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Abstract

Let us write Dx(G) = {F € F : FNG = (} for a set G and a family
F. Then a family F of sets is said to be (< [)-almost intersecting (l-almost
intersecting) if for any F' € F we have |Dxe(F)| <l (|Dxs(F)| = 1). In this
paper we investigate the problem of finding the maximum size of an (< 1)-
almost intersecting (I-almost intersecting) family F.

AMS Subject Classification: 05D05
Keywords: extremal set theory, intersection theorems, Sperner-type theorems

1 Introduction

We will use standard notation: [n] denotes the set of the first n positive integers
{1,2,...,n} and for any set X we write ()k( ) for the family of all k element subsets of
X and 2% for the power set of X. For a family F C 2% we write F = {F : F € F}.
We will say that a family F is intersecting if F,G € F implies FF NG # (). Moreover,
F is trivially intersecting if (\per F' # 0 and a family F is called Sperner if there
exist no F,G € F with F' C G.
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One of the basic results about extremal set families is due to Erdés, Ko and Rado
[7] and states that if 2k < n and F C ([Z]) is intersecting, then the size of F is at
most (Zj), furthermore if 2k < n, then equality holds if and only if F is a trivially
intersecting family. The non-uniform version (i.e. when sets in F need not to have
equal size) of the above theorem is also due to Erdés, Ko and Rado. However, it is
rather an easy exercise to prove that any intersecting family G C 2" can be extended
to an intersecting family G’ of size 27! and there exists no intersecting family of
larger size.

These theorems attracted the attention of many researchers. Several generaliza-
tions have been proved, the intersecting condition has been relaxed or strengthened
in many ways. One relaxation is to allow some fixed number of disjoint pairs formed
by members of the family F [1, 5, 8. In this paper we consider families F where for
any I € F there are at most a fixed number of sets disjoint from F'. More precisely,
for any set G and family F let Dx(G) = {F € F : FN G = ()} be the subfamily
of the sets disjoint from G. We say that a family F is (< 1)-almost intersecting if
for every set F' € F we have |Dx(F)| < [, and we say that a family F is [-almost
intersecting if for every set F' € F we have |Dz(F')| = . We will address the problem
of finding the largest size of an (< [)-almost intersecting (l-almost intersecting) family
F 2" both in the uniform and in the non-uniform case. Clearly, [ = 0 gives back
the original problem of Erdds, Ko and Rado.

The combination of these two properties motivate four distinct problems. In this
paper, we examine all four cases. As is typical in the theory of set families, the
extremal results for unifom versus non-uniform set families are quite different. In
particular, the order of magnitude of the size of the maximum family are far from
each other. Furthermore, the two almost intersecting properties force the structures
of the extremal families to be significantly different. For example for uniform families
the size of the maximal family depends on the size of the underlying set only in the
weaker case.

The rest of the paper is organized as follows: in Section 2 we consider k-uniform
l[-almost intersecting families. Among others we prove the following conjecture for
k= 2.

Conjecture 1.1. For any k there exists ly = lo(k) such that if | > ly and F is a

k-uniform l-almost intersecting family, then |F| < (I + 1)(2:__12).

The following construction shows that if true, Conjecture 1.1 is sharp: {F U {i} :
Fe (B3, ie{2k—1,2k..,2k+1—1}}.

In Section 3 we consider non-uniform [/-almost intersecting families and solve the
problem completely if [ is 1 or 2. Also we determine the order of magnitude of the

size of the extremal families for all [ larger than two.



In Section 4 we prove Proposition 4.1 that states that for any fixed k& and [ if
n > ng(k, 1), then the largest k-uniform (< [)-almost intersecting family is a trivially
intersecting family. Determining the smallest possible ng remains open except for the
case [ = 1 for which we prove the minimum of ng(k, 1) is 2k + 2.

Section 5 deals with non-uniform (< [)-almost intersecting families. We settle the
problem for [ = 1,2. For larger | we conjecture the following.

Conjecture 1.2. For any positive integer | > 2 there exists ng = ng(l) such that if
n > ng and F C 2" is an (< 1)-almost intersecting family, then

D iy ") if n is even
Fl < n— n ! n . .
7= { (Ln/zlj) + Z@':m/gw (Z) if n is odd,

and equality holds if and only if F is the family of sets of size at least n/2 and (if n
is odd) the sets of size |n/2] not containing a fized element of [n].

2 Restrictive case - Uniform families

In this section we investigate k-uniform [-almost intersecting families. The following
notion and Theorem 2.1 will play a very important role in our proofs. The collection
of pairs of sets (A;, B;)", are said to form a cross-intersecting family if for any
1 <i,j <m we have A4;N B; = 0 if and only if i = j.

The main theorem about cross-intersecting families of pairs is the following result.

Theorem 2.1 (Bollobés [3]). If the pairs (A;, B;)I™, form a cross-intersecting family,
then the following inequality holds:

“ 1
— s~ <1
Z (|A1|+I\‘Bz|)

=1\ |4

in particular if |A;] < k and |B;| <1 for all 1 <i <m, then m < (kzl) and equality
holds if and only if the pairs are all possible partitions into sets of size k and | of
some (k +1)-set X.

The following easy corollary settles the problem in the restrictive case for k-
uniform families when [ = 1 and k is arbitrary.

Corollary 2.2. If F is a k-uniform 1-almost intersecting family, then |F| < (2}5)
and equality holds if and only if F = ()k() with | X| = 2k.



Proof. For any k-uniform l-almost intersecting family F = {Fy, Fy, ..., F},. }, let A; =
F; and let B; denote the only set in F which is disjoint from F;. Then the pairs
(A;, B;)!", form a cross-intersecting family and we are done by Theorem 2.1. O

The next lemma shows that for any positive integers k£ and [ there exists an upper
bound on the size of a k-uniform [-almost intersecting family which is independent of
the size of the ground set.

Lemma 2.3. For any k,l € N where | > 0, if F is a k-uniform l-almost intersecting

family, then we have |F| < l(z:ll).

Proof. Let F = {Fy, Fs,...,F,,} and let I; = {i € [m] : Dg(F;) = Dx(F;)}. Note that
for any j < m we have |I;| < as otherwise any G € Dx(F;) would be disjoint from at
least [ 4 1 sets of F, a contradiction. Let J C [m] be a set of indices so that I; # I;
for any j,5' € J and |J| > 7. For every j € J we define the sets A; := Uy, I,
Bj := Ugep,(#;)G. Clearly they form a cross-intersecting family and |A;, |B;| < kI,
hence we are done by Theorem 2.1. O]

We finish this section by settling the case k& = 2 of Conjecture 1.1. Instead of
talking about 2-uniform families we state our result in the language of graphs.

Theorem 2.4. If G is an l-almost intersecting graph with no isolated vertices, then G
has at most 21+ 2 edges and the unique extremal graph is Ko ;41 provided | # 1, 3,5, 6.
Forl =1,3,6 the unique extremal graphs are K4, K5, K¢ respectively, and for | =5
there are two extremal graphs: Ks¢ and the complement of a matching on 6 vertices.

Proof. If G is not connected, then there is a cut Cy, Cy of V(G) with e(Cy, Cy) = 0,
e(Cy),e(Cy) > 0. But then by the [-almost intersecting property of G we obtain
e(Ch),e(Cy) <1 and thus e(G) < 2. Hence we can suppose G is connected. Let e
be the number of edges and n the number of vertices. If there are exactly [ edges
disjoint from any fixed edge, then for any edge (u,v) we have d(u) +d(v) —1 =e—1.
Thus for any vertex all its neighbors have fixed degree. We distinguish two cases.

Case 1. (G is d-regular for an integer d.

Then clearly e = 2d +1 —1 and dn = 2e = 2(2d + 1 — 1), hence (n —4)d = 2] — 2.
Since d is the degree of all vertices in G, it is at most n—1. Hence 2l —2 = (n—4)d >

(d—3)d = (d—32)*~2 and thus d—3 < /20 + 1. Thene = 2d+1—1 < 1+2,/2] + }+2,
which is strictly less than 21 42 if [ > 8.

If d=n—1, then G = K,, and every edge is disjoint from ("52) other edges. As
by the above, we must have ("52) = [ <8, thus we obtain n < 7 and Ky, K5 and K
do contain more edges than Ky 9, K54 and Kj ;7 respectively. Otherwise d < n —2 can

be supposed, and by repeating the previous calculation we get e <[+ 2421 — 1+ 1,
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which is strictly less than 2 4+ 2 if [ > 5. For [ = 5 there is equality here, this gives
the two extremal graphs.
2] — 2 = d(d — 2) is impossible for | < 5, hence we can suppose d < n — 3. The

simple calculation used in the previous paragraphs gives e < [ + 24/2] — % in this

case, which is always strictly less than 2 + 2.
Case 2. G is not regular and thus the degrees give a proper 2-coloring of V' (G).

Let us denote the two color classes by A and B, their cardinality by a and b, and
the degrees by ds and dg. Let a < b and then by e = ads = bdg we obtain that
dy > dg. Thususinge =101+ds+dp—1wegete<2dp+1—1= %"‘l—l. By
rearringing we obtain e < (I — 1)-%; provided a > 2. This bound is smaller than
20 + 2 if a is at least 4. It can be easily seen that in the case a = 2, we must have
G = Ky 1. The case a = 3 is left to the reader. O

3 Restrictive case - Non-uniform families

In this section we consider [-almost intersecting families that are not necessarily uni-
form. We start our investigations with a useful definition and a proposition valid for
arbitrary [. For any family F of sets, the comparability graph G(F) is the graph with
vertex set V(G) = F and edge set E(G) = {(F1, F2) : (F1 € F») VvV (Fy, € F)}.

Proposition 3.1. If F is an l-almost intersecting family, then all connected compo-
nents of G(F) have size at most .

Proof. For any pair Fy, Fy € F of sets with F} C F, we have Dx(Fy) = Dg(F)
as all sets disjoint from F, are disjoint from Fj as well and |Dg(F)| = [ for any
F € F. We obtain that if F, F’ lie in the same component of G(F), then we have
Dx(F) = Dx(F"). Therefore if a component C' of G(F) consisted of more than [
vertices, then |Dx(H)| > [ would hold for any set H € Dx(F) with F € C. O

As a special case of Proposition 3.1 we obtain that an [-almost intersecting family
does not contain an [-fork (a family of [ + 1 sets Fy, F1, ..., F; with Fy C F; for all
1 < i < 1), hence the following theorem of De Bonis and Katona can be used (a
weaker version was obtained earlier by Thanh [13]).

Theorem 3.2 (De Bonis, Katona [6]). If a family F C 2" does not contain an
r-fork, then |F| < (1+ 2 + O(#))(Ln’}%).

Corollary 3.3. If F is an l-almost intersecting family, then |F| < (1—1—%1—1—0(#))(”72).



As we will see, this bound is asymptotically tight if [ = 1. If [ = 2 the bound
is off by a factor of 2 as shown by Theorem 3.14 and we conjecture that it is even
further from the truth for larger values of [, but this is the best bound we have at the
moment.

Now let us consider the case [ = 1.

Theorem 3.4. If F C 2I" is a I-almost intersecting family, then

(n%) if n is even
7l = { 2,0 ,) i s odd,

and equality holds if and only if F = (7?/1]2) provided n is even and F = {F € ( ] ) :

[n/2]
re F}U{F € ([7?}]2]) cx ¢ F} for some fized x € [n| provided n is odd.

Proof. Let F be a 1-almost intersecting family of maximum size. By Proposition 3.1
we know that F is Sperner and thus if n is even, we are done by Sperner’s theorem
[12].

Suppose n is odd. Clearly, F consists of disjoint pairs. Let us consider the
subfamily F’ that consists of the smaller set from each pair (if the two sets have the
same size, then put one of them arbitrarily into F') and let F” = F\ F'. Then F’ is
Sperner, intersecting and 2|F| < n for all F' € F'. We use a theorem of Bollobds [4]
that deals with families of this type. We only state the result for odd n.

Theorem 3.5 (Bollobés [4]). If n is odd and F C 2" is an intersecting Sperner
family with the property that 2|F| < n holds for all F' € F, then

715 (L 1)

and equality holds if and only if F = {F € (Lr[:/gj) cx € F'} for some fized x € |n).

As |F'| = |F"| it follows that |F| < 2([117/127]171) and F' = {F € (U[Lr/L]%) cx e I}
for some fixed = € [n]. If F/ = F = {F : F' € F'}, then we are done. Otherwise
there exists I € F” with |F”| < n/2. Then the family F* = (F' \ {F'}) U {F"}
(where F” is the unique set in F” which is disjoint from F") satisfies the conditions
of Theorem 3.5 and thus F* = {F € (LT[L7]2J) :y € F'} for some fixed y € [n] but both
x =1y and x # y is impossible. m

Let us continue with the case [ = 2 by defining 2-almost intersecting families.



Construction 3.6. If n = 2k + 2, then the following 2-almost intersecting family has

size 2(2,5) =(3+ 0(1))(7:;2): let G, Go be a partition of ([2:]) such that G € G; if and

only if G € Gy. Then G = GiU{GU{2k+1}: G € G} UG U{GU{2k+2} : G € Gy}
possesses the required properties.

Similarly, if n = 2k 4 1, then the following family is 2-almost intersecting: let
G ={G e ([2:__11]) rx e GGy ={G € ([%k_l]) :x ¢ G} for some fixed = € [n] and
define G = GiU{GU{2k} : G € G} UG U{GU{2k+1} : G € Go}. Then G possesses

the required property and has size 4(%77) = (1 + o(1)) (nT/LQ)

In the remainder of this section we show that these constructions are best possible.
Let F C 2" be a 2-almost intersecting family and let us write F = F, U FY U FF
where FY = {F € F:3dF e F,F' C F},\FF ={F € F:3F € F,F' 2 F} and
Fi=F\ (FYuFh.

Proposition 3.7. If F € F,, then for any G O F we have G ¢ F.

Proof. If such a G was in F, then the two sets in F disjoint from GG would be subsets
of F', thus at least one of them should be a proper subset of F'. That would contradict
FekF. O

Proposition 3.8. FF N FY = 0.

Proof. The component of a set F' € FXNFY in the comparability graph G(F) would
have size at least 3 contradicting Proposition 3.1. O

Proposition 3.9. For any F € FF (F € FY) there exists exactly 1 set F' € FY
(F' € Ff) with F C F' (F2F').

Proof. This is the [ = 2 special case of Proposition 3.1. O]
Corollary 3.10. If F € FL, then for any G O F we have G & F.

Proof. Any such G would contain the two sets in F that are disjoint from F’ with
FCF. O

Proposition 3.11. For any 2-almost intersecting family F C 2" there exists another
such family G with |F| = |G| such that

(i) G € GY implies G € GY,
(ii) for any G1,G2 € G with G; C G2 we have |Gy \ G| = 1.

Proof. It FY U FF = () then G = F satisfies (i) and (ii). Otherwise let F}, Fy € F
with F7 € F5. Then there exist 2 distinct sets F', F” € F which are disjoint from
F;5 and therefore from F; and all other sets in F meet both Fi, F5. Thus replacing
Fy with any set G satisfying Fy C G C Fy,|Fy \ G| = 1 will not violate the 2-almost
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intersecting property of the new family (as G is disjoint from F’ and F” and as a
superset of F] meets all other sets of the family). By repeating this operation we can
obtain a family satisfying (ii).

Suppose that in the above situation we have F’, F” # F,. Then either of these
sets can be replaced with Fy without violating the the 2-almost intersecting property

of the new family. By repeating this operation we can obtain a family satisfying
(). O

We will call a 2-almost intersecting family good if it satisfies (i) and (ii) of the
above proposition. If G is good, then for any G € G¥ there exist Gy,Gy € G such
that G1 € G,Gy € G, |G\ G1| = |G\ Ga| = 1. Let = be the only element of G \ G}
and y be the only element of G \ G5 and let G* = G\ {z} U{y} = G, U {y}.

Proposition 3.12. Let G C 2" be a good 2-almost intersecting family. Then for any
G € GY the sets Gy, Gy, G* defined as above satisfy the following:

(i) G ¢ 3,

(1) G ¢ G, )

(ii1) the only set in GUG contained in G* is Gy,

(iv) the only set in GUG containing G* is G,

(v) {G* : G € GY} is a Sperner family.

Proof. The statements (i),(ii) follow from Proposition 3.9 used for G and Gs. A set
G’ € G contradicting (iii) would be a third set in G which is disjoint from G, while for
a set G' € G contradicting (iii) its complement G’ would contradict Proposition 3.9
for G3. The statement of (iv) follows similarly using G in place of Gs.

Finally, (v) follows from the fact that G'* C G* would imply that G, and G} are
disjoint and therefore there would be three sets in G which are disjoint from Gy. [

Lemma 3.13. Let G C 21" be a good 2-almost intersecting family. Then the following
inequality holds:

2 2
2T (n—1GD (&)

Geg G| Geg,y |
2 1
_Gezg% <(”‘ GN(a) " - 1Gh0 16T 1><Z>)
1 . '
_G;gg ((n— ’G|>(\g|) + !G’(‘a) a |G|(n — |G’)(g)) < 1 (1)

Proof. First note that () ¢ G as there would be only one other set in G, which could
not be disjoint from two sets.



Let us consider the pairs (G,C) with G € G, C is a maximal chain in [n] and G € C.
For any set G there are |G|!(n — |G|)! chains containing G. Thus the number of pairs
is exactly » ocq |G|!I(n — |G])!. On the other hand by Proposition 3.8 every chain
C may contain at most 2 sets from G, thus the number of such pairs is n! + c; — ¢
where ¢; is the number of chains containing i sets from G. By Proposition 3.9 we have
co = ZGGQ2L |G|!(n — |G| — D).

We would like to get a lower bound on ¢. Let us consider the set Sz of chains
that contain the complement G of a fixed set G € G; U GE. By Proposition 3.7 and
Corollary 3.10, if G € G, UGL, there can be no G’ € G with G’ D G. A k-subset of
G is contained in |G|'k!(n — |G| — k)! chains that go through G. Thus, if G € G,
as the empty set cannot be in G and there are exactly 2 sets in G which are disjoint
from G, we obtain that there are at least (n — |G| —2) - (n — |G| — 1)!|G|! chains in
Sz that do not contain any set from G. If G € G¥, then we know that the 2 sets in G
contained in G have size n — |G| — 1 and n — |G| — 2 and thus the number of chains
in Sz that avoid G is |G|!((n — |G|)! — (n — |G| — 1)! = (n — |G| — 2)!). By definition
there do not exist 2 sets G, G’ in G; U GF with G C G’, thus we have SagNSy = 0
for any distinct G, G’ € G; U G£.

Finally, let us consider sets G € GY. By Proposition 3.12 (and using the definitions
preceding the proposition) we get that any chain that contains G* but contains neither
G1 nor G5 avoids G U G. Therefore these chains are different from all chains in
UgegugrSe and contain no sets from G. The number of such chains for one fixed
GeGlis (|G|'— (|G =D ((n—|G)! = (n—|G| —1)!). Note that by Proposition 3.12
(v) we have Sgi- N Sgn+ = ) for any G',G" € GY.

Adding the above observations together we obtain

> G — |G < nt+ 3 |Gl — |Gl — 1)!—

Geg Gegk
Y (=G =2)-|G|\(n — |G| - 1)!-
Gegy
D IGIH (=GN = (n = |G| = 1)l = (n = |G| = 2)!) =
Gegk
D (G = (G = D) ((n =GN = (n = |G| = 1Y) (2)
Geg¥y
Rearranging and dividing by n! yield the statement of the lemma. [l

Clearly, the main term of the LHS of (1) is the first term ), (,LL) and all other
G|
terms are negligible compared to this, thus Construction 3.6 is asymptotically best

possible. We need a little more work to prove the exact bound.
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Theorem 3.14. Let F C 2" be a 2-almost intersecting family, then

Fl < 2(2;22) if n is even
F<q,

(MT/L;?’_2) if n is odd,

and this bound is best possible as shown by Construction 3.6.

Proof. Without loss of generality we may assume that F is good. Then we know that
sets in FY UF¥ come in pairs with sizes differing by 1. Let us consider the summands
in (1). Let aj denote the sum of all summands from sets in F; of size k and let by
denote the sum of all summands from pairs in Y U F¥ such that the smaller set in
the pair has size k. Clearly, if m = min{ay, % : 1 < k < n — 1}, then |F| < L. For
convenience we rather work with

a, = nlay, = 2k!(n — k)! — 2k!(n — k — 1)!
and

C b, = 2k (n— k) 20k + Din—k— 1) —2&k!(n —k — 1)l — kl(n — k — 2)!
(k+Dn—k—2)—kl(n—k— 1D +kl(n—Fk—2)

First we claim that the minimum of aj, over k is aj,, . Indeed, let
Ay =djq —a, =2kln—k=2)[(k+1)(n—k—2) — (n—k —1)7]

and observe that the expression in the brackets is quadratic in k. Furthermore, one
of its roots is between n — 3 and n — 2 and the other is between [n/2] — 1 and [n/2].
This proves our claim.

Next we claim that if n is even, the minimum of b}, over k is ¥/, /9 and if n is odd, it

i8 V], /2] = b}/ - This can be shown by a similar (but a bit more tedious) calculation
involving

Bi=b,, —b = kl(n—Fk—3)x
2k+D(k+2)(n—k—2)—2n—k)(n—k—1)(n—k—2)—
(k+1)3n—2k—4)+ (3n —2k —2)(n — k —2)].

Finally, by substituting, a ./ > %bLn s2) and the theorem follows as the size of the
families in Construction 3.6 is exactly [

bins2)”

The case when [ > 2 remains unsolved. We finish this section with a question
which is related to the [ = 2 case. What is the maximum size of a family that satisfies
the Sperner property in addition to being 2-almost intersecting (or [-intersecting for
some [ > 2)? Is the following construction optimal or asymptotically optimal?

10



Construction 3.15. Let F be an optimal 1-almost intersecting family on [n —1 — 1]
as in Theorem 3.4. Then G = F x (["71[’"]) ={FU{z}: FeFren—-1In]}isa
Sperner and l-almost intersecting family of size (£ + o(1)) (LnT/LQ J)'

An immediate consequence of Corollary 3.3 and Construction 3.15 is the following
corollary.

Corollary 3.16. Let F C 2" be an optimal l-almost intersecting family. Then we
have |F| = ®<(Ln72j)'

4 The less restrictive case - Uniform families

In this section we consider k-uniform (< [)-almost intersecting families. First, we
prove that if n is large enough, then this relaxation of the intersecting property does
not allow us to obtain a larger family, than what the Erdés-Ko-Rado result states.

Proposition 4.1. For any k,l € N there exists ng = ng(k,l) such that if n > ng and
F C ([Z]) is an (< 1)-almost intersecting family, then |F| < (Zj) with equality if and
only if F is the family of all k-sets containing a fived element of [n].

Proof. If F is intersecting, then we are done by the Erdés-Ko-Rado theorem. If
Fy,F, € F are disjoint, then any F' € F \ (Dg(F1) U Dg(F,)) should meet both
F; and Fy and thus |F| < k2 (Z:;) + 2l which is smaller than (Zj) if n is large
enough. O]

The argument of Proposition 4.1 gives ng(k, 1) < O(k* + k). Using a theorem of
Hilton and Milner [9] that states that a non-trivially intersecting family has size at
most (}~]) — (nﬁzl) + 1 one can obtain a bound ny(k,!) = O(k?l) which is better
than the previous bound if [ = o(k). Finding the smallest possible ng(k,[) seems to
be an interesting problem.

Obviously, if I > (7), then ([k*];m}) is (< [)-almost intersecting, furthermore if

> (";f;l), then the trivially intersecting family {F' € ([Z}) : 1 € F'} is not maximal.
The following theorem states that 2k + 2 is a good choice for ngy(k, 1) provided k > 3.
Note that the case k = 2 is trivial as if there exist Fy, Fy, € F with Fy N Fy = (), then
all other sets in F must intersect both F; and F, and thus be subsets of £} U F5 and
therefore | F| < 6. Comparing this to the size of the trivially intersecting family gives

7’LQ(2, 1) =T.

Theorem 4.2. Ifk > 3 andn > 2k+2 and F C ([Z}) is an (< 1)-almost intersecting
family, then |F| < (Zj) with equality if and only if F is the family of all k-sets
containing a fized element of [n].

11



Proof. We will use Katona’s cycle method [10]. We call a subset S of [n] an interval
in a cyclic permutation 7 of [n] if S = {7 (i), 7(i+1),..., (i +|S| —1)} for some i and
addition is modulo n. We say that two sets S, T are separated in a cyclic permutation
7 if there are disjoint intervals S’, 7" in 7w with S C ", T C T" and S'UT" = [n]. Let
Fo={F € F:Dp(F) =0}, i ={F € F: Dg(F) = 1}. We define two types of

objects and give them weights:
1. for (F,7) with F' € Fy and F' an interval in 7, give the weight %;
2. for ({F, F'}, m) with F, F" € F, and F, F’ separated in 7, give the weight %

Lemma 4.3. If 2k < n and F C ([Z]) is a (< 1)-almost intersecting family, then
for any cyclic permutation m of [n]| the sum of the weights of all objects having 7 as
second coordinate 1s at most 1.

Proof. For simplicity we identify objects with their first coordinates. We say that
for any cyclic permutation m there is a milestone between any consecutive elements
m(i),7(i + 1). For any object with second coordinate m we define two separating
milestones: if the object is of type 1, then the milestones lying between the interval
and its complement are the separating milestones. If the object is of type 2, then
there exist intervals S’, 7" showing this fact and we take the milestones between S’
and T".

We claim that any milestone can belong to at most one object. Otherwise if
both objects are of type 1, then to be different they must lie on the two sides of the
milestone and as 2k < n they do not intersect. If one of the objects F' is of type 1
and the other {S, T} is of type 2, then FF C S’ or F' C 7" and thus either FNT =)
or NS = (. Finally, if both objects {S1,T1}, {52, T»} are of type 2, then S; C S
or Sy C 5] and thus S1NTy, =0 or SoNTy = 0.

As each object has 2 separating milestones, the lemma immediately follows if all
objects are of type 2. Let us assume that there is at least one object F' of type 1
and we say that F' crosses the milestones between any two of its elements. Then for
any other object O, the interval F' crosses at least one of the separating milestones
of O. This is clear if O is of type 1 while if O = {S,T'}, then not crossing any of the
milestones would mean F' C S" or F C 7" and thus FNT =0 or FNS = 0. But
clearly an interval of size k may cross at most & — 1 intervals, thus we obtain that
in this case there are at most k objects with second coordinate m and as + > % the

k
lemma follows. OJ

Let a denote the number of cyclic permutations in which the disjoint k-sets S and
T are separated. Clearly, a does not depend on the actual choice of S and T. With
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this notation and Lemma 4.3 we obtain the following inequality

1 1

Thus we will be done if we can prove that

1 1
El(n — k)!- < a—. 3
(n—k)r <ar )
We calculate « in the following way: consider the family G = ([2:]) and count the
objects ({G1, Gz}, m) with G1,Gy € G and separated in m. On the one hand, this
is 2(*)a. On the other hand, this is k(n — 1)! as any cyclic permutation 7 of [n]

2k
contains exactly k separated pairs from G. Thus we obtain

2k(n — 1)!
(%)

After substituting this into (3) we need only to verify

o =

1 2 —1)!
K(n — k)1t < 28— 1!
which is equivalent to
(2k)!  2(n—1)!

K2 S (n—k)n’
This holds if 2k + 2 < n provided k£ > 5. For k < 5 the above inequality holds unless
k=3, n=8ork =3 n=9o0r k=4, n=10. These cases can be verified by
changing the weight of all objects ({F, F'},7) to 1/k when at least one of F' and F’
is an interval in 7. One can easily check that Lemma 4.3 holds with the modified
weights. We leave the details to the reader. O

Note that since the family ([2:]) is l-almost intersecting and has size (2:) >

<2k1:11_1)’ no(k,1) = 2k 4+ 2 is best possible. We finish this section with an easy
double counting proof that settles the case of n = 2k + 1.

Proposition 4.4. If F C ([%,jl]) is an (< 1)-almost intersecting family, then |F| <
(2:) and equality holds if and only if F is the family all k-sets not containing a fived
element of [2k + 1].

Proof. Let us double count the pairs (F,G) with FF € F, G ¢ F. On one hand
this is at least k|F| as for any F' € F out of the k + 1 many k-sets disjoint from
F at most 1 can be in F. On the other hand the number of such pairs is at most

13



(%) = |F))(k +1). We obtain ((***') — | F|)(k + 1) > k|F| and by rearranging we
get the stated bound on |F|.

To characterize the case of equality note that all lower and upper bounds in the
previous argument hold with equality if and only if F is a 1-almost intersecting family.
Thus we are done by Corollary 2.2. O

5 The less restrictive case - Non-uniform families

In this section we consider the problem of finding the maximum size of an (< [)-
almost intersecting family F C 2. Theorem 5.3 will settle the case of [ = 1, we
prove Conjecture 1.2 for the case [ = 2.

Remark 5.1. A family where all supersets of any member of the family belong to
the family as well is called an upset. For any (< [)-almost intersecting family F
there is another family F’ of the same size which is an upset. Indeed, if for two
sets F,G we have FF C G, FF € F, G ¢ F, then F\ {F} U{G} is (< [)-almost
intersecting provided F is as well. Thus it is enough to prove the upper bound in
Conjecture 1.2 for upsets, furthermore uniqueness for upsets implies uniqueness for
arbitrary families. Indeed, consider an (< [)-almost intersecting family F of maximum
size. By applying repeatedly the above operation, we obtain a family F’ such that
|F| = |F/| and F'\ {F} U{G} = F’, where F C G,F € F',G ¢ F and F" is
the unique family described in Conjecture 1.2. but then Dz (F) > [3(n — 1)] which
contradicts the (< [)-almost intersecting property of F’.

We start with a lemma that we will use in proving Theorem 5.3 and Theorem 5.5
and might be useful in verifying Conjecture 1.2.

Lemma 5.2. Let | be a positive integer. If an (< 1)-almost intersecting family F
15 an upset such that the size m of a minimum set in F is less than ”T_l, then there
exists another (< l)-almost intersecting family F' with |F| < |F'| such that the size
of a minimum set in F' is m + 1. Moreover, if | > 2, then even if m = "T_l, there
exists a family F' with |F| < |F'| such that the size of a minimum set in F' is m+ 1.

Proof. Let us write F; = {F € F : |F| = i} and define the bipartite graph
G(V1, Ve, E) where Vi = Fp, Vo = {G € (" Y\ Fpr : IF € Fp, FNG = 0},
E ={(F,G): FNG = 0}. Clearly, for any G € V, we have d(G) < m + 1. Also,
for any F' € F,, = V; we have d(F) > n—m — [ + 1 as there are n — m sets of
size n —m — 1 which are disjoint from F' and at most [ — 1 of them belong to F
by the (< 1)-almost intersecting property since F being an upset guarantees that
F € F provided Dx(F) # 0. It follows that [Vi| < |Vs|, furthermore if m < 2, then

V1| < Val.
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Let us define 7/ = (F\ V1)U Vs. By the above, we have |F| < |F/| and if m < 2
then |F| < |F'|. We still have to show that F’ is (< [)-almost intersecting. Since
all sets in V, have size n — m — 1 and the minimum sets in F’ have size m + 1 for
any set G € V, we have |Dz(G)| = 1. Also, for any set F' € FNF' if |F| > m + 1,
then Dx (F) C Dx(F) and thus |Dg(F)| < |Dx(F)| < I. Finally, let us consider
aset '€ FNF with |[F| = m + 1. If there was no set F/ C F in F,,, then
Dy(F) = Dy (F), while if there was, then the only set in Dz (F) \ Dxe(F) is F,
therefore |Dz (F)| < |Dg(F)| + 1. To finish the proof of the lemma observe that as
F' € F we have [Dg(F)| < [De(F)| < 1. O

The next theorem considers the case [ = 1.

Theorem 5.3. If n > 2 and F C 2" is an (< 1)-almost intersecting family, then

D ien/ ™) if n is even
IFIS{ (L) F o ()i nis odd,

and equality holds if and only if F is the family of sets of size at least n/2 and (if n
is odd) the sets of size |n/2]| containing a fized element of [n].

Proof. Let F be an (< 1)-almost intersecting family of maximum size. Remark 5.1
shows that we may assume that F is an upset and by Lemma 5.2 we may assume
that the size of a minimum set in F is at least f”T_l] If n is even, this means
F CA{F C[n]:|F|>n/2} and we are done.

If n =2k +11is odd, then Lemma 5.2 gives F C {F C [2k + 1] : |F| > k}. We

claim that ([2:;#11]) C F. Indeed, if G € ([2::1”), then D£(G) < 1, thus the only reason

for which G could not be in F is G € F and there exists G’ € F such that G’ C G.
But then G would belong to F as F is an upset, a contradiction.

As ([ijlll) C F, we know that for every F' € F; we have F € F and thus
Fr ={F € F :|F| =k} must form an intersecting family. Thus we are done by the
Erdés-Ko-Rado Theorem. O

Theorem 5.3 can also be derived from a result by Bernath and Gerbner [2]. We
define a family F to be (p, q)-chain intersecting if Ay C Ay € ... C A,, By € By C
.. C B, with A;, B; € F implies A, N B, # 0.

Theorem 5.4 (Bernath, Gerbner [2]). If F C 2" is (p, q)-chain intersecting, then

| F| g{ ( 2 (n—p—q+3)/2 () if n—p—gqisodd

n—1

[(n—p—q+3)/2]— )+Z (npq+3/2](”) if n—p—qis even.
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Theorem 5.3 follows from Theorem 5.4 by letting p = 1, ¢ = 2 as the (1,2)-chain
intersecting property is equivalent to the condition that Dz(F') is Sperner for all
F € F. Bernath and Gerbner also deal with the case of equality. We do not state
their complete result for sake of brevity.

The next theorem states that Conjecture 1.2 is true if [ = 2.

Theorem 5.5. If n > 2 and F C 2" is an (< 2)-almost intersecting family, then

Z?:n/z (n) if n is even
Fl= n— n n . .
71= { (\_n/21j) + 2ty (5) if nis odd,

and equality holds if and only if F is the family of sets of size at least n/2 and (if n
is odd) the sets of size |n/2] not containing a fized element of [n].

Proof. Let us consider two cases according to the parity of n. If n = 2k + 1 is odd,
then by Remark 5.1 and Lemma 5.2 we can assume that F is an upset and all sets
in F have size at least k. Therefore all sets F' of size at least k + 2 belong to F as
Dr(F) = 0. We claim that if 7 is maximal, then (2%71) C F. Indeed, if |G| = k+1,
then Dx(G) < 1, thus the only reason for which G' could not be in F is that G € F
and Dx(G) > 2. But then G € F as F is an upset.

Now consider F, = F N ([Qk]jl]). Again, for all F € Fj, the set I belongs to F,
thus Fj, is (< 1)-almost intersecting and then we are done by Proposition 4.4.

Suppose now that n = 2k is even. Then by Remark 5.1 and Lemma 5.2 we can
assume that F is an upset and all sets in F have size at least k — 1. Furthermore
Lemma 5.2 states that there is an upset " with |F| many members each of size at
least k. This implies the bound in the theorem. Suppose F,_; # (), then just as
in the case of odd n, all sets of size at least k + 1 belong to F and the proof of
Lemma 5.2 shows that writing B, = {B € ([2:}) \ Fr} we must have |Fj_1| = |By|
(as otherwise (F \ Fr_1) U B would be a larger (< 2)-almost intersecting family)
and F,_1 = AB, = {F ¢ (,E?_kb : 3B € By,(F C B)}. The Lovész version [11] of the
Kruskal-Katona shadow theorem states that if By = m = (i) for some real number z,

then ABy, > (,”)). As (§) < (%)) if ¢ < 2k—1, we must have |Fj,_| = [B| > (3.
Finally, note that Fj,_; is intersecting as a pair F, F' € Fy_1, F N F' = () would give,
by the assumption that F is an upset, |D#(F)| > |[{G : F' C G C F}| = 4. By the
Erdés-Ko-Rado Theorem we obtain that |Fj_;| < (2:__21) < (2:__11). This contradiction
finishes the proof of the theorem. n

Remark 5.6. For general [ Lemma 5.2 gives that an (< [)-almost intersecting family
F of maximum size is a subset of {F € 2"l : |[F| > |(n —1)/2] + 1}. Theorem 5.4
can be used to give a better upper bound on the size of F. To see this note that an
(< I)-almost intersecting family which is an upset satisfies the (1, p)-chain intersecting
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property with p = [log,(l + 1)]. Indeed, if not then there would exist a set F' € F
and a chain G; € G2 € ... € G, in F such that G, N F' = (), but then all sets G with
G1 C G C G, would belong to F and thus |Dz(F')| > | would hold.
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