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An intersecting set pair system (ISPS) is a sequence {(Ai, Bi)}mi=1 of pairs with Ai∩Bi = ∅
for all i = 1, 2, . . . ,m and Ai ∩Bj ̸= ∅ for all 1 ≤ i, j ≤ m with i ̸= j.

Theorem 1 (Bollobás [?]). For any ISPS, we have
∑m

i=1
1

(|Ai|+|Bi|
|Ai|

)
≤ 1.

Proof. Let us assume that
⋃m

i=1(Ai ∪ Bi) = [M ]. Then let us count the pairs (i, π) such
that π is a permutation of [M ] and all elements of Ai preceed all elements of Bi in π. Observe
that for any permutation π there can be at most one index i with (i, π) having this property.
Indeed, if i, j were two such indices and the latest element of Ai∪Bi according to π belonged
to Ai, then Aj cannot intersect Bi that comes later in π. So the number of such pairs is at
most M !. On the other hand, for fixed i, the number of permutations with which i forms a
pair is

(
M

|Ai|+|Bi|

)
|Ai|! · |Bi|! · (M − |Ai| − |Bi|)! (one picks the places of Ai ∪Bi in π and then

fix the permutation on the parts Ai, Bi and [M ] \ (Ai ∪Bi). We obtain

m∑
i=1

(
M

|Ai|+ |Bi|

)
|Ai|! · |Bi|! · (M − |Ai| − |Bi|)! ≤ M !,

and dividing by M ! yield the result.
The lexicographic ordering of sets is defined by A being smaller than B if and only if

minA \ B < minB \ A holds (i.e. the first difference matters). However, the following
theorem uses an ordering where the last different element matters. Let us define the colex
ordering ≺k on

(Z+

k

)
by setting A ≺k B if and only if maxA \ B < maxB \ A holds. The

smallest element of this ordering is the set [k] and for every n ≥ k the family
(
[n]
k

)
is an

initial segment of (≺k,
(Z+

k

)
). For general m, we denote its initial segment of size m by Ik

m.

Theorem 0.1 (Kruskal, Katona, [5, 3]). Let F be a k-uniform family of size m. Then the
inequality |∆(F)| ≥ |∆(Ik

m)| holds.
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Theorem 0.2 (Lovász, [6]). Let F be a k-uniform family with |F| =
(
x
k

)
for some real

number x ≥ k. Then |∆(F)| ≥
(

x
k−1

)
holds. Moreover if ∆(F) =

(
x

k−1

)
, then x is an integer

and F =
(
X
k

)
for a set X of size x.

We present a proof by Keevash [4].

Proof. We start with stating an equivalent form of the theorem. Let Kr
r+1 be the family

consisting of all the r + 1 r-sets on an underlying set of size r + 1. For an r-uniform family
G we denote by Kr

r+1(G) the set of copies of Kr
r+1 in G and by Kr

r+1(v) = Kr
r+1(G, v) the set

of copies of Kr
r+1 in G containing v.

Lemma 2. If G is a (k − 1)-uniform family with |G| =
(

x
k−1

)
, then |Kk−1

k (G)| ≤
(
x
k

)
and

equality holds if and only if x is an integer and G =
(

X
k−1

)
for some set X of size x.

Before proving the lemma we show that it is indeed equivalent to the theorem. We
prove first that the theorem implies the lemma. If G satisfies the conditions of the lemma,
then let us define F = Kk−1

k (G). If |F| >
(
x
k

)
held, then by the theorem we would have(

x
k−1

)
< |∆(F)| ≤ |G|, a contradiction. Assume now the lemma holds and let F satisfy the

conditions of the theorem. Suppose |∆(F)| =
(

y
k−1

)
with y < x and apply the lemma to

G = ∆(F). We obtain |F| ≤ |Kk−1
k (G)| ≤

(
y
k

)
<

(
x
k

)
, a contradiction.

The equivalence of the cases of equality follows similarly.

Proof of Lemma. We proceed by induction on k with the case k− 1 = 1 being trivial. We
will need the following definition. If G is a (k− 1)-uniform family and v is an element of the
underlying set, then the link L(v) is a (k − 2)-uniform family with S ∈ L(v) if and only if
S ∪ {v} ∈ G.

Claim 0.3. (i) |Kk−1
k (v)| ≤ |G| − dG(v),

(ii)|Kk−1
k (v)| ≤ |Kk−2

k−1(L(v))|,
(iii) |Kk−1

k (v)| ≤ ( x
k−1

−1)dG(v) for every vertex v and equality holds only if dG(v) =
(
x−1
k−2

)
.

Proof of Claim. Observe that for a k-set S not containing v, S ∪{v} spans a copy of Kk−1
k

in G if and only if S ∈ G and S spans a copy of Kk−2
k−1 in L(v). The first condition implies

(i), the second implies (ii).
To see (iii), suppose first that dG(v) ≥

(
x−1
k−2

)
. Then by (i), we have |Kk−1

k (v)| ≤
(

x
k−1

)
−

dG(v) ≤ ( x
k−1

− 1)dG(v). If dG(v) ≤
(
x−1
k−2

)
, then let xv ≤ x be the real number with dG(v) =(

xv−1
k−2

)
. Using induction and (ii), we obtain |Kk−1

k (v)| ≤ |Kk−2
k−1(L(v))| ≤

(
xv−1
k−1

)
= ( xv

k−1
−

1)dG(v) ≤ ( x
k−1

− 1)dG(v). In both cases, dG(v) =
(
x−1
k−2

)
is necessary for all inequalities to

hold with equality. □
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Using (iii) of Claim 0.3 we have

k|Kk−1
k (G)| =

∑
v

|Kk−1
k (v)| ≤

∑
v

(
x

k − 1
− 1)dG(v)

= (
x

k − 1
− 1)|G|(k − 1) = k

(
x

k

)
.

This finishes the proof of the inductive step for the inequality, and equality holds if all the
degrees are equal to

(
x−1
k−2

)
. But then writing n = | ∪G∈G G| we have n

(
x−1
k−2

)
=

∑
v dG(v) =

(k − 1)|G| = (k − 1)
(

x
k−1

)
= x

(
x−1
k−2

)
. Therefore x equals n and G =

(∪G∈GG
k−1

)
. □

The trace of a set F on another set X is F ∩X, and is denoted by F |X . The trace of a
family F of sets on X is F|X = {F |X : F ∈ F}. No matter how many sets F have the same
trace, it is counted only once in F|X . We say that a family traces a set X (the terminology
shatters is also used very often), if F|X = 2X . The collection of sets that are traced by F is
denoted by tr(F). The Vapnik-Chervonenkis dimension (or VC-dimension for short) of F
is the size of the largest set in tr(F), and is denoted by dimV C(F).

The fundamental result concerning traces of families was proven in the early 1970s inde-
pendently by Sauer [7], Shelah [8], and Vapnik and Chervonenkis [9]. It is very often referred
to as the Sauer Lemma.

Theorem 3 (Sauer, Shelah, Vapnik, Chervonenkis). If F ⊆ 2[n] has V C-dimension at most
k, then |F| ≤

∑k
i=0

(
n
i

)
.

The proof we present here was found by Alon [1] and Frankl [2] independently. It uses
yet another version of shifting.

Proof. For a family F ⊆ 2[n] and i ∈ [n], let us define the down-shifting operation Di by

Di(F ) =

{
F \ {i} if i ∈ F and F \ {i} /∈ F

F otherwise.
(1)

Let us write Di(F) = {Di(F ) : F ∈ F}. By definition, we have |F| = |Di(F)| for any F and
i. Furthermore, writing w(G) =

∑
G∈G |G|, we have w(Di(F)) ≤ w(F), and if Di(F) ̸= F ,

then w(Di(F)) < w(F). Therefore, after a finite number of applications of some down-
shifting operations, any family F can be transformed to a down-shifted family F∗, i.e. one
with the property that F = Di(F) holds for any i.

Observe that a family is down-shifted if and only if it is a downset. Indeed, let us
assume X ⊂ Y , Y ∈ F and X /∈ F . Then writing Y \ X = {y1, y2, . . . , ym} and X0 = X,
Xi = X∪{y1, . . . , yi}, we obtain a pairXi, Xi+1 withXi /∈ F , Xi+1 ∈ F . ThenXi ∈ Dyi+1

(F)
and Xi+1 /∈ Dyi+1

(F), contradicting the downshifted property of F .
The statement of the theorem is trivially true for downsets; therefore it is enough to show

that tr(Di(F)) ⊆ tr(F) holds for any family F and i ∈ [n]. If X ∈ tr(Di(F)) and i /∈ X,

3



then for any subset Y of X, there exists a G ∈ Di(F) with Y = G ∩ X = (G ∪ {i}) ∩ X.
As at least one of G and G ∪ {i} belongs to F , we have X ∈ tr(F), as required. So let us
suppose now i ∈ X ∈ tr(Di(F)), and consider subsets of X in pairs (Y, Y ∪ {i}) with i /∈ Y .
As X ∈ tr(Di(F)), there exists a G ∈ Di(F) with G ∩X = Y ∪ {i}. As Di does not create
sets containing i, we must have G ∈ F , and the only reason for G ∈ Di(F) is G \ {i} ∈ F .
As obviously (G\{i})∩X = Y , and the argument works for any pair (Y, Y ∪{i}), we obtain
X ∈ tr(F), as required. ■
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1979.

[7] Sauer, N. On the density of families of sets. Journal of Combinatorial Theory, Series
A 13, 1 (1972), 145–147.

[8] Shelah, S. A combinatorial problem; stability and order for models and theories in
infinitary languages. Pacific Journal of Mathematics 41, 1 (1972), 247–261.

[9] Vapnik, V. N., and Chervonenkis, A. Y. On uniform convergence of the frequencies
of events to their probabilities. Teoriya Veroyatnostei i ee Primeneniya 16, 2 (1971), 264–
279.

4


