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Let C be a family of disjoint closed convex sets in the plane in general position, that
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Abstract

Let (A, B, C) be a triple of disjoint closed convex sets in the plane such that
each of them contributes at least one point to the boundary 9 of the convex hull
of their union. If there are three points a € A,b € B,c € C that belong to
0 and follow each other in clockwise (counterclockwise) order, we say that the
orientation of the triple (A4, B, C) is clockwise (counterclockwise). We construct
families of disjoint closed convex sets {Ci,...,Cy} in the plane whose every
triple has a unique orientation, but there are no points pi,...,p, in general
position in the plane whose triples have the same orientations. In other words,
these families cannot be represented by a point set of the same order type. This
answers a question of A. Hubard and L. Montejano. We also show the size of
the largest subfamily representable by points, which can be found in any family
of n disjoint closed convex sets in general position in the plane, is O(n!88/1089),
Some related Ramsey-type geometric problems are also discussed.

Introduction

is, assume that

1.
2.

Analogously, we say that a set of points P in the plane is in general position if no

no three of them have a common tangent line, and

the convex hull of the union of two members A, B € C never contains a third
member C' € C, that is, conv(A U B U C) # conv(A U B) holds for every triple

of distinct members A, B,C € C.

three elements of P are collinear.
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The type tp(A, B, C) of an ordered triple of members of C is defined as +1 (or —1)
if there are three pointsa € A,b € B, ¢ € C belonging to the boundary Bd conv(AUBU
() that follow each other in clockwise (counterclockwise) order along this boundary.
Notice that the same triple (A, B,C') may have two types at the same time if one the
sets contributes two arcs to Bd conv(AU B U C).

A point set P in general position in the plane is said to represent the order type
of C if there is a one-to-one correspondence f : C — P such that

tp(f(A), f(B), f(C)) =tp(A4, B,C) for all A, B,C € C with a unique type.

As far as we know, order types of set families were first studied by Bisztriczky and
G. Fejes T6th [BF1],[BF2]. They generalized a famous conjecture of Erdés and Szek-
eres [ES1],[ES2] to families of convex sets in the plane as follows: Any family C of at
least 2”2 4 1 disjoint closed convex sets in general position has n members in convex
position. Recently, A. Hubard and L. Montejano suggested that this stronger conjec-
ture may actually be equivalent to the original one. More precisely, they suspected
that the order type of every family C with the above property can be represented by
points. In the present note, we show that this is not the case.

Theorem 1. There exists a family of nine pairwise disjoint segments in general
position in the plane, whose order type cannot be represented by points.

Let » = r(n) denote the largest integer such that every family C of n disjoint
closed convex sets in general position in the plane has » members whose order type
can be represented by points. By definition, the order type of any subfamily of C in
convex position can be represented by points. According to [PT1], every family C
with the above property has at least log;q n members in convex position. Therefore,
we have r(n) > logg n. Iterating the construction in Theorem 1, we obtain

Theorem 2. For every n, there exists a family of n pairwise disjoint segments in
general position in the plane which has no subfamily of size |n'°8 8/ 1089 | whose order
type is representable by points.

A collection of two-way infinite (unbounded) non-selfintersecting curves in the
plane is called a family of pseudolines if any two curves have precisely one point in
common, at which they properly cross. It is said to be simple if no three pseudo-
lines pass through the same point. A family of pseudolines P is stretchable if there
exists a family of lines £ such that the cell decompositions induced by P and L are
topologically isomorphic. It was known already to Hilbert [H] and Levi [L] that there
are nonstretchable families of pseudolines. The first example of a nonstretchable sim-
ple arrangement was given by Ringel [R]. It was shown by Mnev [M1, M2] that it
is a computationally hard (NP-hard) problem to decide whether an arrangement of
pseudolines is stretchable (see also Shor [S].)

In complete analogy to the above problem, we can try to determine the size of the
largest stretchable subfamily contained in every simple family of n pseudolines.



Theorem 3. Let s = s(n) denote the largest integer such that every simple family P
of n pseudolines has a stretchable subfamily of size s. For every n, we have

log,n < s(n) < |nlog8/189 ]

Theorem 1 is established in Section 2, Theorems 2 and 3 are proved in Section 3.
In the last section, we discuss some related problems.

2 A nonrepresentable order type of segments

The aim of this section is to establish Theorem 1. The proof is based on Ringel’s
[R] construction of a nonstretchable arrangement of nine pseudolines, that can be
obtained by modifying the Pappus configuration; see Figure 1. It is known that every
arrangement of fewer than nine pseudolines is stretchable [GP1], [GP3].

Figure 1: The Pappus configuration.

Let S = {S1,...,S,} be a family of disjoint segments in general position in the
plane. We say that S can be flattened if for any € > 0 there are two disks of radius ¢ at
unit distance, D7 and D, and another family of disjoint segments &’ = {S7,...,5)}
with the same order type such that each S; € S’ has one endpoint in Dy and one in
Ds.

Lemma 1. There exists a family S of nine segments in general position in the plane
(i) which can be flattened, and
(ii) the order type of which cannot be represented by points.

Proof. Start with the Pappus configuration (see Figure 1), and slightly perturb its
points so that its originally collinear triples receive the following orientations:

tp(p1, p3.p3) = +1, tp(pl,p3,p3) = +1, tp(pt, ps, p) = +1,



+17 tp(p%7p%7p§) = _17

tp(pt, p}, p3)

tp(p3, p,pt) = —1,  tp(ps,p3,py) = +1,
tp(ps, p3,p3) = —1, tp(p3,p3,pi) = —1.

This can be achieved, for example, by taking

pi = (=2,1), py=(0,1+1105), p3=(2,1),

p% = (_17_25)7 p% (0 _5)7 pg} = (17_25)7
p1 = (—=2,—1—500), p3 = (0,—1—205), pj=(2,—1).

It follows from Ringel’s result [R], by duality, that there are no points ﬁ;'» (1<
i,7 < 3), for which the above nine triples have the same types (orientations) as for the
points pj (1 <1,j < 3), except that the orientation of the last triple is opposite, that
is, tp(ps, 73, ;) = +1. In other words, this modified order type 7 is not representable
by points (see Figure 2).

Figure 2: The set {p; | 1<14,j <3}

Next we show that there is a family of segments whose order type is 7.

Let L be a fixed very large number. For any 1 < 4,5 < 3, let S;- be a segment of
length L with slope 1/2, whose right endpoint is pé Observe that the set of segments
{Si]1<i,j< 3} has the same order type as the point set {p} | 1 <i,j < 3} Now
Shghtly rotate Si about p} in the clockwise direction to a position in which p3, p$, and
hence the entire segment S3, lie below it. Next, applying a small counterclockwise
rotation about p3, bring the segment S3 into a position where it lies below S3. See
Figure 3. With a slight abuse of notation, the new segments are also denoted by
sz Notice that during the above transformation no triple of segments S]i- switched



orientations, except one: the orientation of (Si,53,S7) has become clockwise. That
is, we have

tp(Si,S3,593) = +1, tp(S7,53,53) = +1, tp(SiS3SE) = +1,
tp(Si,S%,85) = +1, tp(Sy,S3,85) = —1,
tp(S3, 5%, 57) = —1, tp(Ss,53,83) = +1,
tp(5§75?3753) = _17 tp(S?}’S%’Sf) = +1'

Consequently, we found a family of segments whose order type 7 is not representable
by points.

It remains to argue that the family S = {S; | 1 <i,j < 3} can be flattened.
To see this, notice that for any € > 0, one can choose a sufficiently small § and a
sufficiently large L so that, after appropriate scaling, all left endpoints and all right
endpoints of the segments lie in two disks of radius € at unit distance from each other.
O

Figure 3: The triple (53,92, 53) switched its orientation.

3 The iteration step

Theorem 2 is an immediate corollary of Lemma 1 and the following statement.



Lemma 2. Suppose there exists a family S of k disjoint segments in general position
in the plane, which can be flattened and which has an order type that cannot be
represented by points. Then, for everyi = 1,2, ..., there is a family S* of k' segments
in general position in the plane, which can be flattened and which does not have any
subfamily of size larger than (k — 1)* whose order type can be represented by points.

Proof. For any 6 > 0, let S'(§) be a family of k unit segments whose order type
cannot be represented by points and their left endpoints and right endpoints lie in two
disks of radius 0. Let ¢ > 1 and suppose, recursively, that we have already constructed
a family S* = {S1,..., S} of unit segments such that their left and right endpoints
lie in two disks of radius £/2 and S? has no subfamily of size larger than (k — 1)¢,
whose order type can be represented by points.

Let 6 be a small positive number to be specified later. Replace each segment
S; € 8 by a congruent copy S}(é) of S1(§), with the same orientation, in such a way
that S; coincides with a member of S}(é). Let S be the union of these copies.
Obviously, we have |S“!| = ki1, Furthermore, if § > 0 is sufficiently small, then

1. the members of S are disjoint and are in general position;

2. the left endpoints and the right endpoints of the segments in S“*! lie in two
disks of radius at most /2 + ¢ < &;

3. for any three distinct indices j, 5/, 7", the orientation of any triple of segments
belonging to the subfamilies replacing S;,Sj/, Sj, respectively, is the same as
the orientation of the triple (S;, S;, Sj).

It is easy to show that one cannot select more than (k —1)"™! segments from S+
such that their order type can be represented by points. Indeed, by property 3 above
and by the induction hypothesis, such a set cannot contain segments belonging to
more than (k — 1)° subfamilies S}(é) replacing distinct elements S; € S*. On the
other hand, from each subfamily S} (0), we can select at most k — 1 segments. O

In the same way, as Theorem 2 can be deduced from Theorem 1 using Lemma 2,
one can establish the upper bound in Theorem 3 by iterating Ringel’s construction
of a nonstretchable arrangement of nine pseudolines [R]. By the result of Goodman
[G] every arrangement of pseudolines can be represented such that all pseudolines
are xz-monotone curves, in particular, it follows that Ringel’s construction can be
"flattened” in the following sense: An arrangement of pseudolines P = {m; | i € I}
can be flattened if for any € > 0, there exist real functions f; : R — R, i € I satisfying
two conditions.

1. The graphs of the functions f; form an arrangement of pseudolines such that
the cell decomposition of the plane induced by them is isomorphic to the cell
decomposition induced by P.



2. For every i € I and = € R, we have |f;(x)| < e.

To prove the upper bound in Theorem 3, instead of Lemma 2 we have to use the
following statement (the straightforward recursive proof of which is left to the reader).

Lemma 3. Suppose there exists a simple nonstretchable arrangement P of k pseu-
dolines in the plane, which can be flattened. Then, for every i = 1,2,..., there is a
simple nonstretchable arrangement P' of k' pseudolines which can be flattened and
which does not have any stretchable subarrangement of size larger than (k — 1)t O

It was first pointed out by Goodman and Pollack [GP2] that every finite arrange-
ment of pseudolines is isomorphic to an arrangement of x-monotone pseudolines (see
also [GP3] and [GPWZ] for a much stronger statement). Therefore, to prove the lower
bound in Theorem 3, it is enough to restrict our attention to families of z-monotone
pseudolines.

Let P = {l1,02,...,¢,} be a simple arrangement of z-monotone pseudolines. We
say that ¢1,0s,..., ¢, form a cap (a cup) if

1. in the cell decomposition determined by them there is an unbounded cell whose
boundary contains a piece of each member of P, in this clockwise (counterclock-
wise) order, and

2. this cell lies below (above) every pseudoline ¢; € P.

It is clear that all caps and cups P are stretchable, since the cell decomposition of
the plane induced by them is isomorphic to the cell decomposition induced by |P]
distinct tangent lines of an open semicircle.

Thus, the lower bound in Theorem 3 follows from

Lemma 4. Any simple arrangement P of more than (kjn"jgﬁ‘

contains a cap of size at least k or a cup of size at least m.

) x-monotone pseudolines

Proof. The statement can be established by dualizing and adapting the original
proof of the Erdds-Szekeres theorem [ES1]. The lemma holds if £ < 2 or m < 2.
Suppose that k,m > 2 are fixed and that we have already proved the statement for
all pairs (kK',m’) with ¥’ < k or m’ < m.

Let P be a simple arrangement of (k;::f;l

induction hypothesis and the fact that (kjnnlg4) +1> (kHSE’) + 1, we obtain that P

m
contains a cap of size (k — 1) or a cup of size m. In the latter case we are done. So

we may assume that P contains a cap of size (k — 1). Delete the first member of such

a cap from the arrangement. We still have more than (k;:ﬁf) + 1 pseudolines, so P
must have another cap of size (k —1). Again, delete its first member, and repeat this
procedure as long as there are more than (k:"b"lgs) pseudolines left. Then stop. We
have deleted altogether (k;ﬁ;l) +1-— (kjnrfj’) = (k:ﬁj’) + 1 pseudolines. Therefore,
by the induction hypothesis, the set of deleted pseudolines must contain a cap of size

) +1 z-monotone pseudolines. Using the



k or a cup of size (m — 1). In the first case, we are done. In the second case, there
exists a cup C; of size (m — 1) such that its first member is also the first member of
a cap Cy of size (k —1). It is easy to verify (see Figure 4) that

1. either one can extend C; by the second member of Cy to a cup of size m,
2. or one can extend Cy by the second member of C; to a cap of size k.

This completes the proof. O

Figure 4: A cap and a cup of size four, having the same first member.

4 Concluding remarks

The lower bounds for the functions r(n) and s(n) (in Theorem 3) follow from Erdé&s-
Szekeres type results: from the existence of large convex subconfigurations. To further
improve these bounds, we need to find larger classes I' of “unavoidable” configura-
tions, representable by points, such that for any k, every sufficiently large system
contains a subconfiguration of size k belonging to I'. To improve the upper bounds,
on the other hand, we have to define more complicated operations for building large
nonrepresentable order types or nonstretchable arrangements of pseudolines, using
smaller examples.

One can extend the definition of order type to arbitrary families of disjoint convex
sets, no three of which have a common tangent line, as follows. Suppose that a member
of C is allowed to lie “between” two other members, that is, it can be contained in
the convex hull of the union of two others. If, for example, B C conv(A U C) for
some A, B,C € C, let tp(4, B,C) and the type of every permutation of these three
members be zero. In all other cases, let us define tp(A, B, C) as before.

We can now say that a point set P in general position in the plane represents the
order type of C if there is a one-to-one correspondence f : C — P such that

tp(f(A), f(B), f(C)) =tp(4, B,C) for all A, B,C € C with a unique nonzero type.



Note that, according to this definition, any set of n points in general position repre-
sents the order type of a family of disjoint convex bodies lying between and touching
the graphs of two functions f,g : R — R, where f is strictly concave, g is strictly
convex, and f(x) < g(z) for every x € R.

By Ramsey’s theorem for three-uniform hypergraphs, every family C of n disjoint
convex sets in the plane contains a large (that is, roughly loglogn size) subfamily
C' C C, in which either the type of every triple is zero or the type of no triple is zero
[GRS]. In the former case, the order type C’ can be represented by any set of points
in general position, in the latter one, we can apply the results of [PT1] to argue that
C’ has a large subfamily, the order type of which can be represented by points.
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