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Abstract

A set systent{ C 2["l is said to becompletely separating for any =, y € [n] there exist
setsA, B € H, suchthatr € AN B,y € BN A. Let us denote the maximum size of
an inclusionwise minimal completely separating system on the underlyirig|dst g(n).
We show that for2 <n <6, g(n) = 2n —2,andforn > 7, g(n) = [ 5] - [5].
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1 Introduction

We denote the set of the first positive integers byn] and the set of integerfa, a +
l,a+2,...,b} by[a,b]. LetH C 2["] be a set system of cardinality and consider any
linear order of its sets. Thacidence matrixof  is a 0-1 matrixMy = (mi;)m n, Where
m;; is 1 if and only if thei'" set of H contains the element It is obvious that any row
permutation of an incidence matrix of a set system is also an incidence matrix of the same
set system. Thdual of a set systerft{ is the (multi)systeni{*, whose incidence matrix is
MI.

HTherestrictionof a set systertt C 2[" to a subsefX C [n] is the systel{ H N X :
H € H} and is denoted b§{|x. Restrictions to a subset are often calteatesin the
literature (Riredi and Pach, 1991).

A set systent{ C 2["l is said to beseparatingif for any z,y € [n] there exists a set
Ac H,suchthatr € A,y ¢ Aory € A, = ¢ A. A set systent{ C 2["! is said to be
completely separating for any x,y € [n] there exist setsl, B € H, such thatr € A,
yZ¢ A ye B,z ¢ B.



Minimum size separating systems of sets of at nhasgements were studied by Katona
(1966) and Wegener (1979). (Without the restriction on the size of the sets the problem is
trivial.)

To find the maximum size of an inclusionwise minimal separating system one can apply
a theorem of Bondy.

Theorem 1.1. (Bondy, 1972)LetH C 2["] be a set system of cardinality < n. Then
there exists: € [n], such thatH|,,)\ ;) also has cardinality».

Since it is obvious that a set system is separating if and only if its dual is also a set
system (that is, the incidence matrix of the system does not contain multiple columns),
Bondy's theorem immediately implies that an inclusionwise minimal separating system on
the underlying sefin] may have size at most— 1. Itis easy to see that this result is sharp:
consider the systef{1}, {2},...,{n — 1} }.

Completely separating systems of minimum size were investigated first in Dickson
(1969). Spencer pointed out that a set system is completely separating if and only if its
dual is a Sperner family (that is, no set contains another one) (Spencer, 1970). This obser-
vation —together with Sperner’s theorem (Sperner, 1928) — determines the size of minimum
completely separating systems on the underlyingrget

Minimum size completely separating systems of sets of exactly or at inglsiments
were examined by several authors including Ramsay et al. (1998) éndgen et al.
(2001).

In this paper we deal with the problem of determining the maximum size of an inclu-
sionwise minimal completely separating system.

Definition 1.2. For an arbitrary positive integern let g(n) denote the maximum size of
completely separating systerison the underlying seln], such that n@g C H is com-
pletely separating.

Since a set system is completely separating if and only if its dual is a Sperner family,
g(n) is the same as the maximum number for which there exists a Sperner family
F C 2™ of cardinalityn, such thatF|,,)\ 1) is not a Sperner family for any < [m].

Therefore we discuss Sperner families with this property in the sequel.

In the next section we solve our problem for regular systems (systems having a uniform
dual). In the third section we solve the general version, that is, we determine the function
g(n) precisely.

2 Regular systems

We show that the maximum size of a regular, inclusionwise minimal completely separating
systemH C 20" is2n — 2.

Theorem 2.1. Letn be an arbitrary positive integer and let > 2n — 1. Then for any
uniform (Sperner) familyF C 2™ of cardinality» there exists an elementc [m], such
that F|},,)\ (=} is @ Sperner family. Furthermore, the boundris best possible.

Proof. Suppose that for a uniform set systefnC 2™ of cardinalityn there exists no
elementz € [m], such thatF|,,,)\ () is @ Sperner family. This means that for any element
x € [m] there exist4d,, B, € F, such thatd, \ {z} C B,. We fix these setsl,, B,
for every element. Since|A,| = |B,|, there exists a uniqug € [m] \ {z}, for which
B, \ {y} C A,. We denote this elemeptby p(x).

Consider now then x n incidence matrix\/ of the set systenf (that is, columns of
M are the characteristic vectors of the setsin Denote the row of\/ corresponding to
the element: € [m] by v,.

Now we define a seK = {xz1,22,...,2,} C [m] in the following way. First we
chooser; € [m] arbitrarily. If we have already chosen sorelements ofX, then we



choosery4, arbitrarily from the se{m] \ {p(z;) : ¢ = 1,2,...,k} and we continue
this procedure till it is possible. Since the rows/Mf must be different, it is obvious that
r=|X|> 2. Now letM’ be thatr x n submatrix ofA whosei'" row is v,, if the first
coordinate ofv,, is 0 andv,, + 1 otherwise, wherd denotes the all 1 vector of length
and + is the addition in the vector spaGé'(2)™. Thus the first column of\/’ is the all
zero column (of lengthr).

We show that the rows ad¥/’ are linearly independent ov&fF'(2). Assume to the con-
trary that there is a nontrivial linear combination of these rows that gives the all zero vector.
Over GF'(2) this means that a nonempty sum of some rowd&fis the all zero vector.
Let i be the minimum number such that either or v,, + 1 appears in this nonempty
sum. Then it is easy to see that neithgt, ) norv,,,) + 1isin M’ and therefore none of
them appears in the sum. This is a contradiction, since the columWsaafrresponding to
the setsA,, and B, differ only in the rows corresponding to, andp(z;), thus the sum
cannot give the all zero vector.

This shows that < rank(M’) < n—1, fromwhichm < 2n—2 follows, contradicting
the conditionm > 2n — 1 and thus proving the first half of the theorem.

To prove that the bound is best possible, it suffices to give a uniform set system
212n=2] of cardinalityn, for which there exists no € [m], such thatF|,,;\ (.} is a Sperner
family.

Let Ag = @ andA; = {i},fori = 1,2,...,n — 1. Let furthermoreBy = [n,2n — 2]
andB; = [n,2n — 2]\ {n + i}, fori = 1,2,...,n — 1. Now it is easy to check that
{AgUBy, A1UBy,...,A,_1UB,_} C 22"2lis a uniform set system with the desired
property. O

Let us mention that this theorem can also be derived from a theorem of Winter concern-
ing traces ofi-distance codes (Winter, 2000).

3 Determining g(n)

Now we turn our attention to the general case. First we give lower bounggymnd then
we prove that these bounds are tight.

Lemma3.1. If 2 <n <6, theng(n) > 2n — 2. If n > 7,theng(n) > [ 5] - [5].

Proof. We have to give Sperner familigg containingn sets on an underlying set of
cardinality2n — 21if 2 <n < 6and|%] - [5] if n > 7, such that no restriction of
to a proper subset of the underlying set is a Sperner family.

For2 < n < 6 the uniform families given in the proof of the (second part of) Theorem
2.1 fulfil this requirement, proving the first lower bound.

Forn > 7 consider the following setd; and B; on the underlying st | - [5].

A= (G- Dl5) + L3

foranyi € [[%7] and
By =151 51\ {o : =5 (mod |5])},

foranyj € [|%]].

Since all theA;'s are of size| %] and all theB;’s are of size[ 3 | - [§] — [5], only
someB; could contain somel;, but forz = (i — 1)[ 5] + j we havex € A;,z ¢ By,
so the familyF consisting of all4;’s andB;’s is a Sperner family, anﬂi\“%.[gm{m} C
Bjl[|n.r27\{z}- SinceF contains| 3] + [5] = n sets, the second lower bound is also

proved. O

To show that these lower bounds are tight, we introduce some notations and prove some
useful lemmas.



Let f(n) = [n/2] - [n/2] + 1. Note thatf(n) is monotone increasing ant{n) —
f(n—2)=n—-1, f(n)— f(n—3) = [2n] —2andforn > 12 f(n) — f(n —5) > 2n.

We say thatf'; almost containg;, if there is an element, such thatF; \ {z} C F;.

In this case we also say thay is almost containedn F; or that the pair(Fy, F>) ruins

x. For a set systerf{ the set of elements that are ruined by a pair of sefq is denoted
by R(H). Observe that the fact that for any Sperner sysfemith | F| = n, |R(F)| < k

holds impliesg(n) < k.

A set system is said to be an MRU (maximal recursive uniform) subsystem of a Sperner
family F if it is formed in the following way: letG, = {F, F»}, whereFy, F, € F
with |F1| = |Fy] and|F; \ F»| = 1 and define recursivelg,.; = {F € F : 3G €
g;, suchthatF| = |G|, |F \ G| = 1}. Sinceg,; C F for all i, there exists a numbeét,
such thag;« = G;~,,. Set systemg;- obtained in this way are the MRU subsystems of
F. The maximum size of an MRU subsystem of a Sperner fatfilg denoted byy(F)

(if there is no MRU subsystem of, then~(F) = 0). It is obvious thaty(F) cannot be
exactly 1.

First we handle the casg F) = 0, that is, when there is no nonempty MRU subsystem

of F.

Lemma 3.2. If v(F) = 0 (i.e. there are no two sefs,, F, € F, such tha{F| = | F»| and
|F1\ Fo| = 1), thenR(F) < f(n).

Proof. Suppose to the contrary that there is a Sperner sy&tevith | F| = n andR(F) >
f(n). Let us define a grapty on n vertices with vertex seF. We know that forf(n)
different elements X’ = | J 7 there is a pair of two set&,, F» € F, such that”; | x\ ;1 C
F»|x\{2}- Let us pick a pair for each suchand put an edge in our gragh between the
members of each such pair. Now we ha#4G)| = f(n). We claim that there are no
parallel edges irG. Indeed, ifFi|x\(s,3 C F2lx\{z} aNd Fi|x\ (2} C F2lx\{2s}
for somex; # xzo, thenF; C F, which contradicts the Sperner property Bf while if
F1|X\{a:1} C F2|X\{x1} andF2|X\{$2} C F1|X\{I2}, then|F1| = |Fs|andFy \ F> =
{1}, which contradicts the assumption of the lemma.

We also claim that; does not contain a triangle. Indeed, by the above argument we
know that (because of the assumption of the lemma) the endpoints of an edge must have
different cardinality, therefore if";, F», F3 form a triangle inG, such that (say)Fi| <
|F| < |F3|, then there must exist elements, x5, 23, such thatfy \ {z1} C F5, Fy \

{z2} C Fy andF;\ {z3} C F5. Butthen we havé’ C Fj, which contradicts the Sperner
property ofF.

We obtained that? is a simple triangle free graph envertices withf (n) edges, which
contradicts Mantel's well-known theorem Mantel (1907) stating that the maximum number
of edges that a simple triangle-free graphrovertices can have ig(n) — 1. O

Now we prove some lemmas concerning MRU subsystems.

Lemma 3.3. If G is an MRU subsystem of a systémthen

Ug=r©uNg.

Proof. We have to prove that if € |JG and there are two set§;,G2 € G with « €
G1,z ¢ G, then there are two se@®], G, € G with G} \ G, = {z}. This follows from
the recursive definition af and the observation that we can assume that o8 @ndGs
is in Gy (just consider the paif7, G if x € G € Gy, and the paiG;, G otherwise). O

Lemma 3.4. If G is an MRU subsystem of a Sperner systErand F' € F then we have
[R(GU{FH\R(G)| < 1.

Proof. If |F'| = |G| for someG € G then sinceF’ ¢ G, we have thaR(GU{F})\ R(G) is
empty. Let us suppogé’| > |G| forall G € G (the caséF| < |G| is similar). So suppose



to the contrary that for,, 2o ¢ R(G) we haveG; \ {z1} C F andG; \ {z2} C F or
G1\{z1} C FandG2\ {z1} C F. Butthen (as1, x5 should be ifG; UG2) \ R(G) =
NG C G1 N G2 by the previous lemma); C F, which contradicts the Sperner property
of F. O

Lemma 3.5. If G is an MRU subsystem of a Sperner systeérand F, F» € F \ G with
R({F1, Fy}) > 1andR(G)NR({F1, F»}) = 0, then we havéR (GU{Fy, Fx})\ (R(G)U
R{F1, F2})) < 1.

Proof. If at least one offy, F»> has the same size as the setgjrthen the lemma follows
from the previous one. So we have three cases: €ifilet |Fi|, |Fy| or |G| > |Fil, | Fy|
or|Fy| < |G| < |Fy| forall G € G. Itis easy to see that the first two cases are analogous.

Cases | and Il

We just consider Case |. By Lemma 3.3 and Lemma 3.4 we know that if the statement of
the lemma does not hold, then there should eXistG, € G and three different elements
z,y € (1G C GiNGyandz ¢ G, such thatG, \ {z} C F1, G2 \ {y} C F; and
Fi \ {z} C F,. Butthen (ayy € Gy, thusy € F; and thusy € F») we would have
G, C F; contradicting the Sperner property &t

Case lll

By Lemma 3.3 and Lemma 3.4 we know that if the statement of the lemma does not
hold, then there should exist;, G, € G and three different elements ¢ |JG, y €
NG C G1 NGy andz eitherin(JG orin (G (asR(G) N R({F1, Fz}) = 0), such that
Fi\{z} C G1,G2\ {y} C FrandF; \ {z} C F». Sincex # z, we havez € G; and
thusz € Gy N G5. Now z € F, would contradict the Sperner property Bf(F; C Fs),
while z ¢ F» would contradicG; \ {y} C F. O

Next we determine the valug$n) for 2 < n < 8.
Lemma3.6.1f 2 <n < 6,theng(n) =2n—2.1fn ="T7orn = 8, theng(n) = | 5] -[5].

Proof. By Lemma 3.1, it suffices to show thatn) < 2n — 2 for2 < n < 6 and

g(n) < |5]-[5]forn = "7andn = 8. The caseg < n < 6 can be handled similarly as
(and much easily than) the cases= 7 andn = 8 and therefore are left to the reader. In
the cases = 7 andn = 8 we perform a case by case analysis, where we consider cases
according toy(F).

Thecasen =7

Let F be a Sperner system of size 7 anddebe an MRU subsystem of (if such a
subsytem exists). We have to prove t{fat7)| < 12.

If v(F) = 7, thenZF is uniform and we are done by Theorem 2.1.

If v(F) = 6, then we havéR (G)| < 10 by Theorem 2.1, thus by Lemma 3&(F)| <
11 holds.

If v(F) = 5, then we havéR(G)| < 8 by Theorem 2.1 antiR(F \ G) \ R(G)| < 2
by the first (easy) part of the present lemma, thus by Lemm#g3.#)| < 12 holds.

If v(F) = 4, then we havéR(G)| < 6 by Theorem 2.1 anfR(F \ G) \ R(G)| < 4
by the first part of the present lemma. |R(F \ G)| < 3, then by Lemma 3.4 we have
|R(F)| < 12. If |[R(F\ G)| = 4, then we have a pair of sef§, F» € F \ G satisfying the
assumptions of Lemma 3.5 and thus by Lemma 3.4 and Lemma 3.5 wéTbgie| < 12.

If v(F) = 3, then we havéR(G)| < 4 by Theorem 2.1 antiR(F \ G) \ R(G)| < 6
by the first part of the present lemma. |R(F \ G) \ R(G)| < 4, then we are done by
Lemma 3.4. ffR(F \ G) \ R(G)| = 5, then there is a pair of sefs, F, € F\ G
satisfying the assumptions of Lemma 3.5, thus we are done by Lemma 3.4 and Lemma 3.5.
If IR(F\G)\R(G)| = 6, thenitis easy to check th&t \ G can be divided into two pairs,
both satisfying the assumptions of Lemma 3.5, thus we are done by Lemma 3.5.



If v(F) = 2, then we havéR (G)| = 2 and|R(F \ G) \ R(G)| < 8 by the first part of
the present lemma. |R(F\ G)\R(G)| = 8 thenitis not difficult to verify thatF \ G is an
MRU subsystem ofF, soy(F) > 5, which is impossible now. IfR(F\ G) \ R(G)| =7,
then it is easy to check that there are two disjoint pait& 17 satisfying the assumptions of
Lemma 3.5 and so we are done by Lemma 3.4 and Lemma 3B(F \ G) \ R(G)| = 6,
then we need just one pair of sets/h\ G satisfying the assumptions of Lemma 3.5 to
finish the proof by Lemma 3.4 and Lemma 3.5 (an¢iRf{F \ G) \ R(G)| > 0 then by
definition there is such a pair). [R(F\ G) \ R(G)| < 5, then we are done by Lemma 3.4.

The casey(F) = 0 is covered by Lemma 3.2.

The caser = 8

Let F be a Sperner system of size 8 andgelbe an MRU subsystem of (if such a
subsytem exists). We have to prove tjf/a{F)| < 16.

If v(F) = 8, thenF is uniform and we are done by Theorem 2.1.

If 4 <~(F) <7, thenwe havéR(G)| < 2v(F) — 2 by Theorem 2.1 anfR(F \ G) \
R(G)| < 2(8 — v(F)) — 2 by the first part of the present lemma, thus by Lemma 3.4 we
have|R(F)| < (2y(F) - 2) + (2(8 — 4(F)) — 2) + (8 — 4(F)) = 20 — 4(F) < 16.

If v(F) = 3, then we havéR(G)| < 4 and|R(F \ G) \ R(G)| < 8 by the first part
of the present lemma and|iR(F \ G) \ R(G)| > 0, then there is a pair of setsifi \ G
satisfying the assumptions of Lemma 3.5 and thus by Lemma 3.4 and Lemma 3.5 we have
IR(F)| < 16. If IR(F\G) \ R(G)| =0, then by Lemma 3.4 we hay&(F)| < 9.

If v(F) = 2, then we havéR(G)| = 2 and|R(F \ G) \ R(G)| < 10 by the first part
of the present lemma and §f > |R(F \ G) \ R(G)| > 0, then there is a pair of sets in
F \ g satisfying the assumptions of Lemma 3.5 and thus by Lemma 3.4 and Lemma 3.5
|R(F)| < 16 holds. If [ R(F \ G) \ R(G)| = 0, then by Lemma 3.4 we hay& (F)| < 8.
It is easy to check that ifR(F \ G) \ R(G)| = 9 (resp.|R(F \ G) \ R(G)| = 10), then
there are 2 (resp. 3) pairwise disjoint pairs of sets satisfying the assumptions of Lemma 3.5
and therefore by Lemma 3.4 and Lemma 3.5 we H&/eF)| < 16.

The casey(F) = 0 is again covered by Lemma 3.2 and the proof of our lemma is
finished. O

Now we are in a position to prove our main theorem.

Theorem 3.7.If 2 < n < 6, then
g(n) =2n -2,

if n > 7, then . .
gn) = 51151

Proof. The cases < 8 are covered by Lemma 3.6. Now we prove that for any 9
we have|R(F)| < f(n) = [5] - [5] + 1, providedF is a Sperner family of. sets.
We proceed by induction, so let us suppose we have already proved the statement for all
7 < n' < n. LetG be an MRU subsystem of, if such a subsytem exists. We consider
three cases according4¢.F) = |g|.

If v(F) = 0 (that is, no MRU subsystem ¢f exists), then we are done by Lemma 3.2.

The casey(F) =2

Now we haveR(G)| = 2 and|R(F\ G)\R(G)| < f(n—2), by the inductive hypothesis.
Sincef(n) — f(n—2) =n—1,for |[R(F\G) \ R(G)| > 0, by definition there is a pair in

F\ G satisfying the assumptions of Lemma 3.5, so we have (using Lemma 3.4 and Lemma
35)|R(F)| <2+ f(n—2)+n—3= f(n). For|R(F\ G) \ R(G)| = 0, by Lemma 3.4

we haveR(F)| <2+ (n—2)=n< f(n),ifn>9.

The casey(F) > 3

Now we havgR(G)| < 2v(F) —2, by Theorem 2.1 anfR(F\ G) \ R(9)| < max{2(n—

v(F)) =1, f(n —~v(F)}, by the inductive hypothesis (the tetn — v(F) — 1 is needed



whenn — v(F) < 6). Thus by Lemma 3.4 we hay& (F)| < 2v(F) — 2 + max{2(n —
Y(F)) =1, f(n=y(F))}+n—7(F) = n~4(F) 24 max{2(n—v(F)) -1, f (n—(F))}.

If n =09, then2(n —y(F)) — 1> f(n —v(F)), asy(F) > 3. Thereforg R(F)| <
3n —v(F) —3 <21 = f(9) as desired.

If n =10, then2(n — v(F)) — 1 > f(n —~(F)), asy(F) > 3. Therefored R(F)
3n —y(F) — 3 < 24 < f(10) as desired.

If n = 11, then fory(F) > 4we have(n—v(F))—1 > f(n—~(F)), thus|R(F)| <
3n—v(F)—3 <26 < f(11), while fory(F) = 3we have(n—~(F))—1 < f(n—(F))
thus|R(F)| < 1143 — 2+ f(8) = 28 < f(11).

For the remaining cases (i.e. > 12) we use the factax{2(n — v(F)) — 1, f(n —
v(F)} < f(n—~(F))+2 (the function2k — 1 — f(k) attains its maximum &t = 3,4,5
with maximum value 2). Therefore we hafR(F)| < 2v(F) — 2+ f(n —v(F)) + 2+
n—y(F) = f(n—~(F))+n+~vF) < f(n), where the last inequality follows from the
obvious inequalities (n) — f(4) > f(n) — f(n — 3) = [3n] — 2 (valid for all n), and
f(n) = f(n—~(F)) > f(n) — f(n —5) > 2n, which holds ifn. > 12 andv(F) > 5. O

<

Acknowledgement

Research of Balzs Patks was supported by the Hungarian National Research Fund (OTKA),
Grant Number NK 67867. Research oal®r Wiener was partially supported by the Hun-
garian National Research Fund and by the National Office for Research and Technology
(Grant Number OTKA 67651).

References

Bondy J.A., 1972. Induced subset®urnal of Combinatorial Theory, Series B2, 201—
202.

Dickson T.J., 1969. On a problem concerning separating systems of a finifesetal of
Combinatorial Theory7, 191-196.

Furedi Z., Pach J., 1991. Traces of finite sets: extremal problems and geometric appli-
cations. InExtremal Problems for Finite Sets, Bolyai Society Mathematical Studies 3
251-282.

Katona G., 1966. On separating systems of a finite Jmirnal of Combinatorial Theory
1,174-194.

Kiindgen A., Mubayi D., Tetali P., 2001. Minimal completely separating systems of k-sets.
Journal of Combinatorial Theory, Series 83, 192-198.

Mantel W., 1907. Problem 28, solution by H. Gouwentak, W. Mantel, J. Teixeira de Mattes,
F. Schuh, and W. A. WythoffWiskundige Opgavei0, 60-61.

Ramsay C., Roberts I.T., Ruskey F., 1998. Completely separating systénsets. Dis-
crete Mathematicsl83, 265—-275.

Spencer J., 1970. Minimal completely separating systamstnal of Combinatorial The-
ory, 8, 446-447.

Sperner E., 1928. Ein satiber untermengen einer endlichen meniyath. Z, 27, 544—
548.

Wegener 1., 1979. On separating systems whose elements are sets of atetarsents.
Discrete Mathematic28, 219-222.

Winter A., 2000. Another algebraic proof of Bondy’s theorem on induced subkrimal
of Combinatorial Theory, Series 89, 145-147.



