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Abstract. A family G of sets is a weak copy of a poset P if there is a bijection f : P → G such that p ⩽ q
implies f(p) ⊆ f(q). If f satisfies p ⩽ q if and only if f(p) ⊆ f(q), the G is a strong copy of P . We study the

anti-Ramsey numbers ar(n, P ), ar∗(n, P ), the maximum number of colors used in a coloring of 2[n] that does
not admit a rainbow weak or strong copy of P , respectively. We establish connections to the well-studied
extremal numbers La(n, P ) and La∗(n, P ) and determine asymptotically ar∗(n, T ) for all tree posets T and
ar∗(n,O2k) for all crown posets O2k.

1. Introduction

In extremal combinatorics, Turán type problems ask for determining the maximum possible size of a
combinatorial object that does not contain a fixed forbidden object. An object is rainbow with respect
to a coloring if all its elements receive distinct colors. Rainbow Turán problems (introduced for graphs
by Keevash, Mubayi, Sudakov, and Verstraete [15]) ask for determining the maximum possible size of
an object that does not admit rainbow forbidden objects with respect to any ’proper’ coloring. Another
variant of rainbow problems, anti-Ramsey problems (introduced for graphs by Erdős, Simonovits, and Sós
[7]), ask to maximize the number of colors used when coloring a big object under the condition that no
rainbow forbidden small object appears.

We will be interested in the latter type of problems in the area of forbidden subposets. A family G
of sets is a weak copy of a poset (P,⩽), if there exists a bijection f : P → G such that p ⩽ q implies
f(p) ⊆ f(q), and G is a strong copy of (P,⩽), if there exists a bijection f : P → G such that p ⩽ q
if and only if f(p) ⊆ f(q). With some abuse of notation, we will write P instead of (P,⩽) and say
that a family F is weak (strong) P -free if it does not contain weak (strong) copies of P . The forbidden
subposet problem of determining La(n, P ) (La∗(n, P )), the maximum size of a weak (strong) P -free family

F ⊆ 2[n] := {S : S ⊆ {1, 2 . . . , n}}. was introduced by Katona and Tarján [14] in the early 80s. For results
and open problems, see the survey [9] and Chapter 7 of [8].

Rainbow Turán forbidden problems were introduced and studied in [19] and another rainbow variant,
Gallai-Ramsey numbers of poset pairs in [13]. In this paper, we start investigating the anti-Ramsey version
of the forbidden subposet problem. Let ar(n, P ) (ar∗(n, P )) denote the maximum number of colors used

in a coloring of 2[n] that does not admit a rainbow weak (strong) copy of P . By definition, we immediately
obtain the inequalities

(1) ar(n, P ) ≤ La(n, P ) and ar∗(n, P ) ≤ La∗(n, P ),

as if a coloring of 2[n] uses more than La(n, P ) (La∗(n, P )) colors, then the family we get by picking an
arbitrary set from each color class contains a weak (strong) copy of P which is rainbow. The first inequality
of (1) and an old result of Erdős [6] imply ar(n, P ) = O(

(
n

⌊n/2⌋
)
) and the second inequality of (1) together

with a result of Methuku and Pálvölgyi [17] imply ar∗(n, P ) = O(
(

n
⌊n/2⌋

)
)

Let us make further quick observations that improve the inequalities of (1) and that give lower bounds
on ar(n, P ) and ar∗(n, P ) and still connect the anti-Ramsey number to the original forbidden subposet
problem. We need two concepts. A family F is said to be convex if F ⊆ G ⊆ F ′ and F, F ′ ∈ F imply
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G ∈ F . Let Lacon(n, P ) (La∗con(n, P )) denote the maximum size of a weak (strong) P -free convex family

F ⊆ 2[n].
For any poset P , we write P−(P ) to denote the set {P \ {m} : m is maximal or minimal in P}. Also,

for a set P of posets, we say that the family F is weak (strong) P-free if it is weak (strong) P -free for all

P ∈ P. La(n,P) (La∗(n,P) denotes the maximum size of a weak (strong) P-free family F ⊆ 2[n].

Proposition 1.1. For any poset P , we have

(1) 1 + Lacon(n,P−(P )) ≤ ar(n, P ),
(2) 1 + La∗con(n,P−(P )) ≤ ar∗(n, P ).

Proof. Let F ⊆ 2[n] be a convex weak (strong) P−(P )-free family of size Lacon(n,P−(P ) (La∗con(n,P−(P )).

Color each F ∈ F with distinct colors and use the same new color for all sets 2[n] \ F . By the convexity of
F , sets of the new color can only be maximal or minimal elements in a weak (strong) rainbow copy of P ,
so the remaining sets of the copy should form a weak (strong) copy of a poset in P−(P ) within F . □

As a corollary, we immediately obtain the following. Let Ck denote the chain (totally ordered set) on
k elements. Then if P contains a weak copy of 2C2 (two unrelated copies of C2) or a copy of C3, then
ar∗(n, P ), ar(n, P ) = Θ(

(
n

⌊n/2⌋
)
). Indeed, then any P ′ ∈ P−(P ) contains a pair of elements in relation, so

both La∗con(n,P−(P )) and Lacon(n,P−(P )) are at least
(

n
⌊n/2⌋

)
as shown by the convex family of the middle

layer of 2[n].

Proposition 1.2.

(1) For any poset P , we have ar(n, P ) ≤ 2 + La(n,P−(P )).
(2) If a poset P contains a smallest or largest element m, then ar∗(n, P ) ≤ 1 + La∗(n, P \ {m}).

Proof. For any coloring c of 2[n] without a rainbow weak copy of P , pick one set from every color class
of c except for the color classes of ∅ and [n]. The family obtained must be P−(P )-free, as such a copy is
rainbow by definition, and can be extended by ∅ or by [n] to obtain a rainbow weak copy of P . This proves
(1).

If m is the largest element of P , then for any coloring c of 2[n] without a rainbow string copy of P ,
pick one set from every color class of c except for the color class of [n]. The family obtained must be
(P \ {m})-free, as such a copy can be extended by [n] to obtain a rainbow strong copy of P . This proves
(2). □

As a corollary, we obtain that if P does not contain a weak copy of 2C2 nor a copy of C3, then
ar(n, P ) = |P | − 1. Indeed, then P−(P ) contains the antichain Ak on k = |P | − 1 elements, and any k sets
form a weak copy of Ak, so La(n,Ak) = k − 1.

All weak {2C2, C3}-free posets P are of the form P ′+Ak, where + denotes the union of an uncomparable
pair of copies of P ′ and Ak with P ′ being either a fork ∨s (a < b1, b2, . . . , bs) or a broom ∧s (c1, . . . , cs < d).

Proposition 1.3.

(1) ar∗(n,∨s) = ar∗(n,∧s) = (s− 1)(n− 1) + 2.
(2) ar∗(n,Ak) = 3 + (k − 2)(n− 1) if n ≥ 2k.
(3) ar∗(n,∧s +Ak) = ar∗(n,∨s +Ak) = Os,k(n

2).

For weak copies of P , the lower bound of Proposition 1.1 and the upper bound of Proposition 1.2 differ
only by 1 and the possible difference of Lacon(n, P ) and La(n, P ). In most cases, these are negligeable.
For example, if P = ♢ is the diamond poset on four elements a, b, c, d with a < b, c < d being all relations,
then P−(♢) = {∨,∧}. A result of Katona and Tarján [14] states that La(n, {∨,∧}) = 2

( n−1
⌊n−1

2
⌋
)
and an

extremal family is
( [n−1]

⌊n−1
2

⌋
)
∪ {F ∪ {n} : F ∈

( [n−1]

⌊n−1
2

⌋
)
}, which is convex. (Here and throughout the paper,
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(
S
k

)
denotes the family of all k-subsets of S, and

([n]
k

)
is often referred to as the kth layer of 2[n].) So,

La(n,P−(♢)) = Lacon(n,P−(♢)). Finally, if in a coloring c of 2[n] the empty set and [n] receives distinct
colors, then to avoid a rainbow weak copy of ♢, one can only use at most one further colors. Therefore,
ar(n,♢) = 1 + La(n,P−(♢)) = 1 + Lacon(n,P−(♢)) = 1 + 2

( n−1
⌊n−1

2
⌋
)
.

How far apart can La(n,P−(P )) and Lacon(n,P−(P )) be? It was conjectured [3, 11] that for any set P
of posets, La(n,P) (La∗(n,P)) is asymptotically the size of most number of middle layers of 2[n] that one
can have without containing of weak (strong) copy of a member of P. Note that the union of consecutive
layers is always a convex family. The conjecture was disproved by Ellis, Ivan, and Leader [5], who showed

that La∗(n,Bd),La(n,Bd) ≥ (d + ε − o(1))
(

n
⌊n
2
⌋
)
for d ≥ 4, where Bd is the Boolean poset on 2[d] ordered

by inclusion. Although the construction of [5] for Bd can be easily turned into a construction for Bd \ {∅}
or for Bd \ {[d]}, we do not see how it could be turned into a construction that avoids both of them, i.e. a
construction that is P−(Bd)-free.

Problem 1.4. Is there a poset P and a positive real ε such that La(n,P−(P )) ≥ (1+ ε) Lacon(n,P−(P ))?

1.1. Main results. We will focus on forbidding strong copies of P and on cases not covered by Proposition
1.2 (2), i.e. on posets having neither largest nor smallest elements.

The oriented Hasse diagram
−→
H (P ) of a poset P is an oriented graph with vertex set P where −→pq is an

arc if q covers p, i.e. p ⩽P q and there is no z ̸= p, q with p ⩽P z ⩽P q. We obtain the (unoriented) Hasse

diagram H(P ) of P from
−→
H (P ) by dropping the orientation of all arcs. A poset is a tree poset if H(P ) is

a tree.
Bukh proved [3] La(n, T ) = (h(T ) − 1 + o(1))

(
n

⌊n/2⌋
)
for any tree poset T , where h(T ) denotes the

height of T , the length of the longest chain in T . This was strengthened by Boehnlein and Jiang [2] to
La∗(n, T ) = (h(T )−1+o(1))

(
n

⌊n/2⌋
)
. As the construction showing the lower bound in these results, consists

of the middle h(T ) − 1 layers, which is a convex family, we obtain Lacon(n, T ) = (1 + o(1)) La(n, T ) =
(1 + o(1)) La∗con(n, T ) = (1 + o(1)) La∗(n, T ) for all tree posets. Our first theorem determines ar∗(n, T )
asymptotically for all tree posets.

Note that if for all maximal or minimal elements of T we have h(T \ {t}) = h(T ), then the result follows
from ar∗(n, T ) ≤ La∗(n, T ) of (1) and 1 + La∗(n,P−(T )) ≤ ar∗(n, T ) of Proposition 1.1 (2). Also, if T has
a largest or a smallest element, then the theorem follows from Proposition 1.1 (2) and Proposition 1.2 (2).
So the hard part of the result is about tree posets T containing a minimal or maximal element m that is
contained in all longest chains of T and yet m is neither smallest nor largest element of T .

Theorem 1.5. For any tree poset T , we have ar∗(n, T ) = (1 + o(1)) La∗(n,P−(T )).

The crown poset O2k is a poset with oriented Hasse diagram an antidirected cycle, i.e. O2k has elements
a1, a2, . . . , ak, b1, b2, . . . , bk with ai, ai+1 < bi for all i = 1, 2, . . . , k − 1 and ak, a1 < bk. O4 is mostly
called the butterfly poset and is denoted by ▷◁ based on the drawing of its Hasse diagram. La(n, ▷◁) =(

n
⌊n
2
⌋
)
+
(

n
⌊n
2
⌋+1

)
was proved first by DeBonis, Katona, and Swanepoel [4]. As ▷◁ is a strong subposet of

the tree poset X on elements a1, a2, b1, b2, c with a1, a2 < c < b1, b2, Boehnlein and Jiang’s result implies
La∗(n, ▷◁) = (2 + o(1))

(
n

⌊n
2
⌋
)
. For even k ≥ 4, La(n,O2k) = (1 + o(1))

(
n

⌊n
2
⌋
)
was proved by Griggs and Lu

[11], and the same result for odd k ≥ 7 was obtained by Lu [16]. The value of La∗(n,O2k) for k ≥ 3 has
not yet been addressed.

As P−(O2k) consists of two tree posets both of height 2, Proposition 1.1 (1) and Proposition 1.2 (1)
imply ar(n,O2k) = (1+o(1))

(
n

⌊n/2⌋
)
for all k ≥ 2. By (1), we have ar∗(n, ▷◁) ≤ La∗(n, ▷◁) = (2+o(1))

(
n

⌊n
2
⌋
)
.

It is easy to see that ar∗(n, ▷◁) ≥
(

n
⌊n
2
⌋
)
+
(

n
⌊n
2
⌋+1

)
+1. Indeed, color sets of size ⌊n2 ⌋ and ⌊n2 ⌋+1 by their own

color, and color all other sets white. As the intersection of two unrelated sets of different colors has size
at most ⌊n2 ⌋ and the union of two unrelated sets of different colors has size at least ⌊n2 ⌋+ 1, this coloring

does not admit a strong rainbow copy of ▷◁. This shows ar∗(n, ▷◁) = (2 + o(1))
(

n
⌊n
2
⌋
)
. As P−(▷◁) = {∨,∧},
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this also shows an example when the lower bound of Proposition 1.1 (2) and the trivial upper bound (1)
differ asymptotically and the true asymptotics of ar∗(n, P ) is given by (1). For all values k ≥ 3 we show
the following result.

Theorem 1.6. For any k ≥ 3, we have ar∗(n,O2k) = (1 + o(1))
(

n
⌊n
2
⌋
)
.

2. Proofs

In the next subsection, we state some embedding results for tree posets and how they imply Theorem
1.5 and Theorem 1.6. Then in Section 2.2, we prove the embedding results. Finally, Section 2.3 contains
the proof of Proposition 1.3.

2.1. Statements of embedding results and their implications. To be able to state our results, we
need to introduce some notation.

Let B̃n = {F ∈ 2[n] : ||F | − n/2| ≤ 2
√
n lnn} and B̃T

n = {F ∈ 2[n] : ||F | − n/2| ≤ 4|T |
√
n lnn}. Note

that by Chernoff’s inequality, |2[n] \ B̃T
n | ≤ |2[n] \ B̃n| ≤ 1

n2

(
n

⌊n
2
⌋
)
holds for large enough n.

For any poset P and p ∈ P , we set DP (p) = {q ∈ P : q ⩽P p}. Similarly, for any family F ⊆ 2[n] of sets

and G ∈ 2[n], we write DF (G) = {F ∈ F : F ⊆ G} and D(G) = {F : F ⊆ G}, Un(G) = {F ∈ 2[n] : F ⊇ G}
and we omit n from the subscript when it is clear from context.

Finally, if G is a strong copy of a poset P shown by the bijection f : P → G, then the set f(p) ∈ G will
be denoted by Gp.

Theorem 2.1. Let T be a tree poset of height k+1 that contains a maximal element m such that all chains
of length k + 1 in T contain m. Then for any positive real ε, there exists n0 = n0(ε) such that if n ≥ n0

and F ⊆ B̃n with |F| = (k − 1 + ε)
(

n
⌊n/2⌋

)
, then F contains a strong copy G of T \ {m} such that for any

p ∈ T \DT (m) the image Gp is not a subset of ∪d∈DT (m)\{m}Gd.

Let P2k−1 denote the poset that we obtain from O2k by removing a maximal element, i.e. Pk has 2k− 1
elements a1, a2, . . . , ak, b1, b2, . . . , bk−1 with ai, ai+1 < bi.

Theorem 2.2. For any k ≥ 3 and positive real ε, there exists n0 = n0(ε) such that if n ≥ n0 and F ⊆ B̃n

with |F| = (1 + ε)
(

n
⌊n/2⌋

)
, then F contains a strong copy G of P2k−1 such that Gai ̸⊆ Ga1 ∪ Gak for all

i = 2, . . . , k − 1.

Proof of Theorem 1.5 and Theorem 1.6. The lower bounds of both theorems follow from Proposition 1.1
(2).

For the upper bounds let c be any coloring of 2[n]. Let Fc be a family that we obtain by picking one set
from each color class that does not contain any set from 2[n] \ B̃n. Clearly, the number of colors used by c

is at most |2[n] \ B̃n|+ |Fc| ≤ 1
n2

(
n

⌊n
2
⌋
)
+ |Fc|.

For Theorem 1.6: if |Fc| ≤ (1 + o(1))
(

n
⌊n
2
⌋
)
, then we are done. Otherwise, by Theorem 2.2, we obtain

a strong copy A1, A2, . . . , Ak, B1, . . . , Bk−1 of P2k−1 such that A1 ∪ Ak does not contain any of the Ais

(i = 2, 3, . . . , k − 1). Let Bk be any superset of A1 ∪ Ak of size at least n
2 + 2

√
n lnn with Ai ̸⊆ Bk for all

i = 2, 3, . . . , k− 1. Such a set exists as there is ai ∈ Ai \ (A1 ∪Ak) for all i, so [n] \ {a2, . . . , ak−1} can play
the role of Bk. Then A1, A2, . . . , Ak, B1, . . . , Bk−1, Bk form a strong copy of O2k. Also, it is rainbow as the

Ais, Bis represent different color classes of c, and these color classes do not contain sets from 2[n] \ B̃n, so
their colors are distinct from that of Bk.

For Theorem 1.5: as observed in the introduction, it is enough to consider tree posets T of height k+ 1
with a maximal or minimal element m that is contained in all chains of length k+1 in T . Without loss of
generality, we may assume that m is maximal. If |Fc| ≤ (k− 1+ o(1))

(
n

⌊n
2
⌋
)
, then we are done. Otherwise,

by Theorem 2.1, F contains a strong copy G of T \ {m} such that G := ∪d∈DT (m)\{m}Gd does not contain

any Gp with p /∈ DT (m). Then a superset G′ of G of size at least n
2 + 2

√
n lnn still not containing Gp for
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any p /∈ DT (m) together with G form a strong copy of T . The existence of G′ and the rainbow property
of G ∪ {G′} follows as in the previous paragraph. □

2.2. Proofs of embedding results. There have been several papers on embedding tree posets into set
families starting with the seminal paper of Bukh [3] determining La(n, T ) for any tree poset T . This was
extended by Boehnlein and Jiang [2] to strong copies of T . The proof of 2.1 will closely follow the reasoning
of [2]. Supersaturation and counting results on weak and strong copies of tree posets (for all or for some
special classes) were obtained in [20] and then in [1] and [12]. The proof of 2.2 uses some ideas from [20].

We will first prove Theorem 2.2. We start by indtorucing some notation and preliminaries.
The Lubell-mass of a family F ⊆ 2[n] is defined as

λn(F) =
∑
F∈F

1(
n
|F |
) =

1

n!

∑
C∈Cn

|C ∩ F|,

the average number of sets in F that a maximal chain contains chosen uniformly at random from Cn, the
set of all maximal chains in 2[n]. We will consider the max-partition of Cn according to F , that is we write
CF = {C ∈ Cn : F is largest in F ∩C}. Then 1

|CF |
∑

C∈CF
|C ∩F| = λ|F |(DF (F )) and λn(F) is a weighted

average of λ|F |(DF (F )) and so we have the following.

Observation 2.3. If λ|F |(DF (F )) ≤ B for all F , then λn(F) ≤ B holds.

Lemma 2.4 (Griggs, Li, Lu, Lemma 3.2 in [10]). For any family F ⊆ 2[n], we have |F| ≤ λn(F)
(

n
⌊n/2⌋

)
.

We will need the following folklore observation on minimum and average degree of graphs.

Observation 2.5. If G is a graph with average degree d, then G contains a subgraph G′ with minimum
degree at least d/2.

In the proof of Theorem 2.2, we will be looking for a copy of a special subposet with the help of which
we will find the copy of P2k−1 with the extra properties.

Definition 2.6. Let Sk,ℓ denote the height 2 poset on ℓ · k+1 elements such that H(Sk,ℓ) is a spider with
ℓ legs each of length k. As the height is 2, there exist two such posets depending on whether the leaves are
maximal or minimal elements. We define Sk,ℓ to be the one where the leaves are maximal elements.

We move some of the calculations of the proof of Theorem 2.2 to here.

Lemma 2.7. For k fixed, 100k ≤ j ≤ 4
√
n lnn and n large enough, we have

(1) (
n+2

√
n lnn
j

)
(
n−2

√
n lnn
j

) ≤ n20

(2)
j∑

i=j/k

(
kn1/3j

i

)(
n/2 + 2

√
n lnn

j − i

)
= o

(
1√

n lnn

(
n/2− 2n

√
n lnn

j − 22

))
(3) (

n2/3 + kn1/3j

j

)
= o

(
1√

n lnn

(
n/2− 2n

√
n lnn

j − 22

))
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Proof. Using 1 + x ≤ ex, we obtain(
n+2

√
n lnn
j

)
(
n−2

√
n lnn
j

) ≤

(
n− 2

√
n lnn

n− 6
√
n lnn

)4
√
n lnn

≤ e
5
√
n lnn
n

·4
√
n lnn ≤ n20

which proves (1).

Using (1), (nk )
k ≤

(
n
k

)
,
(nk)
(n
k′)

≤ (k
′

n )
k′−k for k < k′ and i ≥ j/k ≥ 1000, j ≤

√
n lnn, we obtain(

kn1/3j
i

)(
n/2+2

√
n lnn

j−i

)
(
n/2−2n

√
n lnn

j−22

) ≤
n20
(
kn1/3j

i

)(
n/2+2

√
n lnn

j−i

)
(
n/2+2n

√
n lnn

j−22

) ≤ n20(k2n1/3)iji−22

ni−22
≤ k2n42

(
j

n2/3

)i

= o

(
1

n2

)
.

As there are at most
√
n lnn terms in its left hand side, we obtain (2).

Using (nk )
k ≤

(
n
k

)
≤ ( enk )k, we have

(
n2/3+kn1/3j

j

)
≤ (n2/3)j and

(
n/2−2n

√
n lnn

j−22

)
≥ ( n

10
√
n lnn

)j−22. As

j ≥ 1000k, we have (n2/3)j < n0.99j−22 and (3) follows. □

After all these preparations, we are ready to prove Theorem 2.2.

Proof of Theorem 2.2. Let F ⊆ B̃n be a set family with |F| = (1+ε)
(

n
⌊n/2⌋

)
. For any F ∈ F and j positive

integer, let us define

Sj(F ) = {G ∈ F : G ⊆ F, |G| = |F | − j}.
Then we partition F into F1 ∪ F2 ∪ F3 with

F1 =

{
F ∈ F : ∃j : 1 ≤ j ≤ 1000k, |Sj(F )| ≥ ε

10000k

(
|F |
j

)}
,

F2 =

{
F ∈ F \ F1 : ∃j ≥ 1000k + 1, |Sj(F )| ≥

(
|F |

j − 22

)}
, and F3 = F \ (F1 ∪ F2).

We obtain the following bound on λ(F3) and thus, by Lemma 2.4, on |F3|.

Claim 2.8. If n is large enough, then λn(F3) < 1 + ε/2.

Proof of Claim. By definition, for any F ∈ F3

λ|F |(DF3(F )) ≤
4 lnn

√
n∑

j=0

|Sj(F )|(|F |
j

) ≤ 1 + 1000k · ε

10000k
+ 4 lnn

√
n ·
(
4 lnn

√
n

n

)22

≤ 1 + ε/2,

if n is large enough. The claim follows from Observation 2.3. □

By Lemma 2.4, |F3| ≤ (1+ε/2)
(

n
⌊n/2⌋

)
, so either F1 or F2 has size at least ε

4

(
n

⌊n/2⌋
)
. On many occasions,

we will see that a subfamily of F1 or F2 will have size f(ε)
(

n
⌊n/2⌋

)
or g(ε)

(
n
j

)
. If it is not important, then

we will not state what the precise function f is, just write ε′, ε′′, etc.

Case I |F1| ≥ ε
4

(
n

⌊n/2⌋
)

By definition of F1, for any F ∈ F1, there exists 1 ≤ j(F ) ≤ 1000k such that |Sj(F )(F )| ≥ ε
10000k

(|F |
j

)
.

So for some 1 ≤ j ≤ 1000k, the family F j
1 = {F ∈ F1 : j(F ) = j} has size at least ε

4000k

(
n

⌊n/2⌋
)
. Consider

the bipartite graph B with parts F and F j
1 and F ∈ F , F1 ∈ F j

1 joined by an edge if and only if F ⊆ F1,
|F | = |F1|−j, and we say that this edge has color set F1 \F . By definition of F1, the number of edges in B

is at least ε′
(
n/2−2 lnn

√
n

j

)(
n

⌊n/2⌋
)
and so the average degree of B is at least ε′′

(
n/2−2 lnn

√
n

j

)
. By Observation

2.5, B contains a subgraph B′ with minimum degree at least ε′′′
(
n/2−2 lnn

√
n

j

)
.

6



We plan to obtain a copy of Sk−2,ℓ in F where ℓ = ℓ(k, ε) is a large constant independent of n. If the
element of Sk−2,ℓ corresponding to the center of the spider is a minimal element, then we start with an
arbitrary set in the F part of B′, if it is a maximal element, then we start with an arbitrary element of
the F1 part of B′. Then we proceed as follows: if some connected part of Sk−2,ℓ is already defined and we
want to add a neighbor of F or F1, then we pick a neighbor such that the color set of the connecting edge
should be disjoint with the color set of every previously defined edge of the spider. This is possible, as the
union of all previous color sets has size at most jkℓ, and so the number of neighbors that do not satisfy

this requirement is at most jkℓ
(
n+2

√
n lnn

j−1

)
which is smaller than the minimum degree ε′′′

(
n/2−2 lnn

√
n

j

)
if n

is large enough (here we use that in Case I, j is a fixed constant at most 1000k). By definition, this family
of sets forms a weak copy of Sk−2,ℓ. We claim that due to the disjointness of the color sets of the edges,
they form a strong copy of Sk−2,ℓ. Suppose first that F ∈ F , F1 ∈ F1 are on the same leg of the spider,
but are not consecutive elements. If F is closer to the center of the spider, then the leg continues as FF ′

1F
′

and the color set of F ′
1F

′ is removed and never put back, so F1 cannot contain F . Similarly, if F1 is closer
to the center and the leg continues as F1F

′F ′
1, then the color set of F ′F ′

1 is added and never later removed,
so F1 cannot contain F . If F, F1 are on different legs of the spider, then if the center F0 is in the F part,
then the color set of F0F

′
1 is contained in F where F ′

1 is the first element of the spider after the center, and
so F1 cannot contain F . Finally, if F0 is in the F1 part, then the color set of F0F

′ is removed and is never
put back, and so is not contained in F1 which therefore cannot contain F . Here F ′ is the first element of
the leg of F1.

Let G denote the intersection of all sets of the spider defined above. Observe that |G| ≥ n/2− 3
√
n lnn

if n is large enough as every set in the spider can remove at most 1000k elements from the intersection.
Let F 1, F 2, . . . , F ℓ be the sets corresponding to the leaves of the spider and let xi be an element of F i

from the color set of the edge incident to F i. If we find 1 ≤ a < b ≤ ℓ and y ∈ G such that F a and F b

have neighbors Ga ⊆ F a \ {y} and Gb ⊆ F b \ {y} with xa ∈ F a, xb ∈ Gb, then these two legs of the spider
together with Ga and Gb form the desired copy of P2k−1.

The number of subsets of F a of size |F a| − j not containing xa is at most
(|Fa|−1|

j−1

)
, so if n is large

enough, then the number of subsets of F a of size |F a| − j containing xa is at least ε′′′′
(|Fa|

j

)
. Therefore,

for any F a and xa, there exist α(ε)n elements y ∈ G such that there is an (|F a| − j)-subset Gi
y ∈ F with

xi ∈ Gi
y, y /∈ Gi

y. Taking ℓ = ℓ(ε) to be larger than ⌈α(ε)−1⌉, we obtain a pair xa, xb with a common y.
This finishes the proof of this case.

Case II |F2| ≥ ε
4

(
n

⌊n/2⌋
)

By definition of F2, for any F ∈ F2, there exists 1000k < j(F ) ≤ 4 lnn
√
n such that |Sj(F )(F )| ≥

( |F |
j−22

)
.

So for some 1000k < j ≤ 4
√
n lnn, the family F j

2 = {F ∈ F2 : j(F ) = j} has size at least ε
4 lnn

√
n

(
n

⌊n/2⌋
)
.

Consider the bipartite graph B with parts F and F j
2 and F ∈ F , F2 ∈ F j

2 joined by an edge if and only
if F ⊆ F2, |F | = |F2| − j and let F2 \ F be the color set of this edge. By definition of F2, the number of

edges in B is at least ε
4 lnn

√
n

(
n/2−2

√
n lnn

j−22

)(
n

⌊n/2⌋
)
and the average degree is at least ε

8
√
n lnn

(
n/2−2

√
n lnn

j−22

)
in

B. By Observation 2.5, B contains a subgraph B′ with minimum degree at least ε
16

√
n lnn

(
n/2−2n

√
n lnn

j−22

)
.

Our strategy is as in Case I, we want to find a spider in B′ that corresponds to an Sk−2,ℓ in F but now
ℓ = ℓ(n) = n1/3. This time, we require a little less from the color sets of the edges used: we want that
for any edge FF2 out of the j colors, less than j/k should appear in color sets of previously defined edges.

The total number of colors used is at most kn1/3j. So the number of sets having not enough new elements
is at most

j∑
i=j/k

(
kn1/3j

i

)(
n/2 + 2

√
n lnn

j − i

)
7



which is, by Lemma 2.7 (2), negligeable compared to the minimum degree of B′. So it possible to pick the
edges of the spider as required. As in the previous case, the spider is a weak copy of Sk−2,ℓ by definition of
B. We claim that it is a strong copy of Sk−2,ℓ. Suppose F is in the F-part of B and F2 is in the F2 part
of B and they both belong to the spider, but FF2 is not an edge of the spider. If F2 is closer to the center
on the same leg as F or if they are on distinct legs, then there is a step after F2 is defined when j − j/k
new colors are added to the leg of F , and later at most j/k old colors are removed in each step and there
are at most k/2 − 1 steps when we remove colors, so F will contain at least j/2 new colors compared to
F2. Similarly, if F is closer to the center of the spider with F2 on the same leg, then after adding F , there
is a step when j− j/k colors are removed, and then colors are added in at most k/2− 1 steps, at most j/k
old colors in each such step, so F again will have at least j/2 colors not in F2.

Let again F 1, F 2, . . . , F ℓ be the sets corresponding to the leaves of the Sk−2,ℓ. By the argument above,
for any 1 ≤ a, b ≤ ℓ, if Ca denotes the color set of the edge incident to F a, then |Ca \ F b| ≥ j/2. The
number of subsets of F a of size |F a| − j that contain more than j/k elements of Ca is

j∑
i=j/k

(
|Ca|
i

)(
|F a \ Ca|
j − i

)
≤ 2

(
j

j/k

)(
n/2 + 2

√
n lnn

j − j/k

)
,

which by the calculation of Lemma 2.7 (2), has a lower order of magnitude compared to the minimum degree

in B. So every F a has at least ε′√
n lnn

(
n/2−2

√
n lnn

j−22

)
incident edges in B with at most j/k colors used in the

spider. As in Case I, let G denote the intersection of all sets in the spider. Clearly, |G| ≥ n/2−n1/3
√
n lnn,

and so by Lemma 2.7 (3), for every a there exists a set Y a ⊂ G of n2/3 elements that appear as colors on

some edge incident to F a. As ℓ = n1/3 there exist a, b and y with y ∈ Y a ∩ Y b. Thus there exist Ga, Gb

with y /∈ Ga ⊆ F a, y /∈ Gb ⊆ F b, |Ca ∩Ga|, |Cb ∩Gb| ≤ j/k. Then Ga, Gb and the legs of F a and F b form
the needed copy of P2k−1. □

We now turn our attention to Theorem 2.1. As the proof very closely follows the proof in [2], let us

briefly sketch their approach to embed a tree poset T of height k into any family F ⊆ B̃n of size at
least (k − 1 + ε)

(
n

⌊n/2⌋
)
. First, following [3], they define a sequence T ⊆ T1 ⊃ T2 ⊃ · · · ⊃ Tℓ of tree

posets such that Tℓ is a chain and Ti \ Ti+1 is a chain interval (see the definition below). Then a sequence
of G1 ⊃ G2 ⊃ · · · ⊃ Gℓ of families of good k-chains of F is defined, where good approximately means
extendable for any small obstacles. Finally, the chain Tℓ is embedded into F using a k-chain from Gℓ and
any Ti \ Ti+1 is embedded using a k-chain from Gi as Gi is good thus extendable with respect to Gi+1. For
weak copies of T , the good property is not necessary, but when one looks for strong copies of T one has
to make sure that sets Ft from newly used chains are not in relation with sets Ft′ of already used chains
if t, t′ are incomparable in T . As the number of already embedded elements (the potential obstacles) is at
most |T | − 1, the goodness condition ensures that one can extend the embedding for a strong copy of T .
In the proof of Theorem 2.1, we will apply the same procedure, but with one extra obstacle and this new
obstacle might belong to B̃T

n \ B̃n. So the change is not very substantial for this part of the proof, but we
need to be a bit more careful, when defining the sequence T1 ⊃ · · · ⊃ Tℓ.

We start describing the preliminaries by addressing T . A poset P is k-saturated if h(P ) = k and all
maximal chains have length k.

Lemma 2.9 (Bukh [3]). Any poset P of height h is a strong subposet of an h-saturated poset P ′. Moreover,
any tree poset T of height h is a strong subposet of an h-saturated tree poset T ′.

Sketch of the proof. Consider the canonical decomposition ∪h
i=1Ai = P that we obtain by setting A1 to

be the antichain of all minimal elements of P , and for any 1 < j ≤ h we let Aj to be the set of minimal

elements of P \ ∪j−1
i=1Ai.
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• If q ∈ Aj is a maximal element of P , then add h − j elements q1, q2, . . . , qh−j forming a chain
q ⩽ q1 ⩽ q2 ⩽ · · · ⩽ qh−j .

• If −→pq is an arc of the oriented Hasse diagram of P with p ∈ Ai, q ∈ Aj , then add j − i− 1 elements
r1, r2, . . . , rj−i−1 forming a chain p ⩽ r1 ⩽ · · · ⩽ rj−i−1 ⩽ q.

□

If p ⩽P q, then the interval [p, q] is {z : p ⩽P z ⩽P q}. A chain interval is an interval that induces a chain
in P . The poset distance of p, q in P is the minimum k such that there exist vertices p = v0, v1, v2, . . . , vk = q
such that vi and vi+1 are comparable in P for all i = 0, 1, . . . , k−1. The next lemma is from [3], the moreover
part is not explicit there, but comes from its proof.

Lemma 2.10 (Bukh [3]). If T is a k-saturated tree poset that is not a chain, then there exist a leaf v and
a chain interval I = [v, u] or I = [u, v] such that T \ I ′ is a k-saturated tree poset, where I ′ = I \ {u}.
Moreover, v is a leaf such that there exists w ∈ T with vw maximizing poset distance.

We need one more lemma on the possible size of unions and intersections of sets that are used when
embedding T . These are the possible extra obstacles mentioned earlier.

Lemma 2.11. Suppose G1, G2, . . . , Gh ∈ B̃n with h ≤ |T | are such that their comparability graph is

connected. Then ∪h
i=1Gi ∈ B̃T

n .

Proof. We can assume that the indexing of the Gis is such that for any 1 ≤ j ≤ h the comparability graph
of G1, G2, . . . , Gj is connected. Therefore there exists i < j such that Gi, Gj are comparable. If Gj ⊆ Gi,
then Gj does not add new element to the union of the Gis, while if Gi ⊆ Gj , then Gj adds at most

|Gj \Gi| ≤ 4
√
n lnn elements to the union of the Gi. Thus | ∪h

i=1Gi| ≤ n/2+2
√
n lnn+4(h− 1)

√
n lnn ≤

n/2 + 4|T |
√
n lnn as claimed. □

The following definitions are all from [2]. For a family G ⊆ 2[n] of sets, we define D(G) = ∪G∈GD(G)

and U(G) = ∪G∈GU(G). For a set G ∈ B̃n and a family S ⊆ B̃T
n with U(G) ∩ S = ∅ (in [2] the family of

obstacles satisfied S ⊆ B̃n, but for the proof of Theorem 2.1, we will have to allow S ⊆ B̃T
n ), we define the

forbidden neighborhood below and above G as

D∗(G,S) = [(D(G) \ {G}) ∩ (U(S) ∪D(S))] ∩ B̃n

and

U∗(G,S) = [(U(G) \ {G}) ∩ (U(S) ∪D(S))] ∩ B̃n.

Let Cn denote the set of all n! maximal chains in [n]. A pair (C,Q) is a k-marked chain with markers in
F if C ∈ Cn, Q ⊆ C ∩ F and |Q| = k. For a set L of k-marked chains, a set G, and an integer 1 ≤ d ≤ k,
we write L(G, d) = {(C,Q) ∈ L : G is the dth member of Q from top}.

The next definitions are a little altered compared to their original version in [2]. There, the witness

family S was from B̃n, while here it is from B̃T
n . This is because our additional obstacle is a union of some

of the sets of a copy of T in B̃T
n , and then Lemma 2.11 guarantees that this new obstacle lies within B̃T

n .

A set G ∈ B̃n is (d, T )-lower bad relative to L if there exists a family S ⊆ B̃T
n with U(G) ∩ S = ∅ and

|S| ≤ |T | such that

L(G, d) ̸= ∅ and ∀(C,Q) ∈ L(G, d), Q∩D∗(G,S) ̸= ∅.

Similarly, G ∈ B̃n is (d, T )-upper bad relative to L if there exists a family S ⊆ B̃T
n with D(G) ∩ S = ∅ and

|S| ≤ |T | such that

L(G, d) ̸= ∅ and ∀(C,Q) ∈ L(G, d), Q∩ U∗(G,S) ̸= ∅.

The family S in the above definitions is called a (d, T )-lower (upper) witness of G.
9



We say that G is (d, T )-lower-bad relative to C and L if G is (d, T )-lower-bad relative to L and there
exists at least one Q such that (C,Q) ∈ L(G, d). We say that G is (d, T )-upper-bad relative to C and
L if G is (d, T )-upper-bad relative to L and there exists at least one Q such that (C,Q) ∈ L(G, d). A
k-marked chain (C,Q) is good relative to L if Q does not contain a vertex G that is either (d, T )-lower-bad
or (d, T )-upper-bad relative to C and L for any 1 ≤ d ≤ k.

Proposition 2.12 (Equivalent of Proposition 4.1. in [2]). Let (C,Q) be a member of L that is good relative

to L, and let G ∈ Q. Suppose G is the dth set of Q. Then for any family S of at most |T | sets of B̃T
n ,

where S ∩ U(G) = ∅, there exists a member (C,Q) ∈ L(G, d) such that C is disjoint from D∗(G,S). For

any family S of at most |T | sets of B̃T
n , where S ∩D(G) = ∅, there exists a member (C,Q) ∈ L(G, d) such

that C is disjoint from U∗(G,S).

Proof. By our assumptions (C,Q) ∈ L(G, d) and G is not (d, T )-lower-bad or (d, T )-upper-bad relative to
L; otherwise G would be either (d, T )-lower-bad or (d, T )-upper-bad relative to C and L, contradicting
(C, Q) being good relative to L. So, there is no (d, T )-lower witness of G or (d, T )-upper witness of G of
size at most |T | and the claim follows. □

Theorem 2.13 (Equivalent of Theorem 5.1. in [2]). Let k, t ≥ 2 be integers and let ε be a fixed positive

real. Suppose that F ⊆ B̃n is a family with |F| ≥ (k − 1 + ε)
(

n
⌊n/2⌋

)
. For each C ∈ Cn, let Y (C) denote

the set of members of F contained in C. If n is large enough with respect to k, t, and ε, then there exist
functions X1, . . . , Xt from Cn to 2F satisfying the following.

(1) For all C ∈ Cn, X1(C) = Y (C).
(2) For all 1 ≤ i ≤ t− 1 and C ∈ Cn, Xi+1(C) ⊆ Xi(C), and if Xi+1(C) ̸= ∅ then

|Xi+1(C)|
|Xi(C)|

≥ 1− 1

4kt
.

(3) For all 1 ≤ i ≤ t, the family of k-marked chains Li with markers in F , defined by Li = {(C, Q) :

C ∈ Cn, Q ∈
(Xi(C)

k

)
, satisfies

|Li| ≥ ε(n!/k)(1− i

2t
).

(4) For all 1 ≤ i ≤ t− 1, every member of Li+1 is good relative to Li.

The proof of Theorem 2.13 is given in the appendix. With all the above preparation, we are ready to
prove Theorem 2.1.

Proof of Theorem 2.1. Let T be a tree poset of height k+1 such that m is a maximal element of T with all
chains of length k+1 in T containing m. Let m1,m2, . . . ,ma denote the neighbors of m in H(T ). Let T0 be

the tree obtained from T by reversing all arcs −−→mim in
−→
H (T ) and adding vertices v1, v2, . . . , vk−2 forming a

chain v1 ⩽ v2 ⩽ · · · ⩽ vk−2 ⩽ m. Clearly, h(T0) = k and T \{m} = T0 \{m, v1, v2, . . . , vk−2}. Let T ′
0 be the

k-saturated tree poset obtained from T0 by Lemma 2.9. Observe that for any pair p, q ∈ D := ∪a
i=1DT ′

0
(mi)

the poset distance in T ′
0 is at most 4, and if a ≥ 2, then for any v ∈ P \D there exists p ∈ D such that

their poset distance is larger than 4. If a = 1, then the poset distance of pairs in D is at most 2. In both
cases, one can apply Lemma 2.10 to obtain a sequence T ′

0, T
′
1, . . . , T

′
ℓ such that

• all T ′
i are k-saturated,

• T ′
i−1 \ T ′

i is [ui, vi] \ {ui} or [ui, vi] \ {vi} where [ui, vi] is a chain interval,
• T ′

ℓ is a chain,
• and T ′

i0
= D for some i0.

Let F ⊆ B̃n be a family of size at least (k − 1 + ε)
(

n
⌊n/2⌋

)
. Applying Theorem 2.13, we obtain a sequence

of nested k-marked chains L0,L1 . . . ,Lℓ. By property (3) of Theorem 2.13, Lℓ is non-empty, so taking

the Q-part of any k-marked chain (C,Q) embeds T ′
ℓ into B̃n and for any Q ∈ Q at the d-level of T ′

ℓ we
10



have Lℓ(Q, d) ̸= ∅. As in [2], we proceed by backward induction to embed T ′
i for all i < ℓ with the extra

conditions that if Q plays the role of an element of T ′
i at level d from top, then Li(Q, d) ̸= ∅ and also that

if p ∈ T ′
0 \ D, then Gp is not comparable to G = ∪a

j=1Gmj . Note that if p ∈ T ′
0 \ D, then p ∈ T ′

i \ T ′
i+1

for some i < i0 and so m1,m2, . . . , na are already embedded. Suppose we have managed to do this for
T ′
i+1, . . . , T

′
ℓ and let Gj ⊆ F be the copy of T ′

j obtained in the process. We know T ′
i+1 = T ′

i \ (Ii \ ui) where
Ii = [ui, vi] or Ii = [vi, ui] vi being at level 1 or k from top. Without loss of generality, we may assume
the former case and assume ui is at level d from top. Then by the inductive hypothesis Li+1(Q, d) ̸= ∅
for the set Q ∈ F playing the role of ui. If i ≥ i0, then let Si = Gi \ DGi(Q), while if i < i0, then set
Si = Gi \DGi(Q) ∪ {G}. As T ′

0 \ T ′
1 ̸= ∅, we have |Si| ≤ |T ′

0| = t in both cases. By Proposition 2.12, there
exists a member (Ci,Qi) ∈ Li(Q, d) with C being disjoint with U∗(Q,Si). We can embed I \ {ui} with the
part of Qi below Q. As these newly added sets are not in the forbidden neighborhood U∗(Q,Si), together
with Gi+1, they form a copy Gi of T

′
i such that the extra condition of not being comparable to G hold.

Also, the Lis are nested, (Ci,Qi) shows that the other extra condition hold. □

2.3. Posets not containing weak copies of 2C2.

Proof of Proposition 1.3. For the lower bound of (1), consider the following construction: for j with 2 ≤
j ≤ s−1 take the chain Cj = {{j}, [j, j+1], [j, j+2], . . . , [j, j−3], [j, j−2]}, where [a, b] with b < a denotes
the set [a, n]∪[b]. Also, let C1 be the chain {[1], [2], . . . , [s−2], [s−2]∪{s}, [s−2]∪[s, s+1], . . . , [s−2]∪[s, n]}.
Color all sets in {∅, [n]} ∪

⋃s−1
i=1 Ci with distinct colors and color all remaining sets with the color of [n].

This coloring uses (s− 1)(n− 1) + 2 colors and does not admit a strong rainbow copy of ∧s as ∅ is not a
member of any strong copy. Also, by construction, any set C ∈ Ci does not contain any set C ′ ∈ Ci−1 and
so the maximum rainbow antichain that C contains has size s − 1: s − 2 sets from Cjs plus one colored

as [n]. Finally, any set colored as [n] contains rainbow antichains only from ∪s−1
i=1Ci, so at most s− 1 sets.

This shows ar∗(n,∧s) ≥ (s − 1)(n − 1) + 2. For the upper bound, observe that if a coloring of 2[n] uses
more than (s−1)(n−1)+2 colors, then, by Dilworth’s theorem, there is a rainbow antichain of size s that
uses colors differing from that of ∅ and that of [n].

For the lower bound of (2) consider k − 2 pairwise internally disjoint maximal chains and color all sets
in their union by distinct colors and use PURPLE for all other sets. As any antichain can contain at most
one set from each chain, the maximum size of a rainbow antichain is k − 1. This proves ar∗(n,Ak) ≥
3 + (k − 2)(n − 1). For the upper bound, observe that any level

(
[n]
j

)
can use at most k − 1 colors apart

from that of [n] (and that of ∅) as otherwise would have a rainbow Ak. Also, any level
(
[n]
j

)
can use at

most k − 2 colors not used in
([n]
k

)
. Indeed, if k < j and F1, F2, . . . , Fk−1 are sets of size j using colors

unused by any set of size k, then pick xi /∈ Fi for all 1 ≤ i ≤ k− 1 and a k-set containing all xis (they may
coincide) forms a rainbow Ak with the Fis. If j < k, then for such Fis consider yi ∈ Fi and a k-subset F of
[n]\{y1, y2, . . . , yk−1} (here we use k ≤ n−k). So the total number of colors used is 2+(k−1)+(n−2)(k−2)

(two for the colors of [n], ∅, then k − 1 for the colors used in
([n]
k

)
, and k − 2 additional colors for all other

n− 2 levels). This completes the proof.
To see the upper bound of (3), observe that for any j ≤ n − 2, by counting pairs (F, x) x /∈ F , if

F ⊆
(
[n]
j

)
contains more than sn

2 sets, then there exists a subfamily F ′ ⊆ F such that |F ′| ≥ s + 1 and

| ∪F∈F ′ F | < n. Let m be the size of the smallest possible | ∪F∈F ′ F | with this property. Using the
minimality of m, the same reasoning shows that |F ′| ≤ sm

2 . So if |F| > sn
2 + k+1, then there exist F ′ and

F ′′ with |F ′| = s+ 1, |F ′′| = k + 1 such that F ′′ ̸⊆ ∪F ′∈F ′F ′ for all F ′′ ∈ F ′′. Let us apply this statement

to the family F that we obtain by picking a set from each color meeting
(
[n]
j

)
. Now, adding M = ∪F ′∈F ′F ′

and possibly removing the j-set in F ′ ∪F ′′ with the color of M yields a rainbow copy of ∧s +Ak. So, if a
coloring avoids such a copy, then every level uses at most sn

2 + k + 1 colors. As there are n− 1 levels and
∅, [n], the result follows. □
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3. Appendix

We include a proof of Theorem 2.13 which is basically identical to that of Theorem 5.1. in [2].

Lemma 3.1 (Equivalent of Lemma 3.1. in [2]). Let F ∈ B̃n,S ⊆ B̃T
n with S ∩ U(S) = ∅ and |S| ≤ n/6.

If C is a uniformly chosen random maximal chain in D(F ), then

P(C ∩D∗(F,S) ̸= ∅) ≤ 12(|T |+ 4)|S|
√
n lnn

n

if n is large enough.

Proof. The probability that S ∈ S ∩ D(F ) ∩ B̃n belongs to C is
(|F |
|S|
)−1

≤ 1
|F | ≤

3
n and so by the union

bound, writing |S| = s, we have

(2) P(C ∩ S ∩D(F ) ∩ B̃n) ≤
3s

n
.

Let S1, S2, . . . , Sp with p ≤ s be the sets of S in D(F ). We have |F | − |Si| ≤ 4(|T | + 1)
√
lnn and thus

| ∩p
i=1 Si| ≥ |F |− p4(|T |+1)

√
lnn. If C’s first set below F is F \ {a} for some a ∈ ∩p

i=1Si, then C is disjoint
12



with U(S) ∩ (D(F ) \ {F}), and so using |F | ≥ n/3 we have

(3) P(C ∩ U(S) ∩ (D(F ) \ {F}) ̸= ∅) ≤ 12s(|T |+ 1)
√
n lnn

n
.

By the assumption, U(F ) ∩ S = ∅, we have elements xi ∈ F \ Si for all 1 ≤ i ≤ s. If the set C of C of size

n/2−2
√
n lnn contains all xis, then C does not get into D(S)∩B̃n. So writing ℓ = |F |−(n/2−2

√
n lnn) ≤

4
√
n lnn, using |F | − ℓ| ≥ n/3 and (1− x)ℓ ≥ 1− 2xℓ for x ≤ 1/2, we obtain

(4)

P(C∩D(S)∩D(F )∩B̃n ̸= ∅) ≤ 1−|F | − s

|F |
· |F | − s− 1

|F | − 1
·. . .· |F | − s− ℓ

|F | − ℓ
≤ 1−

(
1− s

|F | − ℓ

)ℓ

≤ 24s
√
n lnn

n
.

Adding up (2), (3), and (4), we obtain the claim of the Lemma. □

From here on, we use the notation of [2], so a maximal chain is denoted by M rather than C sets in Bn

are denoted by u or v, and so on.

Now, for each d ∈ [k] and for each v ∈ B̃n that is (d, T )-lower-bad relative to L, we fix a corresponding

(d, T )-lower-witness Sv,d of v. For each d ∈ [k] and each v ∈ B̃n that is (d, T )-upper-bad relative to L,
we fix a corresponding (d, T )-upper-witness Tv,d. A chain x1 > y1 > x2 > y2 > . . . > xp > yp in Bn is
called a (d, T )-lower-bad string if for each i ∈ [p], xi is (d, T )-lower-bad relative to L and yi ∈ D∗(xi, Sxi,d).
Similarly, a chain x1 < y1 < x2 < y2 < . . . < xp < yp in Bn is called a (d, T )-upper-bad string if for each
i ∈ [p], xi is (d, T )-upper-bad relative to L and yi ∈ U∗(xi, Txi,d).

Given a sequence J = (j1, j2, . . . , jq) of numbers in [n], where either j1 < j2 < . . . < jq or j1 > j2 >
. . . > jq, and a chain C in Bn, let C[J ] denote the subchain of C consisting of the j1-th, j2-th, . . . , jq-th
members of F on C (counted from the top). If C contains fewer than q members of F , then C[J ] is defined
to be the empty chain. If J contains only one number j, then we write C[j] for C[{j}].

As [2], h < n/6 is a bound on the size of all witnesses.

Lemma 3.2. Let d ∈ [k]. Let p be a positive integer. Let J be an increasing sequence of 2p numbers in

[n]. Let v ∈ B̃n. Let M be a uniformly chosen random full chain of D(v). Then

Pr(M [J ] forms a (d, T )-lower-bad string) ≤ (
12(|T |+ 4)h

√
n lnn

n
)p.

Proof. Let γ = 12(|T |+4)h
√
n lnn

n . We use induction on p. For fixed p, we prove the statement for all J with

2p numbers and all v ∈ B̃n. For the basis step, let p = 1. Suppose J = (j1, j2), where j1 < j2. Let v ∈ B̃n

be given. Let M be a uniformly chosen random full chain of D(v). We have

Pr(M [J ] is a (d, T )-lower-bad string) ≤
∑

u∈D(v)

Pr(M [j1] = u) · Pr(M [j2] ∈ D∗(u, Su,d) | M [j1] = u)

Fix any u ∈ D(v). The set of full chains M of D(v) satisfying M [j1] = u are precisely those concatena-
tions of full chains of I(v, u) (the sublattice consisting of all x satisfying v ≥ x ≥ u) that contain exactly
j1 members of F and all full chains of D(u). So, Pr(M [j2] ∈ D∗(u, Su,d) | M [j1] = u) is the same as the
probability that on a uniformly chosen random full chain M ′ of D(u) the (j2 − j1 + 1)-th member of F is
in D∗(u, Su,d). This probability is certainly no more than the probability that M ′ intersects D∗(u, Su,d),
which by Lemma 3.1, is at most γ. Hence,

Pr(M [J ] is a d-lower-bad string) ≤
∑

u∈D(v)

[Pr(M [j1] = u) · γ]

= γ ·
∑

u∈D(v)

Pr(M [j1] = u) ≤ γ,
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where the last inequality uses the fact that for different u the events M [j1] = u are certainly disjoint. This
proves the basis step. For the induction step, assume p ≥ 2. Suppose the claim has been proved for all J ′

and v ∈ B̃n, where J
′ is an increasing sequence of 2p−2 numbers. Given a full chain M of D(v) and a vertex

y on M , we let My denote the portion of M from y down. Let J ′ = (j3− j2+1, j4− j2+1, . . . , j2p− j2+1).
We have

Pr(M [J ] is a (d, T )-lower-bad string) ≤
∑

u∈D(v)

∑
y∈D∗(u,Su,d)

[Pr(M [j1] = u) · Pr(M [j2] = y | M [j1] = u)

·Pr(My[J
′]) is a (d, T )-lower-bad string | M [j1] = u,M [j2] = y)]

Using reasoning as in the basis step, given M [j1] = u,M [j2] = y, all full chains of D(y) are equally likely
for My. So given M [j1] = u,M [j2] = y, the probability that My[J

′] is a (d, T )-lower-bad string is the same
as the probability that given a random full chain M ′ of D(y), M ′[J ′] forms a (d, T )-lower-bad string. By
induction hypothesis, this is at most γp−1. So,

Pr(M [J ] is a (d, T )-lower-bad string) ≤
∑

u∈D(v)

∑
y∈D∗(u,Su,d)

[Pr(M [j1] = u) · Pr(M [j2] = y | M [j1] = u) · γp−1]

= γp−1 ·
∑

u∈D(v)

Pr(M [j1] = u) ·
∑

y∈D∗(u,Su,d)

Pr(M [j2] = y | M [j1] = u)

≤ γp−1 ·
∑

u∈D(v)

Pr(M [j1] = u) · γ (see discussion in the basis step)

= γp ·
∑

u∈D(v)

Pr(M [j1] = u) ≤ γp.

This completes the induction step and our proof. □

We now show Theorem 2.13 (that we restate with the notation of [2]) that we can obtain a sequence
of families of k-marked chains with markers in F , L1 ⊇ L2 . . . ⊇ Lh, such that for each i ∈ [h], |Li| ≥
(ϵn!/k)(1− i

2k ) and for each i ∈ [h− 1] every member of Li+1 is good relative to Li. Let C(Bn) denote the
set of full chains of Bn.

First we state a lemma from [3].

Lemma 3.3. ([3]) Let ϵ be a small positive real. Let n be a sufficiently large positive integer. Let F ⊆ B̃n.
Let L denote the family of all the k-marked chains with markers in F . If |F| ≥ (k − 1 + ϵ)

(
n

⌊n/2⌋
)
, then

|L| ≥ (ϵ/k)k!.

Theorem 3.4. Let k, h be positive integers and let ϵ be a fixed positive real. Let n be sufficiently large (as

a function of k, h, ϵ). Let F ⊆ B̃n be a family with |F| ≥ (k−1+ ϵ)
(

n
⌊n/2⌋

)
. For each M ∈ C(Bn), let Y (M)

denote the set of members of F contained in M . There exist functions X1, . . . , Xh from C(Bn) to 2F such
that the following holds:

(1) ∀M ∈ C(Bn), X1(M) = Y (M).

(2) ∀i, 1 ≤ i ≤ h− 1, ∀M ∈ C(Bn) if Xi+1(M) ̸= ∅ then |Xi+1(M)|
|Xi(M)| ≥ 1− 1

4kh .

(3) ∀i ∈ [h], the family of k-marked chains Li with markers in F , defined by

Li =

{
(M,Q) : M ∈ C(Bn), Q ∈

(
Xi(M)

k

)}
14



satisfies

|Li| ≥ (ϵn!/k)(1− i

2h
).

(4) ∀i ∈ [h − 1], every member of Li+1 is good relative to Li (where good and bad are defined with
respect to h, i.e. witnesses of being bad are of size at most h).

Proof. We use induction on i. For the basis step, for each M ∈ C(Bn), we let X1(M) = Y (M). By Lemma
3.3, we have

(5) |L1| ≥ (ϵ/k)n!.

So item 3 holds. There is nothing else to prove. For the induction step, let i ≥ 1 and suppose the functions
X1, . . . , Xi have been defined so that items 1,2,3,4 all hold. We want to define Xi+1 to satisfy all the
requirements.

For each d ∈ [k] and each v ∈ B̃n that is (d, T )-lower-bad relative to Li, we fix a corresponding (d, T )-

lower-witness Sv,d. For each d ∈ [k] and each v ∈ B̃n that is (d, T )-upper-bad relative to Li, we fix a
corresponding (d, T )-upper-witness Tv,d. To define Xi+1, we first classify those M with Xi(M) ̸= ∅ into

two types. For each d ∈ [k], let B−
i,d(M) denote the set of vertices in Xi(M) that are (d, T )-lower-bad

relative to M and Li. Let B−
i (M) =

⋃k
d=1 B

−
i,d(M). For each d ∈ [k], let B+

i,d(M) denote the set of

vertices in Xi(M) that are (d, T )-upper-bad relative to M and Li. Let B+
i (M) =

⋃k
d=1 B

+
i,d(M). Let

Bi(M) = B−
i (M) ∪ B+

i (M). Let x(M) = |Xi(M)| and let b(M) = |Bi(M)|. Set C = 4kh. Let

C1 = {M ∈ C(Bn) : Xi(M) ̸= ∅, b(M)

x(M)
≤ 1

C
}

C2 = {M ∈ C(Bn) : Xi(M) ̸= ∅, b(M)

x(M)
>

1

C
}

Now, we define Xi+1 as follows.

If Xi(M) = ∅ or M ∈ C2, then let Xi+1(M) = ∅
Otherwise, M ∈ C1, and we let Xi+1(M) = Xi(M) \ Bi(M)

Claim 1. We have

(1) ∀M ∈ C(Bn), where Xi+1(M) ̸= ∅, we have |Xi+1(M)| ≥ (1− 1
C )|Xi(M)| ≥ (1− 1

4kh)|Xi(M)|.
(2) Each member of Li+1 is good relative to Li.

(3)
∑

M∈C1
(|Xi+1(M)|

k

)
≥ (1− k

C )
∑

M∈C1
(|Xi(M)|

k

)
≥ (1− 1

4h)
∑

M∈C1
(|Xi(M)|

k

)
.

Proof of Claim 1. Let M ∈ C(Bn) and suppose Xi+1(M) ̸= ∅. Then M ∈ C1. By our definition of C1, we
have |Bi(M)|/|Xi(M)| ≤ 1/C. Since Xi+1(M) = Xi(M)\Bi(M), item 1 follows immediately. All members

of Li+1 have the form (M,Q), where M ∈ C1 and Q ∈
(Xi+1(M)

k

)
. Fix any such member (M,Q). Since

Xi+1(M) = Xi(M) \ Bi(M), and Q ∈
(Xi+1(M)

k

)
, Q contains no vertex that is either (d, T )-lower-bad or

(d, T )-upper-bad relative to M and Li for any d ∈ [k]. Hence (M,Q) is good relative to Li. So item 2
holds. As in the definition, let b(M) = |Bi(M)| and x(M) = |Xi(M)|. The number of k-subsets of Xi(M)
that contain a member of Bi(M) is certainly at most

b

(
x− 1

k − 1

)
=

bk

x

(
x

k

)
≤ k

C

(
x

k

)
.

Therefore, we have(
|Xi+1(M)|

k

)
≥
(
x

k

)
− k

C

(
x

k

)
= (1− k

C
)

(
|Xi(M)|

k

)
= (1− 1

4h
)

(
|Xi(M)|

k

)
.

So item 3 (of Claim 1) holds. □
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Claim 2. We have
∑

M∈C2
(|Xi(M)|

k

)
≤ 4k

n1/3 · n!.

Proof of Claim 2. We further partition C2 into two subclasses. Let C−
2 consist of those M ∈ C2 with

|B−
i (M)| ≥ |Bi(M)|/2 = b(M)/2 and let C+

2 = C2 − C−
2 . For each d ∈ [k], let C−

2,d consist of those

M ∈ C−
2 with |B−

i,d(M)| ≥ |B−
i (M)|/k. Clearly, C−

2 =
⋃k

d=1 C
−
2,d. For each d ∈ [k], we first bound∑

M∈C−
2,d(M)

(|Xi(M)
k

)
.

For each M ∈ C−
2,d, we define a sequence R−

d (M), called the greedy (d, T )-lower-bad string generated

by M relative to Li, as follows. Scan M from top to bottom. Let x1 be the first vertex in B−
i,d(M) that

we encounter. Recall that this means x1 is (d, T )-lower-bad relative to M and L and we have fixed a
(d, T )-lower-witness Sx1,d of v (relative to Li) with |Sx1,d| ≤ h and there is at least one member (M,Q) of

Li(x1, d). Since the members of Li on M form
(Xi(M)

k

)
and Li(x1, d) ̸= ∅, in particular the k consecutive

members of Xi(M) with x1 being the d-th one among them form a Q with (M,Q) ∈ Li(x1, d). Since x1 is
(d, T )-lower-bad relative to Li, Q must intersect D∗(x1, Sx1,d), which takes place below x1. Let y1 be the
first member of Xi(M) below x1 that lies in D∗(x1, Sx1,d). By our discussion above, y1 is among the k− d
members of Xi(M) below x1. After we encounter y1, we continue down M . If there are more vertices in
Xi(M) that are (d, T )-lower-bad relative to M and Li, then let x2 denote the next vertex in Xi(M) that is
(d, T )-lower-bad relative to M and Li. We then similarly define y2. We continue like this until we run out
of vertices in Xi(M). Following our reasoning for the existence of y1, whenever an xi is defined, yi must
exist and is within the k − d members of Xi(M) below xi. Suppose R−

d (M) = (x1, y1, x2, y2, . . . , xp, yp).

By our procedure, p ≥ ⌈|B−
i,d(M)|/k⌉. Let J be the increasing sequence of 2p numbers in [n] such that

M [J ] = R−
d (M). We denote J by P−

d (M) and call it the (d, T )-lower-bad profile ofM relative to Li. Now we

organize the terms in
∑

M∈C−
2,d

(Xi(M)
k

)
by |P−

d (M)|. For convenience, we will view the increasing sequence

P−
d (M) simply as a subset of [n]. Let p be any positive integer. Consider M ∈ C−

2,d with |P−
d (M)| = 2p.

By item 2 of the induction hypothesis,

|Xi(M)|
|X1(M)|

≥ (1− 1

4kh
)i−1 ≥ (1− 1

4kh
)h ≥ 1− h

4kh
>

1

2
.

So |Y (M)| = |X1(M)| ≤ 2|Xi(M)| ≤ 2|Bi(M)|C ≤ 4|B−
i (M)|C ≤ 4k|B−

i,d(M)| ≤ 4k2pC (recall that p ≥
|B−

i,d(M)|
k ). Clearly the largest number in P−

d (M) is no more than |Y (M)| ≤ 4k2pC. So, P−
d (M) ∈

(
[4k2pC]

2p

)
.

Fix any 2p-subset (increasing sequence) J of [4k2pC]. By our definition of P−
d (M), if P−

d (M) = J , then

certainly M [J ] = R−
d (M) forms a (d, T )-lower-bad string relative to Li by the definition of R−

d (M). Thus

|{M ∈ C−
2,d : P−

d (M) = J}| ≤ |{M ∈ C(Bn) : M [J ] forms a (d, T )-lower-bad string relative to Li}|

≤ (
12(|T |+ 4)h

√
n lnn

n
)p · n! (by Lemma 3.2)

So

|{M ∈ C−
2,d : |P−

d (M)| = 2p}| ≤
(
4k2pC

2p

)
· (12(|T |+ 4)h

√
n lnn

n
)p · n! ≤ 24k

2pC(
12(|T |+ 4)h

√
n lnn

n
)p · n!.

Also, for each M ∈ C−
2,d with |P−

d (M)| = 2p, we showed earlier that |Y (M)| ≤ 4k2pC. Hence(
|Xi(M)|

k

)
≤
(
|Y (M)

k

)
≤ 2|Y (M)| ≤ 24k

2pC .

So, the contribution to
∑

M∈C−
2,d

(|Xi(M)|
k

)
from those M ∈ C−

2,d with |P−
d (M)| = 2p is at most

24k
2pC · 24k2pC · (12(|T |+ 4)h

√
n lnn

n
)p · n! ≤ (

1

n1/3
)p · n!,

16



for sufficiently large n. Summing over all p ≥ 1, we get∑
M∈C−

2,d

(
|Xi(M)|

k

)
≤

∞∑
p=1

(
1

n1/3
)p · n! ≤ 2

n1/3
· n!,

for large n. Summing over all d ∈ [k], we get∑
M∈C−

2

(
|Xi(M)|

k

)
≤ 2k

n1/3
· n!,

By a similar argument, we have ∑
M∈C+

2

(
|Xi(M)|

k

)
≤ 2k

n1/3
· n!,

for large n. Hence ∑
M∈C2

(
|Xi(M)|

k

)
≤ 4k

n1/3
· n!,

for large n. □

Claim 3. We have

|Li+1| ≥ (ϵ/k)n!(1− i+ 1

2h
).

Proof of Claim 3. By induction hypothesis,

|Li| ≥ (ϵ/k)n!(1− i

2h
).

By Claim 2,
∑

M∈C2
(|Xi(M)|

k

)
≤ 4k

n1/3 · n! ≤ (ϵ/k)n!( 1
4h), for large n. So∑

M∈C1

(
|Xi(M)|

k

)
≥ (ϵ/k)n!(1− i

2h
− 1

4h
).

By Claim 1 and our definition of Li+1, we have

|Li+1| =
∑
M∈C1

(
|Xi+1(M)|

k

)
≥ (1− 1

4h
)
∑
M∈C1

(
|Xi(M)|

k

)
≥ (ϵ/k)n!(1− i

2h
− 1

4h
)(1− 1

4h
)

≥ (ϵ/k)n!(1− i+ 1

2h
)

□

So item 3 of the theorem holds. This completes the induction step and the proof. □
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