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In this paper we investigate edge decomposition and
imbedding of graphs. In a previous paper (1) we investigated
vertex and edge decompositions of graphs, we solved nearly all the
problems on vertex decomposition but left most of the problems on
edge decompositions open. First we introduce some notation, we
found it convenient to use slightly different notations in (1).
alg) denotes the cardinal number of the vertices of g. Ku is the
complete graph of « vertices, B8(g) is the smallest cardinal number
for which g does not contain a I{B. Cn is & circuit of n vertices,
let g be a graph. A sequence GE’ 0 £ E <y is said to be an edge
decomposition of type y if every edge of g belongs to one and
only one of the gE'S.

(51' a)—>(g,, Y) means that every g with alg) =«
which does not contain a subgraph isomorphic to 8; has an edge
decomposition X of type ¥y where no gs contains a subgraph
isamorphic te 8,. In (1) we usually assumed &, = Kys 8y = Ko

g-—-—--)(gg)fr means that for every edge decomposition gu,
o £a<y of g of type y for at least one a < v, 8:: contains
a subgraph isomorphic B Thus K;—’(Kw, i{m)'2 is a restatement of

the well known theorem of Ramsey.

In (1) we proved (among others) the following theorem,

Assume G,.C,H, {generalized hypothesis of the continuur'then

{p % o) (Km, mPﬂH—’(Kn' wp) for every n < w.
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We could not decide whether (Ku}' mi)—-—)(Kn, w) is true
for i =2 ori=3 and for same 3 £ n < w, (Km’ “‘I}‘__"(Kn’ w)
is true for every 3 < n < w since according to an old result of
Erdos and Tukey Km is the union of w trees.

One gets :rery interesting unsolved problems for edge
decomposition of finite graphs. Denote by flk,1, r),

k 243 L, r 2 2, the smallest integer (if it exists) for which

(Kk, f(x, L, r)—l_){xj, r). In other words f(k, A, r) is the
smallest integer for which there is a graph of f(k,f , r} vertices
which does not contain a Kk but if we color its edges by r colors
at least one of the colors contains a KX- e We conjectured that
flk,£ , r) exists for every k 24 2 4, r 3 2.

(7, 4, 2) = 6 1is well known and easy to see. Tosa
proved that f£(5, 4, 2) exists (1) but he did not determine its
value. GCraham (7) proved f£(6, 4, 2) = 8, Finally Folkman (§)
proved that f(k, k, 2) exists for every k 2z 4, but his proof
probably gives a very poor upper bound for f(k, k, 2). Folkman
probably had a proof that f(k,k,B) exists, The general case is open.,

The prineipal lemma of Folkman is the following theorem
which is of great interest in itself: For each positive integer n
and each finite graph G there is a finite graph H(N, ) satisfying
8(G) = 8(H (W, G)) and if the vertices of G are partitioned into
n disjoint sets C;, ...,Cn then for seme i,1 £ i &£n there is
aset S Ci such that the subgraph of H(N, G} spanned by S5 is
isomorohic to G.

It would be interesting to tiry to extend this theorem to

infinite graphs G and when n can be any infinite cardinal number.
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the proof of Folkman is by induction with respect to n and probably
would have to be modified to work in this case,

It is quite possible that for every infinite cardinal

m
number f(k, k, m} = 2 g .

Before we leave this subject we make the following
remark: Assume that there is a A—>(A, 3)':E but J\—'—)(I\. ’4-)2
(—> here denctes the usual arrow symbol of Erdds and Rado (2) and
3 is any ordinal or order type). Let g be the graph whose vertices
form a set of type X and which does not contain a K, and which
does not contain an independent set of type X, Using A— (A, 3)2
we obtain by a simple argument (the details of which we leave to the
reader) that if we color the edges of g by n colors (n < w) then
cne of the colors contains a triangle., It then easily follows by
well known arguments that g has a finite subgraph with the same
property, or f(4, 4, n) exists for every n.

The only trouble with this argument is that it is quite
possible that such a ) does not exist. Recently Chang proved
oy, 3}2. uw—)[usw, h)z is still open but Chang believes
that it probably holds.

Galvin asked us in a letter if
(1) (C3, n)4—(cCs, 2)
holds for some n. We showed that for every k and X there is a
smallest integer g(k,£ ) such that
(2) O Y VU
but we did not even determine g(2, 2). We will outline the proof

of (1) and (2) later,
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Galvin also raised the following interesting question:

A class of graphs has the G-R (Galvin-Ramsey (this terminology is
due to us)) property if for every graph g, of the class there is
a graph &, of the class so that &;—3(8&;, 8;). The class has
the unrestricted G-R property if for every &; of the elass and to
every Yy there is a £, of the class so that gz__)(gI}Y.
(32_)(31}Y is a shorthend notation for g,— (g, g,---),
written y +times in the bracket). Ramsey's theorem and its
generalizations show that the class of all finite graphs has the

G-R property and the class of all graphs has the unrestricted G-R
property. Galvin in particular asked whether the class of all
finite graphs not containing a triangle has the G-R property, (2}.

We cannot at present answer this question, but we will give some
classes of graphs which have the G=R property.

First of all it is known that the class of all finite
bipartite graphs have the G-R property and the class of all
bipartite graphs has the unrestricted G=R property. Trivially the
star has the G=R property.

To get new non-trivial classes of graphs having the G-R
property we define some graphs which we considered in previous
papers (3). Let X be an ordinal number, the graph g, is de=
fined as follows: The wvertices of g‘\ are the pairs of ordinals
(ay B),05 a<B <A, Two vertices (a, B) and (y, &) are jJoined if
a<f=y<§8, Clearly gl contains no triangles but it contains a

pentagon for every A 2 4, First we show

(3) g&—-)(sw. sw}.
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To prove (3) observe that the splitting of the edges of
8, into two classes corresponds to the splitting of the triangles
{(a, by e}, 2 <b <ec <& into two classes, Ramsey's theorem now
implies that there is an infinite sequence &; < -+« all whose
triplets are in the same class. This proves (3). The same proof
gives that for every k there is an n such that
(L) EE"—"(gk’ g ).

(3) and (4) immediately implies that the class of finite
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graphs (and the class of all graphs) imbeddsble in g, have property

G=-R. Also (4) immediately implies (1).

Assuming G,.C.H. the above proof gives, using the results
of (4), that for everyv B and y there is an a such that
(5) 5&"_"(53)y‘
(5) clearly implies that the class of graphs which can be imbedded
into some gu has the unrestricted G-R property.

Another theorem of () states
(6) wa+3—-)(w)w:
and from (6) we obtain g”u " 3.___)(gw)wu. Thus the same argument
which we used in the proof (1) gives

(1 (03,@a+ 3)-'_)(cs,wu)

We cannot decide whether

(8) (C3l ‘M‘u + 2)-'——’(051 u{l)
holds., In fact (B8) is open even for a = o, In (4) we showed
3
W i-'-_,{h)%
thus (8) cannot be proved by this method,
Define the graphs §, (introduced by Specker (7)) as
follows: The vertices of ":‘.ﬂ are the triplets of ordinals
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(a, B, ¥), @ < B <y <n, (e, 8, y) and (a}, 8} v') are joined if
B <a' <y < B\ It is easy to see that S.,? contains no triangles
and the method which proved (3) gives Sm__,(Sm. Sw). Thus the
elass of the finite graphs (and the class of all graphs)imbeddable
in Sw has the G=R property and the class of graphs imbeddable in
S,, for some m has the unrestricted G-R property.

In (3) we considered various graphs related to g,  and
Su. In this way we obtain several other classes of graphs which have
the G-R property, respectively the unrestricted G-R property, also
with the help of these graphs we can prove (2). We supress the
details.

It does not seem easy to characterise those finite graphs
which can be imbedded into Sw or g . It is easy to see that if g
can be imbedded in Sw or g, we must have 8(g) = 3, but not every
finite graph with B(g) = 3 (i.e. not containing a triangle) can be
imbedded into Sw or g . The simplest graph with B8{g) = 3 and not
imbeddable in gw has the vertices X;, X5, X33 ¥1» ¥p» ¥33 Ze
z is joined to x5 and y;, %3 &nd y; are not joined but all other
B edges [xi, yJ_) oeeur in our graph. This graph can easily be
imbedded in Sw. To show that there are finite graphs with
g (g) = 3 which cannot be imbedded in Sm we cbserve that it is
not hard to show that the chromatic number of every subgraph
g of §, with alg) ¢ n is less than (log n)e and it is known
(5) that there are graphs with 8(g) = 3, olg) =n whose chromatic
number is greater than n %€ 4o have not determined the smallest
a(g) with B(g) = 3, not imbeddsble in § . Finally it is easy to

see that gm can be imbedded inteo Sw.
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It would be interesting to find a graph g satisfying
(9) 8lg) = 3, alg) = w
so that every graph which satisfies (9) can be imbedded into g. It
is not clear if such a g exists, It is easy to see that there is
a g satisfying (9) into which every g with B (g) = 3,alg) < w can be
imbedded, it would be wvery useful to have a simple construction for
such a graph, it seems doubtful if this is possible,

Define the graph T_ (a) as follows: The vertices of
Tr {a) are r-tuples of ordinals (tl,'-v,tr), 0§t <o, i,
(t;, **+,t.) and (t;4 +++ ') are joined if there are two indices
i and J, lgigr; 1gJgr sothat ti<t;_ and t;>t.
It easily follows from Ramsey's theorem that B(Tr(aJ) = w. Tz{u)
has been extensively studied in (1), It is not hard to prove that
the graphs imbeddsble in some Tr(a) (r fixed a wvariable) have
the unrestricted G=-R property. At first we thought that perhaps
every graph g with B{g) = w can be imbedded into some T,(a), but
Galvin showed that g, camnot be imbedded into any Tr(u]. Assume

that gy could be imbedded into Tr(l:x). This would imply that

the edges of g are split into r(r-1) classes where two edges
belong to the same class if in the imbedding the same pair
(i, 3) (in ti < t; t; > tJ) corresponds to them, From (3) we
obtain that there is a whole g, all whose edges are in the same
class and this would imply an infinite descending sequence of ordinal
numbers = an evident contradiction,

We do not know whether all the graphs which can be imbedded
into some Tr(a) can also be imbedded into same T,(a'), Also we

do not know if the class of graphs with 5{3}2 =y form a G=R

elass or an unrestricted G-E class,




122 Annals New York Academy of Sciences

let g be any graph, x a vertex of g, ¥ys Yps *** the
vertices joined to x, g(x) is the subgraph of g spanned by
T e We define by transfinite induetion for every o 3> 0 the
class of graphs of rark a. The graphs of ratk 0O are the finite
graphs, The graphs of ramk one are the graphs each vertex of which
has finite wvalency. #Assume that we have defined for every B < a
the graphs of rank B, The graphs of rank a are the graphs g such
that for every vertex x of g, g{x) has rank B (x) < a.

We can prove that B (g) = w if and only if g has rank
a for some ordinal a, We supress the details,

It would be interesting to decide whether the class of
graphs not containing a rectangle has the G-R property. In (1) it is
proved that every graph which contains no rectangle has an edge
decomposition into countably many trees, thus this class certainly
does not have the unrestricted G-R property. We have not found any
non=trivial class of graphs which has the G=R property but does not
have thé unrestricted G-R property.

let g; be eny finite graph. Does the class of graphs
which do not have a subgraph iscmorphic to g; have the G=R
property? If the answer is affirmative then for every g, which
does not contain g, as a subgraph and for every sufficiently large
n (g, n)4— (82, 2).

Many generalizations of all these questions are possible
but we leave these for the reader, we just state for the time being
one more problem:

It would be of interest to investigate the graphs for which

(10) g —> (g, 8)
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holds, In this note we found a large class of graphs which satisfy
(10). First of all we want to define another graph g, a {g) = w
which satisfies (10). The vertices of g are X1y Xpy 00,

Yy Yoo 't 0 X4 is joined to yj if j > i. It is easy to show
that g satisfies (10). It seems very hard to characterize all
graphs with a (g) = w which satisfy (10). The only connected
graph known to us with a (g) = w; which satisfies (10} is the
star, perhaps non ~trivial graphs satisfying (10) only exist if

x {g) is = Ramsey cardinal.®
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