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Abstract

A poset () contains another poset P if there is an injection i : P — (@ such that
for every pi1,p2 € P the fact p1 < po implies i(p1) < i(p2). A P-free poset is one that
does not contain P. We say that () contains an induced copy of P if for the injection
above p; < py holds if and only if i(p1) < i(p2). @ is induced P-free if it does not
contain an induced copy of P. The problem of determining the maximum size La(n, P)
that a P-free subposet of the Boolean lattice B,, can have, attracted the attention of
many researchers, but little is known about the induced version of these problems. In
this paper we determine the asymptotic behavior of La*(n, P), the maximum size that
an induced P-free subposet of the Boolean lattice B, can have for the case when P
is the the complete two-level poset K, , or the complete multi-level poset Ky, st
when all s;’s either equal 4 or are large enough and satisfy an extra condition. We
also show lower and upper bounds for the non-induced problem in the case when P
is the complete three-level poset K, ;. These bounds determine the asymptotics of
La(n, K, ;) for some values of s independently of the values of r and t.

1 Introduction

We use standard notation: 2% denotes the power set of X, ()k( ) denotes the set of k-element
subsets of X and for two sets A C B the interval {G : A C G C B} is denoted by [A, B].

The very first theorem in extremal finite set theory is due to Sperner [14] and it states
that if 7 C 2" is a family of sets that does not contain two sets F, Fy with Fy C Fj,
then |F| < (LZ J) holds. Such families are called antichains or Sperner families. A first
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generalization is due to Erdés [6], who proved that if F does not contain any (k+1)-chains, i.e.
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k4 1sets By, Fy, ., Feyy with Fy © Fy § -+ & Fygy, then |[F| < S(n, k) = 30 ((a2k )
holds. Such families are called k-Sperner families. ’

These two theorems have many applications and generalizations. One such generalization
is the topic of forbidden subposet problems first introduced by Katona and Tarjén [11]. We
say that a poset ) contains another poset P if there is an injection ¢ : P — () such that
for every py,p2 € P the fact p; < po implies i(p;) < i(p2). If @ does not contain P, then it
is said to be P-free. If P is a set of posets, then () is P-free if it is P-free for all P € P.
The parameter introduced by Katona and Tarjan is the quantity La(n, P) that denotes the
maximum size of a P-free subposet of B,,, the Boolean poset of all subsets of [n] ordered
by inclusion. With this notation Erdds’s theorem states that La(n, Pyy1) = X(n, k), where
P11 denotes the path on k£ + 1 elements, i.e. a total ordering on k£ 4 1 elements.

In the same paper, Katona and Tarjan introduced the induced version of the problem.
We say that () contains an induced copy of P if there is an injection ¢ : P — () such that for
any pi1,pa € P we have p; < po if and only if i(p;) < i(ps). If @ does not contain an induced
copy of P, then (@) is said to be induced P-free. The analogous extremal number is denoted
by La*(n, P) and obviously the inequality La(n, P) < La*(n, P) holds for any poset P. The
notation for multiple forbidden subposets is La(n, P) and La*(n,P).

As any poset P is contained by Pp|, we clearly have La(n, P) < La(n, Pp)) = 3(n, |P| —
1). Strengthenings of this general bound were obtained by Burcsi and Nagy [2], Chen and Li
[4] and recently by Grész, Methuku and Tompkins [10]. Therefore it is natural to compare

La(n, P) to (LZ J)' Unfortunately, it is not known whether 7(P) = lim, L<a (Z’I)D) exists.

Y

The following conjecture was first stated in [9].

Conjecture 1.1. For any poset P let e(P) denote the largest integer k such that for any j
and n the family Uk_, (][i]l) is P-free. Then w(P) ezists and is equal to e(P).

This conjecture has been verified for many classes of posets. The most remarkable result
is due to Bukh.

Theorem 1.2. Let T be a tree poset. Then X(n,h(T) — 1) < La(n,T) < (h(T) — 1+
0(%))(@) holds.

Much less is known about the induced version of the problem. It has only been proved
recently by Methuku and Pélvolgyi [13] that for every poset P there exists a constant cp
such that La*(n, P) < CP(LZJ) holds. (For a special class of posets this has already been
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established by Lu and Milans [12].) As the list of known results on forbidden induced
subposet problems is very short here we enumerate all such theorems.

Theorem 1.3 (Katona, Tarjan [11]). For n > 3 we have La(n,{A,V}) = La*(n,{A,V}) =
2("0)-
[n/2]



Theorem 1.4 (Katona, Tarjan [11] and Carroll, Katona [3]). (1 + % + O(n—g))(
La(n,V) = La(n,A\) < La*(n,V) = La*(n, A) < (1 + 2+ 0(;2))(,)2)) -

\_nq;ZJ) <

Finally, the induced version of Theorem 1.2 has been proved, but only with an o(1) error
term instead of O(=).

Theorem 1.5 (Boehnlein, Jiang [1]). Let T be a tree poset. Then X(n,h(T) — 1) <

La*(n,T) < (W(T) -1+ 0(1))(@0 holds.

Before we state our results, let us formulate the induced analogue of Conjecture 1.1.

Conjecture 1.6. Let P be a poset and let e*(P) denote the largest integer k such that for

any j and n the family Ule( ][TZ) is induced P-free. Then 7 (P) = lim, % exists

1%

and is equal to e*(P).

In the present paper, we address both the induced and the non-induced problem for com-

plete multi-level posets. Let K, ., ., denote the poset on > 7, r; elements aj, a3, ..., ar,
ai,a3,. .. ,afz, ...,a1,a3,. .., a; with al, < aéj if and only if ¢ < j. Our first result gives not

only the asymptotics of La*(n, K, ), but also the order of magnitude of the second order
term of the extremal value.

Theorem 1.7. For any positive integers 2 < r, s we have ¥(n, 2)4’(%_07@7&(#)) (LJ/LQJ) <
La*(na KT,S) < (2 + w + OﬁS(#))(LnT/lQJ)'

Note that the same upper bound for La(n, K, ) follows from Theorem 1.2 as K, ; is an
(induced) subposet of K., and K, ; s is a tree poset. By the same argument, Theorem 1.5
implies the asymptotics of La*(n, K, s) but its error term is worse than that of Theorem 1.7.
Let us remark that La(n, Ky2) = 3(n,2) was shown by De Bonis, Katona, Swanepoel, [5].
As they also showed the uniqueness of the extremal family, it was known that the strict
inequality La(n, K2) < La*(n, K32) holds. Theorem 1.7 tells us the order of magnitude of
the gap between these two parameters.

Then we turn our attention to the three level case of K, ;. To do so we need to introduce
the following notation: for positive integers r,t let

0 if r=t=1,
fr,t)y=<9 1 ifr=1t>1orr>1t=1,
2 if 7t > 2,



Also, for any integer s > 2 let us define m = my = [logy(s — f(r,t) +2)| and m’ = m/, =
min{m : s < ({m"}ﬂ)} and for any real number z, let 2% denote max{0, z}.

Theorem 1.8. Let s — f(r,t) > 2.

(1) If s = f(r.t) € 271 = 1,2™ — (/) — 1], then

Snm + fr,0) + (S22 0, 0(5)) (15) < Laln, Kre) < (m+ f(rt) +

n 31

]). Hence, m(Kys1) = e(Ky51) = m+ f(r,t).

S(n,m + f(r,t)) + (w — OT’&t(#))([g]) < La(n, K, s;) < (m+ f(r,t)+1—
2MosH =Ly ( n Y polds.
([%1) >(H)

Note that the special case r =t = 1 of Theorem 1.8 was already obtained by Griggs, Li
and Lu [8]. Let us state a result that covers the case s =2, f(r,t) > 0.

Theorem 1.9. For any pair of integers r,t with f(r,t) > 0 we have X(n, 3) 4-(—(T_2)+::(t—2)+ _

Om(n—lz))([%) < La(n, Kyoz) < (3 4 2222 4 or787t(n_12))([§1). In particular, ©(K,2;) = 3
holds.

It is easy to verify that three consecutive levels in B, form an unextendable family of
K 2 9-free and Ks o o-free family of sets, but from our proofs it does not follow that they are
of largest possible size. However we formulate the following conjecture.

Conjecture 1.10. If n is large enough, then La(n, K122) = La(n, Ks21) = La(n, Ks22) =
¥(n,3) holds.

Then we turn our attention to the general case of K s, s,...s;.t- As there are more technical
details in calculating e( K, ,....s; ) than in calculating €* (K., s,.....s;.«) We will only consider
the induced problem in its full generality.

Proposition 1.11. (1) If s; > 2 holds for all 1 < i < j, then we have e* (K, sy...5,4) =

frt) + 30, m,.
(2) Let us write w = [{i: 5,1 = s; = 1}|. Then € (Kys,,55,..5;t) = W+ € (K gy 00,0,0)
where 01,09, ...,0j 1s the sequence obtained from si,ss,...,s; by removing all its ones.

Proof. To see (i) let F consist of f(r,t)+ Zﬁzl my, consecutive levels of 2l"l and suppose we
find an induced copy of K., s,,....s;.¢- If F1,..., F, and Fy, ..., F{ play the role of the bottom
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7 and the top t sets, then | NL_, F!| — | Ui, Fj| < 37, my, holds. If F' . ,ng’/ play the
role of the sets of the j'th middle level of K s, so,...,5;,t, then their union has size at least s
more than the union of the sets on the (5 — 1)st level. Thus one would need 337_, m), more
levels for the j middle levels of K., s, s It is easy to see that f(r,t) + Z{Zl my, + 1
/

consecutive levels do contain an induced copy of f(r,t) 4+ Zgzl m,.
To see (ii) let us observe that if s;; = 1 and s;/_1, 5541 > 1, then the union U of the sets

F , F7'7! on the (j'—1)st level strictly contains FI FZ'7', and the intersection
J - J -
I of the sets F/ ' ... ,Fg’:ll on the (j' + 1)st level is strictly contained FY ™ ... FJ' ,i and
J

also U C I. Thus even in the 'most economic’ U = I case U can play the role of the set on
the j'th level. If s,_; = s; = 1, then the set representing level i of K. s, 50,...,5;,¢ TEQUITES 2
new level. O

Theorem 1.12. (i) For any positive integers 1 < r,t we have X(n,4 + f(r,t)) + (=2 —

4+
Oﬂt(#))([n%}) < La*(n,Kr4t) = (4 + f(r,t) + 2(T+t 2 4 O,4(5) ( ) In particular,
(K1) =44 f(r,t) holds.

(i) For any constant ¢ with 1/2 < ¢ < 1 there ezists an integer s. such that if s > s, and
s < c([ 77/2]) then we have L(n,m' + f(r,t)) + (—’"J“f_2 — O’”vt(#»(wﬂ) < La*(n,K,.;) <
(m' + f(r,t) + (Ht 2) + Or(55 ))(an) In particular, 7 (K, ) =m' + f(r,t) holds.

(#ii) There exzsts an integer so such that for any r,s,t with s > sy we have X(n,m’ +
Fr ) +(PE=2=0,4(2 >>(M/21) < La*(n, K,s) < (m'+14f(r, t)+2(Lﬁ+Or,t(#))(Ln7zj).

(iv) For any constant ¢ with 1/2 < ¢ < 1 there exists an integer s. such that if all s;’s
satisfy that either s; = 4 or s; > s. and s < C([mﬁ/z])y then we have La*(n, Ky s,...s;1) =

(6*<KT,S1,82,---,SJ-¢) + OT’J(%)) (LnT/LQJ) :

Our main technique to prove all four theorems is the chain partition method [8, 7]. The
remainder of the paper is organized as follows: in Section 2 we prove some preliminary
lemmas that will be used in the proofs of Theorem 1.7, Theorem 1.8, Theorem 1.9, and
Theorem 1.12. Then in Section 3 we prove our results.

2 Preliminary lemmas

Let C,, denote the set of maximal chains in [n]. For a family F C 2[" of sets and A C [n]
we define s7(A4) to be the maximum size of an antichain in F N 2% and s£(A) to be the
maximum size of an antichain in {F € F: A C F}.

Lemma 2.1. Let F C 2" be a family such that all F € F have size in [n/2—n?/3 n/2+n?/3].
Let A C [n] with sz(A) < k. Then the number of pairs (F,C) where C is a mazimal chain
from @ to A and F € F(C\ {A}) is ZED A+ O( L | A]).
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Proof. The property possessed by A and F ensures that F4 := {F € F : FF C A} contains
at most k — 1 sets of each possible size. Thus the number of pairs (F,C) in question is at
most

min{n/24+n2/3 |A|—1}(k—1)

, k-1 20k — 1)
Al — i)l < —— A+ ——— LAl +
/Z/ VIR V(T

12(k — 1)n?/3
[AI(JA] = 1)(JA] = 2)

A

2k 1)

1
Al + On(—5 A1)
if n is large enough and |A| > (1/2 + o(1))n. If |A] < (1/2 — €)n, then F does not contain
any subset F' of A. m

Corollary 2.2. Let F C 2" be a family such that all F € F have size in [n/2 —n?/> n/2+
n?3). Let A C [n] with s7(A) > k and let Cy, 4 denote the set of those mazimal chains C from
0 to A for which every C' € C\{A} we have sz(C') < k. Then the number of pairs (F,C) where
C is a mazimal chain from () to A and F € FN(C\{A}) is (1+@)|Ck7‘4| + O (|Cral)-

Proof. Let Ay, ..., Aj, Ajiq, ..., Aja denote the subsets of A of size |A|—1 such that s7(A;) <
k if and only if 1 < i < j. (If sz(A) > k for all 4, then Cj 4 is empty and there is
nothing to prove.) Note that if S; C S5, then s7(S2) < k implies s7(S1) < k. Therefore
Cra = nglC A;.4, where Cy, 4 denotes the set of those maximal chains from ) to A that
contain both A; and A. Indeed, C4, 4 C Cr 4 for 1 <i < j as by the above A is the first
set in a chain C € Cy, 4 with sz(A) at least k, while for all i > j + 1 we have sz(A;) > k
and thus C4, 4 N Cp 4 = 0.

Let us fix ¢ with 1 <4 < j and consider pairs (F,C) with F' € FNC and C € Cy;, 4.
As s7(A;) < k, we can apply Lemma 2.1 to F and A;, and obtain that the number of such
pairs with F' C A; is at most 2|A;|! + Ox(5|A;]). Even if all A;’s belong to F, then every
chain C € Cj 4 can contain one more set from F, namely one of the A;’s. This completes
the proof. O]

Lemma 2.3. (i) Let G C 2% be a family of sets such that any antichain A C G has size at
most 3. Then the number of pairs (G,C) with G € GNC and C € Cy, is at most 4k!.
(i) For any constant ¢ with 1/2 < ¢ < 1 there ezists an integer s. such that if s > s. and

/

s < c([m”?m), then the following holds: if G C 2W¥ is a family of sets such that any antichain
A C G has size less than s, then the number of pairs (G,C) with G € GNC and C € Cy, is
at most m'k!.

(i4i) There exists an integer so such that if s > sy and G C 2 is a family of sets such
that any antichain A C G has size at most s, then the number of pairs (G,C) with G € GNC
and C € Cy, is at most (m’ + 1)kl



Proof. First we prove (i). We may assume that ), [k] € G holds as adding them will not

result in violating the condition of the lemma and the number of pairs to be counted can

only increase. These two sets are in k! maximal chains each, thus giving 2k! pairs. All

other sets belong to |G|!(k — |G]|)! = (kT') chains in Cg. Sets of same size form an antichain,
Ie]

therefore for every 1 < < k — 1 there exist at most 3 sets of size ¢ in G and thus the total
number of pairs (G, C) is at most

k—
S(k) = 2k! + 3k ZT

For k = 3,4,5 the sum S(k) equals 4k!, 4k!, 3.8m!, respectively (for & = 1,2 the number of
pairs counted is 2k! and 3k!, respectively). Furthermore, if k is at least 5, then (i) >

holds for all 7 and also the inequality

1 N 1 B 2 N 1
k k - 1.
(k—2) (k—l) k(k—=1)  k
S 6 n 2 n 1
— (k+DE(k-1) (k+Dk k+1
B 1 n 1 n 1
= kt1 k+1 k+1
(L) GL) o (%)
is valid. Thus, T is monotone decreasing for £ > 5 and therefore % < 4 holds for all

positive integer k. This completes the proof of (i).

Now we prove (ii). Clearly, as long as k < m’/ we can have G = 2/l and then the number
of pairs is (k + 1)k! < m’k!. When k£ > m’ we again use the observation that for any
0 <j<kwehave |[{Ge€gGn ([';])] < s and thus the number of pairs (G, C) is at most S(k) =

Z?:o min{s — 1, (’;) }il(n— j)! We need to show that R(k) := % = Zf o min{ = G ) 1</
holds for all & > m’. Consider the case k = m/. If s is large enough (and thus m’ and
k), then (’—mn;L/2-|) = (1+ 0(1))([m,/21+j) holds provided |j] < v/m//logm/. Therefore, by the

assumption on s and ¢ we have at least 2v/m//logm’ summands in R(m’) that are not more
than HC , a constant smaller than 1. Thus, if m/ is large enough, their subsum

[m//2]+vVm! ] logm/
s—1

i=[m!/2]—v'm’ ] log m’ (n; )

is less than [m//2] + 2v/m//logm’ — 1 and since all other summands are not more than 1,
we obtain R(m') < m/'.



To finish the proof of (ii), we prove that if £ > m/ holds, then we have R(k + 1) < R(k).
First note that if r;; denotes the jth summand in R(k), then we have ry; > 7411, and
Thik—j = Tht+1k+1—j- Lhus it is enough to show

1 2
Z Tk, [k/2)+i = Z Tt 1,[k/2] +i-

i=—1 i=—1

By the definition of m/, we know that ry rz/21 < 1. Since ({k’;ﬂ) =(1/2+0(1)) ([IZJ/FQH) we have
that the LHS is (3 + O(l))Tka/Q} while the RHS is (4 + O(l))T’ka/g]/Q = (2 + 0<1))Tk,[k/2}-

This finishes the proof of (ii).

Finally, we prove (iii). Clearly, as long as k < m/ for any family G C 2[¥l the number of
pairs is (k + 1)k! < (m’ + 1)k!. We need to show that R(k) < m’+ 1 holds for all £ > m/.
As in (ii), the proof of R(k + 1) < R(k) for k > m/ did not require the assumption on s and
¢, we obtain that R(k) < m' 4+ 1 holds for all k. O

Our last auxiliary lemma was proved by Griggs, Li and Lu [§].

Lemma 2.4 (Griggs, Li, Lu, during the proof of Theorem 2.5 in [8]). Let s > 2, and define
m* := [logy(s + 2)].

(1) If s € 2™ 1 —1,2m" — ([7%:]) — 1], then if G C 2Kl o K, ,1-free family of sets, then
the number of pairs (G,C) with G € GNC and C € Cy, is at most m*k!.

(2) If s € 2™ — ((%:W),Qm* — 2], then if G C 2l o K, 1-free family of sets, then the
number of pairs (G,C) with G € GNC and C € Cy, is at most (m* + 1 — Wm;s’l)k:'

((WT*])
3 Proofs

In this section we prove our main theorems. Let us start with constructions to see the
lower bounds. Let us partition ([Z]) into n classes: F,r;, = {F € ([Z]) P erd =0 (

mod n)}. Let ([Z])Tmo , denote the union of the r largest classes. Clearly, ]([Z])rmo A=L0).
Furthermore, it has the property that for any distinct r + 1 sets Fy, Fs, ..., F.4q € ([Z])
we have | /1 | <k —2and |UZ] | >k +2.

r,mod

e For Theorem 1.7 consider the family F := ((n/[;]]fZ) - ([n/[;]fl) U ([TE?]Z]) U
r—1,mo

((n/[;a]ﬂ) ok Suppose A, Ay, ..., A, By,Bs, ..., By, € F form an induced copy

of K, . Then Uj_;A; C N3_; B; holds, but by the above property of ([Z])Tmod and the
inducedness we have | Uj_; A;| > [n/2] and | N5_; Bj| < [n/2] — 1 - a contradiction.



e For Theorem 1.8 let k be the index of the level below the m + f(r,t) middle levels, i.e.
k= (%ﬂ”)} — 1. Write l =k +m+ f(r,t) + 1 and let us consider the family

F= <[Z]) (r—2) mod 7 mfjt (k + Z) CTZL}) (t-2)* mod

We claim that F is K, ,,-free. Assume not and let Ay, Ay, ..., A, By, By, ..., B;,
C1,Cy,y...,Cy € F form a copy of K, ;. If r > 2, then |U[_; A;] > k+ 2 and if
r =1, then |A;| > k+ 1 (note that if » = 1,2, then (r —2)" = 0 and thus the smallest
set size in F is k + 1). Similarly, if ¢ > 2, then | N’_; Cj| <1 —2 and if ¢ = 1, then
|C1] <1—1. In any case, | Ui_; C;| — |Ui_; A;| < m — 1 and thus there is no place for
By, Bs, ..., Bs - a contradiction.

e For Theorem 1.9 let k be the index of the level below the three middle levels, i.e.
k= [252] — 1. Write I = k + 4 and let us consider the family

P () O,

If f(r,t) = 2, then for any A, As,..., A, € F and C4,Cs,...,Cy € F we have | Ni_,;
Ci| = [Uj—; Aj| <0, thus we cannot have two sets in between. While if f(r,t) = 1, say
t =1, then for any Ay, Ay,..., A, € F and C € F we have |C| — | U/_; A;| <1, thus
we cannot have two sets in between them and below C'.

e For Theorem 1.12 (i), (ii) and (iii), let & be the index of the level below the m’+ f(r,t)
middle levels, i.e. k = f%} — 1. Write l = k+m' + f(r,t) + 1 and let us
consider the family

P (), U ),

One can see that for any antichains A, As,..., A, € F and C1,Cy,...,C; € F we have
| Mizy Cil = | Uj_; Aj] <m/ — 1 and thus there is no room for an antichain of size s in

between. Note that when s = 4, then m’ = 4 as (3) =6 >4, but (;’) =3<4.

Let us now start proving the upper bounds of our results. First of all, from here on every
family F C 2" contains sets only of size from the interval [n/2 — n?/3,n/2 + n?3]. This
leaves all our proofs valid as by Chernoff’s inequality [{F C [n] : ||F| — n/2| > n?/3}| <

)



As we mentioned in the Introduction, for all proofs we will use the chain partition method.
This works in the following way: for a family F C 2" suppose we can partition C,, into
C.1,Cha,...C,y such that for all 1 < i <[ the number of pairs (F,C) with F' € FNC and
C € C,; is at most b|C,,;|. Then clearly the number of pairs (F,C) with F' € F N C and
C € C,, is at most b|C,|. Since the number of such pairs is exactly D .- [F|!(n — |F|)! we
obtain the LYM-type inequality X

2=

FeF \|F|

and thus |F| < b([n??\) holds. Therefore, in the proofs below we will end our reasoning
whenever we reach a bound on the appropriate partition as mentioned above.

Proof of the upper bound in Theorem 1.7. Let F be an induced K, s-free family. We can
assume that F contains an antichain of size at least r as otherwise Lemma 2.1 can be
applied to F and [n] to obtain that |F| < o((m%])).

Now we define the minj-partition of C,, and F. For a set A with sz(A) > r we define
Crar={C€C,:AcCVC CACeC:sz(C)<r}. Note that every C € C,, belongs to
exactly one set Cr 4, as by our assumption sz([n]) > r holds.

We claim that that the number of pairs (#,C) with F' € FNC and C € Cr 4, is at most
(2 + w + O(25)|Cx,a,|. We distinguish three types of pairs:

1. if A € F, then there are exactly |Cx 4, | pairs with F' = A (otherwise there is none),

2. any chain in C, 4 can be extended to (n — |A|)! chains in Cx 4, thus by Corollary 2.2

there are (1 + @ + O,(5))|Cr,a,| pairs with F C A,
3. finally, any maximal chain from A to [n] can be extended to |C, 4| chains in Cr 4.,
thus Lemma 2.1 implies that there are (@ + O4(55))|Cr,a,| pairs with A C F
This gives us a total of at most (2 + 272 4+ O, (1))|Cx 4,| pairs, which completes the
proof. O

Now we turn our attention to complete three level posets.

Proof of the upper bound in Theorem 1.8. Let F be a K, ;;-free family. We can assume that
F contains an antichain of size at least max{r, ¢} as otherwise Lemma 2.1 can be applied to
F and [n] to obtain that |F| < 0(((7172})).

Now we define the min? — max} partition of C,. Let S = {S € 2" : s7(S) > r},
S ={S€8:sES) <t} and finally ST = S\ S~. For any set S € S~ let Cg denote the

set of those maximal chains C in C,, in which

e if r =1, then S is the smallest set in F NC,
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e if r > 2, then S is the smallest set in C with sz(S) > r.

For any set A € ST and B with A C B let C4 5 = C4, 5+ denote the set of those maximal
chains C in C,, in which

o if r =1, then A is the smallest set in F NC,

e if r > 2, then A is the smallest set in C with sz(A4) >,
e if £ =1, then B is the largest set in F NC,

e if ¢ > 2, then B is the largest set in C with sk(B) > t.

Consider a maximal chain C € C,,. By the assumption sz([n]) > max{r,t}, there is a
smallest set H of C with sz(H) > r. If H € S~, then C belongs to Cy. If not, then H € S*
and thus for the largest set H' of C with s} >t we have H C H' and therefore C € Cy g
holds. We obtained that the min; — max; partition of C,, is indeed a partition.

We claim that that the number of pairs (F,C) with FF'€ FNC and C € Cg, C € Cy p is
at most b|Cgl, b|C 4 g|, respectively, where b is the bound stated in Theorem 1.8.

First consider the ”degenerate” case of Cg with S € S~. A chain C € Cg goes from ()
until one of the subsets Sy, Ss,..., S, of B with size |B| — 1 for which sz(S5;) < . Then
C must go through S, and finally C must contain a maximal chain from S to [n]. Thus
|ICs| = k(|S| — 1)I(n — |S])!. We distinguish two types of pairs to count.

1. If r 2 2, then applying Corollary 2.2 we obtain that there are at most (1 + @ +
0,(35))|Cs| pairs (F,C) with I C S. Together with {(S,C) : C € Cg} we have

(2+ Q(T Y40, (25))|Cs| pairs. If r = 1, then by definition the number of pairs (F,C)
with F C S is at most |Cg| as for all such pairs we must have F' = S.

2. Applying Lemma 2.1 we obtain that there are at most ( 1(2))|Cs| pairs (F,C)

with S C F.

This gives a total of at most (2 + (TH 2 4 O,4(5))|Cs| pairs.
We now consider the "more natural” A€ S+ A C B case. As there are sets in the
interval [A, B], this time we distinguish three types of pairs:

1. If r = 1, then there is no pair (F,C) with £ C A. If r > 2, then applying Corollary 2.2
we obtain that there are at most (1 + @)]CAEA pairs (F,C) with FF C A.

2. If t = 1, then there is no pair (F,C) with B C F. If t > 2, then applying Corollary 2.2
we obtain that there are at most (1 + 2=1)|C, p| pairs (F,C) with B C F.

11



3. If Fis a K,-free family, then {F € F: A C F C B} is a Ky s_j(r1)1-free family.
Indeed, if f(r,t) = 2, then [{F € F: A C F C B}| < s as these sets together with
the sets of the antichain of size r below A and the sets of the antichain of size ¢ above
B would form a copy of K, s, in F. If f(r,t) =1, say r = 1, then by the definition of
the min] — maxj} partition, we have A € F and thus [{FF€e F: AC F C B}| <s, in
particular together with A they are K ,_11-free. If f(r,t) = 0, then the Ky f¢4)1-
free property is the same as the K ;;-free property which is possessed by {F' € F :
A C F C B} as it is a subfamily of F.

By Lemma 2.4, in case (1) of Theorem 1.8 the number of pairs (F,C) with AC FF C B
is at most m|C4 p|, while in case (2) of Theorem 1.8 the number of pairs (F,C) with

AC F C Bisat most (m+ 1 — Z=H0-1yc, .

(rjn)

Adding up the number of three types of pairs we obtain that the total number of pairs is not

more than (m + f(r.1) + XL=2)[Cp| and (m 14 f(r,1) = O 2002 O
[m/2]
in the two respective cases of Theorem 1.8. O

We continue with the proof of Theorem 1.9.

Proof of Theorem 1.9. Let F be a K, -free family and let us write r*+ = max{r, 2},tt" =
max{t,2}. We consider the min},, —max}, ,-partition of C,, defined in the proof of Theo-
rem 1.8. Just as in the proof of Theorem 1.8, we obtain that if S € S~ than the number of
pairs (F,C) with F € FNC and C € Cg is at most (2 + O(+))|Cs|. Note that if A C B,
then |[FN{G € 2" : A C G C B}| <1 as by definition of the min’,, —max;, -partition
two such sets would make F contain a copy of K, 2.

e Applying Corollary 2.2 we obtain that there are at most (1 + g
pairs (F,C) with F' C A.

+0:(32))|Casl

e Applying Corollary 2.2 we obtain that there are at most (1 + (tH U410, (5))|Ca,5]
pairs (F,C) with B C F.

e By the observation above, the number of pairs (F,C) with A C F C B is at most
|C 4.5

]

Proof ofTheorem 1.12. First we prove (i), (i), and (iii). Let F be an induced K, ;-free
family. We can assume that F contains an antichain of size at least max{r,t} as otherwise
Lemma 2.1 can be applied to F and [n] to obtain that |F| < o(([n /2])). We again consider
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the min’ — max] partition of C,, and count the number of pairs (F,C) with F' € F NC and
C e C,.

The degenerate case is identical to what we had in the proof of Theorem 1.8, thus we
only consider the case when A € ST, A C B. The three types of pairs:

1. If r = 1, then there is no pair (F,C) with ' C A. If r > 2, then applying Corollary 2.2
we obtain that there are at most (1 + @)|CAB| pairs (F,C) with F' C A.

2. If t = 1, then there is no pair (F,C) with B C F. If t > 2, then applying Corollary 2.2
we obtain that there are at most (1 + @)|CA7B| pairs (F,C) with B C F.

3. Note that {F' € F: A C F C B} cannot contain an antichain of size s as otherwise F
would contain an induced copy of K, ;.

(a) If Fis an induced K, 4-free family, then by Lemma 2.3 (i) the number of pairs
(F,C) with A C F C B is at most 4|C 4 g/

(b) If F is an induced K, s ;-free family with s < c([mnf//21) and s large enough, then by
Lemma 2.3 (ii) the number of pairs (F#,C) with A C F' C B is at most m/|Cy4 p|.

(c) If F is an induced K, 4 ;-free family with s large enough, then by Lemma 2.3 (iii)
the number of pairs (F,C) with A C F' C B is at most (m' + 1)|C4 p|.

Altogether these bounds yield that the total number of pairs is at most
L (44 f(r,t) + 2222 1 O(1))|C,] if F is induced K, 4 -free.

2. (m! + f(r,t)+ W +0(%))|C,| if Fis induced K, ;-free, s < C([mﬁ//m) and s large
enough.

3. (m' +1+ f(r,t)+ W + O(55))|Cy| if F is induced K, ;,-free and s large enough.

Now we prove (iv). Let F be an induced K s, so,....5; t-free family. We can assume that F
contains an antichain of size at least max{r,t} as otherwise Lemma 2.1 can be applied to F
and [n] to obtain that |F| < 0(([7;}21)). We consider the following partition of C,: for any

.....

-----

in C,, that satisfy
e if r =1, then Aj is the smallest set in F NC,

e if r > 2, then A is the smallest set in C with sz(A4y) > 7,
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e for any k with 1 <k < j —1 Ay is the smallest set in F N C such that there exists an
antichain of size sy in F N [Ax_1, Ak,

o if t =1, then A; is the largest set in F NC,
o if £ > 2 then A; is the largest set in C with s}(Aj) > t.

In case (2) and (3) the definition of Cy, 4,
C in C,, that satisfy

4, 1s modified to the set of maximal chains

.....

e if r =1, then Ay is the smallest set in F N C,
e if r > 2, then A is the smallest set in C with sz(A4y) > 7,

e for any k£ with 1 < k < i A, is the smallest set in F N C such that there exists an
antichain of size s in F N [Ax_1, Ak,

e in case (2) we have sk(A;) < siy1, while in case (3) we have sF(A;_1) < t.

One can verify along the lines of the proof of Theorem 1.8 that the above definition
results a partition of C,,. Let us note that a chain C in Cy, 4, contains all A;’s and for
every 0 < k < j — 1 it goes through one of the (|Ay| — 1)-subsets Af,... A} of A, for which
[Ar_1, AF] does not contain an antichain of size s, where A_; =0 and s_; = 7.

We now count the pairs (F,C) with /'€ FNC and C € Cy, . 4,. First we consider the
cases (2) and (3)

e Applying Lemma 2.1 and/or Corollary 2.2 we obtain that below Ay and above A; there
are at most (f(r,t) + Orys,,,(£))|Ca,,....a,| such pairs,

i

e applying Lemma 2.3 to Ay, and all A¥, ... ,Afk we obtain that the number of such pairs
above A;, (including Aj) and below Ay there are at most m/, |Ca,,... 4, such pairs.

Altogether we obtained that the number of pairs is at most (f(r,t) + 1+ S._, my, +
OGNICag,.on] < (f(rt) + 35y mly, + O(3))|Caa,l-

Finally, in case (1) everything below A;_; and above A; is as before. As F is induced
Kr,sh,,ﬁj,t-free the interval [A;_1, A;] cannot contain an antichain of size s;. Thus the number
of pairs with I € [A;_1, A;] is at most m; [Cy,,. 4, Thus in this case the total number of

pairs is at most (f(r,t) + Zi:l m), 4+ O(1))[Ca,,....a, - O
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