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The Minimal Regular Graph Containing
a Given Graph

Paul Erdos and Paul Kelly

In the first book on graph theory ever written, Kénig proved the following result.
If G is any graph, and d is the maximum degree of the points of G, then it is
possible to add new points and to draw new lines joining either two new points
or a new point with an old point, so that the result is a regular graph H of
degree d.

In this lecture the authors, Paul Erdis and Paul Kelly, deiermine the
smallest number of new points which must be added to G to obtain such a graph
H. The result depends only on the degree sequence of the given graph G. A
preliminary version of this proof appeared in the American Mathenatical
Monthly [2). The present exposition is more gentle and is liberally illustrated.

Paul Kelly is a geometer at the Santa Barbara campus of the University of
California. Fortunately for our seminar, he spent the year 1962-1963 at
Cambridge University. Thus he helped to ameliorate the perennial deficit run
by British Railways by attending all the meetings of our seminar i London.

F.H.

Let G be a graph of order n and maximum degree d. What is the ieast
possible order of a graph H which is regular of degree d and which centains G
as an induced subgraph? One can regard the problem in the follows:;. way.
The graph G is given together with a set J of m new isolated points. A graph H
is formed from G and J by adding joins (new lines) between pairs of points in f
and between points in I and G, but no joins are added between pairs of points
in G. It is desired to make H regular of degree d and tc have m as small as
possible.

In Fig. 10.1 we illustrate such a completion for each of the three (4, 3)
graphs, whose lines are drawn solid, to a minimal regular graph H; contaiging
G, as an induced subgraph. The new lines of H, are drawn dashed.

It is well known that any graph G has a completion H. Suppose that H is
constructed and that its order is m + n. Let vy, v, - -, v, be the poiats in G
and u,, uy, **, U, thosein 1. Let F be the subgraph of H induced by 1. Denote
the degree of v; as a point of G by d;, and let ¢; = d — d, denote the deficiency
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Fig. 10.1.

of v,, that is, the number of joins needed to complete v; to degree d. Finally,
call the number s = X e,, the total deficiency, and e = max e, the maximum
deficiency.

In H there are clearly s lines which join a point of F and a point of G.
Since each of the m points in F is adjacent to at most d points of G, it follows
that

md>s. »

The sum of the degrees of u,, 4, * - *, Uy as points of Fis md — s, and F
can have at most m(m — 1)/2 lines, so that m(m — 1) > md — sor

m —d+ 1)m+s5s=>0.
Clearly m can be no less than the deficiency of any point of G, so that

mz=e.
Finally, the sum of the degrees in any graph is even; hence

@

3

(m + n)d is an even integer, C))]
The conditions (1), (2), (3). and (4) arc thus necessary conditions which m
mnsd sntedy. We wall show that they are also sullicient.

Livonest Eet 68 ben praph ot order o, maximum depeee J, maximum deficiency

el ol detiowenoy o bet 20 be noepalme praph of degree o containing
v i bdieed sabponphe A necessiny and sullicient comdifion that w0 1 n be
the Iw,nsl possible onder tor 22is that s be the least ideger satistving (D) mid ~ &
A ¥ i
(] n':l (dlll Dt -0 (Mm ~e and () n 1 )l is even,
‘o establish the sulliciency, we require a constructi i
\cy, on, Let m satisfy (1),
(2), (3), and (4), and let / consist of u,, Uz, ", Uy, 85 before, Let v,, v, ¥

cae
sol



THE MINIMAL REGULAR GRAPIN CONTAINING A GIVEN GRAPH 67

denote the points of ¢ with positive deficiencies. Because s = md ~ mn and
e m ,_the points of G can be completed by lines Joining G with /1. Let the
completion be accomplished in the following way. as illustrated in Fig. 10.2.
Inthisexample, o 3and G s a graph i which exactly three |minl:r|. rs.
and ¢y have positive deficiencies, which are respectively 2, 4. and 3. First. r is
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The degrees attained by points of / cannot differ by more than I from each
other at any stage of this construction. Thus this is also true when all the
points of G are complete. Let / and r be the quotient and remainder of s/m,
so s = hm + r. Thus, now that the points of G have been completed, the first
r of the points of / have degree & + 1 and the remaining m — r have degree h.

We must still show that there is a graph F, with the m points of /, in which
rhavedegreed — h — 1 and the others have degreed — h.Supposea; = d —
when i=1,2,--,m—r, and ¢;=d—h—1 when i=m—r+1,---,m,
By a theorem of Erdds and Gallai [1] applied to this situation, there is such a
graph Fifd — h < m, Z a; is even, and

k

k(k — 1)
Zajg —2"—+‘

=

min{k, a;}

rd
A+1

forall k=}»2,"',P—l-

Substituting s = Am + r into condition (2), it follows at once that
d—=h<m—=1+r/m; and since r/m < 1 while d — h and m - | are
integers, d — h < m. Since there are s lines joining points of G and /,
S a; = md — 5. Letting ¢ denote as usual the number of lines in G, we find
s = nd — 2q so that

md — s =md — (nd — 2q) = (m + n)d — 2(nd — q).
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By (4), (m + n)dis even, so md ~ siseven. The last of the three conditions for
the existence of the graph Fis routinely verified. Therefore there is a completion
of G to a regular graph H of degree d and order m + n, proving the theorem.

Among all graphs of order n, the maximum value of this minimum is .
Itis easily seen that since e << d < nand s < nd , n satisfies the four conditions
and hence is an upper bound. That it is the least upper bound follows from an
example. Let G be K, — x, the graph obtained from a complete graph of
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order n by deleting one line, whence s = 2 and d = n — 1. Then condition
(2)ism?* — mn + 2 > 0, which impliesm > n.

We conclude with four examples showing that each of the four conditions
can be the one which determines the minimum order m of the completion.

Graph G, of Fig. 10.3 has four points of degree 3 and five points of
degree 2, sothatn =9,d=3,e= 1, and s = 5. The smallest value of m
satisfying (2), (3), and (4) is 1, but this does not satisfy (1). The minimal
completion H must have three additional points.

For graph G,, whichis K, —x,n=4,d=3,e=1 ands=2,
and we know that m = 4 . However, the number 2 satisfies (1), (3), and (4)
simultaneously.

In the third graph, consisting of K, and an isolated point,n =4 ,d =2,
e =2,and s = 2, Whereas the number 1 satisfies (1), (2), and (4), (3) forces
mto be 2,

In graph G, n=5,d=13,e=2, and s = 3. Together (1), (2), and
(4) imply that m > 1 while (1), (2), and (3) imply m > 2. All four conditions
imply m = 3.
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