SOME RECENT PROGRESS ON EXTREMAL PROBLEMS IN GRAPH THEORY

P, Erdbs

Several survey papers have recently been published on problems
and results concerning extremal graph theory; at the end of the intro-
duction I zive a short list of some of these papers. In this paper, I
discuss some special problems which interested me in the last few years
and where some progress has been made towards the finma'® solution. I
will also restate a few older problems which perhaps wera neglected hut
which seem interesting and are perhaps not hopeless.
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1. Denote by G(k;l) a graph of k vertices and I edges. f(n;G)
is the smallest integer for which every G1 (n;f(n;C)) contains G as a
subgraph. Ck denotes a circuit of X edges. In this paragraph I dis-
cuss J“(n;Cq).

First, a few historical and personal remarks. As is well known,
the theory of extremal graphs really started when Turdn determined
f(n;kt) (kt is the complete graph of k vertices) and raised several
problems which showed the way to,further progrzss. In 1936 T needed

(the ¢'s will denote positive absolute constants)
%
(@))] frc,) < en

for the following number theoretic problem. Denote by i(x) the smallest
integer so that if 1= a, < ... <q ==z, k = h(x) is any sequence of
integers, then the products a_iaj cannot all be distinct. T proved (1)
without much difficulty and eventually deduced (w(x) denotes the number

of primes = x)

% %, .
n(x) + e x’® 3, <h(x) < n@) +ecxzy T
2 1/(103 z) 72 ? (log x} 2
I asked 4f {1} 15 bLest possible and Hiss
E. Klein proved
%
(2) f(n;Cq) > e 2

1 .
for every c2 );Tffiand n o> ”u(cﬂ)' Being struck by a curious blindness
and lack of imagination, I did not at that time extend the problem from
CL‘ to other graphs and thus missed founding an interesting and fruitful

new branch of graph theory. There is another curious fact about the



prehistory of this subject. After Turdn finished his paper I, he was
informed by Mr. Krausz that W. Mantel and W.A. Wythoff proved (Wishundige
Ungaven 10 (1907), 60-61) that every G(n;[%;]+-l) contains a triangle.

It seems certainly strange why they missed the obvious generalizations.

W. Brown and Rényi, V.T. S6s and I proved that
%
(3 finse) = (4 +o(n” .
Let 7lbe a prime or power of a prime. We in fact proved
(4) Fp+prLic) = 1a(p?+p) +p2 +1

and conjecture that there is equality in (3).

The best upper bound I can get for f(n;Ch) states:

3 12
(5) fric) = Yon 2+ T - (R +0lL)In 2 .

The proof of (5) is not difficult. Let G(n;l) be a graph not con-
taining a C,. Let v(:i)' 2=1,...,n be the valencies (or degrees) of
the virtues of cur graph. Since G(n;l) contains no C, we must have

n

6 1 W {2xi)Js (g] :

1=1
To prove (6) observe that if (6) does not hold there are two vertices,
say x, and Ty both joined to twc other vertices, say z, and z,, 1i.e.
¢(n;1) contains a C, which is impossible.
n
From f v(x.) = 2L and (6) we cbtain by an elementary inequality

e

111



or
@) =

and (7) easily implies (5).
(5) can probably be improved. If there is equality in (4)

we would expect that for every n

® sy s + 5= (F+ o).

There are two possibilities for improving (5). By the friendship
theorem we can not have equality in (6) and perhaps in (6), [;J can
in fact be replaced by (;] - en 1f we only consider graphs G(n;l)
with v(xi) <g' n?b- 1t is in fact easy to see that for our purpose
it suffices to consider such graphs, but I have not been able to
make any progress here, Further, observe that %% in peneral is not
an integer and in any case the extreme graph does not have to be
regular, but here too I got nowhere.

Using well known results on the distribution of primes, (4) and

(5) gives

fin:e

) - -37:3"2 + O{n%-c].

but even if we assume p
1+e

g T P ™ 0(n%) we only could get an error
. 13

term O(n

).



Reimann constructs a bipartite graph of n vertices and
(1+q(1))nj3/;J§ edges which contains no Ck. He shows that 1if
n= 2(q2+q+1) then his graph is in fact extremal.

Assume that G(n) contains no Ck and no Ca. Then perhaps

(e(G) is the number of edges of G).
max e(G(n)) = [-5175_ + o(1)]n3’§.

In a recent paper Bondy and Simonovits make a penetrating studv
of the G(n) which contain no Czk' but many unsolved problems remain.
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2. Denote by g the graph determined by the edges of a cube.

Simonovits and I proved that

W finig) < on’S.

It would be very interesting to decide if the exponent 3f5 in
(1) is best possible.
A theorem of Klindri, the Turéns, and myself states that (k(»r,s)

denotes the complete bipartite graph of r white and & black vertices)

(2) fonsk(r,m) < eln® T

W. Brown proved

Fn3k(3,3)) > cgns""‘.
It would be very desirable toc prove that the expoment in (2)

is best possible for every r and in fact to prove that
: P

. fonskir,py) = (2 o()n® 7,

As stated previcusly @, = % but nothing is kuown for r;}'Z.
Simonovits and I conjectured that for every bipartite graph ¢
there is an o,, 0 < a, < Z so that
G G
(4) f(H;G}/:1+nG > ey 0 < en < =

At first we thought rhat o, must be either ;];‘ or 2 - %, s B TR
¥ 3

but we disproved this conjecture and now we believe that a. is always
r



rational and to every rational a, 0 < a < 1 there is a ¢ with
a, = a.

(4) certainly no longer holds for hypergraphs. Denote by
G(r)tk.l) an r-graph of k vertices and I r—tuples. W. Brown,

V.T. S6s and I conjectured that
(5) Fn36(6,3)) = o(m)?

and in fact that

(6) fln;6(6,3)) <n’ "

Szemerédi proved (5) and Ruzsa disproved (6), thus (4) does

not hold for r-graphs. I recently conjectured that
Fn;6(k,k=3)) = o(n®)

holds for every fixed k if n + =,
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Colloq. Math. 3, (1954), 50-57.

The paper of Ruzsa and Szemerédil will appear in Discrete Mathematics.

W. Brown, P. Erdds and V.T. Sbs, On the existence of
triangulated spheres in 3-graphs and related problems,
Periodica Math. 3(1973), p. 227-228; see also Some extremal

problems on r-graphs, in New Directions in the Theory of Graphs,
ed., Frank Harary, Academic Press, 1973.



Some further extremal problems are stated in P. ErdHs, Some
unsolved problems in graph theory and combinatorial analysis, Com-
binatorial mathematics and its applications, Proc. Conference Oxford

1969 (Ed. D.J.A. Welsh), Acad. Press 1971, 97-109, see pp. 102-104.

3. Sauer and 1 asked the following question: Denote by f(n,k)
the smallest integer so that every G(n;f(n,k)) contains a regular
graph of valency k as a subgraph. Trivially f(n,2) = n and it was a
great surprise to us that we could get no satisfactory estimation even
for f(n,3). Our best upper bound is f(n,3) < m«w5 which follows from
(1) of the previous chapter. Chvatal observed that f(2n+3) > én.

His graph is defined as follows: Let the vertices of a Cz)1 be

(zl,...,zzn), Y, is joined to all the x and y, to the z

2k+1 2k’
k=1,...,n. y is joined to all the x's. This is our best lower
bound!

One of the difficulties of the problem may be that there are too
many regular graphs of valency three, and it is therefore difficult to
consider the class of all of them. Perhaps the following question i1
simpler: Denote by A(n) the smallest integer for which every G(n;4(n))
contains for some k a CEA where x; and X4k are joined by an edge for

; ¥
every ¢ = 1,...,k. Clearly f(n,3) 2 A(n) and A(n) < en 3 since X(3,3)

is one of our graphs (for Xk = 3)., We have no satisfactory upper or



lower bound for A(n). I expect A(n) < ntte for every € > 0 and

n > n0(e), but perhaps A(n)/n + =,
An older conjecture of Sauer and Berge states that every regular

graph of valency four contains a regular subgraph of valency three.

Chvatal just stated the following more general conjecture:
Let g be a graph every vertex of which has valency 2 4.

Then g contains a regular subgraph of valency three.

Szemerédi recently posed the following problem: Denote by F(n,k)
the smallest integer for which every G(n;F(n,k)) contains a spanned
regular subgraph of valency k. Clearly F(n,k) = f(n,k). We have no
satisfactory lower bound for F(n,k) and know nothing better than
Chvatals F(2n+3,3) = f(2n+3,3) 2 6n.

I proved F(n,3) < cln$§. More precisely I showed: There is an

5
absolute constant ¢; so that every G(n;[cln G]) either contains a X,

or a spanned X(3,3) (i.e. G contains a graph of 6 vertices E1aT,0 %55

414,44, where z is joined to xj,l £, J £ 3 but no two ='s or y's
are joined in &).
To prove our theorem first observe that by using Theorem 1 of our

paper with Simonovits quoted in 2. it follows that without loss of

generality we can assume that our graph has a subgraph G(m) of m ver-

P2
%ﬁs, each vertex of which has valency > e,m 3 where

tices, m > e_n 3

2
ey = ca(cl) is large if e is large.
if 4(m) contalns a Kh our theorem is proved. If it does not
contain a Kh then by a theorem of Szekeres and myself it-°contains an
1 . = !3
independent set of [m °] points xl,...,xl, I =[m3). Let L PR

be the other vertices of our G(m). Denote by U(xi) the valency of z;



2
in G(m), as stated v(a:;.r) > cam/’. Thus each z., 1<iclis

joined to more than C3m2/3xj'5:1 < J §m. For sufficliently large

e, we obtain by a simple computation

1 (v(z.) [e m%]
L5057 o).

=1
Thus from (1) we obtain that there are three :c_’."s, say :,'1, R

2 3

which are joined to xl+j' 1 <j £ 6. The graph spanned by 'r?.+j’

1 £ F ¢ 6 cannot contain a triangle since then x, and this triangle

1

would be a K:'. Thus it contains an independent triangle, say T

& But then since :.':1, ::2, :::3 are independent by assumption

2 Trea”
{:c.'l,:c2 o T ,a:E} span a K(3,3) in G(m) and in G(n), which completes
our proof.

P. Erd¥s and G. Szekeres, A combinatorial problem in geometry,

Compositio Math. 2(1935), 463-470.

4, In this final chapter I state some recent extremal problems
and results on somewhat unconventional problems. Let G(m) be an
r-partite graph having n vertices of each color. Bollobds, Szemerédi
and I conjectured that if each vertex has valency 3 (r - %}n then our
graph contains a K{r). We know that » - 9— cannot be replaced by

2

r - % - ¢ but we cannot prove it even if pr - -g- is replaced by r - 1 - e,

Qur paper on this and related questions will appear in Discrete

Mathematics.



Let G(n;e) be a graph of n vertices and ¢ edges. Bollobds and
2

I conjecture that if e 2 53— then our graph contains a triangle

{z]l »T, ,:3} with

(1) v(xl) -+ v(xz) + v(za) > % > 21,
w2
We showed that (1) does not hold for e < 3 We observed that every

G(n;e) has an edge (xl ,a:z) with

4e
(2) v{xl) - v(:cz) 3=

(2) follows by a simple averaging process. It seems impossible to
prove (1) by the same method.
2
I proved that every G(n;[g—ﬁ +1 has an edge, say (xl,x\) with
‘

2z en other vertices which are joined to both x, and z,, 1.e. the

1
edge (x,,x,) is on at least cn triangles. Bollobds and I cbserved
that e ¢ % and we could not decide whether ¢ = % .

Nordhaus and Stewart conjectured that every G(::;[n2{£1+k) contains
at least -&—;—k triangles. Bollobds recently proved this conjecture.

Pc;sa proved that for n 2 4, every G(n;2n~3) contalns a circuit
with a diagonal and observed that 2mn-3 is best possible.

Denote by r(n;k)} the smallest integer for which every Gln;r(n;k))
has a circuit CZ with a vertex which has at least k-1 diagonals (i.e.

which is joined to at least k+1 other vertices of our C The prob-

b)'

lem makes sense only for n > k+2 and it is easy to see that



r(k+2,k) = [k;?'] - l?—j‘gl I conjectured that for n > rlo(k)
r(n;k) = k(n-%) + 1. The bipartite graph of k shite and n-% black
vertices shows that this conjecture, if true, is best possible.

First I thought that nn{k) = 2k (this is true for k = 3), but Lewin

showed that it is false for large k. Posa proved (unpublished) that
every g(n;[kn]) contains a circuit with at least ckz diagonals.

Let f;(n) be the smallest integer for which every G(n;fr(n))
contains a Kr' Is there a constant cr so that every G(n;f;(n)) has
a vertex &, of valency m > en so that the graph spanned by its star
has at least f}_l(m) edges? (The star of the vertex is the set of
vertices joined to it.) If true this would be a nice generalization
of Turdn's theorem. The first interesting case is r = 4 and I could
not settle this case.

Let G be a bipartite graph of n vertices with [?12/3] black and
n - [ngé} white vertices. Is it true that if the number of edges
is greater than en cthen our graph contains a {;6? It is easy to see
that it contains a Ca.

Finally 1 state an old conjecture of Hajnal and myself: Consider
a G(n;[kn]) and lec 3 ¢ P <P, S <r €7 be the set of intepers

r for which our G(n;[kn!} contains a CP' Determine or estimate
nin E "--l
r.
i

where the minimum is extended over all G(n;[kn]). It seems likely
that the minimum fs (% + o(1)) log k but we could not even prove that

it rends to lnfinity as % tends to infinity (independently of 7).
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