CONSECUTIVE INTEGERS

hy P. Erdos

Very recently two old problems on consecutive integers
were settled, Catalan conjectured that 8 and 9 are the only
consecutive powers, First of all observe that four consec-
utive integers cannot a&ll be powers since ane of them is
congruent to 2 modulo 4., It is considerably more difficult
to prove that three consecutive integers can not all be
powers; this was accomplished about twenty years apgo by
Cagsels and Makowski, Finally in 1974 using some deep
results of Baker, Tijdeman proved that there is anmn
whose value can be given explicitly, such that for n » nn
n and n+l are pot both powers. This settles Catalan's
conjecture nearly completely, and there is little doubt
that it will be s=ettled in full soon, It has been conjectured
that if xlsxzcxj... is a sequence of consecutive powers,

:I- 1.32-4,... then Xygq = %y 2 1% for all 1 and some
absolute constant c.At the moment this seems intractable,
{(The paper of Tijdemsn will appear in Acta Arithmetica.)

It was conjectured more than a century ago that the
product of consecutive integers is never a power, Almost
40 years ago, Ripge and I proved that the product of
congecutive integers is never a square, and recently
Selfridge and I proved the general conjecture, In fact, our
result is, that for every k and 1 there iz a‘prlme P>k

&0 that if
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¥e conjecture that in fact for all k » 2 there is &



prime p » k with o i= 1, but this is also intractable
at the moment.

It often happens in number theory that every new result
Fugsests many new questions = which is a good thing as it
engures that the supply of Mathematics is inexhaustible!

T would now turn to discuss a fow more problems and
results on consecutive integers and in particular a simple
conjecture of mine which is more than 25 years old,

Put

o=y (m)by(m),

lttn) = fp /3
where the product extends over all the primes p > k and
r® || m. Further define

f{n;k,1) = min{a (n+1)|32121}

Fik,1) = max{f{njk,1}|1snz=},

1 conjecturmd that

1) 1im F(k,k)/k = 0

.

In other words, iz it true that for every « there is
& k, much that for every kzk, at least one of the integers
‘1‘“*1]- i=1,...,1, 18 less than k:. 1 am unable to prove
thie but will outline the proof of
2) F(k,k) ¢« (1+c)k for k» kntcj.

To prove (2) consider
3) Atn, k) --iftlin+1>
where in (3) the tllde indicates that for every p < k we
omit one of the integers n+i divisible by a maximal
power of p. Then the product ilt(h+i) has at least k-=(k)
factors and by a simple appilication of the Legendre formula
for the factorisatiom of k! we obtain

43 Ilttnfi} | it .



If (2) did not hold, we have from (4) and Stirling'm

formaul
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or g (k)+1 h“p[k}(ii-;_]l"(h‘}

Now, by the prime number theorem,

w(k) « (1+c/10)k
[T

and so from (5),
Kt ((10e/10)—ytp 41] >
> exn(k). (106 + (k—rBg)

which is false if k is large enough; and this contradiction
proves (2],

Assume for the moment that (1) has been proved, Then
one can lemediately ask for the true order of magnitude
of Fik,k). I expect that it is o(k®) for evary e>0. On

the other hand, I can prove that

8) Fik,k) » anc,lgiflluI;ﬁ§§fk1]
o log

The problem of estimating F(k,k) and the proof of (6)
is connected with the following question on the selve of
Eratosthenes-Prim-Selberg ! determine or estimate the sm
smalleat integer A(k) so that ome can find, for every p
with A(k) £ p <k, a residue “F such that for every integer
t « k, t satisfies one of the comgrusnces to u, modulo p.
Clearly F(k,k) i A(k). Using the method of Rankin-Chen
and mymelf [ proved
T A(k) » exp(ec.log(k)logloglog(k)/log(k))
which implies 6. I do not give the proofs here. It would be
interenting and useful to prove A(k) « k® for evary c»>0
and sufficiently large k.

Now, I shall say a few words about Fi(k,1) for k ¢ 1.
It follows easily from the Chinese Remainder Theorem that



for 1 « w(k) we have F(k,1) = =, since for a suitahle n,
we can make n+i, 1 < 1 < w(k) divisible by an arbitrarily
large power of Py It is easy to see that this no longer
holds for 1 = s(k)+]1 and in fact it i® not hard to prove
that

P(K, 5 (K)+1) = 1p "
where pup 2 w(k) « ﬂp+1 :
As 1 imcreases it getm much harder to even estimate F(k,1).
Mzny more problems can be formaulated which I leave to the
reader and only state one which is quite fundamental:

Determine or estimate the lemst 1 = 1, so that F(k,1 )=1,

In other words, the least ]k mo that among 1& CONEes-
utive integers there is always one relatively prime to the
primen less than k, This question im of course connected
with the problem of sstimating the differnce of consecutive
primesa and alec with the following problem of Jacobsthal:
Depote by g(m) the least integer mo that any set of gim)
consecutive integers contains one which is relatively prime
to m. At the recent mesting on Number Theory in Oberwolfzch
(Nov,'75) Kanold gave an interesting talk on g(m) and the
paper will appear soon. Vaughan observed that the selive
of Rosser gives g(m) <« (log{m))+(2+c) for all ¢ > 0 If m
is sufficiently large. The true order of magnitude is not
known.

It meams to me that interesting and difficult problems
ramain for 1 ¢ »{k) too, Here we have to consider the
dependence on ; too, It is not hard to show that for avery
e>0 there are infinitley many values of n for which
8) f(n;k,1) > (1=e)4n .

The proof of (8) uses some elamtry facts of Diophantine

approximation and the Chinese Remainder Theorem, We do not



give the details. I do not know how much (B) can be improved,
By r deep theorem of Mahler, using the p=adic Thue-Siegel
Theorem, f{n;k,1) = nt(e+l1/1). It is quite possihle that

) 1im sup f£{n:k,1)/n = =,

peam

Interesting problems can also bhe raiged if k tends to
infinity with n; a.g. how large can f(n;k,=x(k)) become if
k = (1+a{1))log({n)} ? It seems to be difficult to write =
really short note on the subject since new problems occur
while one is writing!

1t would be of some interest to know how many of the
integers nk{n+i} must be different. 1 expect that more than
c.k are. If this is proved one of course must determine
the best possible value of c.

Denote by K{1) the greatest integper helow 1 composed
entirely of primes below k. Trivially

10} min max a(
n i

n+i) = K{l1)

To prove (10) observe that on the one hand any skt of 1
consecutive integers contains n multiple of K(1)}, on the
other that if 21 divides t, then the integers t!+1,...,tl+]l
clearly satisfy (10), when n=0, More generally, try to
characterise the set of n which setisy (10). To simplify

matters, let k=l znd denote n,. as the smallest positive

k
integer with max, 1k(n+i} = k, 5 a8 the class of all
integers n such that this is true, If p *p is the greatest

power of p not exceeding k then

a_ +1
np Pt 5

psk ¥
Perhaps I am overlooking an obvious explicit construction
for n, but at the moment I do not even have good upper or
lower hounds for it. Whem is k! in 8, , The smallest such
kE is B end T do not know if there are infinitely many such

k's. By Wilson's theorem, p! is never in Hp.



To complete this note, I state throe more extremal
problems in numbar theory., Put
n*

al = LU RoZh IAvyigs

Determine IIIII!}. It Inllu:s easily from Stirling's
formuia that ll does not exceed (nfe)(l=c/log(n)), I
conjectured that for every n>0 and suffciently large n,
max 11 excesds (l-n)nfe .

Put

nl = nhl. 1<by<bg<, ichy<n
Determine or estimate min k .

Clearly k exceeds n - n/log(n) and by more complicated

methods I can prove

k=n - (1*e(1))n/logi{n)

k > B = n{log(n)+c)/(log(n))?
where ¢ is n positive absolute constant,

Put
11) nl = Fug, uguge. ..Uy
Determine or estimate min u, - k is ot fixed. It is not
hard to prove that y less than Zn ham only & finite number
of solutions. | only know of two:

6! = §.9.10
and 14! = 16,21.22.24.25.26,27.28 .
It would be difficult to deterimne all the sclutions,
although Vaughan has just found some more -
31 = &
8l = 12.14.15.186
11! = 15,16,18,20,21.22
15! = 16.18.20.21.22.25.26.27.28
and this is all up to 15, Vaughan also tells me
401 = 42,44.45,48.49,80,51.52,54.55.56.57.

.58 .50,80,62.63,.64,.65.66.68,89.73.74.80



	page 1
	page 2
	page 3
	page 4
	page 5
	page 6

