ON THE MEAN DISTANCE BETWEEN POINTS OF A GRAPH
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Given any graph G with vertex set V(G), let

r(G) = E: E_JT;T
x:V(G) 2K

Further, let 2 (G) denote the mean distance between vertices
of G, i.e.,

, where deg(x) is the degree of x in G.

(!vtg)ij :
where d(x,y) is the length of the shortest path connecting x
and vy in G, and the sum is taken over all pairs {x,y} of
distinct vertices.

The following attractive conjecture was made by a
computer instructed by Siemion Fajtlowicz (University of
Houston-University Park) to search for hidden relations
between various parameters of graphs.

Conjecture. #(G) §$ r(G) for every connected graph G.

The authors of the present note are greatly impressed by
the increasing number of contributions to mathematics made
possible by clever computer investigations. Nevertheless,
those who have already experienced the miserable feeling of
being beaten by a chess program, will perhaps share the
satisfaction we felt at the disproof of the above conjecture.

For any natural number n and r>0, set

max{+(G) : G is connected, (V(G)! =n, r(G)sr},
max{diam(G) : G is connected, |V(G)I| =n, r(G)sr},

s(n,r)
diam(n,r)

where diam(G)=max{d(x,¥) : x,y = V(G)} diameter of G.

We will show the following.
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Theorem. For any fixed r23,

(2[r3]+o(1))—LCBR _ ¢ u(n,r) $§ diam(n,r) § (6r+o(l))—iQED_
3 loglogn loglogn

where the o(1l) term goes to 0 as n tends to infinity.

Proof. Let Uy, 0 # i ¢ 2[(r/3]k, be disjoint sets with
Uy 1 = k130,

where j ¢ (-k,+k] is the unique integer satisfying
izj (mod 2k). Define a graph Gy by

05i£2(r/31k Ui .

V(Gy)
E(Gg) = {xy : x,yeU; U Uj,q for some 0£i<2(r/3]k}
By simple calculations,
IV(G) | = n < rkk,
r(Gg) < r,

2[r/31k 5 2 —logn
#2222 U cgiogn

provided that k is large enough. This established the lower
bound.

To prove the upper bound, fix a connected graph G with n
vertices and r(G)ér, and fix a point xtV(G). Let

Vi = {y<V(G) : d(x,y)=i}

and IVy| =n; for any Ofi$m=max{d(x,y) : y = V(G)}. Then,
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setting n_j=np41=0,

L)E deg(x) Oig-iasmni_1+ni+ni+1

ri@) = w3 3 P

Thus, for all but at most 3r values of i,

__...._.._rii_é.l.’ gln + i
Tiitaitniay 3 ¢ F g (Biertma)

This implies that there exist 0{ip<i;fm such that

= lm+1 - 3r
W Fs et

and n; is monotonic (say, monotone increasing) on the

interval i = [ip,i;]. In view of the fact that

 oAss b —A— car,
ig<iciy il ig<iciy "1-1TRATRiH
we obtain
n: i1-ig-1
n; +1 = [ ] —i) ny <f 22| 177070,
0 ig<i<iy Mi+l N 1
whence
w1
3r(6r+2) 6r+2

3
13 e m-9r-2
This yields

m = max{d(x,y) : ¥ ¢ V(G)} % (6r+o(1)}—§‘““k—-.

as desired. O
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Note that the above estinmates remain valid (apart from the

values of the constants) for all r¢ (logn)l~™%, :>0. On the
other hand, if r>logn, then our argument yields m2rO(logn).

For some other problems and results on mean distance see
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