THE REPRESENTATION OF AN INTEGER AS THE SUM OF
THE SQUARE OF A PRIME AND OF A SQUARE-FREE

INTEGER

Pavr Erpos*,
[Exfracted from the Journal of the London Mathematical Seciety, Vel 10, 1925.]

Denote throughout by n a sufficiently large integer, by p, q, 7, s, t odd
primes, by f a square-free integer, by =, y, m integers. 1 prove the
following

TarorREM. Primes p and square-free integers f evist such that
n=p*+f when nzE1 (mod 4)
n=4p>*-f when n=1 (mod 4).
These results are similar to those of Estermannt,
n=p+f, n=a-f.

Assume first that n =5 1 (mod 4). It is sufficient to show that we can
find a prime p such that n—p? is square free. We use two formulae for
the number & of primes p << X of the form bm+I, m=0,1, 2, .... The
first,

JY / X
He= gt 1ogX+O((1ogX)2)’
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is given by the prime number theorem. The second,

N cX
= 3@ Tog (XTR)

where ¢ is a number independent of £, I, X, is given immediately by the
method of Brun. We note that

8 L+ 1 e L o1 L 5
s m(m+1) 2’ 5 pp—1) "2 3.4 12
and we determine 4 so great that
8¢
Z <3
p>a P(P—1) °°

We now divide the odd primes less than 4/n into four classes q, r, s, t typified
by
(1) g<<A4,

(2) 4 <r<(logn)?

/
(3) (lognp<s< ﬁgg—f@

v
(4) (logn)? St /0.
We now find how often n—p2, where p is a prime less than 4/n, is divisible by
the square of a prime less than 4/n. If n—p2=0 (mod ¢?), then p belongs
to at most two arithmetical progressions of difference ¢% and hence the
number of these p is, at most,

4+/n [ /n
ala—1 Togn " \Tlog n)z) '

Hence, summing for g, the number of p’s for which n—p? is divisible by
at least one of the ¢’s is less than

AN 4 ' 54/n A1
logn ? glg—1) 0 ({lognﬁ) =3 logn+ ((log n)*)'

Similarly, by Brun’s result, the number of the primes p for which
n—p? is divisible by an ¢2 is less than

A/ 2¢ /1 8¢ A/
2,.: log(4/nfr?) r(r—1) = logn ‘? r(r—1) <% logn’

since 72 < (logn)! < ni.
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Since there are at most two suitable residues mod s2, the number of
primes p for which n—p? is divisible by an s? is less than

23 ([ ]+2) <2 3 ﬁ”((ﬁﬁ)ﬂ):o((ﬁgﬁ)'

st m>(ogny: M7

Finally, if n—p? is divisible by a 2, we have
n—p?= B, B < (logn)t
But Rademacher* and Estermannt have established that the equation
ax®+by? =n,

in which ¢ >0, 6> 0 are given integers, has at most 2d(n) solutions,
where d{(n) denotes the number of divisors of n.

Hence the number of primes p for which n—p? is divisible by a #2 is less
than

] ol Y
2(log n)td(n) = O ((log n)g).

Thus the number of p’s such that n—p? is divisible by the square of a

prime is less than

11 4/n O( \n )
6 logn (logn)?/"
But the number of the p <<4/n is 24/nflogn-+0{y/n/(logn)?} and so
n—p? is square free for }(4/n/logn)40{4/n/(logn)?} primes p. This
proves the theorem when n=£1 (mod 4).
Similarly we can prove the result for n=1 (mod 4).
We can prove similarly the more general theorem

n = pk+tg,

where k is a given exponent and g is free from %-th power divisors. The
proof requires a Jemma, proved by Oppenheimi, that the equation

az®+-by* = n,
in which @, b, k, n are given positive integers, has less than {k(k—1)+1}d(n)
solutions in positive integers z, y.
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