Y
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Y
z bmkHk&�m^ �jbmVif2�mW

a ∈ Y −dom(fi)f�[lf2h z hif�[ W
dom(fi)

\_f2[ f�d`d�dg^`bmV{�`u.�2f�V{a{f2V}�2��P�Y��mf2[
fi
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fi
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g
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6"Yl[D�j���t� z ���t�mW b

g(a)
f�[lf2h

range(fi)
\_f2[ f�d`d�d`^gbmV}�`u���f2V{a}f2V{� z

U������t�mW
Y − range(fi)

� � f2V Y � �jbmV�f2�mW
range(fi)

\_f2[lf�d`d�d`^gbmV}�`u���f2V{a}f2V{�
b
f�[lf�h��
R x � � w

[ f2h'h£b�h'Y bjd�d
tpA(g(a)/range(fi)) = tpA(b/range(fi))

f2u�U2^µd
f2[ f2h'YX[lf�kmU2~;f2u�U2�µd
kebm~{o{V}k z
�6b

fi
�Ýd�E{�mWcdgf2^$
�f2��u�d;
��}k&kHY z ���t�mW

a
�Ýd b�kHY dgf�^�
�f��`u�d`U2�
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� � f��JYl�jWtfm��� kHY d`f2^�
�f��`u�dgU2��b x � � �
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kHY]dgf2^$
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��V U2^µdgf�[lh'f2u2f�d`d f�[lf2h'Y}[ f2kjU2~;f2u2U��`��U��
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range(fi)
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ω
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dgf�[�
�f2��f2V [ f��jbmVq�

V6bjkK�l^��jb}�G�jbmV � a6bj^gb � =�f2�jWtf2V}kmU2VXd!�mU2�md`f2[ f2V����tk Yl[]Wtf2V �2���t~0�t^�d��mdibma{s4@�k&�mV{��d`^`o{k)�2Ylsm�
h'sqa z h'f2[]Wtf2k

ω
2t���`u�f2�*�`Y h��mV£bm~{~{^��7M}Y h��j[l�6bjd`s ~;f2^�h�o}d��&�2Y s%�����t~0�t^�d�
��jdÃhif��Xbma 
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k)2tu�2md�d �mbjV{V6bmk
V{bm�mW��mV�U�^`a{f�kmf2� z \_o}^��2�`b������t~0�t^µd��tkiYl�2�
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kebjd`f2���t^�YlkHo{� z
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����dgb � Y [-�µdg^`o}kHd�E{^��jk(f2[ hiU�[lf�dgf2YÃV{f�h b MqY��th£bedgYlu��m[l�{bjdgstk �tU2�mf2�`f�VB�L�$V{V}f2k
Y �Xbmu��m[D�m�`b b�k&21�mf�dgkjf2u.+tkmU�~{~¥d�2t^�d`U2V{Y k;� P f2�c[ f2�{f�d�h�o}drbjd`V{Y z ���t�jW hiY V{a{f2V&Yl[]Wtf�V(��d`^`o{kt�
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`b z U2��b
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�t[]WXbmV&��d`^`o{kXd�E{^gbjd`U�d`f2[lf�kmf�d�Yl�pVXWtf�^��{V}k z h'f2[]W bmu
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�Ý��dgb � Yl[$h��Ja{f2[ [lf2kP�}�
V��mhi��u2f2^�kmf�u2f�d`U�diYl�¿[ f��l^$
��mk@� R"u�Y V{a{o{k)�2Ylsm�¿[lU2~;U2� � f�V�bju ��bm[ �tf � ^`bmY-\��}�t�tU2�� 
\��t�tbm[lh��mV6bmk
�m[]drbm[9�mV��t��� d��m�gb£k)2tu2~0�tVXdgY 
�f�[lf2VXd�+t�`U���* z hif�[ W0f��mW � f�V(���tk0d��1�)� ��� Y �JY u2�`���m[ bjd`Y
Yl^��mVXW kHYlY Vq�
a{o}[lst~0�tVXd;
`b�Y �2�	�$u2U�^�d z �{b � �m^�f ��� f�Vcb 
�f��mWJu2f�d � f�V�V}f2h \��t�7
�o{ki�6bm�`u�V��m[ V{Y	=;���gbmk£kmU2��+ ��� Y
�)�m[]d��tu2bjdrbmY � bmVA@ z f�u�d�b¿a{f.�{V��9��Ylsmd*Y a{U2u�u��{k bju bj[D� ��� Y bmk � bmV��

�Df2�mWmf2V
A
f��mW

ℵ0

����dgb � Y [
L
�Ý��dg^�o{kXd�E{^`b"U2��[lf2�jWtf2V

X ⊆ Y ⊆ A
� �Df2�jWtf2V

p ∈ SA(Y )
��R

p|X ∈ SA(X)
d�� ~{o{��d � �mWia{f.�6V}YD�m[F
�o{k@�

p|X = {ϕ ∈ Form(LX) : ϕ ∈ p}
�$R�u�d*h��tV{a 
�o}k z

���m�mW
p
���A7�� )�
*+ /C=�bmV{���t[ o{[!�Ý\��t^�kJ�� @

X
\_f�[lf�d�d z �{b

p
P �t^`[ f�WX��^`bmV{�7
`b"�`u�Yl���t^�E6bmV kHYl��f ��� z h'YlVXd

p|X
P �t^`[ f�WX��^`bmV{�7
`b}� 6"U2���{[8bmu

a ∈ A
f2[lf�h $'&E���.� �6�<� -

X
\_f�[lf�d�d

Y
�Ýdgsm[ z �6b

tpA(a/Y )
V{f2h

�m�tbmu2Y kif�[
X
\_f�[lf�d�d��

�0\��{�t�tf�dg[ f2V{��U2�m\��t�tbm[9�th
ℵ0

���µdrb � Y [X��d`^`o{kXd�E}^��mk � bmV¿k4�{[�2tV�2t��f2V �`u2U�~8f�V �JYl�`f�[lkjf2a{Y k�U2�Od��j�
�)� ��� �m[ dgbm[D�mV��t���]dg�6bjd`s*�mWtf�V{�tU ��� �µdrb � Yl[lY]d/�m���Ý\_f�[ dgU�dgf�[lf2kHV{f�k�f2[ f2�tf�d�d`f.��+�f��`f�dgf2kH^�fÌY ���tf�u2f�k�bmu
�m[]drbm[9�mV��t��� d��m���tk �`u�YlVXdgU�V k&2tu�~5�tVXd`Y��`u�f2^�f2~;f�d 
��jd`�`u�bjV6bmk¿d��1�)� ��� Y8h��Ja{f�[l[lf�[lh'U2[ f�dgY"�JYlu2���Q�m[lbe�
d��tk � bmVB�

6�U����{[�hif��1
�f��mWtf�u2u.�{k z ���t�jW�V{f2h
ℵ0

��kebjd`f2���t^�YlkHo{�*a{f
ℵ1

��kebjdgf����t^�YlkHo{� z �mU2�tf��`f2V b3M}Y��j�
hibjdgY u7�m[ �6bjd`s�f2[ hiU�[lf�dg^`f���bm[F
�o}d�WJYlV bma��md�d*~8U�[la��ed��
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�f�u2f�dgf2k � f2V d�2 ��� �`u.2t^�o}dgbm[ d`o{V{k ^�� z ���t�mW&V{U2���mVXW h��qa{f�[l[ f2[lh'U2[ f�d`Y�\��j�

�Xbj[9�th a{f8�6V��9��Yls 
��ed kH[ bm���`u2Y kHo{� bm[l�tf � ^gbjY�\��t�Xbj[lhibmk h��jdgY��)�m[F
��mk z Yl[ [lf�d��tf�h��Ja{f2[ [lf�[lh'U2[lf�dgY
f�^`f2a}hiU�VHWmf2Y V{k0V{U�hif�[ WJYlkjf bmu¿bm[ �tf � ^`bmY bjk �j[ drbj[D�mV��m��� d��m�gbjYlV6bmkidgf2kHY VHd`�{f�d�+tk@�
� ��� f2V&b£\_f��

�f�u2f�d � f�V b�\��t^`a��]d��md�d×kebm~0�2���t[ bed��md �JYlu2���Q�m[F
�o{k@�$~8U�[la��mkebjd×bma{o}V{k
bm^�^gb z ���t�mW£b 
�f2�jWqu�f�d � f�V
kHYlU�~�� d`f�d�d«d`f��r�{V}Ylk �mk �`f���� d`�`U2�mU.�tf�[����t�jWXbmV �qY u2���Q�m[l�{bjdgstk bj[l�tf � ^gbmY =_f2[ ��+t���t^ � bjV dgf���d`f2kHkmf�[
kebm~0�2���t[ bjd��t�/@ÌkmU2^�a{U2��f2k@� RÝd`dN���gbmk0V}U2���mVXW U�^`a{f�kmf��«d��3�)� ��� Y
kebm~0�2���m[ bjd`^gb
�`u�f2^�f�dgV}U2V{k0\_f�[]�
���?�JV{YDb
�6�mWtf�[lh'f�d z V{f2h �2U2[ o{V{k b¿dgf�^��{[ f�d*��u2Yl��u�d`f2hibjdgY kJo}� � f2h�o}drbjd��m�gbq�

R dgf.�r�{V{Y kjbjYBf2[�+tkmU��`u��]dgU��`f2k oqd/�mV�f2[�+t�`u.2t^ < d`f2Y V{Y d`u�kH[ bm���`u2Y kHo{��dgU�d`f2[ U�d�Y �Xbmu��m[�
�o{k'h£b1
�aB�
bma��md`d kebm^gbjkHd`f2^�Yl�`u�dgY k)�1
�E z h'f2�t��u7�mh'[D�m[ �6bjd`stV��m[ÌV6bm�mW&� ��� �`u7�jh��t�����m�&E bm[ �tf � ^`bmYl[lbm� u��m^�d
d`f2��d`f2k Y u��th��t^��{u2h�o{��f�^`fO
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\_f2[ bja6bjd*�`u�f2^�YlVXd�b

(−∞, cB0 ], (cB0 , c
B
1 ], ..., (cBn , c

B
n+1], ...

Y VHd`f2^ �mbj[l[lo}h��tk ^�f2V{a{^�fpYlu��mh��t^µ\�bmkib

(−∞, aA1
0 ], (aA1

0 , aA1
1 ], ..., (aA1

n , aA1
n+1], ...

Y VHd`f2^ �mbj[l[lo}h��tkHkebm[ z f�u2f�kJV}f2k bmu�Ylu.�th��m^��6u�h�o{���mkJV{bmk bmuco}V{Yls 
`b bma f��mW
B
U2�

A1

k&2tu�dgY
Y u��th��t^��{u2h�o{�µd��

v � �



R = � @×f��`f�d � f2Vc[ f2�mWmf2V
b = limn→∞ cBn

�	�$kHk&�m^��6bj���tV{[ sXbmV z b

(−∞, cB0 ], (cB0 , c
B
1 ], ... (cBn , c

B
n+1], ..., [b,∞)

Y VHd`f2^ �mbj[l[lo}h��tk [ f2�`u�V{f2k ^�f2V{a}^`fpYlu.�th��m^�\�bmkib

(−∞, aA2
0 ], (aA2

0 , aA2
1 ], ..., (aA2

n , aA2
n+1], ..., [1,∞)

Y VHd`f2^ �mbj[l[lo}h��tkHkebm[�� �$u2U�^�dÌf2kHk)�t^
B ∼= A2

�
R = w @×f��`f�d � f2VcY �`h'U�d�[ f2�mWmf2V

b = limn→∞ cBn
� �$kHk&�t^�b

(−∞, cB0 ], (cB0 , c
B
1 ], ...(cBn , c

B
n+1], ..., (b,∞)

Y VHd`f2^ �mbj[l[lo}h��tk [ f2�`u�V{f2k ^�f2V{a}^`fpYlu.�th��m^�\�bmkib

(−∞, aA3
0 ], (aA3

0 , aA3
1 ], ..., (aA3

n , aA3
n+1], ...(e,∞)

Y VHd`f2^ �mbj[l[lo}h��tkHkebm[�� �$u2U�^�dÌf2kHk)�t^
B ∼= A3

�
6�U����{[$h'U2�

T
d`f2[F
�f2�`��U2�tU�d«kmf2[ [$Yl�Xbju��t[ V{Y�� �$[9+t��u�2t^�Y � z

A1,A2

U��
A3

f�[lf2h'Ylf�V f2kQ�JY��jbe�
[ f2V{��f2k z o{�mWtbmV{Yl� z �6b

ϕ(v̄)
f��mW&\��t^`h�o}[ bcb�^`f2V}a{f2u�U2�`f�k VXWtf�[��tU�V z bmkHk&�t^ b dgU�d`f2[-f2[9+jd`dgY v �

\_f�[ bma6bed���u2f�^`YlVXd"�6b
x̄ ∈ ||ϕ(v̄)||Q

U2�
ȳ ∈ Q

^`f�V{a{f2u�U2��Ylu��mh��t^µ\
x̄
��f�[ z bmkHk&�m^

ȳ ∈ ||ϕ(v̄)||Q
�

��Y �mWtf�[�
��{k h'f2� z ���t�mW&�6b
L
� � +t[ÃkHY��)�m[ �`u�d`o{V{k �tU��tf2�¿���tk

c̄
k)�tV{�µdrbmV{���`u�Ylh � st[lo}h��md z f2u�f2k

Y VHd`f2^�~{^`f�d/�m[]d;
`bmY
A1

� � f2V z
A2

� � f�ViU��
A3

� � bmV'^`f�V{a{f�u2U2��Ylu.�th��m^�\�bmk�[ f2��u2V{f�k z f2u�U2^µd×f��mWJ�`u2f�^`^�f
f�[lU2�&� dgY k�kJY �mbj�mWcd`f2�`u�Ylk��6bmh'Yl�`���

ϕ
�Ýd2� ��b
h��m��d

B, C |= T
dgf�d`�`u.+t[lf��tf2��f2k z bmkHk&�t^�=�h'Y��mf2[

b
cn
��f2k YlVXdgf�^`~{^�f�d��m[ d�
`bmY ~��m^��mV{kmU�VHd k4�{[�2tV � 2mu�+tk%@ z f�u2f2k �tU��mdgf�[lf2V}f2k@�

B
U2�

C
h'f2�m�`u7�jh �

[9�m[l�6bedgs�f�[lf2h'YB^�U2�`u�f2Y]d �mU.�tf
A1,A2

�jbm�mW
A3

f2�jW Ylu.�th��m^�\�h��j���t[lbjd/�jd�kjbj~"
�o{k z hif�[ Wtf�k bmu
f�[9+ ��� Ylf2k �`u�f2^�YlVXd«f2[lf�hiY f2V f�k4�JY?�mbj[lf2V}�`f2k@���$u2U�^�d

B
U2�

C
Yl�"f2[lf�hiY f2V f�k4�JY?�mbj[lf2V}� z dgf����jd

T�jbm[ s � bmV
d`f2[�
�f��2�

R��`h'f2^µd z ���t�mW hiY V{a{f2V
2 6= n ∈ ω

�Ý���tu!�jbmV �t[ WtbmV dgf�[�
�f2�
T
f2[lh'U2[ f�d¿f��mW bm[ kebm[lhibm�

h'f2�t��u7�mh'[D�j[l�6bjd`s�VXWtf�[��mf2V z hif�[ WJ^`f
I(T,ℵ0) = n

�
R"u

I
�`~;f2kXd`^`o{h \��{�t�&�mU2V{VXWmf2[�kebm~0�2���t[ bed��t�*���mk�d��1�&� ��� YZU2^�a{f2kjf2��f�^`f2a}hiU�VHW U��"VXWJY d��jd`d

~{^�� � [ U2hib�Yl�`h'f2^µd�� ��U2[la��mo{[Db kmU�^`a{U��Ìd`f2^`h'U2��u2f�dgf2���`U��tU2�{f�u�kmU�~8f���d"hif��t[lf�~5+Jf2V V{f��{U2u«Yl�tbe�
u.�t[lV{Y z ���m�mW ^�2t�tu��]dgf�d`d

T
f�[lh'U2[lf�d�f��`f�d`U2V

I(T, κ) κ
� � bmV h��tV��md��tV V�21�&+{� � u�bjuG�m[l[�� d��m�

Y �Xbmu z < �}f2[ bj� � Ylu.�tVXW"� d��jd`drbq� 6Ãbjo{�t�Xd�f��mWc~}^�� � [ U2h��3
`b'b£k&21�tf�dgkjf2u�+}�"�6b
T
d`f2[�
�f��"f�[lh'U2[lf�d

f��mW h'f2�t��u7�mh'[D�m[ �6bjd`s�VXWtf�[��tf�V z bmkHk&�t^

(∗)
�jbm�mW

I(T,ℵ0) ≤ ℵ0
z �mbj�mW

I(T,ℵ0) = 2ℵ0
=�f�V{V{U�[�V{bm�mW�� ��� V}f2h [ f2�{f�d @��

�$u2u�f2[�kebm~0�2���t[ bjd � bmV¥P �t^�[lf�W � Y u��tVXW"� d��md`dgb z ���t�mW
I(T,ℵ0) ≤ ℵ1

�jbm�mW
I(T,ℵ0) = 2ℵ0U�� < �{f�[ bm�
f��mWih��m��Ylk¿f�^`f2a}hiU�VHWmfp�`u2f�^`Y VHd z �6b

T ℵ0

�Ý��drb � Yl[ z bjkJk)�t^
(∗)

Y �Xbmum� < �{f2[lbm�
f��mWJYlk
d��3�)� ��� YDf2^�f2a{h'U2VXWtf«�`u�f2^�YlVXd z �6b

κ
kjf2[ [9+Jf2V�V6bm�mW

T
�`u��mh��t�`���m�Q�m���mu«kjU2~;f2�µd z bmkHk&�t^

v � !



(∗∗)
�jbm�mW

I(T,ℵk) ≤ expω1(κ+ ω)
�jbm�mW

I(T,ℵκ) = 2ℵκ

=�bmu
f2[ ��+*h'f2V{VXWJYl��U2�*���tkHkebm[tkHY �`f ��� [ f2�{f�d z h'YlVXdZb�h��m���Ja{Ylk%@ �eY]d`d
exp0(κ) = κ, expα+1(κ) =

2expα(κ) U2� expα(κ) = sup{expβ(κ) : β < α}
z �6b

α
[ Ylh'f2��u2^`f�V{a{��u7�mh �

R"u'Yl[]Wtf�V f�^`f2a}hiU�VHWmf2kjf�d¿���t^��t[ �6bjd`V��mV{kcd��1�&� ��� Y �2�iR h��Ja{f2[ [lf2[ hiU�[lf�d"k)2tu2~0�tVXdgY \_f2[lbe�
a6bedrb£bju z ���t�mW ��h'f2�mU2^�d`���{k  �bmu«f2[ ��+t^�f2V{a�*�\��t^`h�o}[ bm�6bj[lhibmu��tkih��Ja{f�[l[�
�f�YlV{f�k£��u2f2^�kmf�u2f�d`U�d z
�jbm�mWJY � z ���t�mW>�jd"d`o{a 
�o{k�dgf�kHYlVXdgf�V{Y z hiY hisJa��tVG�)�m[l�{bjdgV6bjk Yl�Xbmu�u7� � Ylu��mVHW&�t�"\��t^�h�o{[9�mk@��R
��U2[Bdgf����jd �jbm[ bjhiY]\_U2[lf���d`^`o{kXd�E}^gbjd`U�dgf�[lf�k � Ylu.�tVXW%�]d/�m�`b¿[lf2V}V{f z h'f2[]Wtf2k£�`f2�&� dg��U2�tU8�tf�[ �t��u�d��m[ WX�
�tu��6bjd�
�o{k¿bp[lf2�}f�dg��U2�tf��-h��Ja{f2[ [lf2kjf�d z �jdg[9�jdg�6bed;
�o{k f2�mWJh��m�`�`bm[��jbm[lspkebm~0�2���m[ bjd`o{kebjd U2� z ���m�mW
���m�mWXbmV k)�tV{�µdg^`o��m[l�6bedgstk �jbm[ bmh'Yl[]Wtf�V f�[lf2h'YÃU2~��]d�+ � [��tkHk&�tk � st[���6Ãbj�mW z �{b0f2u�bc~{^��t�t^`bmh
kjf2^`f��`u�d��{[?�qY �{f�d`f�d`[lf2V z bmkHk&�t^�Y �Xbmu��m[�
�o{k z ���t�mW � Ylu.�tVXW��t��\��t^�h�o{[lbm�6bm[ h£bmu.�tk�h��qa}f2[l[F
�f2Y;f2[?�qYÛ�
[ f2�!�ed`dgf�kHYlVXdg�{f�dgf�dg[lf�V{f2k U2�"bmu�f�[9+ ��� Y�
�f�[l[ f2��* ��d`^`o{kXd�E}^gbjd`U�dgf�[lf�k�f�[��JYl[ f2�'V{f2h [lU�dgf�u2�{f�dgV{f�k z
d��3�)� ��� � 
�f2[ [lf2h'f2u�u��{k'bmu.�tkebjd*b \��m^`h�o{[lbm�6bm[ h£bju��tkebjd z hif�[ Wtf�kih��Ja{f2[ [�
�f2Y ^`f � Y u��tVXW"� d`�6bjdgsmk
�µdg^`o}kHd�E{^gbedgU�d`f2[ f2k U2�Ìbmu.�tkebjd*Yl� z h'f2[ Wmf2kH^`fpf�u«^�f2h'U2VXWHdgf�[lf2V��

�$u�b < �{f2[lbm� kmf2u�a{f2h'U2VXWmf2u�d`f'bmh � ���2Ylsmu2o{�"��kH[lbm�`��u2Y��{k)�)�2Ylsm�� �~}^��t�t^`bmh �jbm[ls � bmV�\��tVXd��t�
U�� d`f2^�hiU��`u2f�dgf�� z a{f��gb3
�V��t� V{f2h f�[lU���k&�tV{kH^�U�d��	HÌf2h �JY [D�m���m� z ���m�mW�h'Y dA
�f2[lf�VXdÃbph��Ja{f2[ [lf2k
�t��u�d��m[ W&�tu2�6bedrbjd`[ bmV{���m�Xb z h'Y d 
�f�[lf�VHd �jd�dgf2kHY VHd`f2V{Y;f2�jWih��Ja{f2[ [9�t��u�d/�j[ WHd z h'Y d 
�f�[lf�VHd-�6bm��u2V��j[]�
�6bedgs ��d`^`o{kXd�E}^gbjd`U�dgf�[lf�kmf�d � Y u��tVXW"� dgbmV{Y z ��d � �

R"u
I
=_U2��h��j�/@��`~;f2kXd`^`o{h \��{�t�&�mU2VXWtf�k��JY u2�`���m[ bjd��mV6bmk 
�f2[ f2VXd�+t��U2�tU�dObmuÃbma 
`b z ���t�mW�hiY VHdµ�

f��mW ��h'f2[ [lU2kXd`f2^`h'U2kHkjU2VXd  z b � Ylu.�tVXW"� d/�j�Ì^�U2��u2f2kjU2VXd«bma{sJa{V6bjk�bmu f�[9+ ��� YZ��dg^�o{kXd�E{^`bjdgU�dgf�[lf2k z
o{�jWXbmV6bjkJk)�t^«b
kmU�^`a{U��`f2k k)�tV{kH^`U�drbmk bjV{VXWqY ^gb z ���t�mW �qY u2���Q�m[ bedgo{k�bmu��mV{V6bm[
h'f2�mkmf2u�a{�{f�d�+{�
6Ãbm[ s � bmV z

I
�JYlu��`�Q�j[ bjdgb k)2tu � f2V ���tk f��`f�d � f2V ��Ylkmf�^��{[]d ���6bm��u2V��j[l�6bjd`s  �µdg^�o{kXd�E{^`bjdgU�dgf2[ f��

kjf�d«VXWtf2^�V{Y � Ylu.�tVXW��t��\��t^�h�o{[lbm�6bm[ h£bmu.�tk h��qa{f�[l[F
�f2Yl^�fm�pR kH[ bm���`u�Y��6k �&��Ylst��~}^��t�t^`bmh'h£bm[�U2�
b

(∗∗)
�Ý���tu
�{bm���tV}[ls f2^�f2a{h'U2VXWmf2kHkmf�[�kebm~0�2���t[ bjd � bmV ��� � �qa}�tf2� � ! � � � f2V°bmu�d �l^�
`b z ���t�mW

R�^`Yl��u�d��mdgf�[lU2��u�smdrb¿f�u�b¿hibjdgf�h£bjd`YlkebmY;[9�t�mYlkeb�[lf��tV6bm�jW�� ��� f�^`f2a}hiU�VHWmfm�
� []drbm[9�mV��t�`bmV f2[]\��t�Xbma��md`dC�mU2[ f2h'U2VXW z ���t�jW �6b�f2�mW f�[lh'U2[ f�dgV}f2k0bja��md`dp��u7�mh��t�����m���mV b

��u7�mh��t�`���m�t���mu kjU2~;f2��d����tk h��qa}f2[l[F
�fC�jbmV z bmkHk&�t^�f2u�f2k bih��qa}f2[l[ f2k��t�`u�d/�m[]W��tu��6bjdrbedg[ bjV��tk �
��u2U2~ z �6bm��u2V��j[l�6bjd`s ��dg^�o{kXd�E{^`bjdgU�dgf�[ÌV}f2h�[ U�dgf�u2�{f�d�� �$u�f�[l��+t^`f V{f�h�VXWJYl[��)�mVQ�jbm[ s z �{Yl��u2f�V
bjd�dgst[ z ���t�jW ���mk h��Ja{f�[l[ d kmf�[l[B�m�`u�d��m[ W&�tu2V}Y z h'U2� f2[ kmU2~}u2f2[ �{f�d�+ z ���t�mW:�jbmV �jd`d`f2kHYlVXdg�}f�d�+
�t��u�d��m[ W&�tu7�m��� �$u�b"\�b3
µdgbJ�t�`u�d/�m[]W��tu��6bjdgbjdg[lbmV{���j�"drbm~{bm�`u�drbm[lbjdgYHdgU�VHW z hif�[ W«h�2m��2md`d �tU��mdgf�[lf�V
�6bj[lhibmu��tkck&�th � YlV6bjd��t^`Y k �3
��m^gbG���mV6bjdgk)�tu2s z V{f2�{U�u z ��+md�V{U����mVXWJ�`u.�t^

ZFC
��d�+t[$\��{�m�tf�d`[lf2V

kjU2^`a}U2�`f�k��"E}u2sJa{V6bmk h'f2�{�
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