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Abstract

Let S be a setof n pointsin the planeand considera family of (hondgeneratepair
wise congruentriangleswhoseverticesbelongto S. While the numberof suchtriangles
cangrow superlinearlyin n — asit happensn lattice sectionsof the integer grid — it has
beenconjecturedby Brassthatthe numberof pairwisecongruenemptytrianglesis only at
mostlinear We disprove this conjectureby constructingpoint setswith 2(n logn) empty
congruentriangles.

AMS2000SubjectClassification 52C10,05B07.
Key Words Emptycongruentriangles.

1 INTRODUCTION

Let S beasetof n pointsin the planeand P be another(smaller)setof points,called pattern
Establishingiight estimateson the maximumnumberof timesa givenpatternP canoccurin S
(undercongruencesimilarity, etc.) is a classicaltopic in discreteand combinatorialgeometry
which was startedby the following questionof Erdds [5] (seealso[2]): "At mosthow mary
timescanthe unit distanceoccuramonga setof n points?”

Let u(n) denotethis maximum.In the samepaper Erdés provedthatu(n) = O(n*?). This
boundwaslaterimprovedto u(n) = O(n*/?) by SpencerSzemeedi, andTrotter[9]. Erdosalso
shavedthatin a/n x /n sectionof theintegergrid the samedistancecanoccur(n!¢/loglogn)
times,wherec > 0 is anabsoluteconstant Thereforewe have u(n) = Q(nl+e/losloen) [7]. The
sameboundholdsfor thetriangulanattice. Boththeupperandthelowerboundsonthenumberof
equaldistancegarryover (asymptotically)asupperandlower boundson the maximumnumber
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of pairwisecongruentriangles:eachpair of pointsat distancer canbe a sideof lengthr in at
mostfour congruentcopiesof a triangle. On the otherhand,by the rotationalsymmetryof the
triangularlattice, all point pairsthatdeterminea givendistancer canbe extendedon both sides
to anequilateratriangle.As longasr is muchsmallerthanthediameterof the n-elementection
S of thelattice, mostof thesepairscanbe extendedto two equilateraltriangleswithin S. The
samephenomenoroccursfor trianglessimilar to ary fixed triangle spanneddy threepoints of
thetriangularlattice.

If we assumeéhatthe elementf ann-elementpoint setS arein corvex position thenthe
numberof timesthatthe same(unit) distancecanoccuramongthemis conjecturedo be O(n).
Furedi establishedan upperboundof O(nlogn) [6] (seealso[3]), while in the bestknown
constructiondueto EdelsbrunneandHajnal[4], thenumberof unit distancepairsin S is2n — 7.
For triangles the problemhasbeenessentiallysolvedin this case:PachandPinchasi8] proved
thatn pointsin convex positioncanspanat most4n congruentopiesof agiventriangle.

An interestingvariantof thetriangleproblemis to consideremptytriangles thatis, pairwise
congruentrianglesspannedby S suchthatnoneof themcontainsary elemenbf S in its interior.
This problem, posedby Brass,hassomealgorithmic motivation in connectionwith "window
matching”[1]. Brassconjectured?2] thatthe maximumnumberof pairwisecongruentempty
trianglesspannedy n pointsin the planeis O(n). Herewe disprove Brass’conjecture.

THEOREM1 For all n, there exist n-elemenpoint setsin the planethat span€)(n log n) pair-
wisecongruentemptytriangles.

Note thatit is still possiblethat for ary fixedtriangleT’, the maximumnumberof empty
congruentopiesof T' spannedy ann-elementpoint setin the planeis only linearin n. Thisis
thecasewhenT is anobtuseor aright-angledtriangle.

THEOREM?2 For any obtuseor right-angledtriangle 7', there is a constantc; sud that the
numberof emptycongruenicopiesof T spannedy an n-elemenpoint setin the planeis at most
Cr - n.

2 PROOF OF THEOREM 1

Theideais simple:first constructsetof pointsS, with mary (i.e.,2(n log n) pairwisecongruent
triplesof collinearpoints— which canbeviewedasdegeneratemptycongruentriangles.Then
very slightly perturbthis constructiorto obtainasetof pointsS sothatthesedegeneratdriangles
becomenon-dgeneratemptycongruentriangles.Thedetailsareasfollows.

Letn = 3. Considerk unitvectorsh,, ... , by, andfor 1 < i < k, let 3; bethecounterclock-
wise anglefrom the z-axisto b;. We chooseeachg; randomly— independentianduniformly
from theinterval (0, 7/2). Let A € (0, 1) befixedandlet a; = Ab;.

Considemow all 3* possiblesumsof these2k vectorsa; andb;, 1 < i < k, with coeficients
0 or 1, satisfyingthe conditionthatfor each:, atleastoneof a; or b; hascoeficient(. andlet Sy
be the setof their endpoints.Clearly, eachtriple of theform (v, v + a;, v + b;) — wherev isa
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subsesumthatdoesnot containa; or b; — consistf collinearpoints. For suchatriple, denote
by s;(v) the sggmentwhoseendpointsarev andv + b;, andby p;(v), ¢;(v), andr;(v) the points
v, v + a;, v + b; respectrely. We saythattheabovetriple is of typei, i = 1,... , k. Obviously,
for eachi thereareexactly 3*~! triplesof types, thereforewe have a total of
logn
k3t = 2280 (nl

3log3 (nlogn)
triples of collinear points. In fact, all thesetriples form degeneratecongruentrianglesin S;.
Denoteby E the setof segmentscorrespondingo thesetriples.

LEMMA 1 Thee existanglesps, ... , Bk, sud that
() Sp consistof n distinctpoints;
and

(i) if v,u, v+ b; € Sy arecollinear (in thisorder),thenu = v + a;.

Note thattheremay exist othertriples of collinearpointsin S, (suchasb,, a, + as, by, for
A = 1/2). However, Lemmal doesnotapplyto them.

Assumefor amomentthatthe lemmaholds. Let e be the minimum distancebetweerpoints
p € So\{p:i(v), qi(v),r:(v)} andsggmentss;(v) € E overall pairsv,i. By Lemmal,e > 0. Now
slightly modify theconstructionin thefollowing way: insteadof choosingz; to becollinearwith
b;, we slightly rotate \b; counterclockwisdrom b; throughan angleof § aroundtheir common
origin. This modificationis carriedout at the sametime for all vectorsa;, : = 1,...,k that
appeatin the construction.By continuity, thereexistsd = §(¢), sothateachof the congruent
degeneratdrianglesin the constructiorremainsemptythroughouthis smallperturbation.

It remaingto prove Lemmal. Write [k] = {1,...,k}.

PROPOSITION1 Leti € [k] and()4, ..., ;) € R* befixedandnonzeo. Thenthe probability
thatthere existsu # 0 sud that

Z )\jbj + ,Lbbi =0
JelRN\}

is ze. In particular, the probability that Zle Aib; = 0 is zeo.

Proof. The probabilitythat

phi=— Y b,

Jelk\ i}
for somey, i.e.,thevectorb; is parallelto — 3=, .\ iy Asb;. is zero. O



We cannow prove (i): Assumethattwo givenvectorcombinationg/ield the samepoint, that
is
1) Dowt D b= it b
1€l11 i€l19 i€la1 1€129

wherely; N1 = 0, Iyy NIy = (. Write B;; = Zkelij b, 4,7 =1,2. Then(1) canberewritten
as

(2 A(B11 — By1) + (Biz — By) = 0.

Theabove vectorequationhassomenonzerocoeficiente {£1, +(1 — A\)} unlessl;; = Iy
and I, = I, thatis, thetwo vectorcombinationsarethe same. Therefore by Propositionl,
sincethereare only a finite number O(n?), of pairsof vectorcombinationsjf 3i,... , 3, are
choserrandomly with high probability no two vectorcombinationg/ield the samepoint.

We continuewith (ii): by a similar agument,thereareonly afinite number O (n?logn), of
triples of pointsof the form vy, ve, v3 = vy + b;, soit sufficesto shaw thatif 5,..., 5, are
chosenrandomly with high probability a given triplet of points, otherthanthosethat exist by
constructiongconsistof non-collinearpoints.

Assumethereforethatthe vectorcombinations;, vy, v3 = v; + b; arecollinearin this ordet
Thus,for somey € (0,1), we have

(3) Uy = V1 + y,bz
Let
DD IRTEDILED 2
1€l11 1€112 €121 1€122

WherEI]_l ﬂIlg == m, 121 M 122 = @, andl ¢ (Ill UI]_Q). Wl’lte BZ] = ZkEL;j bk; ’L,j == ]_, 2 Then
(3) canberewrittenas

(4) /\B21 + BQQ = )\BH + 312 + ,U/bz

If i ¢ (I U Iy), the coeficient of b; in the resultingequationis p # 0, thereforeby
Propositiont, for arandomchoiceof anglesgequation(4) holdswith probabilityzero.If i € I,
the coeficient of b; in theresultingequations (1 — ) # 0, andthe sameargumentapplies.

If ¢« € I3, the coeficient of b; in theresultingequationis A — u. If A # pu, the coeficient
of b; is againnonzeroandthe sameargumentapplies.In the remainingcase A = u, we either
have (a) Iy = I; U {i} andIy, = L5, which meansv, = v; + a;, thatis, vy, ve, v3 formsa
triple of pointscollinearby constructionpr (b) afterreducingthetermsAb; = ub;, theresulting
equationcorrespondso two differentvectorcombinationggiving the samepoint, which holds
with probability zero by Propositionl. This concludesthe proof of Lemmal and hencethe
proof of Theoreml.

Remark. The ratio of two sidesof our triangleis A, soit canbe chosenarbitrarily in (0, 1),

andwith a slight modificationof our agumentwe canshawv thattwo sidescanbe choserto be
equal,thatis, Theoreml holdswith isosceledriangles.It would beinterestingto know whether
Theoreml or Theorem?2 (or noneof them)holdswith equilatesl triangles.
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3 PROOF OF THEOREM 2

Let T" be anobtuseor right-angledtrianglewith verticesa, b, ¢, andanglesx, 3, v respectiely,
with o < 8 < . Let S beasetof n points,andconsiderall trianglesdeterminedy S congruent
to T'. Denotetheirnumberby m. Clearly, we canchoosen’ = [72] of thesetrianglescongruent
to T suchthat (i) all of themhave the sameorientation,and(ii) their correspondingidesdeter
mineananglelessthana. Let M’ bethesetof thesdriangles.Assumewithoutlossof generality
thatthetrianglesin M’ areclockwiseoriented thatis, their verticescorrespondingo a, b, andc
follow eachotherin this clockwiseorder

Defineadirectedgraphon the pointsof S. We have anedgefrom z to y if andonly if there
is atrianglein M’ suchthatz correspondso a andy correspondso ¢. This graphhasoneedge
for eachtrianglein M’. Therefore,Theoren is adirectconsequencef the following:

PROPOSITION2 Theout-dggreeof anyvertex is at mostone

Proof. Supposéhatz hasout-degreeat leasttwo. Let 77 andT; bethe correspondingriangles
with verticesz, b1, ¢; andz, by, o, SE€EFig. 1. By thechoiceof M’, theangleé; zc; is lessthana.

b, b

X

Figurel: c, € T7.

Assumewithout lossof generalitythaté;zc; is orientedcounterclockwiseUsingthaty > 7/2,
we obtainthatc, € T}, acontradiction. O

Theamumentshovsthat Theorem2 holdswith ¢r = 47/c.
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