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Tomus 36 (1-2), (1980), pp. 71-89 .

ON THE ALMOST EVERYWHERE DIVERGENCE
OF LAGRANGE INTERPOLATORY POLYNOMIALS

FOR ARBITRARY SYSTEM OF NODES
By

P . ERDŐS, member of the Academy and P. VÉRTESI (Budapest)

Dedicated to the memory of John Curtiss

1. Introduction

In a previous paper P . ERDŐS [1] stated without proof that if X= (xi n),
n=1,2, . . . ; l=i-n,

(1 .1)

	

-1'5~xnn <xn_ 1, n < . . .cXi, :5 1 (n=1,2, . . .)

is a triangular matrix then there is a continuous function F(x), -l=x-1, so that
the sequence of Lagrange interpolation polynomials

n
Ln(F, X, X) = L n (F, x) _ Z F(Xkn) 1k. (x)

k=1

diverges almost everywhere in [-1, 11, and in fact

hm IL,(F, X, x)I =-
n---

for almost all x . (Here, as usual,

(1 .2)

	

IknW _ - ,	
"(X)	 ~k =1, 2, . . ., n ; co n (x) = H (x -xkn)

JCn (Xkn) (X - Xkn)

	

k =1

are the corresponding fundamental polynomials,

n
(1 .3)

	

) n (X) = 1 1 1kn(X)I,
k=1

max A,, (x) (n = 1, 2, . . .)
-1-x51

are the Lebesgue functions and Lebesgue constants of the interpolation, respectively .
We now prove this statement in full detail . The detailed proof turned out to

be quite complicated and several unsuspected difficulties had to be overcome .
In the same paper P . Erdős also stated, that there is a pointgroup (x,,,) so

that for every continuous f (x)

	

L.(f, xo)--f(xa) holds for at least
n

one xa for which lim Z 1Ikn (X0 j = - . This is perhaps true, but at this momentn-.- k=1
we cannot prove it (the original "proof" was probably incomplete) . We hope to
settle it on another occasion .
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2 . Preliminary results

In his classical paper [2] G . FABER proved that for any matrix X

lim .ln =~
n-.

from where we immediately obtain that for every point group there exists a contin-
uous function fl (x),

	

(shortly f1EC) so that

lim 114U1,x)II =~ .n--

(Henceforward llg(x)II=IIgjj= max Ig(x)I for gEC.) Almost twenty years later,
-15X51

in 1931, S . BERNsTEiN [3] showed that for every X with (1 .1) there is an f2EC and
an xo , -1 xo:1, such that

lim 1Ln(f29 xo)1n--

Another problem is to prove divergence theorem on a set of positive measure.
In his paper [14] S . BERNsTEIN proved, that for the "bad" matrix

E={-1+2(k-1)/(n-1)} and the function jxj

lim IL.(Itl, E, x)I =- if xE(-1, 1), x 0 .n_

Then, using the "good" Chebyshev matrix

T={x = COS
2k-1 7r, k = 1, 2,

	

}(2.1)

	

kn

	

2n

	

. . .,n ; n=1,2, . .

G. GRÜNWALD [4] got that there exists a function f3EC, for which

(2.2)

	

lim ILn (f3 , T, x)I =-

holds for almost all x in [-1, 1]. Later he and (independently) J. MARCINKIEWICZ
proved that for a suitable f4EC, (2.2) is true for every x from [-1, 1] (see [5] and [6]) .

Very recently A. A . PRIVALOV [7] settled the case of Jacobi matrices

X("'fl)={xkn,0), k=1,2, . . .,n ; n=1,2, . . .}, 0c,

	

-I

(see e .g . [8], Part 2), showing that with a certain f4EC

(2.3)

	

lim ILn (f4 , X(" , P ) , x)l =~ a.e. on

	

1],
If-

where "a.e ." stands for almost everywhere . (He considered some further point
groups, too.) His proof strongly depends on the properties of the Jacobi roots X(a fiI .
Finally, he proved (2 .3) for the whole (-1, 1) (see [13]) .

Acla Mathemati.ca Academiae Sefentearum 11unyaricae 36, 1980
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3. Result

As indicated above we are going to prove (2.2) for any fixed point group X,
i .e . we state

THEOREM . For any matrix X with (1 .1) one can find a function F(x)EC such that

(3 .1)

	

lim IL,, (F, X, x) I _ ~ for almost all x in [-1, 1] .
n__

On the other hand, considering the special matrix

X I

xi, x2

xi, x2, x3

we can say that (3.1) generally is not true for all xE [-1, 1] (see P . TURÁN [9],
Problem III) .

Finally, let us remark that the "lim" cannot be replaced by "lim" or "lim" .
Indeed, as P . ERDős showed, one can construct a point group so that for every
fEC and every xoE[-1, 1] there exists a sequence n k (depending on f and xo)
so that

(4.1)

>lim Ln, (f, xo) =f(xo)
(see [1], p . 384) .

4. Proof

4.1 . In what follows, sometimes omitting the superfluous notations, let
xon=1, xn+i,,,=-1 and

dxkn = xkn xk+i,n (k -- 0, 1, . . ., n ; n - 1, 2, . . . ) .

Let us define the index-sets Kl„ and Ken and sets Dl„ and Den by

dxk„ - lnnn
def a„ iff kEKI „,

S„

	

iff kEK2n ,
DI. = U [xk+i, xk], D2n = [-1 , 1]\D1n •

kEKI „

If Axk~-!5 an (which means kEKin , [xk+i , xk]cD,„) we say that the interval
[xk+l, xk] is short ; the other ones are long .

The fact that for any given positive numbers A and a the measure of those x
(---x<-) for which

„(x)---A

Acta AMthematica Acadamiae Scientiarum Hungaricae 36, 1980 ,
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holds if n ino(e, A), is less than s, was shown by the first of us in [1] . But here we need
a stronger statement . Namely, if

then for the short intervals we prove

LEMMA 4.1. Let A >0 be an arbitrary fixed number. Then with arbitrary
m --max [exp (8A3), exp (exp 100)] dermo(A), for any n no (m) there exists a set
Hl,,CDl n for which y(H1 n)~-5 1/ln In m. Further, whenever xEDln\Hin,

(4.3)

	

Z I 1kn(X)I ' ( in m) 1/ 3 2A if n

	

n o(m) .
1-k-n
xk „ E DL,

xk„IIj(x), m
kj K,n

Here xElj(x),,,, (1 Lj-m), Kan is a certain index-set having On n elements at most,
p(. . .) stands for the Lebesgue measure .

4 .1 .1 . The proof of this lemma, which is one of the most important parts of
our theorem, consists of severals steps .

First we settle Lemma 4.2 regarding both short and long intervals .
Let us introduce the following notation .

Jk(q) = Jkn(q) _ [Xk+l+gdxk, Xk - gdxk], Jk = JJO) _ [Xk+l, Xk],

for 0-qf 112,0:k--n . If "k=zk,,(q) is defined by

{4.4)

	

Iwn(zk)I = xmin ) i~n(X)I,
k = 0, 1, . . ., n

(obviously, zk is one of the endpoints of Jk(q)), we state

LEMMA 4.2. If xk -x, + , (I-r<k<n) then for arbitrary 0<q-1/2

x(4.5)

	

Ilk(X)I+Ilk+l(X)I

	

g20111(Zk)I Xr

d

Xk+1
To prove (4 .5), first we use

(4.6)

	

1ls(X)1 =

if s=k, k+1 and xEJ,.(q)

Xk+1

1+ 2( lm l ) ,-1+m1) (1=1,2, . . .,m),

J,(q)

O(x)
(0 (x.,) (x -xs)

Acta Mathematica A_cademíae Seíentia ; um Hun.garIcae 36, 1980
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Xk

	

Xr+l

	

zr

	

x

	

Xr
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(because z,-xS ~: qdx, +(x,+,-x,)-q(dx,+x,+,-x,)-q(x-x,)], from where

(4 .7)

	

1ik(X)1+1lk+1(X)1 - q [Ilk(Zr)I+Ilk+l(Zr)I] -

q	
ICO(Zk)I

[lik(Zk)1 k-Xk +lik+l(Zk)1 Zkk '1 ( k)

	

ZI

	

r

	

k

	

r
-

Xk + I

q 1(0(Zr)I	dXk

	

min (zk-xk,,,,Xk -A)
[Ilk(Zk)1+Ilk+l(Zk)I]

k1*01 Xr-Xk+l

	

dxk

- q 2 1 (0 (Zr)I	dXk 	(x,EJr(q)),
1w(Zk)I Xr- Xk+1

using that I,(u)+ik+1(u)--1 if uEJk (see [I], Lemma IV) .
Similar estimation holds when x,-xk+i .

4.1.2. We construct the set H1n for n-no (m) .
a) Any of J,,, J„„ contained in Dl „ should belong to H,,, . Further, if Jk„ c Dl „

intersecting two I I,„ (1-1-m) or whenever either k or k+IEKgn , it should also
belong to Hl,, . The measure of these intervals Jkn is -28 n +(m-1)bn +~ln n Sn-
-(in In m) -2 def E,2n , if, e .g . n -exp (m2)=no(m) .

b) Let q=q n,=f;j8 . The intervals Jkn(q) or Jk„ from D ln not considered
at a) will be called exceptional if there exists an x=x(k, n)EJkn(q) for which the
estimation (4.3) does not hold . The exceptional Jkn' s should also belong to H,,, .
If 2' p(Jkn (q))=2c (where the dash indicates that the summation is extended

k
only over the exceptional Jkn 's), we state that c=c(n, m)-e,„ if n= no(m) (whence
the aggregate measure of the exceptional intervals Jk.,, is --R') .

Indeed, supposing c>sm we shall obtain a contradiction .
Let us order the I'/ n exceptional Jl (q), J2 (q), . . ., Jp, (q) such that

I (o(Zi)I - a)(Zk) (I -- i - k - 0j,

where zk stands for the corresponding minimum in Jk (q) (see (4 .4)) . Then for a
certain y) n , 1 -(p n -o '

J1w(~1)1-10(4)1- (Inm) -1/ 2 1o)(2,)I if 1 --

	

j

k
(4 .8)

	

iw(Zl)1

	

(In nl)t/21(0(Zk)1

	

If (p n < k

By a simple computation

(4.9)

	

p(Ji (q)) - c if n -- n o(m)

(if, of course,
Indeed, otherwise, using that

r i nij „,=a r,ni, m e

def Z (1) + Y(2)

Acta IVIathen2ntica Academice Scientiarum Hungaricae 36 . 1989



76

	

P. ERDOS AND P. VÉRTESI

where z1EI;„,=I;(zl),,„, we obtain

G(2)It(ji(q)) -- 2m -1 < Em/2 < c/2,

from where ZM it (Ji(q))>c/2. Then by (4 .5) and (4 .8) for any xEJ,(q) the sum
(4 .3) can be estimated as follows

Z IIk(x)1 7 1 Z (1) [Ili(x)I+Ili+1(x)11-
q 2 Z(1)IC9(z1)1	dxi	

2

	

2

	

1(0(zi)I Izi+1-z11 -

42
(In m)I/z ~(1) dzi

	

q8 c
(in m)1/2 83 (In m)1/2 > (In m)1 /3

which is a contradiction, i .e . (4.9) is true . (Here xi+, and xl are the "farthest" points
of the corresponding intervals .)

4.1.3. Consequently, using the fact that the total measure yc (1 :y--2) of
the exceptional Jl (q), . . . , J,(q) is bigger than em, we should obtain a contradiction .
Notice that for Ji we have (4 .8), each Ji is in exactly one Ik, n ; if i=0, n, or when
i or i + 1 E Kan , then Ji cannot be exceptional . Obviously Tn 7-c In n .

Dropping Ji containing the middle point of [-1, 1] and bisecting the same
interval [-1, 1], we have (say) in [0, 1] a set of measure 7[c-µ(J,)]127 (c-b„)l2,
consisting of certain Ji (q)'s (1-- l, t--(p„) .

At the k-th bisection we obtain that interval of length 2 1-k which contains
certain J,(q)'s

	

of aggregate measure --2-1c-b,,-2 -k-IC, if e .g.

l-k--[1óg m]+2 seep=pm .

Consider these intervals Li , L2* , . . ., Lp .

_1

L3
L2

L1

L3

	

L2 LI

	

Lpm

Fig . 1

Obviously y(Lk)=2k-P, each Lk contains at least k exceptional Jj(q)'s, further

Z yQ,(q)) 7 2k-P-2c (I'- k pm, I <= 1 <_ 9j .
J,(4) (--Lk

Let L,=L1, further L k=Lk\Lk_ 1 (2 :5k-p.) (see Fig. 1). It is easy to see that
(2m)-1--p(Ll)--m-1 . Let us choose any fixed point x from any exceptional

A(ia Mathematica Academiae Seienti crum H,mgaricae 36, 19SJ
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Jl,,,„(q) contained in L1

	

Then, by (4.5) and (4.8) the sum (4 .3) can
be estimated as follows

(4.10) f 11,(x)l - 1 Z [11,(x)1+I1,+,(x)Il - Z'

	

57 q 2 Iw(zi o)1	dx,
2

	

k=1

	

l

	

I w(~l)I

	

lxl+1 -x01
J!(q) C Lk

In M) -112 P

	

deCdx

	

2 In M)-1/2Bq2(

	

kZ

	

~, Ixl+1 `z01'

	

q (

	

,

J,(9)C Lk

where x, +i and x„ are the "farthest" points of the corresponding intervals, 1-1,
1o -(p,,, the dash means that we exclude k whenever I;(,,),,„(1 Lk 0 . To estimate
B, let

defdx l - cak .
!

J,(4)C Lk

Using the construction, it is easy to see that

i
(4.12)

	

c Z, ak 7 2` - P -2 c (1 - i p),
k=1

(4.13)

	

1x,-x jI - 2k- p if x0EL, and xjELk (I

	

k

	

p).

By induction
(4 .14)

	

A - 2k - 2 a 1 (2 - k - p) .

(Indeed, by construction a2=a1 , a3 -al +a 2-2a1 , . . ., from where we get (4.14) .)
Now, by (4.13), (4 .11), (4 .12), the Abel transformation and (4.14) we can write

B -- c2P Y' 2-kak = c2p Y 2-k ak -4 max «k Jk=1

	

k=1

	

LksP 2

P-1 k
C2P

k=1 i=1

C2p
p-1 2k-p-2

	

1

	

4
2k+1 + 2P+2 mC

i.e ., in virtue of (4 .10),

Ih(x)1 ='
64 In L01/ 2

P

2kl
	 1+ (

i=1
o(j)

2p
-4a1

~c

(In m) 1 /3

2
log ni

-16
- c l n m

16

	

-
20 '

(n = no(m)),

i .e . for any xEJ,o(q) we have (4.3) . But then J, o (q) is not exceptional which is a con-
tradiction . So c-a„„ as it was stated .

4.1.4 . c) Clearly, for any point xEJk„(q)(Jk„CDj„) considered neither at a)
nor at b), the estimation (4 .3) will be true. For these Jk„ the sets Jk„AJk„(q)
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of aggregate measure c l should belong to H l,,, too. Obviously, c l can be estimated
as follows
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C,-
k
hl'7 [p(Jkn) - p(Jkn(q»] = 2q k Zndxk - 2

So by a), b) and c)
it(K~ n ) = sm+3s1,+E,,,/2 ` s

which proves Lemma 4 .1 .

4.2. Here we introduce an important definition. The interval Ik,, and its index
k will be called good for a certain n ~-a--n o(m) if

Z'
p ( I,. n Jin) - a2m (n

-- n o (m)),
Jn, c H l

where the dash means that we take only such Ji,,'s which were considered in a)
or b) (1--k--m). (Observe that Ikm is good whenever Ikn,nD,„=0 .) Using that

,Z' p(Jin) c 41m)
J,,,H,,

for any n--no(m) at most 8msn, intervals Ikm are not good (m is fixed) .

If we can choose a subsequence (n i ),= i such that Im is good whenever nE (n i l
we take it . Otherwise, let us define (n,) so that fim is not good if nE (ni l . Starting
from (n i ) let us make the analogous process for I2ni . So after the m-th step we essenti-
ally derive the following statement .

LEMMA 4.3. For every fixed m=mo (A) and sequence (1,-n o(m) are
integers) one can select a subsequence {n t }~_ i C {l,},- i such that for any
nE (n,)i= 1 the intervals h,,,, I2m , . . ., I,n,n are good, apart from Ikl,m~ Ik2,m Ik ;,nt
Here 1-ki<k2< . . .<kj-m, j=j(m)-8mg n, and, which is very important, the
indices k, (1 -s-A depend only on m. (If j=0, every Ikm is good.)

4.3 . Now we shall treat the long intervals, i .e. the case when dx k >bn or what:
is the same, kEK2n , (xk+1, xk)CD2n •

The following estimation plays a similar role as Lemma 4.1 .

LEMMA 4.4. Let dxkn >Sn (k is fixed, 0-k-n) . Then for any fixed 0<q<1/2
we can define the index t = t (k, n) and the set hk „ c Jkn so that p (hkn) -4q d xkn ,
moreover

(4.15)

	

11t(x)l = 3ns" deF

	

if xEJkn\hkn and n - n, (q) .

In the proof we refine some ideas of the papers by ERDős and TURÁN [11] and
ERDőS and SzABADOS [12] . Take those roots yin =COS 9 in (1-i-n) of the n-th
Chebychev polynomials T,(x)=cos n9=2n-'xn+ • • • (x=cos 9) which are in
Jkn (q) . Their number is not less than (1-2q)n6 nln because of 9 ;+i -9i =n/n

see (2 .1)) and dxk ~'S. . If

hk=[Jk\Jk(q)]U{1,EU(4)LCOS(9i+q r),cos(9,-q 'T'n

	

7n
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then p(hk) 4gAxk and for arbitrary yEJk\hk=Jk (q)\h k we can write IT„(y)1

-Isin n9i sin qnl ~2q . Consider now the interval M=M(y)=
L
y-

4
S„, y+4 S„J c

cJk which contains at least
q

nS„>nS„ roots of T„(x) (n~--no(q# Then the

polynomial p(y, n ; x)=p(x)= jJ (x-yi„) of degree less than n, can be es-
Y,n ff M(Y)

timated at any xq (x, +,, xk) as follows

IT"(x)I

	

_

	

T" (x)	IY-Yil
IP(x)l = 2"_ ' jj

I x -yi 1

	

p(Y)

Tn(Y) Y,

	

Ix - Yil
Y;EM

_ IKA1

	

1

	

Ip(Y)1	1	Ip(Y)1
2q ,H 3

	

2q 3 nó „ ` 3"a^

(4 .16)

	

11,(A1 --
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Now, using the Lagrange interpolatory formula,

lp(Y)l -

	

lp(xi)l Ili(Y)I : ip(Y)I 3-"a ° Z Ili(Y)I
i=1

	

i=1

from where

	

Ili (y) ~ - 3nan if n ~ n1 (q), because Ip(y) I 0.
i=1

So for any fixed yEJk (q)\hk there exists an index t=t(y, k, n) such that

w(y)

w'(xt)(Y-xt)

Let us choose the point y=uk such that

1w(uk)1 = xE min\hk lu,(x)I .

Then, for arbitrary yEJk (q)\hk

IItWI = IIt(uk)I
	 lw(Y)I luk -x1I

1w(u01 1Y-x11

If t5zk, k+1 we obtain as in (4.6) that luk -x,l -- qly-x,l . (This inequality is
trivial if t=k or t=k+l .)

Le., in both cases for n-n,(q)

Ilr(Y)I

	

gllr(uk)1 >- 3"a" if YEJk(q)\hk9

which means that in (4 .15) the index t does not depend on x.

4.4. In the following part we shall construct the function F(x) .

4.4 .1 . Let us consider the short intervals, the sequences {A,},_ 1 ,

	

sat-
isfying A,1-, m,=[mo(A,)]+1 and the intervals Ij ,,,,, (Ij , for short) of length
21m, (1 ~`=j -- m,) .

3nar (n _ nl(q».

Acta Wathematica Acad~m ae Scientiarum Hungaricae 36, 1980-



80

(4.17)

Then, in virtue of Lemma 4.1

(4.20)

(4.21)

(- 1)k

g1(xk,n12) - (_ 1)k+l

0

P . ERDŐS AND P . VÉRTESI

Let t=1 . Let us choose the subsequence Q fulfilling the requirements of
Lemmas 4.1 and 4.3 . If n 1,E Q, let us define g,(x) only on the nodes as follows .

gl (xk, nil)

- (- 1)k}1 if xk ni1 E D1,n11\Il ,
0

	

otherwise .

(4.18)

	

ILn11(91 , x)I =

	

Z Ilk(x)I ' (ln m l )li 3 ~ 2A1
xk EDl\I,

if xE (Il n Dl,,j\Hl, nil aer T1 . (Generally, if f (x) is defined only for certain xk =

=xkn , k=k,, k2 , . . ., k, then let Ln(f x) def Z f(xkq)lks(x) . If T1 =0, (4.18) is
i=1

meaningless .)

4.4 .2 . Let nl2 >nu (nll, n12 E Q) satisfy fIn n12 >nll • Let us define the set
~2 by

(4.19)

	

2lLnlz(gl1 x)I

	

(In m l)1 /3 if XE•%2 C (I2 n D,,nl)\H1,n12
def T2

Moreover, if xE T2\9-2 , (4.19) should not hold.
a) If 2µ(J2)--µ(T2) or T2 =0 let gl (xk , n12)=0 at xk, n12 not considered in

(4.17) (i .e . those for which does not exist I (1--1--„11) such that xk,nl2 = xl,n11) .
b) If 2µ (T2) < µ (T2 ) then for xk, n12 not considered in (4 .17) let, with

[a,, a,+1) - Ii,
if xk, n12 E DI, n12\I2 and
if xk,nl2EDl,n12\I2 but
otherwise .

By (4.19) and (4.3) if xE T2\.T2 , then

IL,l (gl, x) I - I±-, ( 1) 1 1k,n12(x)I+IZ (2) 91(Xk,nl2) lk,n12(x)

(In ml)1 /3-
I

(In ml )1/3 = I (In ml)1/3 Al (xET2\67-2) •

Here 57M is extended over the xk's considered in (4 .20) ; for them Lemma 4.1 can
be applied (because j lnnl2 >nll ) ; in 2:(2) we take those k's for which xk,n12 - x1,„11
at certain l-l-nll . So, by (4.19) 21Z (2) ~(In ml) 1 / 3 because xET2\.%2 .

Consequently, in both cases we can define the set R 2 (-- T2 and the function
gl(x) such that 2µ(R2)--µ(T2) . Moreover

ILnlz(gl, x)I Al whenever XER2 (-- T2 .

xk <a2,

xk

	

a3,

1 -

(At a) R2 = .%2 ; at b) R2=T2\g-2 ; if T2 =0, the statement (4.21) is meaningless .)
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4.4.3. By the above method we can obtain the sets T;=Ti,=
=v,,,„,nD1i,,,)\H1,,,,, the subsets R;=R1,cT1i (i=1, 2, . . ., ml ; R,-T1) and
the function gl(x) such that 21t(R11) ~ p (T1,) and

(4.22)

	

jL,n,(gl, x)1 i Al if xER1i c T1i , 1 = i = mi .

Let

(4.23)

	

G, a`f iJ Rl,
i=1

4.4.4 . Now consider the polynomial ~p1(x)=(p,(gl, x) satisfying T 1(xk, )_
=g1(xk,,,,,) (1~--k :n1i ; 1~i~m1) and 11cp111=2 . Here deg Tl -N, i where Ni
depends only on the distribution of the nodes defining g, (x) (see [8], Part 3, II/§ 3) .

4.4.5. Generally, starting from the subsequence obtained in the (t-1)-th step,
let us make the above construction for (A„ m,) (t=2,3, . . .) . We can suppose

(4.24)

	

nt-1,mt _1 < Nt-1

	

nt1 (t=2,3, . . .) .

We successively get the sets T, i , their parts R„ with 21t(R„) ~--it (T„) (i=1, 2, . . ., m,),
the functions g,(x) for which

(4.25)

	

1L, ,(gt, x)1 -- A, if xERa c Tii, 1 ` i ` mt,
further the sets

m,
(4.26)

	

G, = U R, i .
i=1

We can also construct the corresponding polynomials ~p,(x), taking the values
g,(x,, .,,) (l-k~-- na ; l=i-m,) for which 11(p,11--2 and deg cp,~N, (t=2, 3, . . .) .

Supposing

(4.27)

	

Ar

	

t 3AN,_1 (~N~ = 1, t = 1, 2, . . .),

let us define the set

(4.28)

and the function

(4.29)

We state that

(4.30)

G = n ~ U Gt)k=1 t=k

f (x) _ i
	 t (x)

t=k t2 AN,-1

íUmm 1 L„ (f, x)1 = - whenever x E G.

(Clearly fEC, moreover 11 f11=4 can be attained .) If G= 0, we have nothing
to prove . Otherwise, if xE G there exists an index-set {rk}k=, depending on x for
which xEG,k (k=1, 2, . . .) . Then, by (4.26), for any fixed rk we can find an s such
that x ER,k, S . By (4 .29)

,{'

	

L"r s ((pi 1 x)
Ln,k, 8 ~f , x) _ ~	 2	=

	

~-
i=1

	

i 41-I

	

i-rk i=rk i>rk
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further, by (4.25) and (4.27)

Finally, supposing

with lI f[23114 such that on the set

(4.32)

we have
(4.33)

P. ERD6S AND P . VÉRTESI

Here by (4.24) Lnrk'S ((Pi, x)-(pi (x) if i<rk , so

2

	

i-2 ANi1 I C c,,
l~rk

	

3=1

Lnrgs(Prk'X)	2A, > rk2Nrk-1*rk4rk-1

	

ri 4rk-1

A1 -Aj if 1>j, 1, jE{na)U{N,}, we can write

J .,Z I c 2%`nr
's i=

'f I-22- 1 `= 2 G+ l-2 -_ C2,
i>r k

	

k

	

rk+l

	

i=1

because anrk'SC/;Nrk (see (4 .24)) . Consequently,

IL.rk S (f, x) I

	

rk (k = 2, 3, . . . ; xE G)

which actually is more than (4.30) .
4.4 .6 . Let us now take the sets T ,3 = T,13\Rrl 3 (i=1, 2, . . ., m,; t =1, 2, . . . ;

T„13 =T,i , Rr'3 =R, i) given by the previous steps . If, e .g . t=1, let us begin the
construction of g[21(x) exactly as we did for g1 (x)=g111 (x) in 4.4.1 (i .e., we use
the same A, i m1 , T1 and nodes ; compare (4.17)), but the distinctions a) and b)
in 4.4.2 should be defined by the measure of .%12] instead of 92= J1213 where
°fit collects those points of the set TW=Tie]\Ri21 for which 21Ln,S(gi2~, x)I >
>(In m1)1/3 (see (4.19)) . Consequently, by the method analogous to 4.4.1-4.4.5
(using the same {n, i}) we can construct the corresponding sets Rl?] , G1,23 , the poly-
nomials cp [' 1(x) of degree :N, and the continuous function

(4.31)

	

f[2](x)_	 ~i2~(x)
t=1 t AN,_I

G[27 _ I I \

	

G[23
t

1
k=1 2=k J

lim IL,, (f[ '] , x) 1 _

	

(xE G[21 ) .n-.

By the same considerations starting from the sets T[j'3=T; -13\R'Ei-1]
(1=3, 4, . . ., p where p will be defined later), we can successively define the functions
f[13 EC, 11 f [1J11 =4 and the sets G[' 3 such that

(4.34)

	

lim ILn (f[ 13 , 4 _ ~ (xE GM)

(1 = 1, 2, . . ., p ; f [1] =f, G[13 = G).
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Later we shall apply the fact that for any t and i

(4.35)

	

µ(RM)-
2i_

2
m,

(l=1, 2, . . ., p)

and for any fixed t and i
(4 .36)

	

Rüi3 n Rü a, = Q (11 12)

(see the definition of the sets Rfz3) .
Now let o>0 be arbitrarily small and p=p, the smallest positive integer

so that

(4.37)

	

µ(REIM)

	

m
(i = l, 2, . . ., mt ; t = 1, 2, . . .) .

M,

2

It is easy to see that 1_p, -_ 3+ Ilog Qj .

4 .4 .7. To define the proper (linear) combination of the functions f [1]' f[2] , ,f[p]

on GI'I U G[2] U . . . U GEPI we prove the following statement, which generalizes an
idea of G. GRüNwALD (4] .

LEMMA 4.5 . If r, (x), r 2 (x) E C, moreover

(4.38)

	

Jim IL, (r,, x)I =- if xEBI, µ(B,)n- .

(4.39)

	

lim IL,, (r2, x)I

	

if XEB2, µ(B2)n--

then any fixed interval WI , R2) (R,¢A) contains an a such that

(4.40)

	

lim IL,, (ar,+r2,x)I =~ a.e. on BI UB2 .n--

REMARK . An interesting special case can be obtained by B,=-O . To prove
the lemma let B, be the parto f B, U B2 fulfilling (4.38) . Clearly B, c I . If

EA = (x : xEBI , lim IL,,(Ar,+rs, x)I -_-1 (fl, -< A -< /I2)

then E, n E„ _ o (% 1)) . Indeed, otherwise we can write for xE E. , n E,,

-= lim I(~ -µ)Ln(r,, x)I = lim ILJ),r,+r2, x) - L,(µr,+ r2, x)In-. ~

	

n-. 00

lim (IL,,(~r,+r2, x)I+IL,(pr,+r2, x)I)

a contradiction . Using µ(B,)< and that only countable En's have posi-
tive measure ( 1--~-- 3 2 ), there exists aE0I , f32) such that µ(E,,)=0 from
where (4.40) is true a .e . on B, . If xC(B,UB 2)\B, (when xEB2 , too) both
jL„(ar,, x)l--K(x) (0:K(x)<-), and lim IL, r2 , x)I_- hold which mean (4 .40)
for x. These prove the lemma .

4.4 .8 . Choosing /3,=0 and
with e2 = a1J [1] +fE23 ,

n--

#2 =0.5, consider that aE(0, 0.5) for which,

lim IL, (e2,x)I =- a .e . on G111 UG[21 .

6*
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P"
where GQ= U 03 .

i=1

(4.49)

P. ERD6S AND P. VÉRTESI

Obviously IIe2I1--2+4<8 . By this construction we succesively get the values
ai_1E(0, 0.5) and the continuous functions e,=a,-le,-l+fEi3 satisfying

Iim IL,, (e i , x)I =

	

a.e. on Gill U G[2j U . . . U GW
n--

and 11e,I1 :0.51Ie,-111 +11fE`i11-8 (i=3, 4, . . .,pe) .

Le ., if i=p,, we can say that for every fixed o-0 there exists a function
f,,EC,IIfll-- 8 so that
(4.41)

	

„

	

IL„(f., x) I =- a . e . on GQ

4.4.9. We go on with the construction of F(x) for the long intervals
i .e . kEK2n) employing the same At , m t , nti and Iim, (i=1, 2, . . ., mt ; t=1, 2, . . .)
as for the short intervals . First a simple note . If

(4 .42)

	

Hen def U hkn (n = 1, 2, . . .)
k E KZ„

and

(4.43)

	

q = qt = £m`

then by Lemma 4.4 for any t and i

(4 .44)

	

u(H,,n,,) - 2 .4gt = m, if na nl(mt) ;M,
the latter should be supposed .

For simplicity's sake let (D2,n11\H2,n11)NI .m1 0, say, for the indices
.h, j2, . . ., J,EK2,n11
(4.45)

	

(Ji,n,,\hi,jnh,m, 7z o (I -11, .12, . . ., Js, S - 1) .

We take the indices t(i, n,,) (i=J1, J2,

	

Js) guaranteed by Lemma 4.4 and
define the function u i (x) as follows .

1 when k = t(i, n11),ui(xk,n11)

	

0 otherwise,
ju i (x)1-1, u j EC . Then clearly

(4.46)

	

IL„11 (u í , x)I ' ri n11 if xE Ji,ml\hi,n11 (i = Jl, J2, . . . , is)'

4.4.10 . To combine the at most 2m]-L 1 Inn,, functions u i (x) we need the following

LEMMA 4.6 . Let rl , r2 EC, moreover

(4.47)

	

1Ln(rl, x) I -- Ml if xEB1, µ(B1) -<
(4.48)

	

1Ln(r2,x)I

	

M2 if xEB2, µ(B2) <°° .

Consider. the fixed real numbers /3, :# 2 and the positive integer k . Further take

8mt

ai = (Q2-~1)k +~1 (i = 0, 1, . . ., k) .
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Then, if M2-Ml and O-fj<&--0 .5, there exists an a; (0~j-k) and E of measure

at least (1- k
+1

) y(BI UB2), EcB,.UB2 , so that

(4.50)

	

IL,, (ajrl +r2 , x)I ' 922k1M1 if xEE.

To prove this, we verify at first a statement which is slightly more than the special
case corresponding to B2=0.

Namely, if we have only (4 .47), then there exist Pl of measure

	

k
+l,p(Bo,

P1(--B1 and a; (O~Ej-k) such that (4 .50) is true for xEP, .

Indeed, let

Ci = {x : xEB, and ILn(airl+r2, x) I

	

#22 N1 Ml( (i =0, 1, . . ., k) .

It is easy to see that any XEBI can be contained in at most one Bl\Ci (see (4.47),
(4 .50) and the similar part of 4.4.7), from where (Bl\Ci) n (B l\Cl)= 0 (i l) .
By Bl\Ci c B,, , for certain 0 j -- k p (Bl\C j) -- y (Bl)(k + 1) -1 , which gives the
special case with P1 =C . .

Now let Bl be that part of Bl U B2 where (4 .47) is satisfied. Take that aj , for
which (4.50) is true on certain -Plc--B,. If xE (Bl U B2)\Bl then by (4.48),

I Ln(ajrl+r2, x)I ~ IM2 - 0.5M,I -- 0.5M2 > A - AL)M1

from where we obtain the lemma by E=-F1 U ((B, U B2)\Bj) .

4.4.11. Using this lemma with the cast

ri(x) = uj,(x), Bi = (Jj .,n,i\11j;,,,,)Í i,mi, Mi = q,, (i = 1, 2),

#I = 0, N2 = 0.5 and k = [In 2 n ll ]

(see 4.4.9 and 4.4.10), we obtain a v2 (x)EC for which

ILn~~(v25 x)I '
4k

	

if XEE2

where (with the above cast)

o

	

(B l U B2) -µ (E2) = p(Bl U B2)

	

2s„á ,
k+1

	

ml

Ilv211-#211rlll+Ilr2ll<2. At the next step, by r,= v2, BI =E2 , r2 =uj$ and B.,=
=(JJ,\h13)(1í1 we get the function v 3 (x)EC and the set E3 . Finally, the (s-l)-th
step gives the function Vs(X) de - w,(x)EC, the set E,aer W.-(_ 11 so that

(4 .51)

	

IL (w x)I -

	

17n`i
--

	

11n11

	

dee

Y

	

if xEW,
nli

	

1 ~

	

(4k)' -- '

	

(41n2 1111
llnnii

	

ni1
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where

(4.52)

	

Z µ[(J„\h;,) n hl-µ(W1)
2sS„, 1

	

26n11
i=1

	

mi

	

ml
because s<ln n1, . Further notice that 11 w,.11 -2. By definition y,,/- (e.g. yn»3y^)
and

(4.53)

	

µ[(D2,„1,\H2,,jni,m,]-µ(W1)= m1

if n11 >ni(m). (It is easy to see that the left hand sides of (4.52) and (4.53) are
the same .)

Now consider the polynomial 1 1 (x) for which IIX111--4 and > j (xkn) = wl (xkn)
(k=1, 2, . . ., n ; n=n11) . Clearly we can suppose n12 >deg ii i , too (compare
with 4.4.4) .

By this construction one successively obtains the polynomials ~i(x)=~1i(x)
and the sets Wi=W1i (i=1, 2, . . ., m 1 ), then generally the polynomials ~ ti (x)
and the sets Wti (i=1, 2, . . ., mt , t=1, 2, . . .) such that 110till :4, deg Y'ti<nt,i+i
(where nt,m,+1=-nt+i,O and
(4.54)

	

JLnet(O,j, x)I yntt if xEWti c Ii,.,

(4.55)

	

it[(D,, ,,\H2, nt) 0 Ii, mt] -µ(Wt,)
:

t
•

t
(If (D2, n t i\H2, nt) n li, mt = 0 then the corresponding Wti = 0 , further wti (x) _
=> a(x)=0.)

4.4.12. We can define the sequence (nj (satisfying all the requirements mentioned
above) such that

Consider t'l e function

P. ERDŐS AND P. VÉRTESI

yn,i

	

mt t3)nt, ;_1 .

h (x) _

	

21
	 2 Z	 Wri(x)

t=1 t
2M2 i=1

% nt,i-1

on the set

(4.56)

(where a-nlo=1 and

(4.57)
k 1t k t 1

By the method applied in 4 .4.5 we get
(4.58)

	

lim IL,(h, x)j_- if xEW.
n-. -

U U UW=

	

( Wti) .

Moreover it is easy to fulfil the condition Ilhll -!A . Now, using Lemma 4.5 for fQ EC
and the set Ge (see 4.4.8), further for hEC and W, we obtain as follows .

For arbitrary fixed Q ::-0 there exists a continuous function Fe(x), II Fj s 16
(if, e.g . [/31i /32]-[0, 1]) such that

(4.59)

	

lim ILn (Fe , x) I =- a . e. on Pe , µ(Pe) -- 2-e,

where PB =GQ U Wc(-1, 1] .
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Here the only thing we have to prove is that µ (PP) _- 2 - o . For this aim let us
see the definitions made in 4 .4.6 and 4.4.8 . We can write

M,GQU W=( U Gljl) U W=( U n U U R, U
j=1

	

j=lk=lt=ki=1

U (

	

U U Wti) _

	

U U [(U Itii ]) U Wri]
def

	

Vt% def

	

Qk
.

k=lt=ki=1

	

k=lt=ki=1 j=1

	

k=1 t=k

	

k=1

Indeed, by W= 03 and m' RED =A t; ,

Gan W= U GE'3 _{ U 5 U Atj}

	

U U Atj}
j=0

	

j=Ok=lt=k

	

1

	

k=It=kj=0

	

2
because xE{ . . .} S if and only if for a certain j there exist infinitely many t such

that xEAq (s=1,2) . Of course, { . . .}2= n Qk .)
k=1

Let us see the measure of [ . . .] for a good interval Ij , ., if n= nti .
The sets Rr/I (j=1, 2, . . .,pe) overlap (D1,na\Hl,ní,)nli, ., apart from a part

of measure not exceeding nmt1 (see (4.35)-(4 .37)) . Moreover, the sets of type
a) and b) from H1 ,,, t,nli ,,ní have the measure not exceeding E,„ t (2mt ) -1 altogether
(since i is good) ; the same is true for the parts of type c) (see 4.1.4 and 4.2) .

Further, by (4.55) the set Wti contains the set (D 2,nti\H2,nt;)nIi,ní excluding
a part of measure not exceeding E,ní (mt) -1 .

Using that D 1nD2 =0, H,CD 1 , H2cD2 and D,UD2=[-i, 1], by the
above considerations and (4.44) we can estimate as follows (Ii=li,,„) .

uQ . . .]) u((D,\Hl) n Ii) -
m

+u((D2\H2) n Ii) -m' _
t

2

	

1
= µ(Ii n (D1 U D2)\(Ii n H1)\(Ii n H2)) -

mt
--8" ?

mt
- mt (38,ní + o) .

By the construction and Lemma 4.3, the good intervals I j , ., are uniquely determined
by mt , i .e. by t whenever n=n,k (k=1, 2, . . ., MT ; T= t), its number is -m t -
-8mt E,nt . So we can write

tn t
1'u (V,) _ Zu([ . . .1) -- T it (I . . .]) (mt-8m,E,„t)

	

(2-3E„,t-O) _
mt

_ (1-8E,„í)(2-3E,nt-o) > 2-19E,„ á-o (t = 1, 2, . . .),

where Z' means that we consider only the good indices i ( t is fixed).
By this we obtain

u (Qk) = u (U V,) u(Vk) > 2 -19E,„, - O.
t=k

On the other hand, Q, D Q,D . . . from where, as it is well-known, y (Qk) --µ (PQ),
which gives µ (PQ) i2 - O .
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4.4.13 . Now we state the following

LEMMA 4 .7 . If 91, 92, . . . E C and hm g,,(x) _ on B, then for arbitrary fixed A,
n . o0

6 and M there exist the set HC B and the index N such that It (H) 6 ; moreover if
x E B\H then for a certain u(x) we have

(4 .60)

	

gn (x) (x) -- A where M = u (x) N.

Indeed, let

Ht ={x :xEB, gm +i(x)<A, i=0,1, . . .,t} (t=0,1, . . .) .

If for a certain t=s, µ(H,)--6, then we can choose N=M+s, because if xEB\HS
then with suitable u(x), M-u(x)-N, we obtain (4.60) . On the other hand, if

µ(H,) > 6 (t = 0, 1, . . .) then using H t -D H,+, we get y
l
U H,) -- 6 wick means that
t=0

for x E (~ H, C B, limg,(x) -- A holds, a contradiction .
r-o -

	

t °°

4.4.14 . Now we construct the function F(x). For this aim let mi= 4,,=1,
A,=2 and p,=2-1. By (4 .59) and the previous lemma we can find an f,EC,

16, the index nl and the set S,c [-1,1], µ(S,)--2-2Q, so that

x)~ ' A 1 > 13aN o whenever xESI (see 4.4.4) .

Generally, let Sk=2-k , Ak>kEANk-1 and choose Mk=Nk_ i f 1 . As above, we
obtain the polynomial (pk (x) of degree -Nk, 11(Pk1l--32, the set Sc[-1,I],
y(Sk) ~-- 2 - 2bk , and the index nk so that

ILnk(x)((Pk, x) l

	

Ak > k3ANk_1 if xESk

with mk -uk(x),nk (k=2,3, . . .) . Choosing Nk large enough compared to nk ,
we obtain, using the arguments of 4.4.4-4 .4.5, that for the continuous function

and for the set s= n n Si of measure 2
k=1i=k

lim IL,(F, x) l _

	

on S,n--
which is the statement of the theorem.
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