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1. When a system of sets covers a space, the star number of the
covering is the supremum over the sets of the system of the cardinals of
the numbers of sets of the system meeting a set of the system. The stand-
ard Lebesgue ‘brick-laying’ construection provides an example, for
each positive integer n, of a lattice covering of R" by cloged rectangu-
lar parallelepipeds with star number 2""'—1. In view of the results of
dimension theory, it is natural to conjecture that any covering of R"
by closed sets of uniformly bounded diameter has star number at least
2"*'—1; and this has been proved by V. Boltyanskii [1] in the special
case n = 2.

In this paper we consider only coverings of R" by translates of a fixed
convex body. We first give a simple proof (the idea of which comes from
the work of Minkowski and Voronoi) of

TureorREM 1. The star number of a lattice covering of R™ by translates
of a closed symmetrical convex body is at least 2" —1.

Then we consider the problem of constructing coverings of R" by
translates of a given closed convex body K with as small a star number
as possible. By a minor modification of method we used in [2] we prove

THEOREM 2. Provided n s sufficiently large, if K is a closed convex
body in R" with difference body DK, there is a covering of R" by iranslates
of K with star number less than

V(DK)

————{nl logl 4 3
V() {nlogn-nloglogn -+ 4n-+1}

Here the ratio of the volumes V(DK)/V(K) is at most (2;), n general, and
ts equal to 2" if K is symmetric.

We can neither prove that general coverings by translates of a closed
convex body must have a large star number, nor show that lattice
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coverings c¢an be constructed with reasonably small star number. Indeed
we ¢an do neither of these two things in the special case of coverings by
sphereg,

2. Proof of Theorem 1. Suppose that the translates of the closed
convex body K symmetrical in @ by the vectors of a lattice A cover
the whole of R". The points of the form Ja with aed fall into 2" con-
gruence clagses modulo the lattice A. Let o, laj, ..., lay, with a;e.1
and N - 2" 1 be representatives of these congruence classes. Then as
the translates of K by the vectors of (1 cover R", we can choose b,, .... by
in /1 so that

ta;e K- b;, b = By N

tu;—biek, i=1,2,...,N.

As these points lie in different congruence classes modulo .1 and are not
congruent to o modulo A, they are all different and are all different
from o. Indeed, as

(bea,  b;) = Sa,—b;(mod A),
the 2N points
+(a;—b;), i=1,2,...,N,
are all different and are in A, as I is symmetrical in 0. Dut, as
A (da;—by) el

we hiave
(3w —b;) e K ~ {4 (a;—2b;)},
for i =1,2,..., N. So K meets the 2"t'—1 sets
K, K4+ (w;—2b), 4+=1,2,...,2"-1,
of the covering. This proves the resulf.

5. Proof of Theorem 2. Let K be a closed convex body in R".
After application of a suitable linear transformation we may assume
fhat the volume of K is

V(K) = 8",

Then by a result of Shephard and Rogers [3] the volume of the difference
hody DA satisfies

V(DK) < (%) V) < 27"
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So, hy the Minkowski-Hlawka theovem, after application of a suitable
linear transformation of determinant 1, we may suppose that the trans-
lates

DE-+g (ged).

of DK by the vectors g of the lattice A of points with integral coordinates
are disjoint.
Now take N to be the infeger nearest to

S nlogn -+ nloglogin-+4n| .
and H to be the integer nearest to

Vol +4-e)8" tnlogn - nloglogn - dun},
where

Vi = V(DEK); .&=2™""
As in [2] we consider N points o, @y, ... ey in the cube C of points
x = (1, ..., >, satisfying
0 <<, 1 1,2,...,0.
Let G be the set of points covered by H or more sets of the
system
DK +txyrg (1 —=1.....N, ge.l);

and let §(Gg) denote the volume of Gy ~ . Then, as in [2], the mean
value of 4(Gy) over all choices of @x,, x,, ..., xy in € ig

N

N! _
H(Bt)) = Y e VL= Vo,
& R k)

and

H H
log.# (8(G)) < (N —I g2l g e
g (5(Gr)) < ( f)]og(1, = HJ Hiog 1

—B—Ing(l.— 1\r)——ln{.-;‘(i A 4-0(1)

(N —H)log (1 V)

; H ; (N'l-l)Vu) o
H-Hlog — VN log (] — ) - 0(1).
0g VN 0 0 Ht1l {-0(1)



44 P. Erdos and C. A. Rogers

But, by our choice of N and H,
H=V,(14+e)N+0(1), (H+1) = Vo(1+¢&)(N+1)+0(1),
so that
log #(8(Gy)) < NV,[1+¢e—(1+e)log(l+e)—1]—log[e/(1+¢)]+0(1)
< —3&NV,—loge+0(1).

Since
Vo= V(DK) = 2"V(K) =47",
we have
EzNVn > g-Infigng—n _ 2::;3‘
and, certainly,
log#(6(Gg)) < —nlogn—mnloglogn—nlogl6—1log?2,

provided n is sufficiently large.
Also, as in [2], if »n is sufficiently large and

n = 1/2nlogn,

the mean value of the density of the set E, of points belonging to no
set of the system

1-2nK+4x,4+9g (1 <i<N, ged)
satisfies

log.#(8(Ey)) < —nlogn—nloglogn—nloglé—log2.

So we can choose &, &, ..., £y in C so that

8(G)+ (B < ( — PV(E) < 7"V

16n log? )

Just as in [2] it follows that the system of sets
(1) I—pEK+x+g (1<i<N,ged)

covers the whole of space, and that no point of space belongs to H of
the sets

(1—nDE+®+g ((L<t<N, ged).
It follows immediately that the star number of the covering (1) is

at most

< V(DK)
V(K)

{nlogn -+ nloglogn-+4n+1}.
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We remark that it is easy to arrange, in addition, that the density
of the covering is at most

nlogn-+nloglogn -+ 4n,
and that no point of space is covered more than

e(nlogn—+nloglogn+ 4n)
times.

We also note that the covering of space that we have constructed
by using the sets (1) has the property that, if @ is any vector, then the
set (1—9)K+a meets at most

H<—0+ V(DK {nlo n-+nloglogn-4n-+1}
S TV @E) g glog
of the sets of the system (1). This is nearly best possible, since a simple
averaging argument shows, that if a system of convex sets

K-+ap, ©=1,2,...,

covers space and has density J, then there is a point @ such that K+ a
meets at least

V(DK)

V(E)
sets of the system.

References

[1] V. Boltyanekii, On a property of two-dimensional compacta, Doklady Akad.
Nauk S8SR 75 (1950), pp. 605-608.

[2] P. Erddés and C. A. Rogers. Covering space with convex bodies, Acta
Arithmetica 7 (1962), pp. 281-285.

[3] C. A. Rogers and G. C. Shephard, The difference body of a convex body,
Archiv der Mathematik 8 (1957), pp. 220-233.

Regu par la Rédaction le 10. 4. 1963



	page 1
	page 2
	page 3
	page 4
	page 5

