Deformed Poisson-laws as certain transform of deformed Gaussian-laws

Ferenc Oravecz

2001

Abstract. We define a natural transformation of certain symmetric probability measures, and show that it brings the Gaussian-law as well as several deformed analogue of it to the Poisson-law or to the corresponding deformed Poisson-law, respectively. An important example is the q-Gaussian-law with its transform being the q-Poisson-law of Saitoh and Yoshida. By analogy we define an even more general class of deformed Poisson distributions, and show that, as in the classical and the q-case, these deformed Poisson-laws can be achieved as the distributions of certain operators.

I. Introduction

It is well known, that the bosonic field operator of the symmetric Fock Space is distributed in the vacuum state according to the Gaussian-law. In the setup of free probability theory the distribution of the field operator of the full Fock space is Wigner’s semicircle-law^1. If one takes the q-deformed Fock space^2 with the corresponding creation and annihilation operators l_q and l^∗_q (which satisfy the so-called q-commutation relation l^∗l −qll^∗ = 1), observing the distribution of the field operator l_q + l^∗_q in the vacuum state one arrives to the q-deformed Gaussian-law^3. Going further on in generalization, in the setup of interacting Fock spaces Accardi and Bozejko proved that every symmetric probability measure with finite moments of all orders can be obtained as the vacuum distribution of the corresponding field operator and this way may be called a deformed Gaussian-law^4.

On the other hand, in^5 Hudson and Parthasarathy showed that the Poisson-law can be given as a vacuum distribution of the linear combination of the number operator, the field operator and the identity operator of the symmetric Fock space. Speicher proved the same result for the free Poisson-law, using operators of the full Fock space^6. Finally, Saitoh and Yoshida obtained similar results for their q-Poisson-law^7 in the setup of q-Fock space in their recent paper^8. (Note, that in the literature several different distributions are called the q-deformed Poisson-law (see e.g.^{9,10}); when we speak about the q-Poisson distribution bellow, we always mean that of Saitoh and Yoshida.)

In this paper we define a transformation F of those symmetric probability measures which are unique solution of some Hamburger moment problem, and show that 1 the F-transform of the Gaussian-law and the q-Gaussian-law is the Poisson-law and the q-Poisson-law, respectively. Based on these facts, we define an even more general class of deformed Poisson-distributions, namely the distributions which arise as the F-transform of some deformed Gaussian-law.

We show that, as in the classical and the q-case, these deformed Poisson-laws can be given as the distribution of the selfadjoint operators (l_0 + σ1) (l^∗_0 + σ1), where l_0 and l^∗_0 are certain deformed creation and annihilation operators, σ is the square root of the parameter of the given deformed Poisson-law and 1 stands for the identity operator.

II. Preliminaries

The pair (A, φ) is called a noncommutative probability space if A is a unital algebra and φ : A → C is a linear functional with φ (1) = 1. If A is a C^∗-algebra and φ is a state, then (A, φ) is called a C^∗-probability space. An element a of A is called a noncommutative random variable, φ (a) is the expectation value of a, while φ (a^n) is the nth moment of a. The distribution of a ∈ A is the linear functional μ_a : C (X) → C X^k → φ (a^n) k = 0, 1, 2, . . . , where C [X] stands for the algebra of polynomials in one variable.

If a is a selfadjoint element of a C^∗-probability space, then its distribution can be realized as a probability measure on R.

Bellow we will use the simple model when A = B (l^2 (Z^+)) with its standard orthonormal basis {δ_n}^∞_{n=0}, and for a ∈ A we take φ (a) = ⟨aδ_0, δ_0⟩ .

Let {b_n}^∞_{n=1} be a sequence of non-negative real numbers satisfying

b_n = 0 ⇒ b_m = 0 ∀m ≥ n, (II.1)

and let us take the weighted shift operator l on l^2 (Z^+) defined by

lδ_n = b_{n+1}δ_{n+1} n = 0, 1, 2, . . . . (II.2)

For the adjoint of l we have

l^∗δ_n = b_nδ_{n−1} n = 1, 2, 3, . . . , (II.3) l^∗δ_0 = 0.

Note that this model is basically the same as the interacting Fock space model in^4.

The matrices

A_n =

0 b_1 0 · · · · · · 0 b_1 0 b_2 · · · · · · 0 0 b_2 0 b_3 · · · 0 0 0 b_3 0 .. . . . . . . . ... .. . b_{n−1} 0 0 · · · b_{n−1} 0

are the truncation of the field operator l^∗ + l. It is not difficult to check, that the eigenvalues of A_n are the roots of the monic polynomial P_n (x) defined by the recursion

P_{n+1} (x) = xP_n (x) − b^2_nP_{n−1} (x) , P_{−1} (x) = 0, P_0 (x) = 1.

According to the theory of orthogonal polynomials (see e.g.^{11}), for such a sequence of monic polynomials there exist a symmetric probability measure μ, for which {P_n (x)}^∞_{n=0} form an OPS (orthogonal polynomial sequence), whose Cauchytransform G_μ (z) = ∫_∞ −∞ dμ(x) z−x has the continued fraction form:

G_μ (z) = 1 z − b^2_1 z − b^2

z − . ..

;

and that the moments ⟨(l^∗ + l)^m δ_0, δ_0⟩ of l^∗ + l are given by

⟨(l^∗ + l)^m δ_0, δ_0⟩ = lim_{n→∞} ⟨A^m_n δ_0, δ_0⟩ = ∞∫ −∞ x^mdμ (x) ,

that is, the distribution of l^∗ + l is just μ. (See also^{12}.)

Changing the direction of the above procedure one can check, that every symmetric probability measure with finite moments of all orders can be the distribution of some field operator of the above form. For further details see^4.

Examples II.1.

1. Bosonic case. Let b_n = √ n for ever n = 1, 2, 3, . . .. In this case the polynomials P_n (x) are the monic Hermite polynomials and the measure μ is the standard Gaussian-law N (0, 1) .

2. Fermionic case. Let b_1 = 1, b_2 = b_3 = . . . = 0. Now μ is the Bernoulli-law 1 2 (δ_{−1} (x) + δ_1 (x)) of two atoms.

3. Free case. Let b_n = 1 for every n = 1, 2, 3, , . . .. In this case the measure μ is the standard Wigner-law, whose density function is

w (x) = 1 2π √ 4 − x^2χ_{[−2;2]} (x)

(χ_{[−2;2]} (x) stands for the characteristic function of the interval [−2; 2]).

4. q-case. Let q ∈ (−1; 1) , and let b^{(q)}_n = √ [n]_q for every n = 1, 2, 3, , . . . , where

[n]_q = 1 + q + q^2 + q^3 + . . . + q^{n−1}

is the so-called n^{th} q-natural number (see e.g.^{13,14} ). In this case the polynomials P_n (x) are the q-Hermite polynomials and the measure μ is the so-called standard q-deformed Gaussian-law whose density function is given by

w_q (x) = √ 1 − q 2π ∞∏ k=1 ( 1 − q^{2k} )^∞∏ k=1 ( 1 + q^k ) √ 4 − (1 − q) x^2 ∞∏ k=1 ( 1 − (1 − q) q^kx^2 (1 + q^k)^2 )

(see e.g.^3). When q = 0 this formula gives back Wigner’s semicircle-law, while for q → 1 one arrives to the standard Gaussian-law.

III. The F-transform

In the following we introduce a transformation of the ”deformed Gaussian-laws”. For a measure μ with moment sequence {m_n}^∞_{n=0} let

Δ^{(μ)}_n = | | | | | | | |

m_0 m_1 · · · m_n m_1 m_2 · · · m_{n+1} . . . . . . m_n m_{n+1} · · · m_{2n}

| | | | | | | | and Δ̃^{(μ)}_n = | | | | | | | |

m_1 m_2 · · · m_{n+1} m_2 m_3 · · · m_{n+2} . . . . . . m_{n+1} m_{n+2} · · · m_{2n+1}

| | | | | | | | .

Definition III.1. Let Φ denote the set of those symmetric probability measures of the real line, which are unique solution of a Hamburger moment problem (i.e. whose moments are all finite, and the measure itself is uniquely determined by the requirement that it has the given moment sequence). For a symmetric probability measure μ ∈ Φ its F-transform ν = F (μ) is the measure ν for which

Δ^{(ν)}_n = Δ^{(μ)}_n and Δ̃^{(ν)}_n = σ^{2n+2}Δ^{(μ)}_n (n = 0, 1, 2, . . .) , where σ stands for the variance of μ.

Remark III.2. The determinants Δ^{(μ)}_n and Δ̃^{(μ)}_n are the key objects of the moment problems (see e.g.^{15}):

a. A sequence of real numbers {m_n}^∞_{n=0} is the moment sequence of a measure μ on R if and only if Δ^{(μ)}_n ≥ 0 for every n = 0, 1, 2, . . ., with Δ^{(μ)}_n = 0 ⇒ Δ^{(μ)}_m = 0 ∀m ≥ n. Moreover, if Δ^{(μ)}_0 > 0, Δ^{(μ)}_1 > 0, . . . , Δ^{(μ)}_n > 0 but Δ^{(μ)}_{n+1} = Δ^{(μ)}_{n+2} = . . . = 0 then μ consist of n + 1 atoms.

b. A sequence of real numbers {m_n}^∞_{n=0} is the moment sequence of a measure μ on R^+ if and only if Δ^{(μ)}_n ≥ 0 and Δ̃^{(μ)}_n ≥ 0 for every n = 0, 1, 2, . . ., with Δ^{(ν)}_n = 0 ⇒ Δ^{(ν)}_m = 0 and Δ̃^{(ν)}_n = 0 ⇒ Δ̃^{(ν)}_m = 0 ∀m ≥ n.

Moreover, if Δ^{(μ)}_0 > 0, Δ̃^{(μ)}_0 > 0, Δ^{(μ)}_1 > 0, Δ̃^{(μ)}_1 > 0, . . . , Δ^{(μ)}_n > 0 Δ̃^{(μ)}_n > 0 but Δ^{(μ)}_{n+1} = Δ̃^{(μ)}_{n+1} = Δ^{(μ)}_{n+2} = Δ̃^{(μ)}_{n+2} = . . . = 0 then μ consist of n + 1 atoms.

Remark III.3. The uniqueness requirement in Definition III.1. is automatically satisfied for compactly supported measures. Further uniqueness conditions are given in^{15} for example.

Proposition III.4.

a. The measure ν of Definition III.1. exists and is supported on R^+ . b. The moments of ν are uniquely determined by the requirements for Δ^{(ν)}_n and Δ̃^{(ν)}_n . c. If μ_1, μ_2 ∈ Φ, μ_1 ≠ μ_2 then ν_1 = F (μ_1) ≠ F (μ_2) = ν_2. d. ν is probability measure with mean σ^2.

Proof. a. As in the above definition Δ^{(μ)}_n belongs to a measure μ, according to Remark III.2.a. Δ^{(μ)}_n ≥ 0 for every n = 0, 1, 2, . . . , so Δ^{(ν)}_n ≥ 0 and Δ̃^{(ν)}_n ≥ 0 for every n = 0, 1, 2, . . . according to their definition, and from Remark III.2.b. follows, that the measure ν of Definition III.1. exist and is supported on the non-negative half line.

b. Obvious from the structure of Δ^{(ν)}_n and Δ̃^{(ν)}_n .

c. Starting from different μ_1, μ_2 ∈ Φ (in this case their moment sequences are different because of the uniqueness requirement in Definition III.1.), the determinant sequences { Δ^{(ν1)}_n } and { Δ^{(ν2)}_n } , and { Δ̃(ν1)_n } and { Δ̃(ν2)_n } will be different, so because of b., the moment sequences of ν_1 and ν_2 are different, making the proof complete. d. Obvious from the definition as μ is a symmetric probability measure with variance σ. □ Examples III.5.

1. μ = δ_0 (x) (one atom in the origin). This is the simplest possible case with { m^{(μ)}_n }_∞ n=0 = {1, 0, 0, . . .} , { Δ^{(μ)}_n }_∞ n=0 = {1, 0, 0, . . .} = { Δ^{(F(μ))} n }_∞ n=0 , { Δ̃(F(μ)) n }_∞ n=0 = {0, 0, 0, . . .} , which gives ν = F (μ) = μ. (The only case, when μ = F (μ)).

2. The Bernoulli-law of variance r. μ =^1_2 (δ_{−r} (x) + δ_r (x)) . Computing the first few moments of ν = F (μ) from the determinants Δ^{(μ)}_n , using b. of Remark III.2. one gets the ”fermionic” Poisson-law (of parameter r^2) of Saitoh and Yoshida^8 ν = ( 1 2 + 1 2 √ 4r^2 + 1 ) δ_{x1} (x) + ( 1 2 − 1 2 √ 4r^2 + 1 ) δ_{x2} (x) ,

where x_1 = r^2 + 1 2 − √ r^2 + 1 4 , x_2 = r^2 + 1 2 + √ r^2 + 1 4 .

3. Purely atomic measures (finite number of atoms). Using Remark III.2. and Proposition III.3. one easily checks that if μ consists of n atoms, then ν = F (μ) also consists of n atoms.

For measures which not consist of a finite number of atoms, the method used above for determining F (μ) is hopeless. In the following we give a more powerful tool.

It is well known (see e.g.^{16}) that for every probability measure μ on R with finite moments of all orders there exist two sequences of real numbers (the so-called Jacobi parameters) c^{(μ)}_n ∈ R and λ^{(μ)}_n ≥ 0, such that the monic OPS {P_n (x)}^∞_{n=0} associated to μ satisfies the relations

P_n (x) = ( x − c^{(μ)}_n ) P_{n−1} (x) − λ^{(μ)}_{n−1}P_{n−2} (x) for n = 1, 2, 3, . . . ;

P_{−1} (x) = 0, P_0 (x) = 1 and ∞∫ −∞ P_n (x) P_m (x) dμ (x) = δ_{n,m}λ^{(μ)}_1 λ^{(μ)}_2 . . . λ^{(μ)}_n .

Moreover (see e.g.^{15}) the Cauchy transform G_μ (z) = ∫_∞ −∞ dμ(x) z−x of μ has the continued fraction form G_μ (z) = 1 z − c^{(μ)}_1 − λ^{(μ)}_1

z − c^{(μ)}_2 − λ^{(μ)}_2 z − c^{(μ)}_3 − .. .

, and λ^{(μ)}_n =

Δ^{(μ)}_{n−2}Δ^{(μ)}_n ( Δ^{(μ)}_{n−1}

)_2 for n = 1, 2, 3, . . . , (III.1)

with Δ^{(μ)}_{−1} = 1 by definition.

The above measure μ is symmetric if and only if c^{(μ)}_n = 0 for each n, and μ is supported in a finite number of points if and only if λ^{(μ)}_n = 0 for some n.

Theorem III.6. If ν = F (μ) for some μ ∈ Φ, then a. λ^{(ν)}_n = λ^{(μ)}_n for every n = 1, 2, 3, . . . ,

b. c^{(ν)}_n = σ^2 + λ^{(μ)}_{n−1} σ^2 for every n = 2, 3, 4, . . . , with c_1 = σ^2, where σ is the variance of μ. Proof. From the definition of F (μ) and (III.1) a. follows immediately. b. To the moment sequence m_0, m_1, m_2, . . . of ν corresponds the monic OPS {P_n (x)}^∞_{n=0} with the recursion

P_n (x) = ( x − c^{(ν)}_n ) P_{n−1} (x) − λ^{(ν)}_{n−1}P_{n−2} (x) for n = 1, 2, 3, . . . ; (III.2) P_{−1} (x) = 0, P_0 (x) = 1 .

To the moment sequence m_1, m_2, m_3, . . . corresponds the monic OPS {P^∗_n (x)}^∞_{n=0} with the recursion

P^∗_n (x) = (x − c^∗_n) P^∗_{n−1} (x) − λ^∗_{n−1}P^∗_{n−2} (x) for n = 1, 2, 3, . . . ; (III.3) P^∗_{−1} (x) = 0, P^∗_0 (x) = 1 .

It is also known (see e.g.^{11}), that in this case

P^∗_n = 1 x [ P_{n+1} (x) −

P_{n+1} (0) P_n (0)

P_n (x) ] for n = 0, 1, 2, . . . . (III.4)

(Note, that the measure ν^∗ corresponding to the moment sequence m_1, m_2, m_3, . . . is not necessarily a probability measure, its total weight is m_2.) It is clear, that the determinants Δ^{(ν∗)}_n corresponding to the moment sequence m_1, m_2, m_3, . . . are the same as the determinants Δ̃^{(ν)}_n corresponding to the moment sequence m_0, m_1, m_2, . . .. From this we get

λ^∗_n =

Δ^{(ν∗)}_{n−2}Δ^{(ν∗)}_n ( Δ^{(ν∗)}_{n−1} )_2 =

Δ̃^{(ν)}_{n−2}Δ̃(ν)_n ( Δ̃^{(ν)}_{n−1}

)_2 =

Δ^{(μ)}_{n−2}m^{n−1}_2 Δ^{(μ)}_n m^{n+1}_2 ( Δ^{(μ)}_{n−1}

)_2

m^{2n}_2 = Δ^{(μ)}_{n−2}Δ^{(μ)}_n ( Δ^{(μ)}_{n−1}

)_2 = λ^{(ν)}_n

for n = 1, 2, 3, . . ..

Now writing (III.4.) into (III.3.), comparing the result with (III.2.) (using the fact, that {P_n (x)}^N_{n=0} is a basis for the vector subspace of polynomials of degree at most N), after some easy calculation, in which we use that λ^∗_n = λ^{(ν)}_n , we get

c^{(ν)}_n = c^{(ν)}_1 + λ^{(μ)}_{n−1} c^{(ν)}_1 for every n = 2, 3, 4, . . . .

To get the value of c^{(ν)}_1 let us take the polynomial sequence {S_n (x)}^∞_{n=0} defined by S_{2m} (x) = P_m (x) and S_{2m+1} (x) = xP^∗_m (x) for every m = 0, 1, 2, . . . .

This means that {S_n (x)}^∞_{n=0} is the monic OPS corresponding to the moments m_0, 0, m_1, 0, m_2, 0, . . . , with the recursion S_n (x) = xS_{n−1} (x) − γ_{n−1}S_{n−2} (x) for n = 1, 2, 3, . . . ; S_{−1} (x) = 0, S_0 (x) = 1 .

With these at hand we have (see e.g.^{11})

c^{(ν)}_1 = γ_1 = ∞∫ −∞ dν^∗ (x) = m_2 = σ^2 ,

which completes the proof. □

Examples III.7.

1. The Gaussian-law. The H_n (x) = (−1)^n e^{x2} d^n dx^n e^{−x2} Hermite polynomials form an OPS for the function e^{−x2} . The recursion for H_n (x) is H_{n+1} (x) = 2xH_n (x) − 2nH_{n−1} (x) n = 0, 1, 2, . . . ; H_{−1} (x) = 0, H_0 (x) = 1.

From these one can easily calculate the recursion for the monic OPS { Ĥ_n (x) }_∞ n=0 corresponding to the function N (0, σ) (x) =^{1√}_{2πσ} e^{− x2}2σ (see e.g.^{11}), obtaining Ĥ_n (x) = xĤ_{n−1} (x) − (n − 1) σ^2Ĥ_{n−2} (x) n = 1, 2, 3, . . . ; Ĥ_{−1} (x) = 0, Ĥ_0 (x) = 1.

Calculating the Jacobi parameters of ν = F (N (0, σ)) according to Theorem III.6., one realizes that these are the same as those in the recursion

C^{(a)}_n (x) = (x − (n − 1) − a) C^{(a)}_{n−1} (x) − a (n − 1) C^{(a)}_{n−2} (x) for n = 1, 2, 3, . . . ; C^{(a)}_{−1} (x) = 0, C^{(a)}_0 (x) = 1

for the Charlier polynomials

C^{(a)}_n = n∑ k=0 ( n k )( x k ) k! (−a)^{n−k} of parameter a = σ^2, which are known to form a monic OPS with respect to the Poisson-law of parameter a.

2. The q-deformed Gaussian-law ( q ∈ [0; 1)). The q-deformed Gaussian-law μ of variance σ can be associated to the q-Hermite polynomials with Jacobi parameters c^{(μ)}_n = 0, λ^{(μ)}_n = σ^2 [n]_q (n = 1, 2, 3, . . .) (see e.g.^7). For the Jacobi parameters of its F-transform this gives c^{(ν)}_n = σ^2 + [n − 1]_q for n = 2, 3, 4, . . ., with c_1 = σ^2, λ^{(ν)}_n = σ^2 [n]_q (n = 1, 2, 3, . . .) , which corresponds to the q-Poisson distribution of Saitoh and Yoshida^7. The case q = 0 has some importance in its own, the corresponding measures being the Wigner-law and its F-transform, the free Poisson-law.

In Section II. we mentioned that in the setup of interacting Fock spaces every μ ∈ Φ may be taken as a deformation of the Gaussian-law. Now in the same sense we may call every measure of the form ν = F (μ) a deformation of the Poissonlaw. The only criteria for a probability measure ν supported on the non-negative half line to be a deformed Poisson-law is that for the corresponding determinants Δ̃(ν)_n = anΔ(n)_n should hold for every n = 0, 1, 2, . . . , where a is the mean of ν (of course this criteria requires that all the moments of ν be finite). An equivalent criteria can be deduced from Theorem III.6., namely, that for the Jacobi parameters corresponding to ν c^{(ν)}_n = a +^{λ(ν)n−1}_a should hold for every n = 2, 3, 4 . . . , with c_1 = a (where a is again the mean of ν). One can easily check, that for example the exponential law ν (x) = λe^{−λx}dx does not satisfy these conditions, so it can not be the F-transform of any μ ∈ Φ (and therefor it is not a deformed Poisson-law).

IV. The deformed Poisson-law as the distribution of certain operators

Let {P_n (x)}^∞_{n=0} be a monic OPS with respect to a probability measure ν, with the recursion (III.2) , where c_n = c_1 +^{λn−1}_{c1} for n = 2, 3, 4, . . . ; c_1 > 0 and λ_n > 0 for every n = 1, 2, 3, . . .. It follows, that ν is supported on R^+ , and that there is a symmetric probability measure μ ∈ Φ such that ν = F (μ), that is, ν is a deformed Poisson-law. Similarly as in the beginning of Section 1., the eigenvalues of the matrix

A_n = c_1 b_1 0 · · · · · · 0 b_1 c_2 b_2 · · · · · · 0 0 b_2 c_3 b_3 · · · 0 0 0 b_3 c_4 ... . . . . . . .. . ... b_{n−1} 0 0 · · · b_{n−1} c_n (where b_n = √ λ_n) are the roots of the polynomial P_n (x) . If the operators l, l^∗ are given by (II.2) and (II.3) , and T of l^2 (Z^+) act as

T δ_n = c_{n+1}δ_n n = 0, 1, 2, . . . ,

then the moments of the operator l^∗ + l + T are

⟨(l^∗ + l + T )^m δ_0, δ_0⟩ = lim_{n→∞} ⟨A^m_n δ_0, δ_0⟩ = ∞∫ −∞ x^mdν (x) , that is the distribution of l^∗ + l + T is given by the measure ν.

Let us denote the mean of ν by σ^2. Then, as c_1 = σ^2, c_n = σ^2 +^{b2n−1}_{σ2} (n ≥ 2), one can verify directly that T = σ^21 + 1 σ^2 ll^∗. So finally we get that the deformed Poisson-law ν is the distribution of the selfadjoint operator l^∗ + l + σ^21 +^1_{σ2} ll^∗ =

(_1 σ l + σ1 ) (_1

σ l^∗ + σ1 ) , just as in the bosonic case^5, free case^6 and q-case^8 for q ∈ [0; 1).

Thus we have proven the following

Theorem IV.1. Let {b_n}^∞_{n=1} be a sequence of positive real numbers satisfying (II.1). Let μ be the distribution of the operator l^∗ + l (where l^∗ and l are given by (II.2) and (II.3) for the given sequence {b_n}^∞_{n=1}). Let ν = F (μ) . Then ν is the distribution of the operator

(_1 σ l + σ1 ) (_1

σ l^∗ + σ1 ) , where σ is the variance of μ. □

Remark IV.2. The result is even nicer if we take the ”normalized” creation and annihilation operators l_0 =^1_σ l, l^∗_0 =^1_σ l^∗ (these gives a field operator whose distribution is of variance 1); then the corresponding deformed Poisson-law ν is the distribution of the operator (l_0 + σ1) (l^∗_0 + σ1) .

We note that while Theorem IV.1. is a generalization of Theorem II.8. in^8, it is still a special case of Theorem (3) of^4.

References

1 D. V. Voiculescu, K. J. Dykema and A. Nica, Free Random Variables (CRM Monograph Ser. 1, Amer. Math. Soc., 1992).

2 M. Bozejko, B. Kummerer and R. Speicher, ”q-Gaussian processes: Non-commutative and classical aspects”, Commun. Math. Phys. 185, 129-154 (1997). 3 H. van Leeuwen and H. Maassen, ”A q-deformation of the Gaussian distribution”, J. Math. Phys. 36, 4743-4756 (1995).

4 L. Accardi and M. Božejko, ”Interacting Fock spaces and Gaussianization of probability measures”, Infin. Dimens. Anal. Quantum Probab. Relat. Top. 1, No 4, 663-670 (1998).

5 R. L. Hudson and K. R. Parthasarathy, ”Quantum Ito’s formula and stochastic evolution laws for probability distributions”, Commun. Math. Phys. 93, 301-323 (1984).

6 R. Speicher, ”A new example of ’Independence’ and ’White Noise”’, Probab. Theor. Relat. Fields 84, 141-159 (1990).

7 N. Saitoh and H. Yoshida, ”q-deformed Poisson distribution based on orthogonal polynomials”, J. Phys. A: Math. Gen. 33, 1435-1444 (2000).

8 N. Saitoh and H. Yoshida, ”q-deformed Poisson random variables on q-Fock space”, J. Math. Phys. 41, No. 8 5767-5772 (2000).

9 L. Benkherouf and J. A. Bather, ”Oil exploration: sequential decisions in the face of uncertainty”, J. Appl. Prob. 25, 529-543 (1988).

10 J. Sicong, ”The q-deformed binomial distribution and its asymptotic behavior”, J. Phys. A: Math. Gen. 27, 493 (1994).

11 T. S. Chihara, An Introduction to Orthogonal Polynomials (Gordon and Breach, 1978).

12 F. Hiai and D. Petz, The semicircle law, free random variables and entropy (Mathematical Surveys and Monographs. 77. Providence, RI: AMS, 2000). 13 H. Exton, q-Hypergeometric Functions and Applications (Chichester: Ellis Horwood- Wiley, 1983).

14 G. Gasper and M. Rahman, Basic Hypergeometric Series (Encyclopedia of Mathematics and its Applications vol. 35, Cambridge: Cambridge Univ. Press, 1990). 15 J. A. Shohat and J. D. Tamarkin, The problem of moments (Math. Surveys No. 1, 1942).

16 G. Szegõ, Orthogonal polynomials (AMS, Colloquium Publ. 23. New York, 1939).

Ferenc Oravecz Alfred Renyi Institute of Mathematics, The Hungarian Academy of Sciences Reáltanoda u. 13-15, H-1053, Budapest, Hungary e-mail: oravecz@renyi.hu AMS subject Classification (1991): 60A10, 60E10