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The main object of the paper ix (o prove that if P is & st of primes with sum of
reciprocals <K, then the number of natoral numbers wp to x, divisible by no
clement of P, s 2cx, where ¢ is & positive constant depending only on K. A lower
estimate i given for ¢ and a similar refult s achieved in the case when the
condition of primality is substituted by the weaker condition that any m elements of
the sifting sel are coprime.

1. INTRODUCTION

For mset 4 of natural numbers let Fix, 4) denote the number of natural
numbers n< x divisible by no element of 4. Let

Gx, K) = min F(x, P), (L.1)
where P runs over all sets of primes satisfying

Y lp<k (12)

pep
Our main aim is to prove that

with a positive constant ¢ depending only on K,

At first sight this may seem obvious (“easy to see,” the first-named author
wrote [3]), but it is not. The sieves of Brun and Selberg give this result only
il the sifting primes all lie below x*, @ < L. The reason is that these sieves
give a main term, which is the expected number of unsifted elements. and a
remainder term. [n our case the expectation is

x [T (0= 1jp)=xeX,

rar
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but the real order is much smaller. If we choose the largest primes up to x
whose sum of reciprocals does not exceed K (roughly speaking, the interval
{x* ", x)), then (see de Bruijn |2|), the number of unsifted elements is

this fact makes our problem nonstandard.

Prosiem | (cf. Erdds [3]). Is Gixv, K} asymptotically given by the
primes in (x* ", x)?

The most we can achieve in this direction is

THEOREM |, We hape
Gix, K)ze ™ (1.4)

with a positive abhsolute constant c.

Proerem 2. What happens if we sift by other residue classes? Suppose
Py Py ex are primes with sum of reciprocals <K and to each p;
corresponds @ residue class @, (med p;). Is it true that the number of natural
numbers n < x satisfying n £ @, (mod p,) for all i is at least ex, ¢ =¢(K) > 07

Another surprising feature is that we cannot omit the condition that the
élements of P be primes. Put

Hix, K)= min F(x, 4),

where 4 is subject to the conditions

Y llagK, 1&A4 (1.5)

aed

In the second part of the paper we shall show that
H{x. K)<x', K> Keh
maore exactly, that

log Hix, K) g

lim (K2=1)
5t log x
Hix, 1)=o(x) has been shown by Schinzel and Szekeres [8] (not stated

explicitiy ).
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The case when A is fixed and x tends to infinity is considerably different;
we have

) S TT0 = 1ja)

X aed

AA)= lim
X

This inequality is due to Heilbronn |5| and Rohrbach |6]: cf. also Behrend
[1]. Halberstam and Roth |4, Chap. V. Sect. 6] and Ruzsa [7].

A similar estimate holds under the weaker condition that a < x' * for
aic A

THeorem 2. [f

Ac|dx' " ¥ lfa<gK, (1.7)
dEd
then
Fix, A)=e, de *x {1L.8)

with an absolute constant ¢,

Though the condition of primality cannot be dropped in Theorem 1, it can
be weakened to some extent. Let

H,(x, K}=min F(x, 4), (1.9)
where 4 is subject to (1.5) and any m of its elements are coprime.
THeorReM 3. We have
fH0x, K) < cx, c=clm K)> 0. {1.10)
The proof actually gives
H, (x, K) =6 *G{x, K) (L.11)
for x> xy(m, K): with a slight modification we can even prove

H (2, K) = 0(x; K)—¥x, x> xqle, m, K). (1.12)

Coroiiary. [f P is a set of primes satisfving (1.2), then the number of
squarefree integers up to x which are divisible by no element of P is Zcx,
c=c{K) >0

This is obtained by applying Theorem 3 to the set

A=P\U ¢ g is prime, g & P).
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2. Proor oF THEOREM 2
Let # denote the set of natural numbers divisible by no element of A.

LEmma 2.1,  For all y we have

N bz ] (1—1/a)leg(y+ 1) (2.2)
by aEd
bER

Progf.  Every number has (one or more) decompositions of the form
alt oo apth, beEB, a,cA.
Hence
Miamg N il +at+a i+,
LE LR ned
bER
which immediately yields (2.2).

Nore. As a by-product, this gives a proof for the Heilbron—Rohbach
inequality (1.6).

Progf af Theorem 2. Consider the numbers
bp<x, p>x'"%  bBEB, pprime (2.3)

We may assume § < § and then these numbers are different. They all belong
to B: il a|bp, then either a|b, or p|a; the first contradicts the definition of B,
the second contradicts a < x'~* < p. Therefore

FirA)2 Y 1= N (nlx/b) - nlx' %) (2.4)
g hsm
paxi-h bt
hed

By the prime number theorem we have
a(x/b) —n(x'"*) = e, x/(b log x)
if b<y=x%2, 50 (2.4) yields

Flx, 4) > 2% 3 1/b
log x ;o 58S

eyxlog (v+ 1) I [
iog‘x ogd

> (1—1/a)
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according to Lemma 2.1. Obviously log(y + 1) = (4/2) log x and
[T(1—1/a)=e,exp (’}: Ifa) ;
aed e

50 (2.5) gives (1.8) with ¢, = ¢,¢,/2.

3. Proor or THEOREM |

Let
. Glx K
WK)= u;f e
our aim is to show
JE) > e (3.1)

with a suitable constant ¢. We shall use a real-type induction, that is, we
shall deduce (3.1) supposing it to hold for K — A, where & will be a positive
number. depending on K explicitly and monotonically decreasing.

Evidently

Flx,P)zx— ¥ |x/p] 2 x(1 - K);

FEr

hence
K) =1 - K,

which proves (3.1) for K < .
We are going to estimate F(x.P) for a set P satisfving (1.2). As
Flx.P)= 1,

Glx,K)>e ™ (x<e™)

is obvious, thus we may assume
xze, (3.2)
Pul k=¢*"? and let @ be the set of primes lying in
[ESLRE ] VA

Let B denote the set of numbers divisible by no prime from P If g € Q and
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beE B, then n=gh=8; as q;.r"’*. a number n< x may have at most &
divisors from , so it has at most & representations of this form. Hence we
have

i |
Fix, P)= - N Fix/q.P) (3.3)
k&
Let
a= Y 1/p.
per
e xd— T

Since x/g < x'~"* for ¢ € @, we have
Flx/q. P) = (x/q) y(K — a),
so that (3.3) vields

Flx. P ze " pK—=ax ¥ 1/ (3.4)

ey

By (3.2) we have

" e =
Y lgx ¥ Afp—K31

FEQ pelxld xg
for ¢ large enough, whence (3.4) gives

Fla, P) 2 e " y(K — a)x, (3.5)

This inequality will be sufficient if & is not too small, and otherwise we may
apply Theorem 2, To see this, set

P =Py
we have evidently
Fix, P) = F{x, P*) — ax
and
Flx,P*)2cce ™z  (ey=reie?)
by Theorem 2. Therefore, with ¢, = ¢, /2 we have

Flx, Py2coe7™™x if oo™ (3.6)
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If this is not the case, (3.3) yiclds
Fxn P) e "~k —ecge " ), (3.7)
Taking the minimum over the sets P we get
G(x, K) 2 min{c,e ™, e (K —c,e”**))x {3.8)

iff x satisfies (3.2).
An easy calculation vields

R T
and
E—H—! EXPL_EXPC{K _E‘IE—IE” > E_,u.'

if K >4 and ¢ is large enough; this completes the proof.

4. Proor oF THEOREM 3

We do not actoally need the condition that any m clements of 4 be
relatively prime; what we shall use is the fact that the composite elements of
A grow rapidly, Theorem 3 follows from the next two lemmas,

LEmma 4.1, Ler {w), w; > 0, be a fixed sequence satisfving
3 1wy <00,
Suppose A (s a ser of natwral numbers, not containing 1, such that

A=PUd,, where A, = la,,ay...], a; > w, P consists af primes and

N lfag K.

aed

Then we have
Flx. A) > ¢cx,

where ¢ depends on K and the sequence (w,).

Lemma 4.2, ffa, < &, < - are composite numbers, any m of which are
relatively prime, then we have

a; > flim—1)%.
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Proaf. Let r; be the smallest prime divisor of a,. Since a prime can occur
at most (m— 1) times among the r's. we have r; > f/(m — 1) for some { <j.
Hence

a;za,zr > j (m— 1y,

To prove Lemma 4.1 we need some preparation.

Lemma 43, Let P be a set of primes satisfying (1.2) and F(x) = F(x, P).
Unifarmly far ¢ € |0, 1] we have

Flex) = eF{x) + 0(e*x/log x).

Progf. Let D be the set of numbers composed exclusively of the primes
of P, We have

F(x)= 3 u(d)x/d].

deln

([ F]-[2))

< Y 1=0("x/log x).

debdx

Henge

| Flex) — eFix) =

Here the last inequality follows easily by Selberg’s sieve.

LeEvma 4.4, Let A be a set of k natural numbers and P a set of primes
satisfving (1.2), Suppose that no element of 4 is divisible by any prime of P.
Then we have, with A{A) as defined in (1.6),

Flx, PLUA)Y = A(A) F(x, P) + 02" x/log x).

Progf. Again write F{x, P)= F(x}). By the sieve formula

Flo,PUA)=F(x)— N Flxja)+ N Fix/la,, a.])—

asd dyCay
a@aEA
Lemma 4.3 vields
o 1
fo.PuA}zF{x](l—\ Rl _)
—a = [a,a]

+ O(2%*x/log x).

The coeflicient of F(x) is just A(x), again by the sieve formula.
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Proof of Lemima 4.1.. Let A, =A,Ud, A.={a ...ahAs={a b
k= [loglog x]. Evidently

¥ lja< Y w0,
dedy F=log logx
hence
Flix,A) =z Flx, PUAS) — E: |xfa]l = Fix, P\UA;) + Olx) (4.5)
AEds

We may assume that the elements of A, are not divisble by any prime
from P, since any that are divisible may be dropped without influencing
Fix, A4), and then Lemma 4.4 yields

Flx, P\JA;) = A(d,) Fix, P) + O(2%"x/log x)

= d(4,) Fix, P) + O(x). S
Now we have
A4(4,) = H (1—1lja)>c,e ™ (4.7)
by the Heilbronn—Rohrbach inequality (1.6) and
Flx, P)>eix, ey =1t5(K) (4.8)

by Theorem |. Formulas (4.5)}-(4.8) give Lemmad.l for x > x,(K): for
small x we may use the trivial estimate Flx,A) > 1.

To deduce Theorem 3 let 4 be a set, any m of whose elements are coprime
and let a, < a; < -+« be its composite elements. Lemma 4.2 implies

a;> W;=Ff(m—1)
and now Lemma 4.1 yields (1.10) sinee
Miw=m-1Yj <o

obviously holds,
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