The number of (maximal) intersecting families

Balazs Patkods

Let us define
M (k) = max{|F| : F is k-uniform intersecting with 7(F) = k}

and
N(k) = max{| U F|: F is k-uniform intersecting with 7(F) = k}.
FeF

Erdés and Lovész proved M (k) < k* and gave an inductive construction of size |k!(e — 1))
based on the following lemma.

Lemma 1. M(k) > 1+ kM (k — 1) holds for all k > 1.

Proof. Let F be a (k—1)-uniform intersecting family with 7(F) = k—1 and |F| = M (k—1).
If G is a k-set disjoint from UpcrF, then F' = {G} U{FU{z} : F € F,x € G} is a k-
uniform intersecting family with 7(F’) = k. Indeed, if T" covers F’, then either G C T and
thus |T| > kor GNT # () and G\ T # 0. From the latter it follows that TN (UperF') covers
F and therefore |T| > |[TNG|+ TN (UperF)| > 1+k—1=k. |

As M(1) = 1, Lemma [l indeed yields M (k) > |k!(e — 1)]. Lovéasz conjectured [4] that
this bound is tight, but it was disproved by Frankl, Ota, and Tokushige [3]. Here we present
a recent construction of Majumder [5] that is also larger than the one of Erdés and Lovéasz.
It has the same asymptotic size as the construction by Frankl, Ota and Tokushige, but is
much simpler than that.

Construction 2. For an even number k and 0 < i < k—2 let X; be pairwise disjoint sets of
size 1+k/2. Lety ¢ Uf:_gXi and define Fi; = {X;U{@it1, Tizo, - -, Tignja—1} 1 Tirj € Xigj}
where addition in the suffiz from here on is modulo k—1 . Let Fo = {y} x Xox X1 X+ X X} _o
and F = U3 F1, U Fo.

We show that F is a k-uniform intersecting family with 7(F) = k. Clearly any F' € F
meets all FV € F. Also, if F,F' € Fy;, then X; C FNF' # (. Let F € Fy; and
F' € Fyj with 0 <i < j < k—2. Note that either j € {i +1,i+2,...,i+k/2—1} or
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ief{j+1,j+2,....,7+k/2—1} (modulo k — 1), as the distance between ¢ and j on the
circle is at most (k — 1)/2. In the former case we have X; C F' and F' contains an element
from X;. Similarly in the latter case we have X; C F' and F’ contains an element from X;.
This proves that F is intersecting.

To prove 7(F) = k let C be a cover of F of size at most k. We distinguish two cases.

Case I: y ¢ C.

Then C must contain one of the X,’s to intersect all sets in /5 C F. As the X,’s have
size 1 4+ k/2 there exists a unique j such that X; C C holds. For any i # j let a; € X; \ C.
For any h = j + 1 with 1 <1 < k/2 — 1 we must have C' N X}, # () as otherwise C' does not
meet X, U {ans;: 1 <i<k/2—1} € Fy. This shows that |C| > k; moreover C' € F ;.

Case II: y € C.

If C contains some X;, then C' is disjoint from at least k/2 many X;’s; in particular C' is
disjoint from X, with some h < k/2 — 1. But then as in the previous case we could find a
set F' € Fy 4y disjoint from C. Therefore for every i there exists a; € X; \ C;. This allows
us to use the reasoning of the previous case to conclude that C' must meet all X;’s and thus
C € Fy, in particular |C| > k.

The size of F is (k — 1)(k/2 + 1)*271 + (k/2 + 1)*! = (€2 + 0(1))(k/2)*!, while the
construction of Erdds and Lovdsz has size |k!(e — 1)] = O((k/e)*). To obtain the same
asymptotics for odd values of k£, one may modify the construction by letting some of the X;’s
have size % and the others have size % + 1, and adjusting the definition of sets in Fi;
so that they have size k. The proof that the resulting family is intersecting with covering
number k is similar, but a bit more complicated. An easier way to get the same order of
magnitude is to use the even case result and apply Lemma [I}

Let us continue with N (k). The following example by Erdés and Lovasz gives a lower
bound.

Construction 3. Let |Y| = 2k —2. For each 2-equipartition Y as EUE' =Y, |E| = |E'| =
k — 1, we take a new point xg g, and set EU{zrpp}, E'U{xgp}. This way we obtain

(2::12) k-element sets, forming an intersecting family with covering number k, such that the
union of these sets consists of 2k — 2 + %(2::12) points.

Let us recall the definition of an ISPS and introduce some related notions. A family of
pairs {A;, B;)}1*, forms an intersecting set pair system (ISPS) if

1. ANB;=0foralll<i<m,

If |A;] < a and |B;| < b hold for all 1 < i < m, then we call {A4;, B;)}, an (a,b)-ISPS.
The Bollobds inequality states that if {A;, B;)}7, is an (a, b)-ISPS, then m < (“Ib). Let us
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introduce the functions

n(a,b) = max{| U, A; U B;| : {(A;, B;)}I*, is (a,b)-ISPS}
and

n'(a,b) = max{| U, A;| : {(A;, B;)}, is (a, b)-ISPS}.

By definition, we have n/(a,b) < n(a,b) = n(b, a).
Theorem 4 (Tuza [7]). If a > b, then 1(“"7") < n/(a,b) < n(a,b) < SR (Lij2j) +
S () < ().
Proof. The lower bound is given by the following construction. Let a' = L,)‘_%J < a.
Consider an a’ + b-element set M and let

(B By} = (]‘Z)
a'+b

Let us consider ( ) ) pairwise disjoint sets C; of size a —a’ (1 <i < (“ +b)) such that they
are also disjoint from M. Let 4; = (M \ B;)UC; for 1 < i < (° ;b) It is obvious that,
for every i, A; is disjoint from B;, and intersects B; (j # ¢) inside M. A straightforward
calculation gives the lower bound.

For the upper bound let Ay, Ay, ..., A, and By, Bs,..., B, form an (a,b)-ISPS with
n(a,b) = U~ (A, UB;)|. For j =0,1,...,a+b—1 we define an index set M; and an ISPS
S; = {(AJ, B]) : i € M;} in the following way: let My = [m] and Sy = {(AY, B?) : i € M}
with AY = A;, BY = B;. If for j < a+ b — 2 the index set M; and the ISPS S; are defined,
then let M;,; be a minimal subset of M; such that UZeM LA UB;) = UZGM (A; U B)
holds. The minimality of M;; implies, that for every 1€ M, j+1, there exists an element
z; € AU B! such that z; ¢ Al U B/ for any | € M, \ {i}. Therefore setting A7 =
AT\ {xl} and B! = B\ {z;} we obtaln that ;41 is indeed an ISPS. Furthermore, we have
n(a,b) = UL, (A4 U By)| = 25507 [M].

For any j = 0,1...,a+b—1and i € M; we have |A} U B/| < a+ b — j and therefore
by the Bollobés inequality we obtain |M;| < (LC&J) for arbitrary j and |M;| < (‘”Z_j) if
j < a—b. This gives the upper bound on n(a,b) .2 The last inequality can be easily seen by
induction. [ |

Let M(n,k) denote the number of maximal intersecting families in ([Z]). We will use
intersecting set pair systems to give bounds on M (n, k).

g(k) = max{| U_; A;| : {(A;, By)}i_, is (k, k)-ISPS and {A;};_, is intersecting}.

Recall that the similar notion without the additional property that {A4;};_, is intersecting
was denoted by n/(k, k). Thus by definition we have g(k) < n'(k,k). We continue with a
couple simple statements about M (n, k) due to Balogh, Das, Delcourt, Liu and Sharifzadeh
[M] and Nagy and Patkés [6].



Lemma 5. [1] (3)

[6] (i)

Proof of Lemma. For a family F C ([Z]) let us define Z(F) = {G € ([Z}) VF e F FNG #
(0}, the family of k-covers. A family is intersecting if and only if 7 C Z(F) and is maximal
intersecting if and only if Z(F) = F. Let us consider a function f, that maps any maximal
intersecting k-uniform family F to one of its subfamilies Fy, that is minimal with respect
to the property that Z(Fy) = F. Note that the function f is not unique. Clearly, f is
injective, Fy is intersecting and by the minimality of Fy, for every set F; € Fy there exists
aset G; € Z(Fo \ {F}) \ F. This means that the pairs of k-sets {(F;, Gl)}‘ioll form an ISPS.
Thus, by definition, | Upcr, F| < g(k) holds. Therefore, the families, that can be the image
of a maximal intersecting k-uniform family with respect to f, are subfamilies of 2% for some

X € (g[&])). The number of such families is not more than 22" (g&)). This proves (ii).

To see (i), consider the pairs {(A;, Bi)}f‘:fid with A; = Fj, B; = G; for i = 1,2,... | F
and A; = G|, Bi = Fi_p) for i = | Fo| + 1, |Fo| +2,...,2|F|. They form a skew ISPS;
therefore by the Theorem of Frankl and Kalai, we obtain |Fy| < %(2:) Therefore M (n, k)

is at most the number of all subfamilies of ([Z]) of size at most %(2:) [ |
Note that by Theorem {4 we have g(k) < n/(k,k) < n(k, k) = O((Qlf)); therefore, if n is

large enough, then (ii) gives a better bound than (i), but for small values of n it is better
to use (i).

Theorem 6 (Nagy, Patkés, [6]). For any fized integer k, as n tends to infinity, the number
M (n, k) satisfies
M(n, k) = n®CE)),

Moreover,

1 log M (n, k log M (n, k
— < limsup og%—(n,) <1.1 and limsuplimsup og%—(n,) <1
8 n (%) logn k n (%) logn

holds.

Proof. The upper bound follows from Lemma [ (ii) and Theorem [4] The lower bound
follows from Construction [3] and the following proposition.

Proposition 7. For any positive integers k and n we have (N"k)) < M(n,k).
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Proof of Proposition. Consider a k-uniform intersecting family F with 7(F) = k and
|Uper F| = N(k). As adding more sets to F can only increase the size of the union, we may
assume that F is maximal intersecting. Every set X € ( ]\%)) contains at least one family
Fx isomorphlc to F. As Fx # Fy whenever Upcr, F' = X # Y = Uper, F, we have at
least ) dlfferent maximal intersecting k-uniform subfamilies of ( }) 0

For t(he moreover part, observe that the above prop081t10n implies the lower bound. Also,

the upper bound in Theorem d{ for a = b = k is Z (WZ2 J) A simple induction gives the

first upper bound, while a straightforward analysis of the sequence Zf:ll (Wi2 J) / (2:) gives
the second upper bound. [ |

We continue with the number of intersecting families and show that if n is large enough,
then almost all intersecting families are trivially intersecting. The number T'(n, k) of trivially
intersecting families is obviously at least n2(ic1) — (g‘)2<::§) =(n— 0(1))2(Z:D for any n and
k = k(n), if n > 2k and n tends to infinity.

Theorem 8 (Balogh, Das, Delcourt, Liu and Sharifzadeh [I]). If n
and k = k(n) are integers, such that n > 3k + 8Ink holds, then the number of k-uniform
intersecting families in 2" is (n + 0(1))2<Zj).
Proof. The lower bound follows from the above calculations on T'(n, k).

By the Hilton-Milner Theorem, the size of a non-trivially intersecting family F C ([Z])
is at most 1 + (- 1) — (”;ﬁ;l) Every non-trivially intersecting family is a subfamily of
a maximal non-trivially intersecting family. Therefore the number N(n, k) of non-trivially

intersecting families is at most 21+<:j)_(n;f;1)M(n, k).

N(n, k)
T(n,k)

We have to show that log, M (n, k)— ("*kfl) — —00. By Lemma (i), we have log, M (n, k) <

k—1
n(2k71) 50

k—1
n—k-1 n—k—1\""\ [2k -1
10g2M<””f>—< ko1 )4”‘(?) )(k—l)

and therefore we need (%211 = w(n). Asn > 3k +8Ink holds, we have n —k —1 > n/2

< M(n, k) - 20 (%5

%1
and thus (%E=1)k—1 > 12 (nok1yk=3 Ripally, as there exists a constant ¢ > 1/2, such that

1+ 2 > exp(cx), we obtain

n—k—1 ’“*3> L, Sk ’“*3>ex Sk=3)nk\ _ ,
% —1 = % —1 = XP %—1 )=

for large enough k. |




Frankl and Kupavskii [2] improved the bound on n and showed that the statement of

Theorem [§ holds if n > 2k + 2 + 2/ Tog k.
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