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Abstract

If F is a fixed hypergraph, then for two F-free hypergraphs H; = (V, E1) and
Ho = (V, Es) we define their F-free distance by the number of subhypergraphs of
H1UH2 = (V, E1 U E») which are isomorphic to F, and we denote this number by
Dx(Hyi,H2). For a collection C of hypergraphs the C-free distance of two C-free
hypergraphs (that is F-free for all 7 € C) is D¢(H1, Ha) = > ree DF(H1, Ha).
In this paper we will obtain exact results on the maximum distance of K,.-free
graphs and Sperner systems and prove upper and lower bounds on the maximum
distance of trees.

1 Introduction

Notation. Throughout the paper [n] denotes the set of the first n positive integers,
and for any set S, the set of all k-element subsets of .S is denoted by (;j)

In [3] it is proved that if F;, F, are two intersecting families of subsets of an n-
element underlying set, then the number of disjoint pairs of sets in the union of the
two families is at most 3772, and this is sharp as is shown by the families F; = {F C
n] i€ F},F;={F C[n]:je F} for any distinct ¢, j. Since any disjoint pair in the
union of two intersecting families shows that the union is not an intersecting family,
the number of disjoint pairs can be considered as a distance-like concept.

How can we generalize this concept for other hypergraph properties? A heuristic
approach is (having two hypergraphs H; = (V, E1), Ha = (V, E3) both satisfying a
property P) to count the subhypergraphs of H; U Hsy "showing" that H; U Hy =
(V, Ey U E) does not have property P (and denote their number by Dp(H;, H2)).
Though generally it is not clear how a family of hyperedges can show that the whole
hypergraph does not satisfy a property, in concrete examples it is obvious what we
should count.

Examples. Let P be the property of inclusion. That is for any pair of hyperedges
H,, Hy either H; C Hs or Hy C Hy. Therefore for two hypergraphs of sets with property



P we should count the pairs of hyperedges H;, H in the union for which both H; € H,
and Hy € H; hold. Maximal hypergraphs with property P are saturated chains. (A
chain C = {Cy, (4, ..., C,} is saturated if for all j, |C;| = j holds.) The empty set is
a subset of each set, and each set is a subset of the whole underlying set [n], so the
maximum number of pairs of hyperedges none of them containing the other, where the
edges are taken from two chains C;,Cy (this is Dg(Cy,Cs)), is at most (n — 1)2. And
for any pair of saturated chains of the form C ={C, C C; CC, C ... C C,,-1 C C,}
and C' = {C C C¢_ | C ... C Cf C C§} where A° denotes the complement of the set
A, we have Dg(C,C') = (n—1)%

As another example, let P be the property of (pairwise) disjointness (i.e. for ev-
ery F1,F, € F Fy N F, = (). This time maximal hypergraphs are partitions, and
Dy(Fi, Fo) = {(F1, F) : F; € F;and Fy N F, # 0}. If for every intersecting pair of
edges in the union of two partitions we point out an element of the intersection, we
get an injective mapping from the non-disjoint pairs to the base set. So the number
of such pairs can be at most n. For any partition / we can create another parti-
tion F' by choosing an element from each hyperedge to form a hyperedge in F’, then
again choosing one element from all remaining non-empty edges, and so on to have
Dm (f, f’) =n.

To make things precise we need the following definitions.

Definition: If F and G are hypergraphs, then G is F-free if there is no sub-
hypergraph of G which is isomorphic to F. If H; and H, are two F-free hyper-
graphs, then their F-free distance Dx(Hy,Hz) is the number of subhypergraphs of
‘H1 U Hy which are isomorphic to F. If C is a collection of hypergraphs and H; and
H, are two C-free (i.e. F-free for all F € C) hypergraphs, then their C-free distance is

De(Hi, Ha) = 3 ree Dr(Ha, Ha).

Note that these definitions cover all properties we have already treated.

2 Sperner Systems

Definition: A hypergraph F is said to be a Sperner system if Fy  F;, for any distinct
Fy, F, € F. So the distance of two Sperner systems is Dc(F,G) = |[{{A1, A2} : A; €
FUGand A C Ay}

For the precise definition: Cc = {Gy; : k € N,l € N} where G;,; = {{1, ...k}, {1, ..., k+
[}} is the collection of forbidden hypergraphs, and Dc(F,G) = De. (F,G).

Theorem 2.1 If F,G C 2" are two Sperner systems, then
Dc(F,G) < Dc(Fo, Go)

where Fqy 1s the hypergraph with edge set ([IZ}), Go 1is the hypergraph with edge set (E?j)

(k1 < k) such that each of ki, ke — k1,n — ko differ by at most one. In particular, if 3
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divides n, then JFy is the hypergraph with edge set (Y%) and Gy is hypergraph with edge

set (2%1/]3)

First proof: W.l.0.g. we can assume that both F and G are maximal Sperner
systems, since adding new edges to the hypergraphs cannot decrease the distance.

Our goal is to show that by starting with any pair of Sperner systems (F,G), in
finitely many steps (F*,G') we can reach (Fy, Go) = (F™,G™) such that

Dc(F,G) < De(F1,G") < De(F%,G%) < ... < Dc(F™,G™) = De(Fo, Go)-

Step 1
Let C = F NG and partition F and G by

.7-":CU.7:1U.7:2and Q:CUglng

where 1 = {FF € F :thereis Ge GG C F}, Fo ={F € F:thereisGe GG D F}
and Gy, Gy defined similarly. Note, that any F' € F contains or is contained in some
G € G, because otherwise we could add it to G, which would contradict the maximal
property of G, and no F' € F belongs to both F;, F;, otherwise there exist G;, G5 € G
such that G; C F' C (G, contradicting the Sperner property of G. So C, Fy, F; is really
a partition of F.

Now let F1 = CUF, UG, and G' = CU F, U G,. It is easy to check that both F!
and G' are Sperner systems. The fact that Dc(F,G) = Dc(F*',G') follows from the
fact that E(F)U E(G) = E(F') U E(GY).

By the above change of the systems there is no F' € F! for which there exists a
G € G! with F C G, so we can refer to F! as the upper Sperner system, and to G' as
the lower system.

From now on in any even step we replace some of the edges of the upper Sperner
system by other edges of larger size, and in any odd step we do the same to some edges
of the lower system.

Step 2

Partition F' into two subsystems: F| = {F € F': |F| > n/2},F) ={F € F':
|F| <n/2}. Put F2 = FLU{F € (;)}))) : thereis F' € F} such that F' C F'} and
G? = G'. Tt is clear that F2 is a Sperner system.

Dc(F',G") < Dc(F?,G?) follows from Sperner’s lemma [5] stating, that if G is a
k-uniform hypergraph with k& < %, then |VG| > |G|, where VG = {G' C [n] : |G'| =
k +1 and thereis G € G such that G C G'}.

Step 3
Now we want to push the lower system up, so we replace all the small sets.
51
G = {GeG: |Gl <[]} Gt =G\ 63



3 _ 2 [n] . : / 2 - ! . 3 _ 12
G° =G U{G €| a1, | thereis G' € G; with G'C G}; F°=F
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Just as in the argument in Step 2 G3 is a Sperner system, and using the original
proof of Sperner’s theorem one can verify that for any fixed I’ € 72 = F? the number
of edges in G* contained by F is at least the number of edges in G? contained by F.

Suppose we achieved in Step 2k that the hyperedges in the upper system have size
at least cxn, and in Step 2k + 1 that all the edges in the lower system have size at least
dxn. Then in Step 2(k+ 1) we will show that all edges in the upper system have size at
least cpy1n = dyn+ [5%n], and in Step 2(k + 1) + 1 that the sets of the lower system
have size at least dj1n = [%5*]. Formally Step 2(k + 1) and Step 2(k + 1) 4 1 are

defined as follows:

Step 2(k + 1)

Let F2R+1 = FPRHL g PR where TP = {F € P24 2 |F| > dyn + [2n]}
and F3"H = FHELN\ FEEL Then let

FRARHD) — AL R € ( p +[7F]1—dk W) :3F € F?**! such that F C F'}
S I

and let
g2(k+1) _ g?k-ﬁ-l.

Step 2(k+1) +1

Let us partition G2*1 into two subhypergraphs: Gi*™) = {G € G2+ : |G| >
(4027} and G;*Y = g2¢+0 \ gF**Y. Then put

e g e (L) 36wt G <)
T2

and
f’Q(k+1)+l — f’Q(k’-i-l) )

The fact that during Step 2(k+ 1) and Step 2(k+ 1)+ 1 the distance of our systems
cannot decrease follows just as in the case of Step 2 and Step 3. (Note that in Step
2(k+1) we apply Sperner’s lemma to the posets P = { H\G : H O G}, where G ranges
over the edges in G**! while in Step 2(k + 1) + 1) to the posets Pr = {H : H C F'},
where I ranges over the edges in F2*+Y and this is the reason why we ¢, and d;
have to be defined in the way we did.) The statement about c;,1 and dj,; is true by
definition. )

So (forgetting the ceiling signs for a moment) c1 = 3¢, + 1_256’“ =1/2+4¢;/4 (and
dp+1 = Cry1/2). As for any z € [0;2/3) x < 1/2+x/4, in finitely many steps (by virtue
of the ceiling sign) we can achieve that all the edges in the upper system have size at
least [2n/3], and all the edges in the lower system have size at least [n/3].
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To finish the proof we need the observation that the complement system of a Sperner
system is a Sperner system, and that (denoting the complement system of F by F¢ =
{[n]\ F : F € F), we have Dc(F,G) = Dc(F¢,G°).

In the complement systems of the above pair, all edges have size at most |n/3] or
|2n/3], and after the same pushing up procedure we get one of the optimal pairs. [J

Second proof: By Step 1 of the previous proof we reduce the problem to Sperner
systems F, G where for all I’ € F there is a G € G with ' C GG. Then we are done by
the following theorem of Katona.

Theorem 2.2 [2| (Iterated Sperner theorem) Let Ay, ..., A,, be subsets of an n
element set satisfying A; € Ay 1 < 5,k < m,j # k. For each i = 1,...,m, suppose
B, ..., Bim, are subsets of A; satisfying B, ; € Bi, 1 < j,k <m,. Then

im : <LﬁJ) (LEJJ)‘

Remark: Theorem 2.2 (besides Step 1) is stronger than Theorem 2.1 (since in
Theorem 2.2 we do not require that the Bs form a Sperner system), but Katona’s
proof of Theorem 2.2 uses a generalization of the LYM-inequality, while our first proof
uses only Sperner’s original idea of his well-known theorem.

O

3 K,-free Graphs

We denote by K, the complete graph on r vertices. A graph is K, -free, if it does not
contain any copy of K,. The K, -free distance of two K,-free graphs (G, G5) on the
same underlying set V' is

Dk, (G1,G2) = |[{{z1,...,x,} : x; € Vfor all 4, and any (z;,z;) € E(G1 UG»)}|

In all the cases we have already treated (intersecting, pairwise disjoint and Sperner
families, chains), the structure of the hypergraphs in the optimal pair (the pair with
the maximum distance) was very similar to that of the optimal family in the original
problem (what is the largest family with the desired property). Therefore it is quite
natural to conjecture that Turdn graphs will come into sight. (Turan’s well-known
theorem [6] says that a K,-free graph on n vertices with the most possible number of
edges must be isomorphic to the complete r — 1-partite graph, where the sizes of any
two partition classes may differ by at most one. These graphs are called the Turén
graphs.)

Though it is not true that if Dy, (G, Gs) is maximal, then both Gy, Gy should be
Turén-graphs, still Turan graphs will play an important role in the proof of the next
theorem. First we need to introduce some notation.



T'(n,r) is the usual notation for the r-partite Turan graph on n vertices and ¢(n, r)
denotes the number of edges in the graph. Now let k4(G) denote the number of s-cliques
in G. (So t(n,r) = ko(T(n,r)).)

The Ramsey number R(k) denotes the least integer n for which any Ey, E; partition
of the edges of K, there is a sample of K} either in E, or in Ej.

Let us write furthermore D) := max{ D, (G1,G2) : G1, G are K,-free on the same
vertex set [n|} and put m = R(r) — 1.

Theorem 3.1 D} = k.(T'(n,m))

Proof: For the > part we need a construction.

Let us fix a partition Fy, F; of the edges of K, such that there is no K, neither in
Ey nor in E;. We want to define G, G; two K,-free graphs on [1,..,n]. So we have
to decide which edges we want to put into Gg and which into G;. To do this, for any
1<i<j<nwrtei=I[m+7,j=1m+ j where 1 <4, j <m.

Now put (4, 7) into E(Gy) iff (i, ') € Ey, and into E(G,) iff (i',5') € Ey. Since
(i,7) is an edge if and only if ¢ # j mod m, therefore Gy U G; is just T'(n,m) and the
classes are just the congruency classes modulo m. We have to check that G, G, are
both K,-free. If not, then iy, i, .., 4, form a K, in, say, G. But then ¢}, 4, ..., should
be all distinct, and should form a K, in E; - a contradiction.

For the < part of the proof, note that Gy U GG, cannot contain a Kr(,) as otherwise
Gy or G1 would contain a K,. So the following result of Sauer (its s = 2 case is exactly
Turan’s theorem) completes the proof.

Lemma 3.2 (Sauer [4] see also [1]) If s < p and G is a K,-free graph on n vertices,
then the number of Kys in G is at most ks(T(n,p —1)). O

Remark: If m divides n, then k.(T(n,m)) = (7')(£)", so the problem of giving
the exact value of D] for large enough n is equivalent to giving the exact value of R(r).

4 Trees

Trees are circle-free graphs, so Ceyae = {C : k > 3} where Cj, is the cycle of length k.
Therefore this time the question is, how many cycles we can have in the union of two
trees on the same n-element vertex set. Deyce (17',73') will denote the tree-distance
(the number of cycles in the union) of two trees 17 and T3'. Dg, . will denote the
maximum tree-distance of two trees on the same n vertices.

A trivial upper bound on D7, is 4"~', since the union of two trees may contain

at most 2(n — 1) edges, so the number of subsets of the edge set of the union is clearly
an upper bound for the number of cycles.

The following recursive construction (fig.1) shows that D . does have an expo-
nential growth. Suppose we have 77", 75" two trees on n vertices, and an edge e (with
endpoints x and y) in their union, through which there are ¢, cycles in 77" U Ty'. Like-



wise suppose we have 77", T;" two trees on m vertices (with vertex set disjoint from that
of T and T7}'), and an edge f (with endpoints u and v) in their union, through which
there are c,, cycles in T/"UTy". Let T = TPUTU{xu} and Ty = ToUT"U{yv}.
We claim that in 77" U T3t there are (¢, + 1)(c,, + 1) cycles through the edge zu.
Indeed, there are c, paths from z to y in 77" U T3 plus the edge xy = e, then we have
to go through the edge yv, then choose among the c,, paths in 77" U T3" from v to u
(or the edge vu = f), and then we finish off the cycle using the edge xu. Since we
just took the sum of the number of vertices, and the number of cycles got multiplied,
this is really of exponential growth. To be more concrete: we can cover K4 by two
(edge-disjoint) paths, so we have D! == 7. By the above recursive bound we get that

cycle
Din,. > 7" = (T4t (71 = 1.625...)

Tm U T

Tr U Ty

n

Figure 1: The recursive construction showing the exponential growth of Dj .

In the next two subsections we prove the following lower and upper bounds on
D’n

cycle:

Theorem 4.1 There exists a constant ¢ for which the following inequalities hold

cry < Dyyoe < Z <;) =

where xq is the unique real root of the equation 2 —x*> —x —1 =10 (zy = 1.8392...).

4.1 Lower Bound on D"

cycle

In this subsection we will give a "real" construction for the lower bound on D, (see

fig.2). Both of the trees in the construction are paths, and we will refer to them as the
blue tree (denoted by B,,) and the red tree (denoted by R, ). The vertices of the trees
are the integers from —k up to k if n = 2k+1 and the integers from —k to k—1if n = 2k.
Two integers are adjacent in B,, if and only if they are consecutive. If n = 2k + 1, then
the edge set of R, is {(—{,0): 1 <I<k}U{(,—(l+1)): 1 <I<k}U{(k0)} If
n = 2k is even, one just drops the vertex k£ and the edges incident to it, and add the
edge (—k,0) to the red tree.



Figure 2: The “real construction” R, U B,, and the orientation of its edges

Let ¢(n) denote the number of cycles through the edge (k,0) (that is the number
of paths from the vertex 0 to the vertex k) if n = 2k 4+ 1 and the number of cycles
through (—k,0) if n = 2k. We claim that the following recurrence holds: c¢(n) =
cn—1)4c¢(n—2)+ c(n —3) where ¢(1) = ¢(2) =1, ¢(3) = 2.

To see this let us consider the graph B, U R, \ {(0,k)} (B, U R, \ {(0,—k)} if
n = 2k) as a directed graph with the following orientation of the edges (fig.2): all
edges are directed from the vertex of smaller absolute value to the vertex of bigger
absolute value. The red edges of type (—[,1) are directed from the vertex —I toward
the vertex [. In a path 0 = g, z1, ..., 7_1, ; = k the edge (z;,x;41) is a backward edge
if ; is the endpoint and x;,; is the starting point of the edge in the above orientation.
Other edges will be called forward edges.

First note, that there can be no blue backward edges in a path from 0 to k. Since
if there was, let us take the “rightmost” one (x;, ;1) (i.e. the one with an endpoint of
greatest absolute value). Assume z; = —(I4+1),2;11 = —I (thecase x; = [+ 1, 2,41 =1
is similar). Then because this is the rightmost backward blue edge in the path, z;_4
cannot be —({ +2) ((—(14+2),—(l+ 1)) would be a backward blue edge "further to the
right"). Therefore z;_; is either [ + 1 or /. In both cases the vertex z;;; = —[ is cut
from the vertex k& by the edge (z,_1,2;), so we cannot finish the path in this way.

How about backward red edges? (fig.3) If x; = —(I+1), x;41 = [, then z;_; cannot
be —(I +2) as (—(1 +2),—(l + 1)) would be a backward blue edge. x;_; cannot be
[ + 1 either for the edge (x;_1, ;) would cut z;;; from the vertex k. So z;_; must
be —I. x4 cannot be | — 1 (backward blue edge), so z;;2 is [ + 1. In the same
manner one can see, if (z;,2,41) is a backward red edge with z; = [, x;4; = —I, then
xj_1 should be | — 1 and z;;5 should be —(l + 1). So if we add the directed edges
{(l,=(142): 0<I<EkE—=2}U{(-l,l+1): 1<1<k-—1} to the directed graph
R, U B, then in this new graph, the number of directed paths from 0 to k is equal to
the number of non-directed paths from 0 to k in the non-directed graph R, U B,,. (In
fact we constructed a bijection among the non-oriented and the oriented paths of the
two graphs: whenever a non-oriented path of the original graph uses a backward edge,
the corresponding new edge should be used in the new graph to create an oriented

@ @ @ @ @
A A A A A
4 4 4 4 N
@ @ @ @ @
-2 -3 -k
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Figure 3: Backward red edges in oriented paths
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Figure 4: R, U B,, with the added oriented edges

path, and vice versa.)

If we reindex the vertices as in fig.4 the recurrence formula above follows, as any
vertex [ is adjacent to an incoming edge from [ — 3,/ —2 and [ — 1. Solving this formula
we get that Dy 4, > cxy for some constant ¢, where o is the unique real root of the
equation 23 —x? —x —1 = 0, 7o = 1.8392... (Note that the number of cycles in R, UB,
not containing the edge (0, k) grows polynomially in n, so it is negligible compared to

number of cycles containing (0.k).)

4.2 Upper Bound on D’

cycle

Proof of the upper bound in Theorem 4.1: To establish the inequality let us
consider two trees B,, and R, (a blue one and a red one) on the same n-element vertex
set. In a cycle in R, U B,, there are consecutive red edges, then consecutive blue edges,
then red edges again, and so on. (Edges that are both red and blue will be considered
as red.) A maximal path of consecutive red edges will be called a red segment (a blue
segment is defined similarly. The number of blue segments in a cycle clearly equals the
number of red segments, and since each segment contain at least one edge, the number
of red segments is at most || and is at least 1 (for a cycle without red segment is a
blue cycle, which is impossible, since B, is a tree).

We will count the cycles in R, U B, partitioning them according to the number
of red segments. So we have to show that there are at most (;‘Z) cycles having i red
segments. To do this first note that in a fixed cycle the set of the endpoints of the red
segments and the set of the endpoints of the blue segments are just the same.



Lemma 4.2 Given a tree and 2i vertices of its vertex set, then there is at most one
way to choose i verter-disjoint paths in the tree with the given vertices as endpoints.

Proof: By induction on i. If i = 1 then clearly the statement holds, for in a tree
there is exactly one path from any vertex to any other vertex.

Let ¢ > 1. A set of vertex-disjoint paths defines naturally a matching on the set of
endpoints. Notice, that an edge in such a matching corresponds always to the same
path (for there is one single path between any two vertices of a tree). Let us suppose to
the contrary, that there are two different sets of paths satisfying the statement of the
lemma. If there exists a common edge in the corresponding matchings, then we remove
this common edge (and its endpoints) and by induction we arrive at a contradiction.
If there is no such edge, then the two matchings have together 2i edges on 2¢ vertices,
so there should be a cycle involving these edges, that is there should be a cycle in the
corresponding paths, which contradicts the fact that our graph is a tree. [

To finish the proof of the upper bound, observe that by Lemma 4.2, the mapping
which maps any cycle in R, U B,, to the set of endpoints of the segments of the cycle
is injective. The statement of the theorem follows. []

Remark: It is easy to see, that in the statement of Lemma 4.2, "at most" is
necessary if the tree is not a path. Hence we know that the upper bound for Dg,
holds with strict inequality for non-path trees. Since the graphs of the construction
in the previous subsection were paths, one may conjecture, that trees with maximal
distance are paths. But even if this conjecture is false, the question that how many
cycles we can have in the union of two paths is a distance-type question. To see this we
just have to figure out what the path-distance of two paths is. Since a path is a cycle-free
(connected) graph in which all vertices have degree at most 2, the forbidden collection
of subgraphs consists of the cycles and the 3-star (i.e. the graph consisting of the edges
(1,2),(1,3),(1,4)). But since any vertex has degree at most 4 in the union of two paths,
any vertex can be the middle vertex of at most (g) = 4 3-stars, therefore there can be
at most 4n 3-stars in the union of two paths on n vertices. As 4n is negligible compared
to the exponentially growing number of cycles, D,qn (P, P3') = O(Deyac( Py, Py)) for
the sequence of optimal pairs of paths.
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