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Abstract

Let
�

be a setof � points in the planeandconsidera family of (nondegenerate)pair-
wise congruenttriangleswhoseverticesbelongto

�
. While the numberof suchtriangles

cangrow superlinearlyin � — asit happensin latticesectionsof the integer grid — it has
beenconjecturedby Brassthat thenumberof pairwisecongruentemptytrianglesis only at
most linear. We disprove this conjectureby constructingpoint setswith �������
	��
��� empty
congruenttriangles.
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1 INTRODUCTION

Let � bea setof � pointsin theplaneand � be another(smaller)setof points,calledpattern.
Establishingtight estimateson themaximumnumberof timesa givenpattern� canoccurin �
(undercongruence,similarity, etc.) is a classicaltopic in discreteandcombinatorialgeometry,
which wasstartedby the following questionof Erdős [5] (seealso [2]): ”At mosthow many
timescantheunit distanceoccuramongasetof � points?”

Let ������� denotethis maximum.In thesamepaper, Erdősprovedthat ��������������� �"!$#%� . This
boundwaslaterimprovedto ���&���'�(������) !$� � by Spencer, Szemeŕedi,andTrotter[9]. Erdősalso
showedthatin a * �,+,* � sectionof theintegergrid thesamedistancecanoccur -.���0/2143 !6587:9;587:9=< �
times,where >@?BA is anabsoluteconstant.Therefore,we have �������C�D-.���
/2143 !6587:9;587:9=< � [7]. The
sameboundholdsfor thetriangularlattice.Boththeupperandthelowerboundsonthenumberof
equaldistancescarryover (asymptotically)asupperandlowerboundson themaximumnumberE
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of pairwisecongruenttriangles:eachpair of pointsat distanceF canbea sideof length F in at
mostfour congruentcopiesof a triangle. On theotherhand,by the rotationalsymmetryof the
triangularlattice,all point pairsthatdeterminea givendistanceF canbeextendedon bothsides
to anequilateraltriangle.As longas F is muchsmallerthanthediameterof the � -elementsection� of the lattice,mostof thesepairscanbe extendedto two equilateraltriangleswithin � . The
samephenomenonoccursfor trianglessimilar to any fixed trianglespannedby threepointsof
thetriangularlattice.

If we assumethat theelementsof an � -elementpoint set � arein convex position, thenthe
numberof timesthat thesame(unit) distancecanoccuramongthemis conjecturedto be ������� .
Füredi establishedan upperboundof �G���IHKJMLN��� [6] (seealso [3]), while in the bestknown
construction,dueto EdelsbrunnerandHajnal[4], thenumberof unit distancepairsin � is O;�QP�R .
For triangles,theproblemhasbeenessentiallysolvedin this case:PachandPinchasi[8] proved
that � pointsin convex positioncanspanat most SM� congruentcopiesof agiventriangle.

An interestingvariantof thetriangleproblemis to consideremptytriangles,thatis, pairwise
congruenttrianglesspannedby � suchthatnoneof themcontainsany elementof � in its interior.
This problem,posedby Brass,hassomealgorithmic motivation in connectionwith ”window
matching” [1]. Brassconjectured[2] that the maximumnumberof pairwisecongruentempty
trianglesspannedby � pointsin theplaneis �G����� . HerewedisproveBrass’conjecture.

THEOREM1 For all � , there exist � -elementpoint setsin theplanethat span -.�&�IH�JML'��� pair-
wisecongruentemptytriangles.

Note that it is still possiblethat for any fixed triangle T , the maximumnumberof empty
congruentcopiesof T spannedby an � -elementpoint setin theplaneis only linearin � . This is
thecasewhen T is anobtuseor a right-angledtriangle.

THEOREM2 For any obtuseor right-angledtriangle T , there is a constant>VU such that the
numberof emptycongruentcopiesof T spannedbyan � -elementpointsetin theplaneis at most>WUGX�� .

2 PROOF OF THEOREM 1

Theideais simple:first constructasetof points � Y with many (i.e., -.�&�IH�JML'��� pairwisecongruent
triplesof collinearpoints— whichcanbeviewedasdegenerateemptycongruenttriangles.Then
veryslightly perturbthisconstructionto obtainasetof points � sothatthesedegeneratetriangles
becomenon-degenerateemptycongruenttriangles.Thedetailsareasfollows.

Let �Z�\[=] . Consider̂ unit vectors_ /%`bababa ` _ ] , andfor cedgf'd\^ , let h4i bethecounterclock-
wiseanglefrom the j -axis to _Wi . We chooseeachh4i randomly— independentlyanduniformly
from theinterval �2A `lk
m OM� . Let npoq��A ` cr� befixedandlet sMi��tnu_Wi .

Considernow all [ ] possiblesumsof theseO=^ vectors,sMi and _Vi , c.d\f'd\^ , with coefficientsA or c , satisfyingtheconditionthatfor eachf , at leastoneof svi or _Wi hascoefficient A . andlet � Y
bethesetof their endpoints.Clearly, eachtriple of the form ( w , wexgsMi , wexg_Wi ) — where w is a
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subsetsumthatdoesnot contain sMi or _Vi — consistsof collinearpoints.For sucha triple, denote
by yzi{��w|� thesegmentwhoseendpointsare w and w@x}_Wi , andby ~4i:��w|� , ��i{�&w|� , and Fzi"�&w�� thepointsw , wIx�svi , wIx�_Vi respectively. We saythattheabove triple is of type f , fC��c `zababa�` ^ . Obviously,
for eachf thereareexactly [ ]�� / triplesof type f , thereforewehavea total of

^�[ ]�� / � �IHKJMLN�
[NHKJML'[ �t-.���IHKJML'���

triples of collinearpoints. In fact, all thesetriples form degeneratecongruenttrianglesin � Y .
Denoteby � thesetof segmentscorrespondingto thesetriples.

LEMMA 1 There existanglesh /�`zababa�` h ] , such that

(i) � Y consistsof � distinctpoints;

and

(ii) if w ` � ` wQx�_Wi0o�� Y arecollinear (in this order), then ���BwIx�svi .
Note that theremayexist othertriplesof collinearpointsin � Y (suchas _ / , s / x\s # , _ # , forn���c m O ). However, Lemma1 doesnot applyto them.
Assumefor a momentthat thelemmaholds.Let � betheminimumdistancebetweenpoints~Zo�� Y��u�V~�i"��w|� ` ��i:��w|� ` F�i:�&w��V� andsegmentsyzi"�&w|��o�� overall pairs w ` f . By Lemma1, ��?gA . Now

slightly modify theconstructionin thefollowing way: insteadof choosingsMi to becollinearwith_Wi , we slightly rotate n�_Vi counterclockwisefrom _Wi throughan angleof � aroundtheir common
origin. This modificationis carriedout at the sametime for all vectors sMi , f,� c `bababa�` ^ that
appearin the construction.By continuity, thereexists �����|�2�W� , so that eachof the congruent
degeneratetrianglesin theconstructionremainsemptythroughoutthis smallperturbation.

It remainsto proveLemma1. Write ��^�������c `bazaba�` ^u� .
PROPOSITION1 Let fCoq��^�� and �2n /V`bababa�` n ] ��o���] befixedandnonzero. Thentheprobability
that thereexists ����(A such that

�
�V =¡ ]{¢¤£"¥ i§¦

n � _ � x���_Vi �tA

is zero. In particular, theprobability that ¨ ]iª© / n4i«_Wi �tA is zero.

Proof. Theprobabilitythat
��_Wi���P �

�� ;¡ ]¬¢¤£"¥ i§¦
n � _ � `

for some� , i.e., thevector _Wi is parallelto P�¨ �� ;¡ ]¬¢¤£"¥ i§¦ n � _ � , is zero. ­
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We cannow prove(i): Assumethattwo givenvectorcombinationsyield thesamepoint, that
is �

i  b®$¯«¯ sMi�x
�
i  z®$¯K° _Wi �

�
i  z®�°2¯ svi�x

�
i  b®�°«° _Wi `(1)

where± /:/|² ± / # �(³ , ± # /�² ± #:# �(³ . Write ´�i � �µ¨ ]  z®&¶ · _ ] ` f `:¸ ��c ` O . Then �{cr� canberewritten
as

n0�2´ /:/ Pq´ # / ��xt�2´ / # Pq´ #:# �C�\A a(2)

Theabovevectorequationhassomenonzerocoefficient o¹�;º»c , º,�{c�P�nu��� unless± /:/ �t± # /
and ± / # �¼± #:# , that is, the two vectorcombinationsarethe same.Therefore,by Proposition1,
sincethereareonly a finite number, ����� # � , of pairsof vectorcombinations,if h /V`bababa�` h ] are
chosenrandomly, with highprobabilityno two vectorcombinationsyield thesamepoint.

We continuewith (ii): by a similar argument,thereareonly a finite number, �G�&� #½H�J=LC��� , of
triples of pointsof the form w / , w # , w � �¾w / xµ_Wi , so it sufficesto show that if h /�`bababa�` h ] are
chosenrandomly, with high probability a given triplet of points,other thanthosethat exist by
construction,consistsof non-collinearpoints.

Assumethereforethatthevectorcombinationsw / , w # , w � �(w / xq_Wi arecollinearin thisorder.
Thus,for some�¿oq�2A ` cr� , wehave

w # �(w / x���_Wi a(3)

Let w / �
�
i  z® ¯«¯ svi�x

�
i  b® ¯K° _Wi ` w # �

�
i  z® °2¯ sMi�x

�
i  z® °«° _Vi `

where± /:/u² ± / # �(³ , ± # /�² ± #:# �t³ , and f moq��± /:/uÀ ± / # � . Write ´Ái � �(¨ ]  b®&¶ · _ ] ` f `:¸ �Âc ` O . Then�2[M� canberewrittenas

nu´ # / x�´ #:# �µn�´ /:/ x�´ / # x���_Vi a(4)

If f moÃ��± # /�À ± #:# � , the coefficient of _Wi in the resultingequationis �Ä�� A , thereforeby
Proposition1, for a randomchoiceof angles,equation��S�� holdswith probabilityzero.If fCop± #:# ,
thecoefficientof _Vi in theresultingequationis �"c�P¹���Å��(A , andthesameargumentapplies.

If f@og± # / , the coefficient of _Vi in the resultingequationis nÆPg� . If nµ��Ç� , the coefficient
of _Vi is againnonzero,andthesameargumentapplies.In theremainingcase,n¿�È� , we either
have (a) ± # / �É± /:/NÀ �rf¬� and ± #:# �É± / # , which meansw # �Éw / x\sMi , that is, w / , w # , w � forms a
triple of pointscollinearby construction,or (b) afterreducingtheterms n�_Wi0�D��_Wi , theresulting
equationcorrespondsto two differentvectorcombinationsgiving the samepoint, which holds
with probability zero by Proposition1. This concludesthe proof of Lemma1 andhencethe
proof of Theorem1.

Remark. The ratio of two sidesof our triangle is n , so it can be chosenarbitrarily in ��A ` cr� ,
andwith a slight modificationof our argumentwe canshow that two sidescanbechosento be
equal,thatis, Theorem1 holdswith isoscelestriangles.It wouldbeinterestingto know whether
Theorem1 or Theorem2 (or noneof them)holdswith equilateral triangles.
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3 PROOF OF THEOREM 2

Let T beanobtuseor right-angledtrianglewith verticess , _ , > , andanglesÊ , h , Ë respectively,
with Ê¹dghÌd�Ë . Let � beasetof � points,andconsiderall trianglesdeterminedby � congruent
to T . Denotetheirnumberby Í . Clearly, wecanchooseÍGÎ4�ÐÏWÑ�Ò):Ó�Ô of thesetrianglescongruent
to T suchthat(i) all of themhave thesameorientation,and(ii) their correspondingsidesdeter-
mineananglelessthan Ê . Let Õ Î bethesetof thesetriangles.Assumewithout lossof generality
thatthetrianglesin Õ\Î areclockwiseoriented,thatis, their verticescorrespondingto s , _ , and >
follow eachotherin this clockwiseorder.

Definea directedgraphon thepointsof � . We have anedgefrom j to Ö if andonly if there
is a trianglein Õ\Î suchthat j correspondsto s and Ö correspondsto > . This graphhasoneedge
for eachtrianglein Õ Î . Therefore,Theorem2 is adirectconsequenceof thefollowing:

PROPOSITION2 Theout-degreeof anyvertex is at mostone.

Proof. Supposethat j hasout-degreeat leasttwo. Let T / and T # bethecorrespondingtriangles
with verticesj ` _ /%` > / and j ` _ # ` > # , seeFig. 1. By thechoiceof Õ Î , theangle ×> / ju> # is lessthan Ê .

b1b2

T2
T1

c2 c1

x

Figure1: > # o�T / .
Assumewithout lossof generalitythat ×> / ju> # is orientedcounterclockwise.Usingthat ËÙØ k0m O ,
weobtainthat > # o�T / , acontradiction. ­

TheargumentshowsthatTheorem2 holdswith >WUÆ�\S k0m Ê .
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