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MAXIMAL ASYMPTOTIC NONBASES 
PAUL ERDiiS AND MELVYN B. NATHANSON 

ABSTRACT. Let A be a set of nonnegative integers. If all but a finite 
number of positive integers can be written as a sum of h elements of A, 
then A is an asymptotic basis of order h. Otherwise, A is an asymptotic 
nonbasis of order h. A class of maximal asymptotic nonbases is constructed, 
and it is proved that any asymptotic nonbasis of order 2 that satisfies a cer- 
tain finiteness condition is a subset of a maximal asymptotic nonbasis of or- 

der 2. 

Let A be a~ set of nonnegative integers containing 0. The h-fold sum of 

A, denoted hA, is the set of all sums of h not necessarily distinct elements 

of A. If hA contains all but a finite number of positive integers, then A is 

an asymptotic basis o/ order h. The set A is a minimal asymptotic basis of 

order h if A is an asymptotic basis of order h, but A\{a] is not an asymp- 

totic basis of order h for every a E A. Examples of minimal asymptotic bases 

were constructed in [l], and also an example of an asymptotic basis which 

contains no subset that is a minimal asymptotic basis. 

The set A is an asymptotic nonbasis of order h if A is not an asymp- 

totic basis of order h. If A is an asymptotic nonbasis of order h, but Auln\ ’ 

is an asymptotic basis of order h for every nonnegative integer a $ A, then 

A is a maximal asymptotic nonbasis o/ order h. Maximal asymptotic nonbases 

were constructed in [1] by taking finite unions of the nonnegative parts of 

congruence classes. In this paper we construct a new class of maximal asymp- 

totic nonbases that are not unions of congruence classes, and we prove that 

every asymptotic nonbasis of order 2 that satisfies a certain finiteness con- 

dition is a subset of a maximal asymptotic nonbasis of order 2. We do not 

know whether every asymptotic nonbasis is a subset of a maximal asymptotic 

nonbasis, nor whether there exist maximal asymptotic nonbases with zero 

density. 

Let [a, b] denote the set of integers n such that a 5 n ( b. 
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Theorem 1. Let h 2 2, and let n 1 < n2 < l l 8 be atf increasing sequence 

o/positive integers such thaf h’n, + 2h 5 nt+l. Let 

Then there exists a maximd asymptotic nanbasis A* of order h such that 

A CA* and hA = hA*. 

Proof, We shall construct an increasing sequence A = A, C A 1 C A, Cq.. 

of asymptotic nonbases of order h and two increasing sequences of positive 

integers ml < m2 < a l m and q1 < q2 < l a. such that 

(i) ml<m2<.~. < rnk are the k smallest integers not in A,; 

(ii) A, u !rn,l is an asymptotic basis of order h; 

(iii) hA, = hA for all k; and 

(iv) qi # (h - ])A, for all j E[I, k]. 

Let A*= UrzO A,. Clearly, hA C hAYI, since A = A, CA*. If n E hA*, then 

n E hA, for some k, and so II E hA by (iii). Therefore, hA*= hA, and A* is 

an asymptotic nonbasis of order A. Let m If A*. Then m 2 mk for some k, 

and m 4 Ak. It follows from (i) that m = mi for some j ~[l, K], and from (ii) 

that A* u {ml is an asymptotic basis of order h. Therefore, A* is a maximal 

asymptotic nonbasis of order h such that hA = hA*. 

We construct the sequences {Akf, {m,l, and {qk3 inductively. Clearly, 

hA consists of all nonnegative integers except those of the form hn, + 1. Let 

m 1 be the largest positive integer such that (h - l)(A u [O, ml - 11) = (h- l)A. 

Then (h - 1)A 5 (h - l)(A U [O, ml]>. Let A; = A u [O, ml - I], and choose 

an integer q1 in 

(h - INA’, u b+\(h - 1)A; - (h - l)(A u [O, mJ)\(h - 1)A. 

Let 

5, = (Afit + 1 - ql(hn, t 1 - q1 > max(nt, ml, ql)j 

and let A, = Ai u 5,. Since [O, mt - 11 CA; C A, and ml j! B,, it follows 

that ml is the smallest positive integer not in A 1. If hn, + 1 E hA 1, then 

hn, + I is the sum of h elements of A,, and at least one of these summands 

must be in the interval [nt + 1, hn, + 11. But there is at most one element of 

A 1 in this interval, namely, hn, + 1 - ql, hence hn, + 1 - q1 must be one of 

the h summands of hn, + 1. Then the sum of the h - 1 remaining summands 

must be ql. Since all elements of B, are greater than qf, these summands 

are all elements of A;. But q1 4 (h - ])A;. Therefore, hn, + 1 # hA,, and 

so hA = hA,. But 
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q1 E (b - NA; u lm,D C (b - l)(AI u 1mJ), 

and so A I u {rn, i is an asymptotic basis of order h. Therefore, the integers 

ml and q1 and the asymptotic nonbasis A I satisfy conditions (i)-(iv). 

Now suppose that integers ml <. m. < rnkWl and q1 <. * l < qhml and 

asymptotic nonbases A = A, C A 1 C 9. s C A,-, satisfy conditions (i)-(iv). 

If (h - l)(AkW1 u {mQ,t + 11) 4 (h - l)AkMl, let mk = rnk,I + 1. Otherwise, 

let mk be the largest integer such that mk > rnkml and 

(h - l)(Ak- 1 u Lm,- 1 + 1, mk - 11) = (h - 1)A k- 1’ 

Let AL = A,- r U [mk- 1 + 1, mk - 11. Then (h - l)Ak 1 = (h - l)Ai 6 

(A - l)(Ak U lrnk!). Choose an integer qk in (h - l)(A;! J {rnkr)\(h - l)Ai,and let 

Sk = Ibn, + l- qkjhn, - qk > max(nt, mkl ql, m**, qit))o 

NOW let A, = A; u 8,. Since A,\A,-, consists of integers all greater 

than mk-lt and since [rnkwl + 1, mk- l] CA; CAk, it follows that ml < .. 0 

< mkml < mk are the K smallest integers not in A,. If hn, + 1 E hA,, then 

hn, + 1 is the sum of h elements of Ak, at least one of which must be in the 

interval [nt + 1, hn, + 11. But the only such elements of A, are of the form 

hn, + 1 - qi for j E [l, k]. Since the elements of Bk are all larger than every 

qj, it follows that qj E (h - 1)Ai for some i ~[l, kl, But qk # (h - l)A;, 
and, since (h - 1)A; = (h - 1)A,-,, also qj k (h - 1)A; for j e[l, k, - 11. 

Therefore, hn, + 1 4 hA,, and so hA, = hA. But qk E (h - l)(A; u {rn,!) C 

(h - l)(Ak u {m,l), and so A, U bn,l is an asymptotic basis of order h. 

Thus, the integers mk and qk and the set A, satisfy conditions (i)-(iv). 

This completes the induction. 

Remark. Since A contains arbitrarily long sequences of consecutive in- 

tegers, and A C A*, the maximal asymptotic nonbasis A* is not a finite union 

of the nonnegative parts of congruence classes. 

Theorem 2. Let A be an asymptotic nonbasis of order h such that AUF 

is an asymptotic nonbasis of order h for any finite set F of nonnegative in- 

tegers. Then A CA*, where A* is an asymptotic nonbasis of order h such 

that, for every integer x { (h - l)A* , the set A* u {xl is un usymptotic basis 

of order h. 

Proof. We shall construct a sequence A = A, C A 1 C A, C . . . of asymp- 

totic nonbases of order h, and an increasing sequence of positive integers 

n 1 < n2 < l l . such that 

(3 Ak\Akmi is a finite set of positive integers all larger than nRel; 
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(ii) 111 < 7z2 < w  l . < nk are the & smallest integers not in hAk; and 

(iii)if O<x<~~/2 and x$(h-l)Ak, then nit-xeAk. 

Let A*= (Jy=.,AC. By (i) and (ii), the set hA* does not contain the numbers 

n1,n2,*~‘,andsoA * is an asymptotic nonbasis of order h. If x 4 (h - l)A*, 

then x k (h - I)A, for all K. Choose nh > 2~. Then nk - x EAT C A* by 

(iii), and so nk E 2(A* u {xl) C h(A* u {xl), since 0 E A CA*. Therefore, 

A* u {xi is an asymptotic basis of order h for every positive integer x 4 

(h - l)A*, 

We construct the sequences IA,1 and in,1 inductively. Suppose that 

integers Pl < . . . < flkSl and asymptotic nonbases A = A, C A 1 C 9 l l C A,-, 

satisfy conditions (i)-(iii). Let A; = A,_, u [nk:_* + I, 2n,-,I. By (i), 

A;\A is finite, and so the set A; is an asymptotic nonbasis of order h. Let 

nk be the smallest integer such that nk > nkSl and nk # hA;. Then nk > 

211, 1. Let F, be a maximal subset of the interval [nk/2, n,] such that 

nk 2 h(A; u F& Let A, = A; u Fk. Clearly, the set Ak satisfies condi- 

tions (i) and (ii). If 0 < x < nk/2 and x J! (h - l)A,, then rzL - x E [ng/2, R& 

and so F, w  in, - xl C [nk/2, nJ and nk. $ h(AL u F, u bz, - xi). It follows 

from the maximality of F, that nk - x E F, C A,. Therefore, A, satisfies 

condition (iii), and the induction is compiete. 

Corollary. Let A be an asymptotic nonbasis of order 2 such that A u F 

is at2 asymptotic nonbasis of order 2 for every finite set F of nonnegative in- 

tegers. Then A is a subset of a maximal asymptotic nonbasis of order 2. 

Remark. The Corollary suggests the following problem. If A is m asymp- 

totic basis of order 2 such that A\ F is also an asymptotic basis of order 2 

for every finite subset F of A, then does A contain a subset that is a mini- 

mal asymptotic basis of order 2? 
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