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1. Subharmonic functions
Let €2 be an open subset of R”, and let

u: Q— [—00,00)

be an upper semicontinuous function, which is not identically —oo on any
connected component of €2.

Recall, that such a function u is said to be subharmonic in €2, if
for every relatively compact open subset K of 2 and every function h €
H(K) N C(K) the following implication is true:

u<h ondK =u<h onkK.

The family of all functions, which are subharmonic in {2 we denote by
SH(Q).

Theorem 1 (The maximum principle) If2 is a bounded connected open
subset of R™, and if g € SH(QY), then either g is constant or, for each
x € Q,

o) < sup d1im sy

z€0f) y—z,y€f)

Theorem 2 Let Q) be an open subset of R™. If{g,} C SH(Q) is a sequence

uniformly convergent in ), then g := lim g, is subharmonic.
n—oo

Theorem 3 Let Q2 be an open subset of R?, and let g : Q — [—o00,00) be
upper semicontinuous and not identically —oo on any connected component
of Q. The function g is subharmonic if and only if in every ball B(a,r)
such that B(a,r) C Q satisfies the following condition

1 2m »
< — “de.
g(a) < 277/0 g(a+re")

2. The Zaremba criterion
Let Q C R? be a neighbourhood of the point 2y = x¢ + iy and g : Q —
(—o0,+00). Put
An(g9)(20) = g(zo+ h,y0) + g(wo — h,yo) +
9(xo, yo + h) + g(xo, yo — h) — 4g(x0, yo)
We define

Zg(2’0> = lim sup %’
h—0
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N
Zg(z0) = lim o =57,

and call these limits upper and lower Zaremba operator, respectively.
If Zg = Zg, then we say that the Zaremba operator exists and write
Zg=17Zg=Z2y.
If the function g has partial derivatives of the second order in (g, o),
then Zg = Ag. Now we prove the following Zaremba criterion

Theorem 4 If a function g(z) = g(x,y) is upper semicontinuous in the

domain Q C R? and Zg > 0 in every (x,y) € Q, then g is subharmonic in
Q.

Proof. Assume that Zg > 0. Let u(z) = u(z,y) be harmonic in a ball B,
such that B C € and let the function v be continuous on B and satisfy on
0B the condition

9(z) < u(z). (1)
For
and every (z,y) € B we have
7G=7g— Zu >0,

since Zu = Au = 0.
To obtain the contradiction, suppose that the condition (1) doesn’t hold
in the interior of B. Then there exists a point (xg,yy) € intB, such that

G(l‘o,yo) > G(.T},y) for (.’E,y) S B.
Hence

4G (z0,y0) > G(x0 + hyyo) + G(z0 — h,90) +
G($0, Yo + h) + G(l’o, Yo — h)

for a sufficiently small h.
Therefore, at the point (zg,yy) we get ZG = Zg < 0, which contradicts
the assumption. Now let Zg > 0. We define the following sequence
72
gn(z,y) = g(x,y) +E’ n=12....

Since Zg,, = 79+% > 0, it follows that each g, is subharmonic. Moreover,
gn is a sequence uniformly convergent to g, so from Theorem 2, g is also
subharmonic.

As an immediate consequence of the above theorem we have
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Corollary 1 If g(2) = g(x,y) is upper semicontinuous in the domain )

and has partial derivatives of the second order and satisfies the condition
Ag >0, then g € SH().

3. Homogeneous extremal function

Let P(C") and H(C") denote the set of polynomials of n complex vari-
ables and the set of homogeneous polynomials of n variables, respectively.
As usual

L(C"):={ue PSH(C"): u(z) < M, +log(1+|z])}

denotes Lelong class of plurisubharmonic functions with minimal
(logarithmic) growth.

Recall that, if € is an open subset of C", then an upper semicontinuous
function u : Q — [—00,00) is said to be plurisubharmonic if it is not
identically —oo and for each a € Q and b € C", the function A — u(a+ Ab)
is subharmonic or identically —oo on every component of the set {\ € C:
a+ Ab e Q}.

Let £ C C" be a compact set, and let Pgr denote the family of all
polynomials p € P(C") such that [[p||r < 1 and degp > 1. Following
Siciak, we define

pp(2) = sup{|p(2)[ "7 : p € Py}
V() = sup{lp(z)["/*¥7 - p € Pr NH(C")}

and call these functions Siciak’s extremal function (or polynomial ex-
tremal function) and Siciak’s homogeneous extremal function, re-
spectively.

It is well known that

where

Ve(2) :==sup{u(z) : v e L(C"), ulp <0},

and
Up(z) =sup{u(z) : vwe HP(C"), ulp < 1}.

where HP(C") := {u : w is homogeneous psh in C"}
Theorem 5 If E is a circular set, then the following equality holds
®p(z) = max(1l, Vp(2)).
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3.1 Cauchy-Poisson transform
Let H, and H_ be upper and lower halfplanes, respectively, and let ¢ be
a norm in R?. We put

u(t) =logq(1,t).
We denote by Pu the Cauchy-Poisson transform of v in H, defined
as follows

1 [ d
PO == [ utty o)t

where ( =x +1y € H,.

Lemma 1 If 0 < a < 1 then there exists a constant C, such that for
z,r € R and y > 0 we have

[P(Q) —ul@)| < Cu(lz — 2’| +9)", (=z+iy.

Corollary 2 The function Pu extends to a continuous function in H . that
18 harmonic in H,. If we set

Pu(C) = Pu((), ¢€H-,

we obtain a continuous function in C, symmetric with respect to the real
axis and harmonic in H,. U H_. Moreover, for ( = x + iy, we have

oo

Pulc) == [ ultlyl +o)

0 + 1%

¢ e C.

Corollary 3 If B={z € R*: q(x) < 1} then
1Og \IIB(LC) < PU(C), C e C.

3.2 Subharmonicity of the Cauchy-Poisson transform
For a fixed o € (—1,1), define

1
v(a,y) = Flog(1+ 20y +3°), yeR,

and set # = v/1 — a?. Note that if |y| < 1 then

=1
'U(—Oé, y) = - Z ETk<&)yk7
k=1

where T}, (a) := cos(karc cos ).



Lemma 2 For each y € R,

= [t = o5

T ) 1+
Applying the above lemma with

[ a+x |y|

r_
V1+2ax+z2 and Yy = V1+2ax+a22"
we obtain
Lemma 3 If { = x + iy then
1

> dt
Pl ) = 1 [ vt +ory

1
=3 log(1 4 2ax + z? + 208)y| + ?/2)-
Theorem 6 Pv(a,() € SH(C).

Proof. We apply the Zaremba critetion to Pv(a, ().
If ( € C\ R then

ZPv(a, () = ZPv(a, () =0,

since Pv(a, () is harmonic in C \ R.
If ( € R then Pu(a, () = %log(l + 2ax + 2?) and

ZPv(a, ) = limsup AnPu(a,¢) = 00
h—0 h?

As an immediate consequence of the above theorem we have

Corollary 4 Let u(t) = log(at? + bt + ¢) and o = b/(2y/ac), where A =

V> —4ac <0, a,c > 0. Then Pu € SH(C).
Theorem 7 If q is a norm in R? and
u(t) = logq(1,1),
then Pu € SH(C). This implies that Pu belongs to the Lelong class L(C).
Theorem 8 If ¢ is a norm in R?, B={x € R?: q(x) < 1} and u(t) =
logq(1,t), t € R, then
Wp(1,¢) = expPu(), (E€C.

Consequently,
Up(21, 22) = |21 exp Pu(22/21).



