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ON SEQUENCES OF INTEGERS NO ONE OF WHICH DI
VIDES 1HE PRODUCT GF TWO OTHERS AND ON SOME
RELATED PROBLEMS.

Paul Erdos (Manchester).
- Introduction.

In § 1 we consider sequences—say A sequences—such that no mems-
ber of them divides the product of any two other members. We prove
hat the number of integers not exceeding # of an A sequence is less

13 2
than = (n)+ O (1 nf__), © (n)- denotes, as usual, the number of prim-
. og n |
es not exceeding n, and we show that the error term is best possible.
Sequences no term of which divides any other may be much denser ?).
In § 2 we deal with B cequences, which are such that the product
f any two of their memders is different. Here we prove that the num-
Ober of integers not exceeding 7 contained in a B sequence is less than
= (n)+ O (n’<) and we show that the error term cannot be better than

o( —
(log ny™)

7

The sequence of primes is both an A and a B sequence. OQur A
and B sequences seem ot be very much more general, but our theo-
rems show that they cannot be very much more dense than the se-
quence of the primes.

In§ 3 we chow by using the results 0f §2,thatif p, <p, <...<p, <n
’ ¢;nloglogn

log n)2

¢; 1s a sufficiently large absolute constant, then the( p;%d?lcts (pi— 1)
(p;j—1) cannot all be different.

In this connection I proved in a previons paper that for an infi-

nity of n the number of solutions of the equation n=(p—1) (g —1)

is an arbitrary sequence ofprimes such that z > , wWhere

: - (logn) ')~ &
(p, g primes) is greater than e

§ 1.

~In order to make our method more int-el]igible we first prove that
~ the number of integers not exceeding n of an A sequence is less than

T (n) "l“ 2}22;3-

* Such a sequence may obviously contain #7/2 numbers not exceeding



On sequences of integers. e

We denote by' by, b o the in'tegers' not exceeding n'* and the

so that every d is at the same time a b.
Now we prove _
' Lemma L

Any integer m<n may be written in the form b; d; .
Proof of the Lemma. '

We may evidently suppose m > n'l>,

Ii m has a prime factor p >n's we write m == p."/p, where p—= 6, and
", =d;. If, on the other hand, all prime factors of m are less than
= then we write m—=p, p, ... p, where all p ’s are less than n'® but
not necessarily different. Hence at least cne of the integers p,, pipa,
D1 D2 Py, - - - SAY  pi P2 ... Py lies between n' and n’s . Then we write

b;—=py ps...p and d;=m|p;y Ps ... 01 . - .
Now we write every a in the form b; d, so that every a is repre-

sented by the segment connecting the points &; and d;. If b; is con-

ected with two or more d ‘s say d;, d;, ...then these d 's cannot

e connected with any other & ’s. For if e. g. d;, would be connected
with b; then in contradiction with the definition of our sequence, 6 d;,
ould _divide the pl'OdllCt (d:'ij1 b’i) (b, dj,‘:,‘).. : _
We assert that the number of these segments is' less than B--v

where § denotes the number of & ’s and 7 the number of d ’s i. e. the
sumber of a ’s is less than = (#)42 n"°. To prove this we split the

nly a single d and in the second class all the other & ’s. The num-
ber of segments starting from the b ’s of the first class is evidently
Jess then or equal to the total number of 4 ’s. In consequence of our
previous remark a d cannot be connected with two b ’s of the second
lass. Hence the number of segments starting from the & ’s of the se-
ond class is evidently less than the number of d’s. Hence the result.
..‘-{’3 -
Now we improve the error term to O (-~~--£~—-—~—- ).
o (log n)?
First we improve our Lemma. -

Lemma H.

ny integer not exceeding n mav be written in the
orm b; d; where b, b,,...represent four classes of inte-
ers: e .

{a) the integers not exceeding n's,

{b) the primes of the interval (n'*, n), e

{c) the integers of the form pg with p, ¢ <<n'l?,

{d) the integers of the form ¢r with n'* <g <

and r<—r—‘;(p, g, r primes).
7

Dy

primes of the interval (n'®, n), further by d,, d., . .. the integers < n’s,

s into two classes. In the first class are the & ’s connected with
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~ For sake of shortness we call any combination taken 2 at time a
pair and any combination taken 3 at a time a triplet. Let now (7 j %)),

IslsRy),. .., (iwlwke) be a complete triplet system of having no com-
mon pair, which means that if the triplet (//K) does not occur im the
system then there exists at least one tnplet of the system having two
ommon elements ‘with ({/JK). The number of pairs contained in the
Jcomplete system of tnp]ets is evidently 3w, and since there are s—2

triplets containing a given pair we have

o ' e 3@( . )

a B : w ﬁ.-‘/‘,:-'a ""“"‘ S ) a
= q ( 9 &

Now we deune a sequence which consists of the” primes of the in-
“Yterval (n'®, n) and of the products Pi, Diy Pry, DioPiy Plys+ « «sPig Pigy Plig. 1l 1S

allevident that this is an A4 sequence and the number of its elements is
greater than

l :
b

et - (n) e ___]'__( S )>11; (n) : nls .
anf i U e 2 " 80(logn)?’
: 4 _ e .
» fgsince by the prime number theorem s> ,n
' | 2logn

; . fHence the result.

Here we deal with the B sequences.
Let ¢, <a,<<...<a,<mbe a B sequence. We write all a’s in
the form b, d; where the #'s and d’s are defined as in Lemma. I. Here
/e represent again the a’s by segmeénts connecting the &’s and the d's.
tofNo two &’s can be connected with the same two @ s. For if {hey
ere, let by, b, d;, d; be the &’s and d’s in questlon bi, @, =ai;,
bi, di, = a;, j,» b d; ——---a,,]1 bi, di,=ai,;, and a;;,, @, ;,= ay ;, Uiy j,
an evident contfadlctlon We may suppose in the representation of any
‘hefe that b; >4,
We split the a’s into 3 classes. The first class contains the a’s ior
which b; < n':, the second contams the a’s for- Whlch n’ b,\n
fand the third class the other a’s.
To estimate the number of a’s of the first c]ass we split the &’s
at exceeding n'» into two groups. Into the first group we put the

-~

“nsideration that no &’s can be connected with the same two d’s
G - have : - =

1

’s connected with more than #' d’s and into the second group
?l the other &’s. Let j, J., ...,j, be the numbers of _segments e
rting from the first, second,... &’s of the first group. Taking in
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- The d ’s denote the integers not exceeding e (class (a) of. the & lf(;;
Now be an integer m <_n we have the following 6 possibi L, by
ties: | ' A
L.m n'l. This case is settled by Lemma I, if we replace n O?EII;
the lemma by n'lr, gfﬁm :
2. m has a prime factor p > n’~; then we write D=1, 0 = ﬁ. :)mlplf
' , | ' 1plet:

3. All prime factors of m are less than n"*. Let m=p,p, ... p,.

- At least one of the integers p,, pyps, ..., p s ... by 2y p, P . j

lies between #' and n%. Hence bi=pyp,...p1, di=mlp,p, ... p..

4. Only one prime factor p of m is greater than n' (but of cour{®ce

p < n ). We then write m =pp, p, ... pp. This case may be settled
the previous one since at least one of the integers pp, pp, ps ..
PP D, . .. pp lies between n* and n'.

5. Exactly two prime factors of m, say p, ¢ are greater than #' fér;f

_ . : - : m > % 5 . '-.
Then m=pqp,pz...pv, PPLP: ... Dy :—;—>n‘=‘w“ >nt gence fvides
' reate

‘least one of the ihtegers PP, PPiDP2 ..., PP1Ps ... p~; lies between n
and n’. This seftles 5.

6. At least three prime factors of m say p > ¢ > r are greater th:

nt, 1 ¢ and r are both less than n's we write b, =¢r, di=—":k
q q ‘_ i '

if on the other hand g >nn, we have from pgr <n r<—~~~<-£—

| ~ PG G°
thus again b; = gr, dj-_-*-:-ﬂ. H
A L
Thus Lemma II. is proved. . E

To prove that the error term is '0( st ) we have only

(logn)?/ |
~ show that the number of the &'s is n(n)—{—O( L2 ) i
' | | (log n)?, e

For the first 3 classes of the &’s this is immediately clear. Tk
number of b’s of class d equals: -

N ﬁ(‘ﬁ')< e " Nl oan v 0 1

e g2/ log n s .q.z =~ log 1 wmst. i B2 log k? = -
- mh>geals . g=>n'ls s e
! ' el T~
. ST o
Now we prove that the error term is best possible. :

~ Let py<p,< ... <p; be the primes not exceeding n'. me-'
elements 1,2,..., s we form combinations taken 3 at a time such tiy
no two of them have two common elements. We estimate ihe nuil

S -
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4 Lor sake of shortness we call any combination taken 2 at time 2
Y and any combination taken 3 at a time a triplet. Let now (¢ j &),

2l R5),. .., (iwlewkw) be a complete triplet system of having no com-
jon palr which ‘means that if the triplet (//K) does not occur im the
ystem then there exists at least one trlplet of the system having two
ommon elements ‘with (//K). The number of pairs contained in the
omplete system of triplets is evidently 3w, and since there are s—2
iplets containing a given pair we have

fence.
‘Z” :\’;E;’ 1 S )I
: q 2 ; %

1 Now we deiine a sequence which consists of the® primes of the in-
rval (n't, n) and of the products Diy Diy Pry, PiyPiy Prys+ « sPigy Digy Plegy, 1l i€

Wvident that this is an 4 sequence and the number of its elements is
reater than

1 ' mw
w(B)—s4+—f 9 = (1) )
. Ot 3 O S
; 4 e
ince by the prime number theorem s> i
| 2logn

ence the result,
S 4

Here we deal with the B sequences.
Let ¢, <a,<...<lay,<nmbe a B sequence. We write all a’s im
he form b; d; where the #'s and d’s are defined as in Lemma . Here
e represenf again the a’s by segménts connecting the &’s and the d’s.
io two &’s can be connected with the same two &’s. For if they
ere, let by 4, d;, d; be the b’s and d’s in question. by, dj, =ay;
iy, dj, = =@, j, b dh.._a,, Jis b:, d; ,=@i, i, and a; j, Qi ;,= @i, iy By iy
an evident contradlctlon We may suppose in the representation of any
¢ that 0, >4,
We spht the a’s into 3 classes. The ftrbt class contams the a’s ior
hich b; < n'+, the second Lontams the a’s for which n'l: < b;<n'
and the third class the other a’s.

To estimate the number of a’s of the first class we split the &'s
ot exceeding n': into two groups. Into the first group we put the
's connected w1th more than n's d’s and into the second group

the other b’s. Let j;, /., ...,Jy be the numbers of segments
rting from the first, second,... b’s of the first group. Taking in
isideration that no b’s can be connecied w:th the same two d's
have - - |

(SR ) K_( w1 ) e

~

J
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Heﬁ ce ﬁnally

o e s .paul"Eraﬁs; :

- containing & of them. The pomts of the two classes are connected b

dnto several subclasses. In the first subclass are. the a’s for which th

| 22wk < b < 2* ' 1t is evident that the d's belonging to the b’s o
 the (k4 1)* subclass are all less thanwf; 5

the corresponding &'s into two groups. In the first group are the &’

the other &'s. Let &, hs,..., h; be the numbers of segments startin

~ Since all #’s are greater than

. we have

since the d’s are < n':, so that the number of paxrs oi d s is <

L

Since all j’s are greater than n’: we have

A St
ST A T

. AR o

On the other hand it is evident that the number of segments starfin
from the &’s of the second group does not exceed n’%. Hence the num
ber of a‘s of the first class does not exceed 3 n™. .

The argument was really based upon the followmg theorem fo
sraphs. Let 2% points be given. We split them into two classes eac

so that

segments such that the segments form no closed quadrilateral. The
the number of segments is less than 3 £’ Putting £=n'" we obtainy

our result.
To estimate the number of a’s of the second clasa, we split the

corresponding b's lie between n's and 2nr'”. For the second subclas
the b&'s lie between 2n and 4n'» and for the (k- 1)#" subclas

l/‘

To estimate the number of a’s of the (24 1) subclass, wespli

connected with more than n"*2 2. d’s -and in the second group are al

from the &'s of the f:rst group Taking again into consideration that n
two b’s can be connected with the same two d’s, we have

1

() () <(5])

2

T et ,,,.)\_m_.w -
22 S _

: | k1+k2+ hz gkh




- dently less that 2 # n'l e ==
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The number of a’s starting from the #’s of the second group is evi-

nx,. 3;‘ :

3k Rl

Hence the number of a’s belonging to the (B+1)% subclass 1S

3[‘

~less than —2-%# From this we obtaiu that the number of a’s belon-

2

~ oing to the second class is less than

\% ——;;—-_.-Bn St —--~—-< On’ls,
i _!_____,1
Ve

The d’s belonging to the a’s of the third class are all less than n'l

‘We split the b’s belonging to the a’s of the third class into two groups.

In the first group are the &’s connected with only a single d. The num-

ber of these segments equals at the utmost the number of the b’s grea-

ter than n'* which is less than =(n).

Taking again into consideration thatno two &’s are connected with the '
~same two d's we obtain that the number of segments statting from

the &'s of the second group is less than n's, Hence the number of a‘s

of the third class 1s less than fr(n)—{—nfe

Thus finally the number of a’s not exceedmg n is less than

w(n) 48 n'' 4 n'r == (n)+ O (n9).
Hence the result. o Pt

- Now we prove that the error term cannot be better than O [—m S

(logn)

- First we prove the following lemma com’mumcated to me by Miss
E. Klein.

Lemma

Given p(p—t—l)-}—l elements (p a prime), we can con-

struct p (p+1)74-1 combinations taken (p-+1) at a time

having no two elements in r‘ommon
Remark -

eontamed once aad only ouce in the above combmatlons e
St Proof of the lemma. |

We eoristruct the combinations taken p—|—1 at a tlme as follows The

ttrst p+1 combmatlons arar e /
ool oo 3 p+1
el p+2 p+3 e 2pH1

“f7%+a 3. w 1-
,p+2 pp+3 (p+1)p+1
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For sake of shortness we denote the matrix '

p+2 pt3 ....2p+1
dp-f2- Ppt3 ... 3p+l

. - . e - . - - - . . . - .

-

pe--2 paF3 .. iprlp+1
by ' |
Ay Qg2 Qyp
f Q1 Qo . Qop
Qpy  Qp2 Qpp
The next p? combinations are the following
2 @y G A, Oy
i{ 2 @ 3y Qp
|i|| 2. ® . - - - ® .
’ ip Qzp  Qgp Qpp :
i 3 Qp A Qg3 - .. -AQpp-1 Qpp
Hi = o 3 alg (Ig;; (Z34 e .ap___i“g apl
1 - ekl By § 19 WAL e Op, 1-4(p—-Dr—2)
’ ; rF. . Qo Q372 A3, 21-Ar—2y ey - - qp, 2-4-(p—1)(r—2)
~r Ay Q2itr-2 A3, i13(r—2) «+ o> - Qp, iHp—)){(r—2
I” : : s ; . X . - . . s . 1 ™ PR T g - [ eets .. e L3 [ et
i - where < p and the index i+ k(@ —2) is to be reduced mod p. --
f It is easy to see that no two of these p(p -} 1)1 combinations Have
two elements in common, which proves our lemma. ._.
Let now g, 9s,..., 4. be the primes not exceeding !/; n's, We con-
sider the greatest Dnme p for whlch p.__.p (p—}— 1)+1 does not exceed '
e By the prime-number-theorem ,o>—~~-2—~ . From the elements gy, ¢s,....9g
. we now form p combinations taken p—1 at a time and having no iwo
. common elements; in consequence of our lemma this is always pessxbl
* let these combmahons be €,, C5,.. ., "Cp' _
| - Parther let ry, #3... be the primes of the mterval (1/ Jrzh n's). By

_'ihe prime- mlmber-*l*eorem their number is greater than
~ Now we define a B sequence as follows. |
We muihpiy r; by the ¢'s eontamed in Cl,

Ll 5 qs i C:,‘,
f’? ” - q "7; < - CP' o .- -

m'l sequence is formed by these pmduets and by the prtmes
the miewai (nf fz) - - - |
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By the prime-number-theorem

n'l
> 6logn

Hence the number of elements of our B sequence is greater than

() — R g > ()

n’l
Hence the result.

36 (log n)’l»

§ 3.

Let now D < P< <. Pr<ni ‘De._a seguence of primes such that

- ¢ nloglogn
(log n)? .

ned later. We have to prove that the products (p;— 1)(p;—1) cannot

all be different. -
We split the primes p; into two classes. In the first class are the

, where ¢, is sufficiently large and will be determi- °

primes for which p—'1 has a prime factor q>,i*.”_d, in the second
- ogn

class are all the ether p’s. The primes of the first class are all of the

form ag-+1 with a<logn. But the number of primes of the form

ag-+1 for any a is by Brun’s method?!) less than

%nﬂp+i)
pa\ P
a (log n)?

hence the number of primes of the first class is less than
Cs 1 /7()_}_}}_) Cs 1 1 1 :
5 _fla : < 5 Bl ; ____< .
(log n)? 2 a = (log n) 2 d Z a

a<logn : d<logn ad
: al\Vlogn

n Z csloglogn _ ¢;nloglogn
(log n)? a2 (logn)2

d<logn
Suppose now ¢; >¢; i. e. the number of primes of the second class

b

be greater than a 2”)2 . Now we prove that for the primes of the se-
ogn
cond class the products (p;— 1) (p;— 1) cannot all be diiterent.
More generally we prove: let @;<a,<...<as< n be a sequence

of positive integers, s > i . and no a;—1 be divisible by a
| (log.n)? _. -

'prime> l 2 . then the products a;a; cannot all be different.
v ogn . ey e

1) P. Erdos. On the normal number of prime factors of p — 1 and on some related
problems concerning Euler's @ function. Quarterly Journal fo Mathematics. Vol. 6.
. (1935) 2056—213. ; '
\

\ %6 1. 1L Tpyas HUVMM.




82 ' Paul Erdos.

As in § 2, we'write the a’s in the form b;d; (but here b,-<Tf'-—-_ .
, . ogn
Where no two &'s can be connected with the same two d’s and split
~ them just as in § 2. into 3 classes, and obtain by the same argument
. that:
1) the number of a’s of the first class is less than 42
9) the number of a’s of the second class is less than 6n'

3) the number of a‘s of the third class is less then n(

|
_ logn _
Hence the number of a’s is less than

n ' 2n
r fhg e 4
(1og n) Jo ik TR

which establishes the result.

3amMeTka O HEKOTOPHIX CBOWCTBAX UEJOYHCIEHHBIX moCHe-
JI0BaTeNIbHOCTEN.

M. SPAFLI, MAHYECTEP.

[lycts a; < ay <...<a,<'n O3HaYaeT MOC/JEAOBATEJbHOCTD ME-
ABIX UHCeJ, TAKHX, 4TO HH OJHO M3 INPOU3BEAEHHH JI00bIX ABYX 4YH-
ceJA W3 MOC/JAEIOBATE/JbHOCTH HE JEJHUTCS HH HAa OJHO H3 OCTalb-
HHX.
Torna

e “LO( (ljg’!an)?)

APH 4eM OLEHKAa He MOXeT OBIThb YyJ/yulleHa. Moka3aTeJbCTBO OyaeT
. ACHee, eCJH 51 B HayaJjJe JOKaxy TOJbKO, YTO

x < = (n)-}2n'h,
B sToM cJayyae J0Ka3aTeJbCTBO OCHOBAHO HA JEeMME: _
Kaxnoe me/toe uyucjao m-<n MOxeT ObiTh 3amucaHo B dopme b; ¢,
rie b; 03HAYAeT HEKOTOPOE IeN0e HMCJAO0, He mpeBocxojisiee n,
WAH TPOCTOE YHCAO, MHTepBana (n'h, m), U ¢; O3HA4aeT HEKOTOpOe
geJoe YHCJIO0, HE mpeBocxojsuiee 'l '
UTo6bl BLIBECTH M X 60Jee TOYHYIO OLleHKY HeOoOXOAHMa TOH-
Kasi W JAOBOJIBHO CJOXHast GopMa JEMMHI. |

[lycte Gymer a;<ay< ...< &, < h Apyras MOC/AeI0BaTEeJbHOCTh '
HgeaABX MOJOXHTEJIbHBIX UHCeJ, Takas 4TO BCe MNPOM3BEACHHA da;
pasauyHbl Mex Ay co6oi. Torxa |

y <= (m)+ O (#").

~ Jloka3aTeAbCTBO OCHOBAHO HA IIPEJbIAYyIlEd JeMMe.

s | \ n’l
371eCh OILEHQOUHBII Y/IeH He MOXKeT ObITh CAe/1aH Aydlle YeM O((l - L)-'T)

-




