ANTI-RAMSEY FORBIDDEN POSET PROBLEMS

BALAZS PATKOS

ABSTRACT. A family G of sets is a weak copy of a poset P if there is a bijection f : P — G such that p < ¢
implies f(p) C f(q). If f satisfies p < ¢ if and only if f(p) C f(q), the G is a strong copy of P. We study the
anti-Ramsey numbers ar(n, P), ar*(n, P), the maximum number of colors used in a coloring of 2["] that does
not admit a rainbow weak or strong copy of P, respectively. We establish connections to the well-studied
extremal numbers La(n, P) and La*(n, P) and determine asymptotically ar*(n,T") for all tree posets T' and
ar*(n, Ozy) for all crown posets Oz.

1. INTRODUCTION

In extremal combinatorics, Turdn type problems ask for determining the maximum possible size of a
combinatorial object that does not contain a fixed forbidden object. An object is rainbow with respect
to a coloring if all its elements receive distinct colors. Rainbow Turdn problems (introduced for graphs
by Keevash, Mubayi, Sudakov, and Verstraete [15]) ask for determining the maximum possible size of
an object that does not admit rainbow forbidden objects with respect to any ’proper’ coloring. Another
variant of rainbow problems, anti-Ramsey problems (introduced for graphs by Erdés, Simonovits, and Sés
[7]), ask to maximize the number of colors used when coloring a big object under the condition that no
rainbow forbidden small object appears.

We will be interested in the latter type of problems in the area of forbidden subposets. A family G
of sets is a weak copy of a poset (P, <), if there exists a bijection f : P — G such that p < ¢ implies
f(p) C f(q), and G is a strong copy of (P, <), if there exists a bijection f : P — G such that p < ¢
if and only if f(p) € f(¢). With some abuse of notation, we will write P instead of (P,<) and say
that a family F is weak (strong) P-free if it does not contain weak (strong) copies of P. The forbidden
subposet problem of determining La(n, P) (La*(n, P)), the maximum size of a weak (strong) P-free family
Fco:={8:5C{1,2...,n}}. was introduced by Katona and Tarjan [14] in the early 80s. For results
and open problems, see the survey [9] and Chapter 7 of [3].

Rainbow Turdn forbidden problems were introduced and studied in [19] and another rainbow variant,
Gallai-Ramsey numbers of poset pairs in [13]. In this paper, we start investigating the anti-Ramsey version
of the forbidden subposet problem. Let ar(n, P) (ar*(n, P)) denote the maximum number of colors used
in a coloring of 2" that does not admit a rainbow weak (strong) copy of P. By definition, we immediately
obtain the inequalities

(1) ar(n, P) < La(n, P) and ar*(n, P) < La*(n, P),

as if a coloring of 2"} uses more than La(n, P) (La*(n, P)) colors, then the family we get by picking an
arbitrary set from each color class contains a weak (strong) copy of P which is rainbow. The first inequality
of (1) and an old result of Erdds [6] imply ar(n, P) = O((UJ/L2 J)) and the second inequality of (1) together

with a result of Methuku and Palvélgyi [17] imply ar*(n, P) = O((Ln% j))

Let us make further quick observations that improve the inequalities of (1) and that give lower bounds
on ar(n, P) and ar*(n, P) and still connect the anti-Ramsey number to the original forbidden subposet
problem. We need two concepts. A family F is said to be convex if F C G C F’ and F,F’ € F imply
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G € F. Let Lacon(n, P) (La%,,(n, P)) denote the maximum size of a weak (strong) P-free convex family
F C 2l

For any poset P, we write P~ (P) to denote the set {P \ {m} : m is maximal or minimal in P}. Also,
for a set P of posets, we say that the family F is weak (strong) P-free if it is weak (strong) P-free for all
P € P. La(n,P) (La*(n, P) denotes the maximum size of a weak (strong) P-free family F C 2.

Proposition 1.1. For any poset P, we have
(1) 1+ Lacon(n, P~ (P)) < ar(n, P),
(2) 1+ Lag,(n, P~ (P)) < ar*(n, P).

Proof. Let F C 2l" be a convex weak (strong) P~ (P)-free family of size Lacon(n, P~ (P) (LaZ,,(n, P~ (P)).
Color each F' € F with distinct colors and use the same new color for all sets 2" \ F. By the convexity of
F, sets of the new color can only be maximal or minimal elements in a weak (strong) rainbow copy of P,
so the remaining sets of the copy should form a weak (strong) copy of a poset in P~ (P) within F. O

As a corollary, we immediately obtain the following. Let C}% denote the chain (totally ordered set) on
k elements. Then if P contains a weak copy of 2Cy (two unrelated copies of C3) or a copy of Cs, then
ar*(n, P),ar(n, P) = @((LnT/LQJ)). Indeed, then any P’ € P~ (P) contains a pair of elements in relation, so
both La’_ (n, P~ (P)) and Lacon(n, P~ (P)) are at least (Ln72j) as shown by the convex family of the middle

con
layer of 20",

Proposition 1.2.

(1) For any poset P, we have ar(n, P) < 2+ La(n, P~ (P)).
(2) If a poset P contains a smallest or largest element m, then ar*(n, P) < 1+ La*(n, P\ {m}).

Proof. For any coloring ¢ of 2[" without a rainbow weak copy of P, pick one set from every color class
of ¢ except for the color classes of ) and [n]. The family obtained must be P~ (P)-free, as such a copy is
rainbow by definition, and can be extended by @) or by [n] to obtain a rainbow weak copy of P. This proves
(1).

If m is the largest element of P, then for any coloring ¢ of 2" without a rainbow string copy of P,
pick one set from every color class of ¢ except for the color class of [n]. The family obtained must be

(P \ {m})-free, as such a copy can be extended by [n] to obtain a rainbow strong copy of P. This proves
(2). O

As a corollary, we obtain that if P does not contain a weak copy of 2C5 nor a copy of (5, then
ar(n, P) = |P| — 1. Indeed, then P~ (P) contains the antichain A; on k = |P| — 1 elements, and any k sets
form a weak copy of Ay, so La(n, Ag) =k — 1.

All weak {2C9, C5}-free posets P are of the form P’ + Ay, where + denotes the union of an uncomparable
pair of copies of P’ and Ay with P’ being either a fork Vs (a < by, b, ..., bs) or a broom Ag (c1,...,cs < d).

Proposition 1.3.
(1) ar*(n,Vs) =ar*(n,N\s) = (s —1)(n — 1) + 2.
(2) ar*(n, Ax) =3+ (k—2)(n—1) if n > 2k
(3) ar*(n, As + Ag) = ar*(n, Vs + Ax) = Og 1 (n?).

For weak copies of P, the lower bound of Proposition 1.1 and the upper bound of Proposition 1.2 differ
only by 1 and the possible difference of Lacon(n, P) and La(n, P). In most cases, these are negligeable.
For example, if P = ¢ is the diamond poset on four elements a, b, ¢, d with a < b, ¢ < d being all relations,

then P~(0) = {V,A}. A result of Katona and Tarjan [14] states that La(n,{V,A}) = 2({};11) and an
2
extremal family is (L[Zillﬂ) U{FU{n}: F e (L[Tf;llﬂ)}, which is convex. (Here and throughout the paper,
2 2
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(“2) denotes the family of all k-subsets of S, and ([Z]) is often referred to as the kth layer of 2[”].) So,
La(n, P~ (0)) = Lacon(n, P~(0)). Finally, if in a coloring ¢ of 2"l the empty set and [n] receives distinct
colors, then to avoid a rainbow weak copy of ¢, one can only use at most one further colors. Therefore,
ar(n,0) =1+ La(n,P~(0)) =1+ Lacon(n, P~ (0)) =1+ 2({5%11).

How far apart can La(n, P~ (P)) and Lacon(n, P~ (P)) be? It was conjectured [3, 11] that for any set P
of posets, La(n, P) (La*(n,P)) is asymptotically the size of most number of middle layers of 2[" that one
can have without containing of weak (strong) copy of a member of P. Note that the union of consecutive
layers is always a convex family. The conjecture was disproved by Ellis, Ivan, and Leader [5], who showed
that La*(n, By), La(n, Bg) > (d+ ¢ — 0(1))(@) for d > 4, where By is the Boolean poset on 2[% ordered
by inclusion. Although the construction of [5] for By can be easily turned into a construction for By \ {0}
or for By \ {[d]}, we do not see how it could be turned into a construction that avoids both of them, i.e. a
construction that is P~ (Bg)-free.

Problem 1.4. Is there a poset P and a positive real ¢ such that La(n, P~ (P)) > (1 +¢) Lacon(n, P~ (P))?

1.1. Main results. We will focus on forbidding strong copies of P and on cases not covered by Proposition
1.2 (2), i.e. on posets having neither largest nor smallest elements.

The oriented Hasse diagram H (P) of a poset P is an oriented graph with vertex set P where ]ﬁ is an
arc if g covers p, i.e. p <p q and there is no z # p, ¢ with p <p z <p q. We obtain the (unoriented) Hasse
diagram H (P) of P from H (P) by dropping the orientation of all arcs. A poset is a tree poset if H(P) is
a tree.

Bukh proved [3] La(n,T) = (h(T) — 1 + 0(1))(Ln72J) for any tree poset T', where h(1") denotes the
height of T, the length of the longest chain in 7. This was strengthened by Boehnlein and Jiang [2] to
La*(n,T) = (h(T)—1+0(1)) (Ln% J)' As the construction showing the lower bound in these results, consists
of the middle A(T') — 1 layers, which is a convex family, we obtain Lacon(n,7) = (1 + o(1))La(n,T) =
(14 o0(1))La,,(n,T) = (1 + o(1)) La*(n,T) for all tree posets. Our first theorem determines ar*(n,T)
asymptotically for all tree posets.

Note that if for all maximal or minimal elements of T" we have h(T'\ {t}) = h(T"), then the result follows
from ar*(n,T) < La*(n,T) of (1) and 1+ La*(n, P~ (T)) < ar*(n,T') of Proposition 1.1 (2). Also, if T has
a largest or a smallest element, then the theorem follows from Proposition 1.1 (2) and Proposition 1.2 (2).
So the hard part of the result is about tree posets 1" containing a minimal or maximal element m that is
contained in all longest chains of T' and yet m is neither smallest nor largest element of T

Theorem 1.5. For any tree poset T, we have ar*(n,T) = (14 o(1)) La*(n, P~ (T)).

The crown poset Oy is a poset with oriented Hasse diagram an antidirected cycle, i.e. O has elements
a1,a2,...,05,b1,b2,...,b with a;,a;41 < b; for all ¢ = 1,2,...,k — 1 and ag,a; < bg. O4 is mostly
called the butterfly poset and is denoted by < based on the drawing of its Hasse diagram. La(n,>) =
(Lg J) + (L%T +1) was proved first by DeBonis, Katona, and Swanepoel [4]. As i is a strong subposet of
the tree poset X on elements ai,as, b1, be, c with a1,as < ¢ < by, b, Boehnlein and Jiang’s result implies
La*(n,<) = (2 + 0(1))(ng)' For even k > 4, La(n,Og) = (1 + 0(1))(@) was proved by Griggs and Lu
[11], and the same result for odd k > 7 was obtained by Lu [16]. The value of La*(n,Og) for k > 3 has
not yet been addressed.

As P~ (Osy) consists of two tree posets both of height 2, Proposition 1.1 (1) and Proposition 1.2 (1)
imply ar(n, Og) = (1+0(1))(Ln72J) for all k > 2. By (1), we have ar*(n,>) < La*(n,x) = (2+0(1))(L§J)'

It is easy to see that ar*(n,>) > (ng) + (L%Tﬂ) +1. Indeed, color sets of size | 5] and [§] +1 by their own

color, and color all other sets white. As the intersection of two unrelated sets of different colors has size

at most | 5| and the union of two unrelated sets of different colors has size at least [ | + 1, this coloring

does not admit a strong rainbow copy of <. This shows ar*(n,>1) = (2 4+ 0(1))(L§J). As P~ (<) = {V, A},
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this also shows an example when the lower bound of Proposition 1.1 (2) and the trivial upper bound (1)
differ asymptotically and the true asymptotics of ar*(n, P) is given by (1). For all values k > 3 we show
the following result.

Theorem 1.6. For any k > 3, we have ar*(n, Og) = (1 + 0(1))(LZJ)'
2

2. PROOFS

In the next subsection, we state some embedding results for tree posets and how they imply Theorem
1.5 and Theorem 1.6. Then in Section 2.2, we prove the embedding results. Finally, Section 2.3 contains
the proof of Proposition 1.3.

2.1. Statements of embedding results and their implications. To be able to state our results, we
need to introduce some notation.

Let B, = {F € 2" : ||F| = n/2| < 2v/nlnn} and BT = {F € 2" : ||F| — n/2| < 4|T|vnInn}. Note
that by Chernoff’s inequality, 2"\ BT| < |27\ B,| < #(ng) holds for large enough n.

For any poset P and p € P, we set Dp(p) = {¢ € P : ¢ <p p}. Similarly, for any family F C 2" of sets
and G € 2" we write D£(G) = {F € F: FC G} and D(G) = {F : F C G}, U,(G) = {F € 2" : F D> G}
and we omit n from the subscript when it is clear from context.

Finally, if G is a strong copy of a poset P shown by the bijection f : P — G, then the set f(p) € G will
be denoted by G.

Theorem 2.1. Let T be a tree poset of height k+1 that contains a mazimal element m such that all chains
of length k 4+ 1 in T contain m. Then for any positive real €, there exists ng = no(€) such that if n > ng
and F C B,, with |F| = (k—1+ 5)(LnT/LQJ)’ then F contains a strong copy G of T\ {m} such that for any
p € T\ Dr(m) the image Gy is not a subset of Ugep . (m)\{m}Gd-

Let P51 denote the poset that we obtain from Oy by removing a maximal element, i.e. P has 2k —1
elements ay,as,...,ag,b1,b2,...,bx_1 with a;,a;11 < b;.

Theorem 2.2. For any k > 3 and positive real €, there exists ng = ng(e) such that if n > ng and F C Bn
with |F| = (1 + 5)(@7%)’ then F contains a strong copy G of Por_1 such that Gq; € Ga, U Gy, for all
1=2,...,k—1.

Proof of Theorem 1.5 and Theorem 1.6. The lower bounds of both theorems follow from Proposition 1.1
(2).

For the upper bounds let ¢ be any coloring of 2"}, Let F, be a family that we obtain by picking one set
from each color class that does not contain any set from 2" \ B,,. Clearly, the number of colors used by ¢
is at most |2\ B, | + | F| < #(LEJ) + | Fel-

For Theorem 1.6: if |F.| < (14 0(1))(@”, then we are done. Otherwise, by Theorem 2.2, we obtain
a strong copy Ai, Ao, ..., Ag, B1,...,Br_1 of Py_1 such that A; U A does not contain any of the A;s
(i=2,3,...,k —1). Let By be any superset of A; U Ay, of size at least § + 2vnlnn with A; € By, for all
i=2,3,...,k—1. Such a set exists as there is a; € A4; \ (41 U Ag) for all i, so [n]\ {ag,...,ar_1} can play
the role of By. Then Ay, Ao, ..., Ag, By, ..., Bi_1, By form a strong copy of Os. Also, it is rainbow as the
A;s, Bys represent different color classes of ¢, and these color classes do not contain sets from 2" \ By, so
their colors are distinct from that of By.

For Theorem 1.5: as observed in the introduction, it is enough to consider tree posets T' of height k + 1
with a maximal or minimal element m that is contained in all chains of length £+ 1 in 7. Without loss of
generality, we may assume that m is maximal. If |F.| < (k—1+0(1)) (Lg J)’ then we are done. Otherwise,

by Theorem 2.1, F contains a strong copy G of 7'\ {m} such that G := Ugep.(m)\{m}Ga does not contain

any G with p ¢ Dr(m). Then a superset G’ of G of size at least § 4 2v/nlnn still not containing G), for
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any p ¢ Dp(m) together with G form a strong copy of T. The existence of G’ and the rainbow property
of GU{G'} follows as in the previous paragraph. O

2.2. Proofs of embedding results. There have been several papers on embedding tree posets into set
families starting with the seminal paper of Bukh [3] determining La(n,T’) for any tree poset 7. This was
extended by Boehnlein and Jiang [2] to strong copies of T'. The proof of 2.1 will closely follow the reasoning
of [2]. Supersaturation and counting results on weak and strong copies of tree posets (for all or for some
special classes) were obtained in [20] and then in [1] and [12]. The proof of 2.2 uses some ideas from [20].

We will first prove Theorem 2.2. We start by indtorucing some notation and preliminaries.
The Lubell-mass of a family F C 2" is defined as

1 1
)‘"('F):Zﬁ:ﬁ Z IC N Fl,
FeF \|F| ceC,

the average number of sets in F that a maximal chain contains chosen uniformly at random from C,, the
set of all maximal chains in 2[". We will consider the max-partition of C,, according to F, that is we write
Cr={CeC,:F islargest in FNC}. Then \071F| > cec, [CNF[ = Np(Dr(F)) and A\, (F) is a weighted
average of \|p|(Dx(F)) and so we have the following.

Observation 2.3. If A\ p|(D#(F)) < B for all F, then \,(F) < B holds.
Lemma 2.4 (Griggs, Li, Lu, Lemma 3.2 in [10]). For any family F C 20", we have |F| < )‘”(‘F)(Lnr/L%)'
We will need the following folklore observation on minimum and average degree of graphs.

Observation 2.5. If G is a graph with average degree d, then G contains a subgraph G’ with minimum
degree at least d/2.

In the proof of Theorem 2.2, we will be looking for a copy of a special subposet with the help of which
we will find the copy of Pop_1 with the extra properties.

Definition 2.6. Let S¥* denote the height 2 poset on £-k+ 1 elements such that H(S**) is a spider with
¢ legs each of length k. As the height is 2, there exist two such posets depending on whether the leaves are
maximal or minimal elements. We define S®t to be the one where the leaves are mazimal elements.

We move some of the calculations of the proof of Theorem 2.2 to here.

Lemma 2.7. For k fized, 100k < j < 4v/nlnn and n large enough, we have

(1)
(n+2m)

(2)

zj: (knz/?)j) (n/ﬂngzm> _, (m(nﬂ—f_n;/zm))

i=j/k

(3)

J vnlnn Jj—22
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Proof. Using 1 + x < e®, we obtain

n+2vnlnn Vnlnn
( j ) < n—2\/nlnn <€5\/7;1nn.4\/m<n20
(”—QVA"IH”) ~ \n—6vnlnn N N

J

which proves (1).

Using (1), ()F < (3), ﬁ)) < (%)k,*k for k < k' and i > j/k > 1000, j < v/nInn, we obtain
k/
(kn1‘/3j) (n/2+]2\/n lnn) n20 (knl/:”j) (n/2+]2vmnn) n20(k2n1/3)iji—22 N i 1
7 7 < 7 (2 < < s —
(n/272n\/n lnn) - (n/2+2m/W) - ni—22 =W (”2/3) —° <”2)
j—22 Jj—22

As there are at most vVnlnn terms in its left hand side, we obtain (2).

. 2/3 4 fenl/35 . _ n
Usmg (%)k < (Z) < (%)k? we have (n +jn J) < (nZ/S)J and (n/2 j2:12\/2n n) > (10\/m)] 22‘ As
§ > 1000k, we have (n?/3)7 < n0999-22 and (3) follows. O

After all these preparations, we are ready to prove Theorem 2.2.
Proof of Theorem 2.2. Let F C By, be a set family with | F| = (1+¢) (Ln72J)‘ For any F' € F and j positive
integer, let us define
Si(F)={GeF:GCF,|G|=|Fl—-j}
Then we partition F into F; U Fo U F3 with

F
F1={FEF:E|j:1§j§1000k’|S( )= 100600k<| |)}

F
./_"2:{FE}—\}—l13j>1000]€+1,|5j(F)|><j‘_’22>}, and ]-'3:]-'\(.7-'1U]-'2).
We obtain the following bound on A(F3) and thus, by Lemma 2.4, on |F3|.
Claim 2.8. Ifn is large enough, then A\, (F3) <1+ ¢/2.

Proof of Claim. By definition, for any F' € F3

A (D (F))<4liﬁ|5'( )| <1 4 1000k - Ay (R 22<1+ /2
L S 4 10000k n n = TES
J=0 J
if n is large enough. The claim follows from Observation 2.3. U

By Lemma 2.4, | F3| < (1+¢/2) (Ln7/l2J) so either F; or F3 has size at least £ (L /ZJ) On many occasions,
we will see that a subfamily of F; or F» will have size f(e )(Ln /o j) or g(e )(]) If it is not important, then
we will not state what the precise function f is, just write &, €”, etc.

CAsE I |Fy| > ¢ (WQJ)

By definition of 7, for any F' € F, there exists 1 < j(F) < 1000k such that [S;z)(F)| > 155505 (‘F‘)
So for some 1 < j < 1000k, the family .Ff ={F € F1: j(F) = j} has size at least W(Ln/ﬂ)' Consider
the bipartite graph B with parts F and F] and F € F,F; € F{ joined by an edge if and only if F' C Fy,
|F| = |F1| — 7, and we say that this edge has color set F} \ F'. By definition of Fi, the number of edges in B
is at least &’ ("/ Q_Q;H "\/ﬁ) (1,/751) and so the average degree of B is at least &” ("/ 2_2;11 "\/ﬁ) By Observation

[n/2]
2.5, B contains a subgraph B’ with minimum degree at least " (”/ 2_2;11 n\/ﬁ)
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We plan to obtain a copy of S¥~2f in F where ¢ = /(k,¢) is a large constant independent of n. If the
element of S*¥~2¢ corresponding to the center of the spider is a minimal element, then we start with an
arbitrary set in the F part of B’, if it is a maximal element, then we start with an arbitrary element of
the F; part of B'. Then we proceed as follows: if some connected part of S¥~2¢ is already defined and we
want to add a neighbor of F' or F, then we pick a neighbor such that the color set of the connecting edge
should be disjoint with the color set of every previously defined edge of the spider. This is possible, as the
union of all previous color sets has size at most jk¢, and so the number of neighbors that do not satisfy
this requirement is at most jk/¢ ("+2jv_711“ ") which is smaller than the minimum degree &’ ("/ 272;“ "\/ﬁ) if n
is large enough (here we use that in Case I, j is a fixed constant at most 1000k). By definition, this family
of sets forms a weak copy of S¥=2%f. We claim that due to the disjointness of the color sets of the edges,
they form a strong copy of S¥=2f. Suppose first that F € F, Fy € F; are on the same leg of the spider,
but are not consecutive elements. If F' is closer to the center of the spider, then the leg continues as F'F|F’
and the color set of F|F” is removed and never put back, so F} cannot contain F. Similarly, if F} is closer
to the center and the leg continues as Fy F'FY{, then the color set of F'F] is added and never later removed,
so F1 cannot contain F. If F, F} are on different legs of the spider, then if the center Fj is in the F part,
then the color set of FyF] is contained in F where FJ is the first element of the spider after the center, and
so I} cannot contain F. Finally, if Fj is in the F; part, then the color set of FyF’ is removed and is never
put back, and so is not contained in I} which therefore cannot contain F'. Here F” is the first element of
the leg of F1.

Let G denote the intersection of all sets of the spider defined above. Observe that |G| > n/2 —3vnlnn
if n is large enough as every set in the spider can remove at most 1000k elements from the intersection.
Let F',F2 ... F' be the sets corresponding to the leaves of the spider and let z; be an element of F!
from the color set of the edge incident to F?. If we find 1 < a < b < £ and y € G such that F® and F?
have neighbors G® C F\ {y} and G* C F"\ {y} with x, € F% z;, € G?, then these two legs of the spider
together with G® and G? form the desired copy of Pay_.

The number of subsets of F® of size |F'*| — j not containing z, is at most ('FJ 7_‘;1‘), so if n is large
enough, then the number of subsets of F'® of size |F*| — j containing z, is at least & (u;a‘). Therefore,

for any F'* and z,, there exist a(e)n elements y € G such that there is an (|F*| — j)-subset GZ € F with
x; € Gz,y ¢ Gé. Taking ¢ = £(¢) to be larger than [a(e)~!], we obtain a pair x4, z; with a common y.
This finishes the proof of this case.

Caskg 11 ‘FQ‘ > = (L”/QJ)
By definition of F3, for any F' € F3, there exists 1000k < j(F') < 4Inn/n such that [S;m (F)| > (j‘FQ‘Q)
So for some 1000k < j < 4v/nInn, the family F] = {F € F : j(F) = j} has size at least T f(Ln/QJ)

Consider the bipartite graph B with parts F and .7:5 and '€ F,F; € .7-'% joined by an edge if and only
if F C Fy,|F| =|F| —j and let Fy \ F be the color set of this edge. By definition of F3, the number of

41nnf ("/2 32 ”ﬁlnn) (Ln72J) and the average degree is at least Sm (”/2 32 Vzglnn)

B. By Observation 2.5, B contains a subgraph B’ with minimum degree at least ("/ 2 ].232" In ).

Our strategy is as in Case I, we want to find a spider in B’ that corresponds to an in F but now
¢ = ¢(n) = n'/3. This time, we require a little less from the color sets of the edges used: we want that
for any edge F'F» out of the j colors, less than j/k should appear in color sets of previously defined edges.
The total number of colors used is at most kn'/3j. So the number of sets having not enough new elements
is at most

edges in B is at least

16\/ Inn
Sk 2.4

Zj: (lmz/i*j) <n/2 + 2@)

i=j/k I
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which is, by Lemma 2.7 (2), negligeable compared to the minimum degree of B’. So it possible to pick the
edges of the spider as required. As in the previous case, the spider is a weak copy of S¥~2# by definition of
B. We claim that it is a strong copy of S¥~2#. Suppose F is in the F-part of B and F; is in the F» part
of B and they both belong to the spider, but F'F5 is not an edge of the spider. If F5 is closer to the center
on the same leg as F' or if they are on distinct legs, then there is a step after Fy is defined when j — j/k
new colors are added to the leg of F', and later at most j/k old colors are removed in each step and there
are at most k/2 — 1 steps when we remove colors, so F' will contain at least j/2 new colors compared to
F5. Similarly, if F' is closer to the center of the spider with F5 on the same leg, then after adding F', there
is a step when j — j/k colors are removed, and then colors are added in at most k/2 — 1 steps, at most j/k
old colors in each such step, so F' again will have at least j/2 colors not in Fj.

Let again F', F2 ... F’ be the sets corresponding to the leaves of the S¥~2¢. By the argument above,
for any 1 < a,b < £, if C® denotes the color set of the edge incident to F%, then |[C*\ F’| > j/2. The
number of subsets of F' of size |F'*| — j that contain more than j/k elements of C* is

XJ: <yca|> <|Fa \ ca|> _ 2( j > <n/2 +2vn lnn)

S\ j—i jlk j—ilk

which by the calculation of Lemma 2.7 (2), has a lower order of magnitude compared to the minimum degree
e (n/2—'2\/m

Vnlnn j—22

spider. As in Case I, let G denote the intersection of all sets in the spider. Clearly, |G| > n/2—n'/3v/nInn,

and so by Lemma 2.7 (3), for every a there exists a set Y* C G of n?/3 elements that appear as colors on

some edge incident to F*. As ¢ = n'/3 there exist a,b and y with y € YN Y?. Thus there exist G, G?

with y ¢ G* C F%y ¢ G C F*, |C* N GY,|C* N G?| < j/k. Then G% G® and the legs of F* and F® form

the needed copy of Por_1. O

in B. So every F'® has at least ) incident edges in B with at most j/k colors used in the

We now turn our attention to Theorem 2.1. As the proof very closely follows the proof in [2], let us
briefly sketch their approach to embed a tree poset T of height k into any family F C B, of size at
least (kK — 1+ 6)(Ln72j)' First, following [3], they define a sequence 7' C T} D Ty D --- D T of tree
posets such that Ty is a chain and T; \ T;41 is a chain interval (see the definition below). Then a sequence
of G1 D Go D -+ D Gy of families of good k-chains of F is defined, where good approximately means
extendable for any small obstacles. Finally, the chain T is embedded into F using a k-chain from G, and
any T; \ T;41 is embedded using a k-chain from G; as G; is good thus extendable with respect to G;;1. For
weak copies of T', the good property is not necessary, but when one looks for strong copies of 1" one has
to make sure that sets F; from newly used chains are not in relation with sets Fj of already used chains
if t,t' are incomparable in T. As the number of already embedded elements (the potential obstacles) is at
most |T| — 1, the goodness condition ensures that one can extend the embedding for a strong copy of T
In the proof of Theorem 2.1, we will apply the same procedure, but with one extra obstacle and this new
obstacle might belong to B,”{ \ B,,. So the change is not very substantial for this part of the proof, but we
need to be a bit more careful, when defining the sequence 77 D --- D Tj.

We start describing the preliminaries by addressing 7. A poset P is k-saturated if h(P) = k and all
maximal chains have length k.

Lemma 2.9 (Bukh [3]). Any poset P of height h is a strong subposet of an h-saturated poset P'. Moreover,
any tree poset T' of height h is a strong subposet of an h-saturated tree poset T'.

Sketch of the proof. Consider the canonical decomposition UleAi = P that we obtain by setting A; to
be the antichain of all minimal elements of P, and for any 1 < j < h we let A; to be the set of minimal

elements of P\ U/ _11 A;.

1=



o If ¢ € A; is a maximal element of P, then add h — j elements qi,q2,...,q,—; forming a chain
SN <@ < Qhy-
e If pg is an arc of the oriented Hasse diagram of P with p € A;,q € Aj, then add j —i — 1 elements
T1,72,...,7j—i—1 forming a chain p <7 <--- <rj_;—1 < q.
O

If p <p g, then the interval [p, ¢] is {z : p <p z <p q}. A chain interval is an interval that induces a chain
in P. The poset distance of p, q in P is the minimum k such that there exist vertices p = vg, v1,v2, ...,V = ¢
such that v; and v;41 are comparable in P for alli = 0,1, ...,k—1. The next lemma is from [3], the moreover
part is not explicit there, but comes from its proof.

Lemma 2.10 (Bukh [3]). If T is a k-saturated tree poset that is not a chain, then there exist a leaf v and
a chain interval I = [v,u] or I = [u,v] such that T \ I' is a k-saturated tree poset, where I' = I \ {u}.
Moreover, v is a leaf such that there exists w € T with vw mazimizing poset distance.

We need one more lemma on the possible size of unions and intersections of sets that are used when
embedding T'. These are the possible extra obstacles mentioned earlier.

Lemma 2.11. Suppose G1,Gs,...,G € B, with h < |T| are such that their comparability graph is
connected. Then U!_,G; € BL.

Proof. We can assume that the indexing of the G;s is such that for any 1 < j < h the comparability graph
of G1,Gs,...,G; is connected. Therefore there exists 7 < j such that G;, G; are comparable. If G; C Gj,
then G; does not add new element to the union of the Gjs, while if G; C G, then G; adds at most

|G\ Gi| < 4v/nlnn elements to the union of the G;. Thus |U"_; G;| < n/2+2vVnlnn+4(h—1)vVnlnn <
n/2 +4|T|vnlnn as claimed. O

The following definitions are all from [2]. For a family G C 2[" of sets, we define D(G) = UgegD(G)
and U(G) = UgegU(G). For a set G € B,, and a family S € B! with U(G) NS = (in [2] the family of
obstacles satisfied S C B,,, but for the proof of Theorem 2.1, we will have to allow S C B;‘LF ), we define the
forbidden neighborhood below and above G as

D*(G,S) = [(P(G) \{G}) N U(S)UD(S))] N By,
and
U (G,8) = [UG)\{G}) N U(S) UD(S))] N By,

Let C,, denote the set of all n! maximal chains in [n]. A pair (C, Q) is a k-marked chain with markers in
FiftCeC,, QCCNF and |Q| = k. For a set £ of k-marked chains, a set G, and an integer 1 < d < k,
we write £(G,d) = {(C,Q) € L : G is the dth member of Q from top}.

The next definitions are a little altered compared to their original version in [2]. There, the witness
family S was from B,,, while here it is from B!. This is because our additional obstacle is a union of some
of the sets of a copy of T in B,:f , and then Lemma 2.11 guarantees that this new obstacle lies within Bg .

A set G € By, is (d, T)-lower bad relative to L if there exists a family S C BT with U(G) NS = () and
|S| < |T'| such that

L(G,d) # 0 and  VY(C,Q) € L(G,d), QND*(G,S) #0.

Similarly, G € B, is (d, T)-upper bad relative to L if there exists a family S C B,{ with D(G)NS =0 and
|S| < |T| such that

L(G,d) 0 and  Y(C,Q) € L(G,d), QNU*(G,S) 0.

The family S in the above definitions is called a (d, T)-lower (upper) witness of G.
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We say that G is (d,T)-lower-bad relative to C and L if G is (d,T)-lower-bad relative to £ and there
exists at least one Q such that (C,Q) € L(G,d). We say that G is (d,T)-upper-bad relative to C and
L if G is (d,T)-upper-bad relative to L and there exists at least one Q such that (C,Q) € L(G,d). A
k-marked chain (C, Q) is good relative to £ if Q does not contain a vertex G that is either (d, T')-lower-bad
or (d,T)-upper-bad relative to C and L for any 1 < d < k.

Proposition 2.12 (Equivalent of Proposition 4.1. in [2]). Let (C, Q) be a member of L that is good relative
to L, and let G € Q. Suppose G is the dth set of Q. Then for any family S of at most |T| sets of BL,
where S NU(G) = 0, there exists a member (C,Q) € L(G,d) such that C is disjoint from D*(G,S). For

any family S of at most |T| sets of B;{, where SND(G) = 0, there exists a member (C, Q) € L(G,d) such
that C is disjoint from U*(G,S).

Proof. By our assumptions (C, Q) € L(G,d) and G is not (d,T)-lower-bad or (d,T')-upper-bad relative to
L; otherwise G would be either (d,T)-lower-bad or (d,T')-upper-bad relative to C and L, contradicting
(C, Q) being good relative to L. So, there is no (d,T')-lower witness of G or (d,T)-upper witness of G of
size at most |T'| and the claim follows. O

Theorem 2.13 (Equivalent of Theorem 5.1. in [2]). Let k,t > 2 be integers and let € be a fived positive
real. Suppose that F C B, is a family with |F| > (k. — 1+ 6)(Ln72J). For each C € C,, let Y(C) denote
the set of members of F contained in C. If n is large enough with respect to k,t, and €, then there exist
functions X1, ..., Xy from C, to 27 satisfying the following.
(1) For allC € Cp, X1(C) =Y (C).
(2) Forall1<i<t—1andC € C,, X;+1(C) C X;(C), and if X;41(C) # 0 then
[XinnO) oy 1
[Xa(C)] — 4kt
(8) For all 1 < i <t, the family of k-marked chains L; with markers in F, defined by L; = {(C,Q) :
CeC,Qce (Xikgc)), satisfies

[£il = e(nl/R)(1 = o).

(4) For all1 <i <t—1, every member of Li+1 is good relative to L;.

The proof of Theorem 2.13 is given in the appendix. With all the above preparation, we are ready to
prove Theorem 2.1.

Proof of Theorem 2.1. Let T be a tree poset of height k+ 1 such that m is a maximal element of T" with all
chains of length k+1 in T containing m. Let my,mag, ..., m, denote the neighbors of m in H(T'). Let Ty be
the tree obtained from T by reversing all arcs mam in (T') and adding vertices vy, va,...,v;_o forming a
chain v; <wvg < -+ < vg_o < m. Clearly, h(Tp) = k and T\ {m} = Tp\ {m, v1,v2,...,vk_2}. Let T be the
k-saturated tree poset obtained from Ty by Lemma 2.9. Observe that for any pair p,q € D := UleDTé (m;)
the poset distance in 7} is at most 4, and if a > 2, then for any v € P\ D there exists p € D such that
their poset distance is larger than 4. If ¢ = 1, then the poset distance of pairs in D is at most 2. In both
cases, one can apply Lemma 2.10 to obtain a sequence Tp, 17, ..., T, such that

e all T/ are k-saturated,

o T/ \T]is [uj,v;] \ {u;} or [u;,v;] \ {vi} where [u;,v;] is a chain interval,

e T} is a chain,

e and T} = D for some ig.
Let F C B, be a family of size at least (k — 1 + ¢) (LN72 J)' Applying Theorem 2.13, we obtain a sequence

of nested k-marked chains Ly, L1 ...,Ly. By property (3) of Theorem 2.13, L, is non-empty, so taking

the Q-part of any k-marked chain (C, Q) embeds T} into B, and for any @ € Q at the d-level of T, we
10



have £4(Q,d) # 0. As in [2], we proceed by backward induction to embed 77 for all ¢ < ¢ with the extra
conditions that if @ plays the role of an element of 7} at level d from top, then £;(Q,d) # ) and also that
if p € Ty \ D, then G, is not comparable to G = UJ_; G}y, Note that if p € Ty \ D, then p € T \ T},
for some i < ip and so my, mo,...,n, are already embedded. Suppose we have managed to do this for
Ti\1,-.-,T; and let G; C F be the copy of T obtained in the process. We know 7}, ; = T} \ (; \ u;) where
I; = [u;,v;] or I; = [v;,u;] v; being at level 1 or k from top. Without loss of generality, we may assume
the former case and assume wu; is at level d from top. Then by the inductive hypothesis £;11(Q,d) # 0
for the set @@ € F playing the role of u;. If i > ig, then let S; = G; \ Dg,(Q), while if i < ip, then set
Si =G\ Dg,(Q) U{G}. As T\ T] # 0, we have |S;| < |Tj| =t in both cases. By Proposition 2.12, there
exists a member (C;, Q;) € L£;(Q,d) with C being disjoint with U*(Q, S;). We can embed I\ {u;} with the
part of Q; below Q). As these newly added sets are not in the forbidden neighborhood U*(Q, S;), together
with G; 11, they form a copy G; of T/ such that the extra condition of not being comparable to G hold.
Also, the L;s are nested, (C;, Q;) shows that the other extra condition hold. O

2.3. Posets not containing weak copies of 2C5.

Proof of Proposition 1.3. For the lower bound of (1), consider the following construction: for j with 2 <
J < s—1 take the chain C; = {{j},[4,7+1], [, +2],...,[J, 7 —3], 4, — 2]}, where [a,b] with b < a denotes
the set [a, n]U[b]. Also, let C; be the chain {[1], [2],...,[s—2], [s—2]U{s}, [s—2]U]s, s+1], ..., [s—2]U[s, n]}.
Color all sets in {0, [n]} U Ji=; C; with distinct colors and color all remaining sets with the color of [n].
This coloring uses (s — 1)(n — 1) 4+ 2 colors and does not admit a strong rainbow copy of As as @) is not a
member of any strong copy. Also, by construction, any set C' € C; does not contain any set C' € C;_; and
so the maximum rainbow antichain that C contains has size s — 1: s — 2 sets from C;s plus one colored
as [n]. Finally, any set colored as [n] contains rainbow antichains only from U~{C;, so at most s — 1 sets.
This shows ar*(n,As) > (s — 1)(n — 1) + 2. For the upper bound, observe that if a coloring of 2" uses
more than (s —1)(n—1)+2 colors, then, by Dilworth’s theorem, there is a rainbow antichain of size s that
uses colors differing from that of () and that of [n].

For the lower bound of (2) consider k — 2 pairwise internally disjoint maximal chains and color all sets
in their union by distinct colors and use PURPLE for all other sets. As any antichain can contain at most
one set from each chain, the maximum size of a rainbow antichain is & — 1. This proves ar*(n, Ag) >
34 (k—2)(n —1). For the upper bound, observe that any level ([?]) can use at most k — 1 colors apart

from that of [n] (and that of ()) as otherwise would have a rainbow Aj. Also, any level ([?]) can use at

most k — 2 colors not used in ([Z]). Indeed, if &k < j and Fy, F3, ..., Fi_1 are sets of size j using colors
unused by any set of size k, then pick z; ¢ F; for all 1 <i <k —1 and a k-set containing all z;s (they may
coincide) forms a rainbow Ay with the Fs. If j < k, then for such F;s consider y; € F; and a k-subset F' of
) \{y1,v2,...,yk—1} (here we use k < n—Fk). So the total number of colors used is 2+ (k—1)+(n—2)(k—2)
(two for the colors of [n],d, then k — 1 for the colors used in ([Z]), and k — 2 additional colors for all other
n — 2 levels). This completes the proof.

To see the upper bound of (3), observe that for any j < n — 2, by counting pairs (F,z) x ¢ F, if

F C ([?]) contains more than 5 sets, then there exists a subfamily 7' C F such that |F'| > s+ 1 and

| Uper F| < n. Let m be the size of the smallest possible | Upcz F| with this property. Using the
minimality of m, the same reasoning shows that |F'| < %%, So if |F| > 3 + k + 1, then there exist 7’ and
F" with |F'| = s+ 1,|F"| = k + 1 such that F” € Uprcm F’ for all F” € F”. Let us apply this statement
to the family F that we obtain by picking a set from each color meeting ([?}). Now, adding M = Uprcz F’
and possibly removing the j-set in F' U F” with the color of M yields a rainbow copy of As + Ag. So, if a
coloring avoids such a copy, then every level uses at most ** + k + 1 colors. As there are n — 1 levels and
0, [n], the result follows. O
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3. APPENDIX

We include a proof of Theorem 2.13 which is basically identical to that of Theorem 5.1. in [2].

Lemma 3.1 (Equivalent of Lemma 3.1. in [2]). Let F € B,,S C BL with SNU(S) =0 and |S| < n/6.
If C is a uniformly chosen random maximal chain in D(F'), then

< 12(|T) + 4)|S|vnlnn

n

P(C N D*(F,S) #0)

if n is large enough.
-1

Proof. The probability that S € SND(F) N B,, belongs to C is (||§||) < ﬁ < % and so by the union

bound, writing |S| = s, we have

(2) P(CNSND(F)NB,) <

= |5

Let Si,S52,...,5, with p < s be the sets of S in D(F). We have |F| — |S;| < 4(|T| + 1)VInn and thus

|NP_, Si| > |F| —pA(|T| +1)VInn. If C’s first set below F is F'\ {a} for some a € N¥_,S;, then C is disjoint
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with U(S) N (D(F) \ {F'}), and so using |F'| > n/3 we have
< 125(|T| + 1)vVnlnn
< - :

3) BPCNUS) N (DE)\{F}) #0)

By the assumption, U(F) NS = (), we have elements z; € F \ Si for all 1 < ¢ < 's. If the set C' of C of size
n/2—2vnlnn contains all z;s, then C does not get into D(S)NB,,. So writing £ = |F|—(n/2—2vnlnn) <
4v/nlnn, using |F| — ¢ > n/3 and (1 — x)* > 1 — 22/ for x < 1/2, we obtain

(4)

P(CND(S)ND(F)NB,, # ) <1—

|F|—s |F|—s—1 |F|—s—€<1_<1_ s >g<248\/nlnn
N N [Fl =) ~ ‘
Adding up (2), (3), and (4), we obtain the claim of the Lemma. O

n

From here on, we use the notation of [2], so a maximal chain is denoted by M rather than C sets in B,
are denoted by u or v, and so on.

Now, for each d € [k] and for each v € B,, that is (d, T)-lower-bad relative to £, we fix a corresponding
(d, T)-lower-witness S, 4 of v. For each d € [k] and each v € B, that is (d, T)-upper-bad relative to £,
we fix a corresponding (d,T)-upper-witness T, 4. A chain 1 > y; > 22 > y2 > ... > 2, > yp in By, is
called a (d,T)-lower-bad string if for each i € [p|, z; is (d, T)-lower-bad relative to £ and y; € D*(x;, Sz, 4)-
Similarly, a chain 21 < y1 < 22 < y2 < ... < zp < yp in By, is called a (d,T)-upper-bad string if for each
i € [p|, z; is (d,T)-upper-bad relative to £ and y; € U*(z;, Ty, q)-

Given a sequence J = (j1,j2,...,Jq) of numbers in [n], where either j; < jo < ... < jg or ji > jo >
... > jg, and a chain C in B, let C[J] denote the subchain of C consisting of the ji-th, ja-th, ..., j,-th
members of F on C' (counted from the top). If C' contains fewer than ¢ members of F, then C[J] is defined
to be the empty chain. If J contains only one number j, then we write C[j] for C[{j}].

As [2], h < n/6 is a bound on the size of all witnesses.

Lemma 3.2. Let d € [k]. Let p be a positive integer. Let J be an increasing sequence of 2p numbers in
[n]. Let v € B,. Let M be a uniformly chosen random full chain of D(v). Then

12(|T| +4)hvnlnn

Pr(M]J] forms a (d,T')-lower-bad string) < ( -

)P

Proof. Let v = M

2p numbers and all v € I@n For the basis step, let p = 1. Suppose J = (j1,j2), where j; < ja. Let v € ]E%n
be given. Let M be a uniformly chosen random full chain of D(v). We have
Pr(M[J] is a (d,T)-lower-bad string) < > Pr(M[j1] = u) - Pr(M[ja] € D*(u, Sua) | Mj1] = u)
ueD(v)

. We use induction on p. For fixed p, we prove the statement for all J with

Fix any u € D(v). The set of full chains M of D(v) satisfying M[j1] = u are precisely those concatena-
tions of full chains of I(v,u) (the sublattice consisting of all x satisfying v > = > w) that contain exactly
J1 members of F and all full chains of D(u). So, Pr(M{[j2] € D*(u,Syq) | M[j1] = u) is the same as the
probability that on a uniformly chosen random full chain M’ of D(u) the (j2 — j1 + 1)-th member of F is
in D*(u, Sy.q). This probability is certainly no more than the probability that M’ intersects D*(u, Sy.qd),
which by Lemma 3.1, is at most . Hence,

Pr(M[J] is a d-lower-bad string) < Y [Pr(M[j] = u) -]
u€D(v)
= 7 Z Pr(M[ji] = u) <7,

ueD(v)
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where the last inequality uses the fact that for different u the events M[j;] = u are certainly disjoint. This
proves the basis step. For the induction step, assume p > 2. Suppose the claim has been proved for all J’
and v € B, where J’ is an increasing sequence of 2p—2 numbers. Given a full chain M of D(v) and a vertex
y on M, we let M, denote the portion of M from y down. Let J' = (jz3—ja+ 1,54 —jo+1,...,52p — o+ 1).
We have

Pr(M[J] is a (d,T)-lower-bad string) < > > [Pr(M[jy) = w) - Pr(M[j2] = y | M[j1] = u)
ueD(v) yeD*(u,Sy,q)
Pr(M,[J") is a (d, T)-lower-bad string | M[j1] = u, M [ja] = y)]
Using reasoning as in the basis step, given M 1] = u, M[j2] = y, all full chains of D(y) are equally likely
for M,,.. So given M[ji] = u, M[js] =y, the probability that M, [ 'l'is a (d, T)-lower-bad string is the same

as the probability that given a random full chain M’ of D(y), M'[J'] forms a (d, T)-lower-bad string. By
induction hypothesis, this is at most v7~1. So,

Pr(M[J] is a (d,T)-lower-bad string) < > Y [Pr(M[j1] =u) - Pr(M[j2] =y | M[j1] = u) - +"""]
u€D(v) yeD*(u,Sy,q)

= A7t Y Pl =w) - Y Pr(M[j] =y | M[ji] = u)

’LLED(’U) yED*(U,Su,d)
< APl Z Pr(M[j1] =u) -y (see discussion in the basis step)
ueD(v)
= " ) Pr(M[ji] =u) <A
u€D(v)
This completes the induction step and our proof. O

We now show Theorem 2.13 (that we restate with the notation of [2]) that we can obtain a sequence
of families of k-marked chains with markers in F, £ D Lo... D Ly, such that for each i € [h], |£;| >
(en!/k)(1 — 5) and for each i € [h — 1] every member of £;;1 is good relative to £;. Let C(B,,) denote the
set of full chains of B,,.

First we state a lemma from [3].

Lemma 3.3. ([3]) Let € be a small positive real. Let n be a sufficiently large positive integer. Let F C B,,.
Let L denote the family of all the k-marked chains with markers in F. If |F| > (k—1+ 6)(@7%), then

L] > (¢/ k).

Theorem 3.4. Let k, h be positive integers and let € be a fized positive real. Let n be sufficiently large (as
a function of k,h,e). Let F C B, be a family with |F| > (k— 1+6)(Ln72j)' For each M € C(B,,), let Y (M)
denote the set of members of F contained in M. There exist functions X1, ..., X, from C(B,) to 27 such
that the following holds:

(1) VM € C(Bn), X (M) = Y (M),

(2) Vi,1 <i<h—1,YM €C(B,) if Xiy1(M) # 0 then ‘f;g(l(f‘)ﬂ” >1— g

(8) Vi € [h], the family of k-marked chains L; with markers in F, defined by

L= {(MjQ) : M€ C(Bn), Q€ (Xi(kM)>}
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satisfies

L] = (ent/R)(1 = o).

(4) Vi € [h — 1], every member of Lit1 is good relative to L; (where good and bad are defined with
respect to h, i.e. witnesses of being bad are of size at most h).

Proof. We use induction on i. For the basis step, for each M € C(B,,), we let X;(M) =Y (M). By Lemma
3.3, we have
() 1L1] = (e/R)nl.
So item 3 holds. There is nothing else to prove. For the induction step, let ¢ > 1 and suppose the functions
X1,...,X; have been defined so that items 1,2,3,4 all hold. We want to define X;; to satisfy all the
requirements. ~

For each d € [k] and each v € B, that is (d,T)-lower-bad relative to £;, we fix a corresponding (d, T')-
lower-witness S, 4. For each d € [k] and each v € B, that is (d,T)-upper-bad relative to £;, we fix a
corresponding (d,T)-upper-witness T, 4. To define X; 1, we first classify those M with X;(M) # 0 into
two types. For each d € [k], let B. (M) denote the set of vertices in X;(M) that are (d,T')-lower-bad
relative to M and L£;. Let B; (M) = Us_, B, ,(M). For each d € [k], let B; (M) denote the set of
vertices in X;(M) that are (d,T)-upper-bad relative to M and £;. Let B (M) = Uszl B, (M). Let
B;(M) =B; (M)UB; (M). Let 2(M) = |X;(M)| and let b(M) = [B;(M)|. Set C' = 4kh. Let

6= (M) X000, W0 < 1y
= (MeCE) X0 #0, W0 > 1y

Now, we define X; 1 as follows.
If X;(M)=10or M € Cy, then let X;11(M) =10
Otherwise, M € Cy, and we let X;11(M) = X;(M) \ B;(M)
Claim 1. We have
(1) VM € C(B,,), where X;11(M) # 0, we have | X;11(M)| > (1 — %)]XZ(M)\ > (1- ﬁ)\XZ(M)\
(2) Each member of £;1; is good relative to L;.
(3) Saree, (M) = (1= 8) Eree, (1) = (1= 45) Sree, (F17).
Proof of Claim 1. Let M € C(B,) and suppose Xerl( ) # (. Then M € C;. By our definition of C;, we
have |B;(M)|/|X:(M)| <1/C. Since X;1+1(M) = X;(M)\B;(M), item 1 follows immediately. All members
of £;11 have the form (M, Q), where M € C; and @ € (X”]lf( )). Fix any such member (M, Q). Since
Xit1(M) = X;(M)\ B;(M), and Q € (X”}c(M)), () contains no vertex that is either (d,T")-lower-bad or
(d, T)-upper-bad relative to M and £; for any d € [k]. Hence (M, Q) is good relative to £;. So item 2

holds. As in the definition, let b(M) = |B;(M)| and x(M) = | X;(M)|. The number of k-subsets of X;(M)
that contain a member of B;(M) is certainly at most

r—1 bk (x k
b = <
k—1 z\k) — C
Therefore, we have

(et 5 () 5 (2) - ) (KO g L1000

So item 3 (of Claim 1) holds. O

Q



Claim 2. We have ) )/, (|X1~§€M)|) < n%% -nl.

Proof of Claim 2. We further partition Cy into two subclasses. Let C, consist of those M € Cy with
IB; (M)| > |B;(M)|/2 = b(M)/2 and let C = C2 — C;. For each d € [k], let Cy 4 consist of those
M € Cy with [B; ,(M)| > [B; (M)|/k. Clearly, C; = U];:l Cyq- For each d € [k], we first bound

Sarees, any (F00).

For each M € C,;, we define a sequence R (M), called the greedy (d,T)-lower-bad string generated
by M relative to L;, as follows. Scan M from top to bottom. Let x1 be the first vertex in B;d(M) that
we encounter. Recall that this means z; is (d,T)-lower-bad relative to M and £ and we have fixed a
(d, T')-lower-witness S, 4 of v (relative to £;) with |S;, 4| < h and there is at least one member (M, Q) of
Li(x1,d). Since the members of £; on M form (XiECM)) and L;(r1,d) # 0, in particular the k consecutive
members of X;(M) with z; being the d-th one among them form a @ with (M, Q) € L;(x1,d). Since z7 is
(d, T')-lower-bad relative to £;, @ must intersect D*(x1, Sy, 4), which takes place below x;. Let y; be the
first member of X;(M) below z; that lies in D*(z1, Sy, 4). By our discussion above, y; is among the k —d
members of X;(M) below z1. After we encounter y;, we continue down M. If there are more vertices in
X;(M) that are (d, T)-lower-bad relative to M and L;, then let zo denote the next vertex in X;(M) that is
(d, T')-lower-bad relative to M and £;. We then similarly define y2. We continue like this until we run out
of vertices in X;(M). Following our reasoning for the existence of y;, whenever an x; is defined, y; must
exist and is within the & — d members of X;(M) below ;. Suppose R, (M) = (x1,y1,%2,Y2,- ., Tp, Yp)-
By our procedure, p > [|B; ;(M)|/k]. Let J be the increasing sequence of 2p numbers in [n] such that
M[J] = R, (M). We denote J by P, (M) and call it the (d, T')-lower-bad profile of M relative to L;. Now we

organize the terms in ), .- (Xil(,cM )) by |P; (M)|. For convenience, we will view the increasing sequence
2.d

Py (M) simply as a subset of [n]. Let p be any positive integer. Consider M € C, ; with [P, (M)[ = 2p.
By item 2 of the induction hypothesis,

X; 1 1

| ( )|Z( _7)1—12(1

| X1 (M)] 4kh 4kh
So [Y(M)] = [X2(M)] < 21X:(M)| < 2BA(M)|C < 4|B; (M)|C < 4k[By,(M)| < 4K2C (recall that p >
w). Clearly the largest number in P; (M) is no more than |Y (M)| < 4k?pC. So, P; (M) € ([4k2250]).
Fix any 2p-subset (increasing sequence) J of [4k*pC]. By our definition of P; (M), if P; (M) = J, then
certainly M[J] = R, (M) forms a (d,T)-lower-bad string relative to £; by the definition of R, (M). Thus

{MeCyy: Pr(M)=J} < |{MeC(By,): M[J] forms a (d,T)-lower-bad string relative to £;}|
12(|T +4)hvnlnn

n

< | )P - nl (by Lemma 3.2)

So

? ninn
(M €yt [Py (M >|_z}|<<4k2p0) (12(|T|+4)h\/17)p.n

Also, for each M € C, ; with |P; (M)[ = 2p, we showed earlier that |Y (M)| < 4k*pC. Hence

(<)< 1) e

So, the contribution to ZMec* ('ngﬁM from those M € C, ; with |P; (M)| = 2p is at most

o n

)P - nl.

n nl/3
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for sufficiently large n. Summing over all p > 1, we get
| X;(M)| -, 1 2
2. ( P ) S2 Gt S el
Mecy , p=l1

for large n. Summing over all d € [k], we get

3 <\Xi§€M>\> g%-n!,

Mecy
By a similar argument, we have
> (M) =
k — nl/3 ’
MecS
for large n. Hence
X;(M 4
> (P00 <
MeCo n
for large n.
Claim 3. We have 1
[Cina] > (e/R)ni(1 = =),

Proof of Claim 3. By induction hypothesis,
L3 > (e/k)nl(1 — ﬁ).

By Claim 2, > y/cc, ('X’%M)I) < n‘i—]j?’ -n! < (e/k)n!(45), for large n. So
1

| X (M) i
> 1— = ——).
2 ( p ) 2R =)
MeCy
By Claim 1 and our definition of £;y1, we have

o = E (020 g (40

MeCq MeCq
> (/B — 5 — )1 - 1)
> (e/k)nl(1 — Z;hl)

So item 3 of the theorem holds. This completes the induction step and the proof.
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