ON THE DENSITY OF SOME SEQUENCES OF NUMBERS

P. ErpOs*.

[Bwtracted from the Journal of the London Mathematical Society, Vol. 10 (1935).]

The functions f(m), &(m) are called additive and mutiplicative
respectively if they are defined for non-negative integers m. and if. for
(my, my) =1, that is, for m, and m, relatively prime,

flmymy) = f(my)+f(my),
Plmymy) = p(my) (my).
We consider only functions f(m), ¢(m) satisfying the following conditions:

(1) f(m) =0.
(2) Zf(p)/p converges when the summation is extended to all primes p.

(3) f(py) #f(p,) if py, p, ave different primes.
(4) ¢(m) > 1.

(5) z (‘5('{‘[;# converges.

(6) $(p1) # S(pa)-

* Received 25 October, 1934; read 15 November. 1934,
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It is shown later on that conditions (2), (5) are superfluous. We shall
throughout denote by N(f; ¢, d) the number of positive integers not
exceeding n, say m;, My, ..., or simply m, for which

¢ <fim) <d,

where ¢, d are given constants; when d = o, we use simply N(f; ¢). We
shall now prove the

TaEOREM. If ¢ is a given number, then N (f, ¢)/n and N (¢, c)/n tend to
limits when n—o00.

We have the case of the abundant numbers on taking ¢ = 2,

p(m) = o(m)/m,

where o(m) denotes the sum of the divisors of m.

It is sufficient to consider additive functions, since, if ¢(m) is multipli-
cative, logg(m) is additive. Also if X {¢(p)—1}/p converges, so does
Z {log ¢(p)}/p. since, if # > 1, logx < x—1.

The method will be more intelligible if we consider first the special case
in which f(p*) = f(p) for any integral exponent a; so that

f(m)= Z f(p).
plm

Consider also the funection

fm) = = f)

PP

where p, denotes the k-th prime. We show that N(f;, c¢)/n tends to a
limit 4,. For if we denote by a,, a,, ..., @, the integers whose prime
factors are not greater than p, and for which also f;(a;) = ¢, we find the
integers m < n for which f;(m) = ¢ by taking all the multiples of a,, @5, ..., a;
not exceeding n. Hence N(f;, ¢)/n— 4, say.

Since fy,1(m) = fi,(m), Ay = A4;, and since 4, <1, ngr; A, = A exists.

We prove that N(f; ¢)/n—>A. It is sufficient to prove that, for every
€>0, a k exists so great that, for n > n(e), (N(f; ¢)—N(f; e)}/n<e.
This means that the number of integers m <I =, for which f.(m) <e, and
J(m) =¢, is less than en.

We require two lemmas.

Levma 1. We can find a number 8 such that

N(f; ¢, ct8) <ien,
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The proof is similar to my proof* for the estimate of the primitive
abundant numbers. Let p, <p,<...<p, be consecutive primes, not
necessarily the first prime, second prime, ..., satisfying the conditions

6
(a') pl e ?7
£ 1 €
0 Bi-p<s
LSS | €
©) S0P

We can satisfy these conditions since Fl(l—-p;l) diverges and Ep;"‘
i 1

converges.
Now choose 8 so that

0 <8 < min|f(p)—f(»)],

where p;, p; are any two different primes from p,, ..., p,. This is possible
by (3).

We now show that it is sufficient to consider only such of the
N(f; ¢, c+38) as satisfy the two further conditions

(a) m is divisible by one of the p; (i=1, 2, ..., ?).
(8)  m is not divisible by any one of the p? (i=1, 2, ..., 1).

For it follows from (b) and (¢) that the number of integers m < » which do
not satisfy either (a) or (8) is less than %en for n > n(e), i.e. the number of
integers m <{n not satisfying (a) is given by

i Pl P e L P S A G

|R| < 2

while the number not satisfying (8) is less than

n n L |
- vl |<n Z — -+t
[W]Jr [19;2] bt B2

Also ¢ is independent of n.

* P, Erdos, ©“ On the density of the abundant numbers”’, Journal London Math. Soc.,
9 (1034), 278-282.
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From (a), m,/p; is an integer for all A and appropriate p;, From (a),

m _en
D 6’

and so the number of the m satisfying (), (8) is less than % en, since we shall
now prove that all these quotients are different. Suppose that

mh mu
A=
P P

and so p;%p; if As£p. Then

Ao =H)
fm)—f(p) = f(m,)—f(;),
Smy)—f(m,) = f(p)—f(p;)-
But fm)—f(m,) <38, f(p)—f(p;) >3,
and this contradiction shows that the quotients are different.
Lemma 2. The number of integers m <n, for which
Fm)—f(m) > 3,
is less than en for sufficiently large k= k(e) say.

For clearly

S on—rmy= % [Z]rm<n £ LB <yan,

= =P B=P

from (2), for sufficiently large £&. Hence the lemma is proved.
We now proceed to the proof of our theorem. We divide the integers
not greater than n satisfying the two conditions

Je(m) <c, f(m)=c,

where k = k(e), into two classes. In the first class, we put the integers
m for which f(m)>c-+8. For these f(m)—f,(m)>3, and so, from
Lemma 2, their number is less than {en. In the second class, we put the
integers for which f(m)<{c-+48. Their number is less than ien from
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Lemma 1. Hence our theorem is proved for the special case when

f(p°) = f(p)-

The transition to the general case is now so simple that it will suffice to
sketch the proof. We have, for

m = Py p3E ... P3
A
flmy= = f(p).

Call gy, ¢,, ... the integers all of whose prime-factors occur with an exponent
greater than 1. We have

3

1

1 1 1
T (1+ﬁ3+ p3+'">’
where the product, which refers to all the primes p, converges.

Just as in the special case, we can prove that, if we denote by N@ the
number of integers m® < n whose quadratic part is g;, 7.e. the greatest
g by which m® is divisible, and for which f(m®) = ¢, then N/n tends to a
limit 4;. It is evident that £ 4; = A4 is a convergent series since 4; < 1/g;.
It is also easily seen that 4 is the density of the integers m for which
flm)=c.

We can discuss similarly the slightly more general case when we replace
condition (2) by (2’), which includes (2).

(2') The primes 2, 3, 5, ... can be divided into two classes g and r so that
both Z{f(g)/q¢} and Z (1/r) converge.

The proof runs just as above, the only difference being that now we
define g;, ¢,, ... as the integers which are the product of an integer composed
of the r; and of an integer whose prime factors all occur with an exponent
greater than 1.

If, however, the additive function f(m) satisfies (1) and does not satisfy
(2'), so that now condition (3) is omitted, then N(f; c)/n—1. We consider
the special case when f(r) = Z f(p). The general case can be dealt with
similarly. =

The proof is deducible from the following theorem of P. Turan, which
he has communicated to me.
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Let x(m) be an additive function which is bounded and not negative for
all primes m = p; and suppose that

z X(Ej?—)_—.a,{s(n)—)-oo as n—>o.
=D

Then the number of integers m <{n for which

| x(m)—(n)| > eb(n)
is o(n).

Turdn’s proof is similar to his proof* of the Hardy-Ramanujan theorem
that almost all integers not greater than n have loglogn prime factors.
Their theorem is, in fact, given by taking x(p)=1.

We now divide the primes 2, 3, 5, ... into two classes ¢’ and #’ such that
flg') =1 for the ¢, and f(+') < 1 for the 7' if X (1/¢’) diverges; we denote
E (1/¢') by 4, (n). It immediately follows from Turan’s theorem, on putting
g'=n

x(¢') =1, x(»") = 0, that the number of integers not greater than n which
are divisible by more than ¢, (n)(1+4€) or less than ;(n)(1—e) of the

¢’ is o(n). Since f(¢’') =1, we have, for almost all integers not greater
than =,

J(m) > (1—e) iy (n),

and so N(f, ¢)jn—1.
If 2 (1/¢’) converges, then, from (2'), Z (1/r') diverges.
Put x(+') = f(+’) and x(¢') = 0. Since (2') is not satisfied,

x(»)

—_—= n)—>w;
p<n P "&2( )

also y(p) <1. Hence, by Turén’s theorem, we have, for almost all integers
not greater than =,

x(m) > (1—e), (n).
Since f(m) = x(m), N(f, ¢)/n—1 also; thus our theorem is proved.

The University,
Manchester.

# P, Turdn, *“ On a theorem of Hardy and Ramanujan », Journal London Math. Sec.,
9 (1934), 274-276.
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