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Throughout this paper A and B will denote infinite sequences of integers,
Bk denotes a sequence of integers having k terms. A + B denotes the set of
+b

integers of the form a €A; b, €B.

g TR My 3
B 1is called a basis of order r If every sufficiently large integer is the
gum of r or fewer b's, B is a basgis if it 1s a basis of order r for some r.
A will dencte the complementary sequence of A, in other words n 1is in A

if and only if it 1s not in A.

Put A(x) = L1, A(u,v) = A(u) - A(v), 1m§£-’51 if it exists is the
a, <x X=o»
i -_—
density of A, 1lim inf &){5)‘ is the lower density.
X = @
R. Blum agked us the fallowing question: Does there exst for every 0 <a <1
a sequence A of density @ 8o that for every B the dengity of A+ B 1is 17
We shall prove this by probebilistic methods, in fact we prove the following,

(in the meantime Blum solved his originsl problem by different methods).

Theorem 1. To every o, O <a <1 there is a sequence A of density «
so that for every B, k=1,2,%*+ the density of A+B, 1s 1- (1- )"
Theorem 1 clearly implies that for every B the density of A+ B is 1,

thus the answer to Blum's question is affirmative.
Next we show that Theorem 1 is, in & certain sense, best possible. We prove

Theorem 2. Let A be any sequence of density «. Then to every ¢>0 and

to every k there isa B, 2o that the lower density of A + Bk 8 less than

x is
l-(l-o:)k+ &

There is a alight gap between Theorems 1 and 2. It seems certain that
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Theorem 1 can be slightly strengthened and that the following result holds:
To every « there 1s a sequence A of density o so that for every Bk

the density of A + B, 1is greater than 1 - (1 - cz}k.
We did not carry out the details of the constructiom of such a sequence A.

We observe that in Theorem 2 lower demsity camnot be replaced by density or
upper density. To see this let n, < n, < *** be & sequence of integers satisfying
nlcl-l'/nk +w. Forevery J, J=1,2,+++ end k= 20 (or + 1), v = 0,1,ss,

U isin A if n <U<n,, send U= mod 23}, L= 0,%¢s,3-1 ., Clearly A
A+ 3B

bas density 1/2, but for every B has upper density 1 (to see this

2’ 2

let b; and b, +J be the elements of B, then for every k= 25‘1(2r + 1)

all but a(nkﬂ) of the integers not exceeding n, ., arein A+ 32).

Finally we settle en old question of St8hr. St¥hr [4] asked if there is a
sequence A of denslty O so that for every basis B, A+ B has dengity 17
He also msked if the primes have the sbove property? Erd8a [1] proved that the

engwer to the latter is negative. We ghall cutline the proof of the following:

Theorem 3. Let f(n} be an increasing function tending to infinity as

slowly as we please. There always 1s & sequence A of density 0 so that for

every B satisfying, for all sufficiently large n, B(n) > f(n), A+ B has

density 1.

It is well known and easy to see that for every basis B of order r we

have Bn) > en® T, thus Theorem 3 effirmatively answers Stdhr's first questian.

Before we prove our Theorems we make a few remarks and state same problems.
First of all 1t is cbvious that for every A of density O there is & B so
that A + B ealgo has density O. On the other hand it is known [5] that there are
sequences A of density O so that for every B of positive density A + B has
density 1. It seems very likely that such a sequence A of density O cannct
be too lacunary. We conjecture that if A is such that n}“_l/mk >¢ >1 heolds
for every k then there is a B of positive density so that the demsity of

A+ B is not 1.
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We once considered sequences A which have the property P that far every
B A+ B contains all sufficlently large integers [2]. We cbserved that then
there 18 a subsequence Bk of B 8o that A + Bk alaso contains all sufficiently

large integers (k depends on B).

It is easy to see that the necessary and sufficient candition that A does
not have property P 1is that there is an infinite sequence t.l < ""2 < sss o

that for infinitely many n and for every t, <n

(1) Amn-t,n)21.

(1) easily implies that if A bhas property P then the density of A is 1

(the converse is of course false).

It is not difficult to construct a sequence A which has property P and for
which there is an increasing sequence 1:1 < te < «*+» go that for every 1 there

are Infinitely many values of n for which
(2) Aln - s n) >1.

(2) of course does not imply (1). Also we can construct & sequence A having
property P 8o that for every k there is a B(k) 8o that for every subsequence

Ba(sk} ot B®) infinttely many integers should not be of the form A + B‘ﬁk)'

Now we prove our Theorems. The proof of Theorem 1 will use the method used
in [3); thus 1t will be sufficient to cutline it. Define a measure in the space
of all sequences of integers. The measure of the set of sequences which cantain
n is a end the measure of the set of sequences of n which does not contain
n is 1 -a. It easlly follows from the law of large mumbers that in this measgure
almost all sequences have density . We now show that almost all of them satisfy

the requirement of our theorem.

For the sake of simplicity assume o = 1/2. Then ocur measure is simply the
Lebesgue measure in (0,1) (we make correspond to the sequence A = [91 < sev} the

=
real number L e . Our thecrem is then an immediate consequence of the
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following theorem (which is just a restatement of the classical theorem of Borel
-

that almost all real nmumbers are normal). Almost all resl mumbers X = gl

-1 251

bave the following property: Let bl < ses bk be any k integers. Then the

density of integers n for which n =-b, 18 one of the a's for some J = 1,**+,k

J
is 1-"1'1;. For a}% the proof 1s the same.
2

Next we prove Theorem 2. Here we give all the details. Let T = T(k,«)
be sufficiently large, we shall show that there is & sequence B, in (1,1)

(1.e. 1<b, < **+<b,_<T) so that the lower density of A+ B, 1s less than

1 k
1——1i+¢.
2

First we show

3) L Rn-m o0 - (s o).
n=T

Let ;1 < Ea < s+ be the elements of A. To prove (3) observe that with

& number (at most T) of exceptioms, independent of x, every 8y

in exactly T of the intervals (n - T, n), T<n<x and each a, gatisfying

<x-T occurs

x-T< ;i < x occurs in fewer than T of these intervals. Thus the a,

each contribute T to the sum on the left of (3). Hence

<x-T

ofx) + TA(x - T) < ; A(n - T, n) <T Alx)
n=T

which by A(x) = (1 + o(l}}g proves (3).

Let now T < n < x. Clearly we can choose in
(J_l[n - t, n))
k

ways k integers 1 Ebl < vee g hk < T so that A + Bk should not contain n.
Thus by & simple averaging argument there ia & choice of a B, in (1,T) so that

there are at least

(%) L ; (A{n - T, n)\
)
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values of n < x not in A + Bk' Now it follows from (3) that

x (€3
() 2 (Ra -7 8) 5 (14 0(1)) x (ij)

W
gince it i3 well kmown and easy to see that if T w, is given then :(ki) is
8 minimum if the wi’a are as equal as possible. Finally observe that for

T > T(k,¢)

® (B)> - 570).

Thus from (%), (5) and (6) it follows that there is & B, in (1,T) so that
more than x(ﬁ-z‘) integers n < x are not in A+Bk. This Blr. may depend
2

an  x, but there are at most (D possible cholces of Bk and Infinitely many
values of x. Thugs the same B, occurs for infinitely meny different cholces

of the integer X.

In other words for this B}: the lower density of A + Bk is less than

1- _Lx + ¢ as stated.
2

It is easy to see that Theorem 2 remains true for all sequences A of lower
density o. The only change in the proof ia the remark that (3) does not hold for

all X but only for the subsequence x

y» X+ for which lim .ﬂ\(xi)/)\ti =

x =
Now we outline the proof of Theorem 3. The proof is simllaer but more
camplicated than the proof of Theorem 1. We can assume without loss of generality
that fx) = o(x“) for every M >0, but g(x) = [£(log :)UE]. Define & measure
in the space of sequences of integers so that the set of sequences containing n
has measura *—(1*5 and the measure of the set of sequences not containing n has
measure 1 - 'T"-)* It easily follows from the law of large numbers that for

almost all sequences

A(x) = (1 + o(1))1y -

We outline the proof that for almost all sequences A, A + B has density 1
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for all B satisfying B(x) > f(x) for all sufficlently large x. In fact we
prove the following statement:

For every &> 0 there is an no{c) so that for every n >n () the measure
of the set of sequences A for which there is a sequence B, k> [f(log n)] 4n
(1, 1cg n) so that the mmber of integers m<n not of the form A + 3B  1s

1
greater than en, 1s lesa than =
n

Theorem 3 easlly follows fram ocur statement by the Borel-Cantelli lemma.

Thus we only have to prove our statement. Le‘blg‘blc-..(bk<logn
be ane of our sequencea Bk If m isnot in A + Bk then none of the numbers
m - hi’ 1=1,*s+,k, k> f(log n), are in A. Thus the measure of the set of

sequences for which A + Bk does not contain m equals

X K K
™ Me-gaisy)<C-am) - @-%) <&

i=1
let now m, , seem be any r integers which are palrwise congruent
mod [log n]. A simple argument shows that the r events: m,

1
A + B, are independent. Then by a well lnown argument it fallows from (7) that

does not belémg to

the measure of the set of sequences A for which these are more than ‘—; integers

m = u(mod [log n]), m<n which are not in A + B, 1s less than (exp 2 = ea)
(8) exp(-c n/log n) < exp(~ ey

From (8) and from the fact that there are only log n choices for u it
follows that the measure of the set of sequences A 8o that for a given .ELK

there should be more than en integers m<n not in A + B in less than

(9) log n. e)q:(-nue).

There are clearly fewer than 2108 Den possible cholces for ‘Bk’ thus by
(9) the measure of the set of sequences A for which there is a B, in (1,1 n)

80 that there should be more than en integers not in A + By is less than



n logn eq;{-nuz) < l,/n2

for n > g, which proves our statement, and alsoc Theorem 3.
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