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1. INTRODUCTION

The problems we will be talking about in this lecture arise from
the idea of considering intersection theorems for finite sets and of
generalizing them in the sense that the obtained theorems should hold for

entities more general than sets.

Such entitites are, for example; the divisors of a given integer.
It is amusing to observe that the symbol S_E (N)- representing the number of
divisors of N containing { prime factors, where n denotes (redurdantly) the
number of prime factors of N- satisfies a large number of identities
generalizing identities on binomial coefficients. ln order to give a simple

oly

=3 [+ 4 FERETY 2 5
example let N have P, P ; pss as its decomposition in primes,

2
g+ O+l = n, then
i n T 3 .
( > S.(NY = T Coy#1d.

L=0 =
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o, =o,=..=0c_ =14 then S (N)={,) and (0) generalizes 2 {;)=12".
L=
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The first non-trivial result in this direction has been obtained [1]
by De Bruijn, Van Tengbergen and Kruijswijk, and is a generalization of
Sperner’s theorem. One of us [2] generalised various theorems which are

consequences of the same theorem.

Although the numbertheoretical language used in [1] and [2] is
artractive for its simplicity and for its immediate applications, other authors
prefer to consider more general concepts. Katona [3] proved theorems

containing the results of [1] and [2} using integral valued functions on

$ =fdggrnaky} (OSECRY 2D .

We might mention here, that a theorem in this more general
framework is not always a translation of the corresponding theorem for sets,
new facts make their appearance. For example if n different sets A, A,,-..

serg

but if n different divisors d,,d,,...,d, of a positive integer are given then

, are given, then the number of different differences A;-A; is 2n,

the number of different ratios (d,,;,dj)/d.,-_ these correspond to the differences

above, is not necessarily 2 n. See [4].

2. RESULTS

We will now turn our attention to another intersection theorem [5],

generalise it and reveal the new facts involved. The considered result of [5] is:

a’. If A Ay, A

and A;n AJ- +¢ forevery i,j then me 2" and for every n there are

m are distinct sets such that |A,uA,u...UA_|=n

-4
m =2""" such sets.

b’. Moreover, if the sets By By Bs’ 5¢ 2""1 satisfy the
requirements of a’ then there exist sets Be,4>Beygs -y Bynt  such that the

sets B1 3 B2 R ‘..,an_{ also satisfy these requirements,

The more general problem in the spirit of the introductory words

of this talk is the following:
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a*. To determine a number {(N) suchthat if D,,D,,...,D,
are different divisors of N, and each two of the D’s have a common divisor >1,

then m<§(N) and there are, for every N,m = {(N) such divisors.

b*., Moreover, is it true that if G,,G,, -, G, aredivisors of
satisfying the requirements of a* and m< {(N) then there are divisors of

NG ‘G{:tN) such that G,,G,,..., G{_(N) also satisfy these requirements?

s#f?
The bound §(N) is determined in the following theorem, whereas

the answer to b* is negative. In order to have an affirmative answer $(N) is

replaced in b* by another value g(N) which is best possible but is not very

illuminating.
THEOREM 1.

If Dy,...,D,, are different divisors of an integer N whose

t
o ; ; o
decomposition in prime factors is ]T1 P and each two of the D’ s have a
L=

t
common divisor >1 then, denoting Tl o; = &
L=1
M »
(1) max m = fN) =L max{ T o;_, ot/Trot‘-’ }
2 v=1 i v=1 4

where the summation is over all subsets { {,,..., i,#} of {4,...,t}
and for the empty subset the product is considered to be one. The result is
best possible, for every N there are f(N) divisor no two of which are
relatively prime.

Denote by FLC” a family of 28" subsets Aj, & je 2t-1  of
{1,...,t} where the intersection of any two AJ- ’s is non-empty. Let Fl:(t),

1€ yss be the set of all these families. As far as we know the value
of s is not known,
Triviall
Tote) o
2 < 5 < v

2!’\—1
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Let N = fﬂ'{ p; Put
L=
Hj
2) g(N) = min 3 T o
F[t) V:‘I »
L

where the minimum is to be taken over all the F;, 1<i.<s and the

summation is extended over all the 2°~" Aj'sof Fi, A= Plyprseas iﬁ} y
THEOREM 2,

Let G,,---»G,, be m distinct divisors of N no two of which
are relatively prime. Assume m<g(N). Then there are g(N)-m further
divisors G,  4»-» Gg(N) so that no two of the g(N) distinct divisors

G, 1<it g(N) are relatively prime. Theorem 2 is best possible.
The proof utilizes the following lemma.
LEMMA
If pyipyse-r Py are different primes and o, ..., oy
positive integers «; depending onlyon p; (i =4,2,...,t) andif

{in‘: LZ;---: i""} U{j1sj1!“'1j‘ua}

{h1, hz:--“ 1 h‘} U {k‘)kz!"'tkali

are two different partitions of the index set {4,2,...,t} suchthat
(i) R LS ey

1 2 i 1 2 F.'
and
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(ii) “h,ahz"'“hga O{k1“kz"'°‘k3,

then the greatest common divisor of p«l:1 Pi, +- pi,; and pl_I1 Ph, -+ phr
is greater than 1,

3. PROCFS:

Proof of the Lemma,

Suppose the contrary; then phT phz... ph« is a proper divisor of
Pj. Pj -+ P; , hence
1 -2 Jy,

{“h1 y ah?_’ seey “hs_l i {C'lh ) ajza--‘ ) 0‘1‘#’}

and (i) contradicts (ii).
PROOF OF THE THEOREM

Denote by M the square free part of N i.e. M = p,p,--- Py
and by S a set of divisors of N, any two members of $ having a common

divisor >1, asrequired in a*

Let

3) Ly, s P;F)(ph--Aij)

be a factorization of M into two relatively prime factors, then S cannot

contain integers composed from pit,...,p‘-_ and from pJ- yusy P 4
Il 1

I
B p

hence contains at most max { T o; , o/ T «;,} ~members deriving from
v=i v=1

that factorization. This shows [S[|< f(N).

To show |S|=§(N) consider all such factorizations (3) of M for

which
I

(4) 'IT% > cx/ T
=1 =

and say i,=1 if equality holds
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M B oop.
i . i t" . .
Put in S all the E,“'-v integers :E"pi* y 158 ety Vady .
In this way we construct a set of divisors of N no two of which are relatively

prime (by our Lemma) and containing

* v M
2 TMe; -1—Zmax{-ﬂ-ui ,u/Ti'ai }
p=t ¥ 2 i % gge T

members, where the second summation is as in (1), while the first is
restricted to index subsets satisfying (4). This leads to f(N) divisors for

every N, which completes the proof of Theorem 1.

Now we prove Theorem 2, Let G,,..., G » m<g(N) beany m

divisors of N no two of which are relatively prime. Put

i,
G; =.Tl'1piv, 120, <oy, ; 42j<m.
L=

No two of the G's are relatively prime. Thus any two of the m sets
{ L1 T i,}_t.} o 15j€m have a non-empty intersection, hence they all
belong to the same F* sayto F'*’. But then one can clearly add to the

aet Gyl at least (the summation is extended over the 21 sets Aj

()
of F "

K
Z Tro(gv— m = g(N)-m
v=1

further divisors no two of which are relatively prime, which proves Theorem 2.

To show that Theorem 2.is best possible observe that if F, gives
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the minimum in (2) and we consider the g(N) divisors (no two of which are
I B
relatively prime) T p‘:: , 1sPysa s 15)s 2t-1
=1

corresponding to the 25~! A’s of F, clearly every further divisor of N is

relatively prime to at least one of the given g(N) divisors.

Unfortunately (2) is not a very useful and illuminating formula. It

is easy to sece that
4 [ad M
) 9N Z o=t + =T min{ T o, o/ TMag,}
=1 ix1

where in (5) the summation is extended over all the subsets of {4,...,t}

except the empty set and its complement {4,...,t}.

Assume Kyzo. 2o, perhaps

t-1

(6) gN) = &, TT Caxge)
i=1

F, would then consist of all the sets containing t.
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