ARRANGEMENTS OF HOMOTHETS OF A CONVEX BODY
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ABSTRACT. Answering a question of Fiiredi and Loeb (1994) we show that the maximum
number of pairwise intersecting homothets of a d-dimensional centrally symmetric convex body,
each not containing the others’ centers in their interiors is at most O(3%dlogd). We also
show the bound of O(34 (Qdd)dlog d) for arbitrary convex bodies each not containing the others’
centroids, as well as a generalization where the center is an arbitrary point chosen from the
interior. We present exponential lower bounds in all cases.

1. INTRODUCTION

A convex body K in the Euclidean d-dimensional space R¢ is a compact convex set with non-
empty interior. A (positive) homothet of K is a set of the form AK +v:={ v +v : k€ K},
where X > 0 is the homothety ratio, and v € R? is a translation vector. We investigate arrange-
ments of homothets of convex bodies. The starting point of our investigations is Problem 4.4
of a paper of Fiiredi and Loeb [FL94]:

Is it true that for any centrally symmetric body K of dimension d,d > dy, the
number of pairwise intersecting homothetic copies of K which do not contain
each other’s centers is at most 242

They observe that for the Euclidean plane, there exist 8 such homothets of the disc [MM92,
HJLMO93| (see Fig. [1)).

Definition 1. Let K be a convex body and p a point in R. We extend a notion of L. Fejes
Té6th by defining a Minkowski arrangement of K with respect to p to be a family {v; + A\, K}
(with A; > 0 for all i) of homothets of K with the property that v;+p is not in v;+ A; int(K), for
any 7 # j. We denote the largest number of homothets that a pairwise intersecting Minkowski
arrangement of K with respect to p can have by (K, p).

Similarly, we define a strict Minkowski arrangement of K with respect to p to be a family
{vi + MK} of positive homothets of K such that v; +p ¢ v; + A\; K, for any i # j.

We denote the largest number of homothets that a pairwise intersecting strict Minkowski
arrangement of K with respect to p can have by £/(K,p). When K is symmetric about the
origin and p = o is the origin, we omit p and write x(K) and &'(K).

Thus, the question of Fiiredi and Loeb may be phrased as: Is it true that x'(K) < 2% for any
o-symmetric convex body K in R¢ with d > dy for some constant dg?

A negative answer is simply seen as follows. Suppose that we are given a collection {v1, ..., vy} C
R? of points such that [|v;|| x = 1 for all i and ||v; — vj|| > 1 for all distinct 7, j. The largest such
m is known as the strict Hadwiger number of K, denoted H'(K). Then {K +wv; :i=1,...,m}
is a strict Minkowski arrangement of translates of K all intersecting in o, hence x'(K) > H'(K).
Thus, it is sufficient to find an o-symmetric convex body K with H'(K) > 2%. In dimension 3
we may take the Euclidean ball B3, for which it is well known that H'(B3) = 12. For d > 3 we
may use a result of Talata [Tal05, Lemma 3.1] that asserts that H'(C* x K) = 2¥H'(K)
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FIGURE 1. A pairwise intersecting strict Minkowski arrangement of 8 circles
(after Harary et al. [HJLM93])

for any o-symmetric convex body K, where C* is the k-dimensional cube. In particular,

H'(B? x C%3) = 3.2%1 for all d > 3. In fact, Talata [Tal05] constructs d-dimensional

o-symmetric convex bodies K such that H'(K) > %\ﬁd for all d > 3. The question now

becomes: how large can x'(K) be? One goal of this paper is to present bounds on x and &’
We recall the definition of some related quantities.

Definition 2. The Hadwiger number (resp., strict Hadwiger number) of K is defined as the
maximum number H(K) (resp., H'(K)) of non-overlapping (resp., disjoint) translates of K

touching K. When K is o-symmetric, H(K) equals the maximum number of points vy, ..., vy,
such that [|v;||; = 1 for all 7 and [[v; — vj||,, > 1 for all distinct 4, 7. In this case, {K} U {K +
v; 1 =1,...,m} is a Minkowski arrangement of translates of K all intersecting in o, hence

k(K)> H(K)+ 1.

If K is o-symmetric, we define the packing number P (K, \) of K as the maximum number
of points in the normed space with unit ball K, such that the ratio of the maximal distance to
the minimal distance is at most A. We denote the normed space with unit ball K as N, and

use the notations K(N), P (N, \), H(N),... in place of k(K), P (K,\),H(K),....

It follows from the isodiametric inequality in normed spaces (an immediate corollary to the
Brunn-Minkowski Theorem [Busemann 1947, Mel’nikov 1963]) that

(1) PN, < (140

for any d-dimensional normed space N. (See Lemma [6] below for a generalization.) Our first
result is an exponential upper bound on x in the case when K is o-symmetric.

Theorem 3. Let N be a d-dimensional real normed space. Then
K'(N) < k(N) < P(N,2(1+ 1)) (d+ 0(1))logd = O(3%dlog d).

Note that x(C?%) > H(C9)+1 = 3%, which shows that Theoremis sharp up to the O(dlogd)
factor. Theorem [3]is a special case of Theorem |8 below that also deals with non-symmetric K.
Next consider any convex body K (not necessarily o-symmetric). It is easy to see that x(K,p)
is infinite if p is not in the interior of K. Moreover, (K, p) is infinite if p ¢ K or, slightly more
generally, if there is a line ¢ through p such that K N ¢ C {p}. We therefore restrict p to be in
the interior of K.
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Definition 4. Let K be a convex body with p in its interior. Define (K, p), the measure of
asymmetry of K with respect to p to be 0(K,p) := sup{f: p — K C (K — p)}. (For a similar
looking quantity, see |Grii63, Section 6.1].) If K contains the origin in the interior, we define
the (asymmetric) norm |[|-|| ;- : R? — R by ||z||; = inf{\ > 0: z € AK}.

Note that 0(K,0) = sup{||z||x / ||—z| x : © € bd K'}. We will also use the (symmetric) norm
defined by the unit ball K N —K. Thus, ||z| zn_x = max{||z||x, | -] x }. We also need a third
symmetric norm.

Definition 5. For any convex body K, define its central symmetral to be %(K - K). If
o € int(K), then P (K, \) is defined to be the maximum number of points p, ..., pp, such that
Ipi = pill s ) / I1pi = pill ¢ < A for all distinet 4,5 =1,...,m.

If K is o-symmetric, then the norms |||, ||'|xn x> and ||-[|xn_x are all identical, and
P (K, \) coincides with the definition given before.
Lemma 6. For any conver body K with o in its intertor and any A > 0,
4Vol(3(K — K))

vol(K N—K)

We also need to generalize the Hadwiger number to the non-symmetric case, in the following
non-standard way.

P(K,\) < (A+1)

Definition 7. If o € int(K), define h(K) to be the maximum number of points p1,...,py, on
bd K such that |[p; — pjl = 1 for all distinct 4,5 = 1,...,m. Similarly, we define h'(K) to
be the maximum number of points p1,...,p, € bd K such that ||p; — p;||,, > 1 for all distinct
iji=1,...,m.

Note that if K = —K, then h(K) = H(K) and I/(K) = H'(K) (cf. Definition [2)). This is not
necessarily the case if K is not o-symmetric. Generalizing our observation for the symmetric
case above, if p1,...,p, € bd K satisfy ||p; — pj||, > 1 for all distinct ¢, j, then the collection

{K—p;:i=1,...,m} is a pairwise intersecting strict Minkowski arrangement of translates of K,
hence «/(K,0) > h/(K). Similarly (by adding K to the collection) we have x(K,0) > h(K) + 1.

Theorem 8. Let K be a convex body in R? with o € int(K). Then
K'(K,0) < K(K,0) < P(K,2(1+ %)) (d+ O(1)) log (K, o)d.

From this theorem and some other well-known results we can easily deduce the following
estimates.

Corollary 9. Let K be a convex body in R? with p € int(K). Then

3\ ¢ vol(K — K)
Hl K7p S K Kap S ()
K= iD= \3) wel® - pn - K)
If ¢ is the centroid of K then

O(dlog0(K,p)d).

k(K,c) < P(K,2(1+ 1)) (2d +O(1))logd < 3¢ <2j>0(dlogd).

The following is an example of a d-dimensional convex body K for which x(K,c) > 3¢ =
k(C%). Note that k(A,0) = 10, where A is a triangle with centroid o [FT95| (see Fig. . A
Cartesian product of d/2 triangles gives a d-dimensional convex body C' with centroid o such
that x(C,0) > \/ﬁd.

We prove Theorem [§ and Corollary [J] in Section

When K is o-symmetric, there is a lower bound Q((2/v/3)%) on H'(K) [AdRBV98, Theo-
rem 1], which implies that #'(K) = Q((2/v/3)%). Before the result in [AdRBV9S]|, Bourgain
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FIGURE 2. A pairwise intersecting Minkowski arrangement of 10 triangles [FT95]

[FL94] showed an exponential lower bound to H'(K) that depends only on the dimension of
K. (This argument was also independently discovered by Talata |Tal98].) The key tool used
by Bourgain and Talata is the Quotient of Subspace Theorem (or, in short, the QS Theorem)
of Milman [Mil85], which states the following.

Let 1 <k <d, and A\ =k/d. Let K be a convez body in R%. Then there is a projection P of
R? onto a subspace F and a subspace E of F, and an ellipsoid € in E such that dim E = k and
ECPK)NE Cc(NE,

where c(\) depends only on .

In order to obtain a lower bound on (K, p) in the non-symmetric case, valid for all reference
points p € R?, the QS Theorem has to be extended to non-symmetric convex bodies. Such a
non-symmetric QS Theorem can be found in Milman and Pajor [MP00]. However, the centroid

of K plays a special role in their result, as £ and F' have to be affine subspaces through the
centroid. To bypass this limitation, we prove the following topological result.

Lemma 10 (“Centroid of Projection Lemma”). Let K be a convex body in R:. Then there is a
(d — 1)-dimensional linear subspace H of RY such that the centroid of the orthogonal projection
of K onto H 1is the origin.

Statements similar to this lemma are known (see for instance |Izm14]), and most likely, so
is the lemma itself. However, we did not find a reference where this result is explicitly stated
or where it clearly follows from stated results. In Section [3| we present a proof of Lemma
and show how the following theorem follows from this lemma and the above quoted result of
Milman and Pajor.

Theorem 11. Let K be a convex body and p a point in R?. Then ¢? < &/'(K,p) < (K, p) for
some universal constant ¢ > 1.

2. BOUNDING kK FROM ABOVE
Proof of Lemmal[g Let T C R? be such that ||z — y| g > 1 for all distinct z,y € T and
|z — yH%(K_K) < A Then {v+ 3(KN—K): v € T} is a packing. Let P =T + (K N —K).
Then vol(P) = 27¢|T| vol(K N —K) and
1 1
P-P=T-TH+(KN-K)C %(K—K)%—g(K—K):)\%(K—K).
By the Brunn-Minkowski inequality, vol(P — P) > 2%vol(P), and it follows that
d _ d Lo
7| 2%vol(P) < vol(P — P) < (A4 1)%vol(5(K — K))

T vol(KN—K) ~ vol(K N—K) — vol(K N —K)
Before we prove Theorem [§ we first show an extension of the so-called “bow-and-arrow”
inequality of [FL94] (Corollary to the case of an asymmetric norm.

O
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Definition 12. For any non-zero v € R?% write v = | L_v for the normalization of v with

vl

respect to ||| -

We will only consider normalizations with respect to ||-|| -, and never with respect to ||-|| xr_ 5

or |11 s

Lemma 13. Let K be a convex body in R? containing o in its interior. Let a,b € R? such that
lallge > [bllc > 0. Then

o5 » o= el + bl
K ol
Proof.
la = bl = |[lall @ = 1515 3]|
= [[1ellic @ =) + Clallc — Il )a]|,
< el |[a = )] + llall e = ol O

Corollary 14. For any two non-zero elements a and b of a normed space,
la — bl — [l[all — |6l
bl

-7 =

Proof of Theorem[8. Let the pairwise intersecting Minkowski arrangement be {\K + v;: i =
1,...,m}. Without loss of generality, Ay = min; \;, = 1 and v; = 0. Given N € N and § > 0,
we partition the Minkowski arrangement into N subarrangements as follows. Let I; = {i: \; €
[(1+6)71, (1 +6)7]} for each j = 1,..., N, and let I, = {i: \; € [(1+ )V, 00)}. We bound
the size of each subarrangement {\;K +v;: i € I;}, j € {1,..., N, 00}, separately. Finally, we
choose appropriate values for N and 4.

The next lemma bounds I}, j # oo, in terms of § and K.

Lemma 15. Let K be a d-dimensional conver body with o € int(K). Let {v; + \iK: i € I} be
a pairwise intersecting Minkowski arrangement of positive homothets of K, with A\; € [1,1 4 ¢)
for each i € I. Then

1] < P(K,2(1+96)).

Proof. Write T' = {v;: i € I}. Since any two homothets intersect, |lv; — Ujll1 kg < 2(1+9).
2

Since v; ¢ vj + A;jint(K), it follows that v; — v; ¢ int(K N —K) for all distinct 4, j € I, which

gives that ||v; — vj|| g > 1. O

The following lemma is used to bound [.

Lemma 16. Let K be a d-dimensional convex body with o € int(K). Let {v; + \;K:1i € I} be
a Minkowski arrangement of positive homothets of K with A\; > 1, (v; + A K) N —eK # 0 and
0 ¢ v+ N\ int(K) for alli € I. Then

2
\I\gP(K, )
1—c¢

We first consider two homothets in the Minkowski arrangement of the previous lemma.

Lemma 17. Let vi + MK and vy + MoK be two positive homothets of K such that A\, Ao > 1,
v1 ¢ va+ Ao int(K), vo ¢ vi + A\ int(K), o ¢ v; + N int(K) and (v;+ \K)N—eK #0 (i =1,2).

L (L) — —L (= B
Then HW( 1) = =t ¢ UQ)HKO_KZI €.
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Proof. Since ||-|| gn_x is symmetric, we may assume that || —v1||x < [[—v2| . Since (v1+A1K)N
—eK # 0, v1 + \jz = —¢ey for some z,y € K. Therefore, ||—v1|/x < M ||zl +ellyllx < A1 +e.
Also, since o ¢ v; + A1 int(K), we have that ||—vi|| > A;. Similarly, Ay < ||—va|| < A2 + €.
Since v1 ¢ vg + A2 int(K'), we obtain that |[v1 — va|| > A2. We apply Lemma |13| to obtain

H:\Ul o :\UQHKQ—K z H:\U? - :U\lHK

|v1 = val g = [[=vall + |1l
- [—v1ll g
A2 — (A2 + &) + || —vill ¢
B | —v1ll &
€ €
- >1—-—2>1-—c. O
[—v1ll g AL

Proof of Lemma[16. For each i € I, let t; = —v;. Let T := {t;:i € I}. By Lemma
ti = tjll xn_x = 1 — € for all distinct i, j € I. Since T C K, ||t; — th;(KiK) < 2. It follows
2

that |I| < P (K,2/(1 —¢)). O

We now finish the proof of Theorem [§ By Lemmal[L5] for j = 1,..., N, |I;| < P (K,2(1 +d)),
and by Lemma applied to I, and € = 6(K,0)(1 + )"V,

2
o] < P (K 1-0(K,0)(1 +5)—N> '

It follows that

N 2
m:N;|ij+|IOO| < P(K,2(1+5))+P<K, 19(K,0)(1+6)N>.

We now choose

o logf(K,o)d |

and 6 = 1/d. Then
log (K, 0)d
log(1+ 1)

)

which implies that
2

oK o) 1o~ =21+

hence

m< P(K,20+1)(N+1)=P (K, 21+ 1)) (d+0(1))log§(K, 0)d. 0

Proof of Corollary[9. The first statement follows from Theorem [§] combined with Lemma [6]

If o is the centroid of K, then it is well known (the earliest appearance of this fact may
be in [Min97|) that 6(K,0) < d. Also, by a result of Milman and Pajor [MP00, Corollary 3]
for a convex body K with centroid o, vol(K)/vol(K N —K) < 29, which, together with the
Rogers-Shephard inequality [RS57] vol(K — K) < (zj) vol(K), gives the second statement. [J
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3. BOUNDING k' FROM BELOW

Proof of Lemma[I0. For any unit vector u € S9!, let f(u) be the centroid of the orthogonal
projection of K onto u’. We need to show that f(u) = o for some u € S !. Suppose
not. Then f: S 1 — S¢1 defined by J?(u) = f(u)/ | f(u)|5 is a continuous, even mapping
such that (u, f(u)) = 0 for all u € S¥"!. Since f is even, its degree is even (see for instance
[Hat02, Proposition 2.30]. Also, f(u) # —u for all u € S, It follows that f is homotopic to
the identity map, which has degree 1, a contradiction. O

The non-symmetric version of the QS theorem, due to Milman and Pajor [MP00, Theorem 9],
combined with Lemma [10] yields the following.

Theorem 18. Let 1 <k <d—1, and A\ = k/(d — 1). Let K be a convex body in RY. Then
there is a projection P of R% onto a subspace F and a subspace E of F, and an ellipsoid € in
E such that dim E = k and

ECPK)NE Cc(NE,
where c(\) depends only on .

Finally, the same proof as the one that yields Theorem 4.3 in [FL94], now yields Theorem

Proof of Theorem [I1 We closely follow the proof of the symmetric case (Theorem 4.3) in [FL94].

By Theorem there is a roughly (d/2)-dimensional subspace E, such that for an appropriate
projection P of R%, we have £ C P(K)NE C c¢£ with some universal constant c. By a theorem
of Milman [Mil71] (see also [MS86, Section 4.3]), we can take a C'(d/2)-dimensional subspace E’
of E such that £ C P(K)NE C 1.1&€, for a universal constant C' > 0. Although this is stated
only for symmetric bodies K in [MS86|, the proof obviously works in the non-symmetric case
as well. Now, there are exponentially many points on the relative boundary of K’ := P(K)NE'
such that the distance (with respect to the non-symmetric norm on E’ whose unit ball is K')
between any two points is at least 1.21. Let X be the set of these points. For every z € X,
choose a point y € bd K such that P(y) = x. These points y form the desired set in R?. O

REFERENCES

[AdRBV98] J. Arias-de Reyna, K. Ball, and R. Villa, Concentration of the distance in finite-dimensional normed
spaces, Mathematika 45 (1998), no. 2, 245-252. MR1695717
[FL94] Z. Firedi and P. A. Loeb, On the best constant for the Besicovitch covering theorem, Proc. Amer.
Math. Soc. 121 (1994), no. 4, 1063-1073. MR1249875 (95b:28003)
[FT95] L. Fejes T6th, Research problem, Period. Math. Hungar. 31 (1995), no. 2, 165-166. MR1553673
[Grii63] B. Griinbaum, Measures of symmetry for convex sets, Proc. Sympos. Pure Math., Vol. VII, 1963,
pp. 233-270. MRO156259 (27 #6187)
[Hat02] A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002. MR1867354
(2002k:55001)
[HJLM93] F. Harary, M. S. Jacobson, M. J. Lipman, and F. R. McMorris, Abstract sphere-of-influence graphs,
Math. Comput. Modelling 17 (1993), no. 11, 77-83. Graph-theoretic models in computer science, IT
(Las Cruces, NM, 1988-1990). MR1236512
[Izm14] I. Izmestiev, Fitting centroids by a projective transformation, arXiv preprint arXiv:1409.6176 (2014).
[Mil71] V. D. Milman, A new proof of A. Dvoretzky’s theorem on cross-sections of convez bodies, Funkcional.
Anal. i Prilozen. 5 (1971), no. 4, 28-37. MR0293374
[Mil85] V. D. Milman, Almost Euclidean quotient spaces of subspaces of a finite-dimensional normed space,
Proc. Amer. Math. Soc. 94 (1985), no. 3, 445-449. MR787891 (86g:46025)
[Min97] H. Minkowski, Allgemeine Lehrsatze tber die convexen Polyeder., Nachr. Ges. Wiss. Gottingen,
Math.-Phys. K1. 1897 (1897), 198-219 (German).
[MM92] A. Malni¢ and B. Mohar, Two results on antisocial families of balls, Fourth Czechoslovakian Sympo-
sium on Combinatorics, Graphs and Complexity (Prachatice, 1990), 1992, pp. 205-207. MR1206267
[MPO00] V. D. Milman and A. Pajor, Entropy and asymptotic geometry of non-symmetric convex bodies, Adv.
Math. 152 (2000), no. 2, 314-335. MR1764107 (2001e:52004)



8 M. NASZODI, J. PACH, K. J. SWANEPOEL

[MS86] V. D. Milman and G. Schechtman, Asymptotic theory of finite-dimensional normed spaces, Lecture
Notes in Mathematics, vol. 1200, Springer-Verlag, Berlin, 1986. With an appendix by M. Gromov.
MR856576

[RS57] C. A. Rogers and G. C. Shephard, The difference body of a convex body, Arch. Math. (Basel) 8
(1957), 220-233.

[Tal05] I. Talata, On Hadwiger numbers of direct products of convex bodies, Combinatorial and computational
geometry, 2005, pp. 517-528. MR2178337 (2006g:52030)

[Tal98] I. Talata, Exponential lower bound for the translative kissing numbers of d-dimensional convex bodies,
Discrete Comput. Geom. 19 (1998), no. 3, Special Issue, 447-455. Dedicated to the memory of Paul
Erdés. MR98k:52046

DEPARTMENT OF GEOMETRY, LORAND EOTVOS UNIVERSITY, PAZMANY PETER SETANY 1/C BUDAPEST,
HUNGARY 1117
E-mail address: marton.naszodi@math.elte.hu

EPFL LAUSANNE AND RENYI INSTITUTE, BUDAPEST
FE-mail address: pach@cims.nyu.edu

DEPARTMENT OF MATHEMATICS, LONDON SCHOOL OF ECONOMICS AND POLITICAL SCIENCE, HOUGHTON
STREET, LONDON WC2A 2AE, UNITED KINGDOM
FE-mail address: k.swanepoel@lse.ac.uk



	1. Introduction
	2. Bounding K from above
	3. Bounding K' from below
	References

