Undecidability of the Real-Algebraic Structure of Models of Intuitionistic Elementary Analysis

Miklós Erdélyi-Szabó^{1,2}

Department of Mathematics, Cornell University White Hall, Ithaca, NY 14853, U.S.A.^3

Abstract. We show that true first-order arithmetic is interpretable over the realalgebraic structure of models of intuitionistic analysis built upon a certain class of complete Heyting algebras. From this the undecidability of the structures follows. We also show that Scott’s model is equivalent to true second-order arithmetic. In the appendix we argue that undecidability on the language of ordered rings follows from intuitionistically plausible properties of the real numbers.

Mathematics Subject Classification: 03-D35, 03-F55.

Keywords: Undecidability, Intuitionism, Heyting algebra, True second-order arithmetic.

1 Introduction

Let L denote the language of ordered rings. In [4], using a coding similar to the one used by Cherlin in [1], we showed that the L-theory of Scott’s topological model for intuitionistic analysis is undecidable by encoding true first-order arithmetic in that structure. (Scott defined the model in question in [8].) In this paper we extend this result by showing that true second-order arithmetic is interpretable in Scott’s model and that true first-order arithmetic is interpretable in a class of models which includes the well-known topological models as well as Scowcroft’s model (defined in

1This research was supported by the NSF grant DMS 9704337.

2I am greatly indebted to Professor Philip Scowcroft for reading the first draft of this paper and for his helpful comments. I would also like to thank the referee whose insightful report helped to improve the presentation of the results.

3e-mail: mszabo@math.cornell.edu 1

2 Miklós Erdélyi-Szabó

[9]) and its generalizations. For the sake of convenience, we restrict ourselves to the set of non-negative reals, so in what follows, “real” will mean “non-negative real”.

2 Coding N^+

In this section we interpret the structure of positive integers in the ordered-ring structure of reals, provided that the reals obey certain assumptions true in various models of intuitionistic analysis. In the appendix we shall attempt to give an intuitionistically acceptable justification of these assumptions using a creative subject argument. Here the variables x, y, u, v, w etc. will range over reals, k, l, n will range over natural numbers. In the following formula let B(y) denote y = 0 ∨ y ≠ 0. Let φ_N+ (x, y, u, v) ≡ ¬x < 1 ∧ (¬v = u ∨ ¬xv = u → B(y)) ∧ ∀w[(¬wv = u → B(y)) → [(w < 1 → B(y)) ∧ (w > 1 → ∃w^′(w ≠ w^′ ∨ ¬w^′v = u + v → B(y)))]]. Then φ_N+ is an L-formula.

Note that x ≠ y is defined as x < y ∨ y < x and ¬x = y, which is equivalent to ¬¬x ≠ y, is weaker intuitionistically than x ≠ y.

From now on let us assume that the following sentences are true (we shall say that a Heyting algebra H is nice if these sentences are true in the corresponding model of intuitionistic second-order arithmetic, cf. the next section): 1. ∀y∃u∃v(∀n ∈ N^+ (¬nv = u → y = 0 ∨ y ≠ 0) ∧ ¬v = 0 ∧ ¬¬∃n ∈ N^+ (nv = u)); 2. ¬∀y(y = 0 ∨ y ≠ 0).

Note that if y = 0 ∨ y ≠ 0 is true, then in 1 arbitrary u = v work, so this sentence is true classically.

Note also that 2 is known to be true in any intuitionistic theory of the reals. This is the only classically false ingredient of the proof below.

We have chosen to use these sentences because they seem to be the weakest assumptions making the proofs work.

We shall also use the following intuitionistically valid properties of the reals. The strict ordering < on R and the operations addition and multiplication extend those of Q and have the following properties: R is a commutative ring of characteristic zero, and (i) ¬x < x, (ii) x < y ∧ y < z → x < z, (iii) x < y → x < z ∨ z < y, (iv) x < y → x + z < y + z, (v) x < y ∧ 0 < z → xz < yz,

Undecidability of Models of Intuitionistic Real Algebra 3 (vi) x = y ↔ ¬(x < y ∨ y < x), (vii) ¬x < 1 → ∃n ∈ N^+ (n − 1 < x < n + 1). Note that by (vi) we may use = between real numbers only as an abreviation. Note also that x ≤ y ↛ (x = y ∨ x < y). Trichotomy (which, since we do not “exclude the middle” is not equivalent to (vi)) is replaced by the weaker property (iii).

Theorem 1. Let ψ(x) denote the formula ∀y∃u∃vφ_N+ (x, y, u, v). Then from the axioms and the properties of real numbers mentioned above and from the usual axioms of natural numbers ∃k ∈ N^+ (x = k) ≡ ψ(x) follows in two-sorted intuitionistic predicate calculus with equality. (In particular, the proof uses induction in the natural number sort.)

Proof. First we show that ∃k ∈ N^+ (x = k) → ψ(x), so let us assume that x = k is true. Let us fix a real number y and let B(y) denote y = 0 ∨ y ≠ 0 as before. From the first axiom follows that ∀n ∈ N^+ (¬nv = u → B(y)) ∧ ¬v = 0 ∧ ¬¬∃n ∈ N^+ (nv = u). for some real numbers u and v. Then the first two conjuncts of φ_N+ (x, y, u, v) are obviously true.

Next let us assume that ¬wv = u → B(y) for some real number w. First we want to show that in this case w < 1 implies B(y). If w < 1 and wv = u then, since v ≠ 0, from the above mentioned properties of the real numbers follows that ¬∃n ∈ N^+ nv = u. Since ¬¬∃n ∈ N^+ nv = u is true, w < 1 implies ¬wv = u, which, by our assumption, implies B(y). Next we show that if w > 1 then there is some positive natural number n such that w ≠ n ∨ ¬(n − 1)v = u implies B(y). From this ψ(x) follows. If w > 1 then k − 1 < w < k + 1 for some k ∈ N^+ . Fix such a positive natural number k. If w ≠ k and wv = u then, since k − 1 < w < k + 1 and v ≠ 0, ¬∃n ∈ N^+ nv = u follows, contradicting to one of our assumpions. So if w ≠ k then ¬wv = u and B(y) follows as before. If ¬(k − 1)v = u and k is at least 2, B(y) follows by our assumption about u and v. If k = 1 then then 1 < w < 2 which entails ¬wv = u and B(y) as before.

Finally we show that ψ(x) implies ∃k ∈ N^+ (x = k).

As a first step, we show by induction on k ∈ ω that if y, u and v are arbitrary real numbers then ∀x(φ_N+ (x, y, u, v) ∧ k < x < k + 1 → B(y)). If k = 0 then φ_N+ (x, y, u, v)∧0 < x < 1 is false, so the above implication holds. Let us assume that ∀x(φ_N+ (x, y, u, v) ∧ k < x < k + 1 → B(y)) and φ_N+ (w, y, u, v) ∧ k + 1 < w < k + 2 are true where w is an arbitrary real number. If ¬wv = u then B(y) follows from φ_N+ (w, y, u, v), so since w > 1 (k is at least 0), ∃w^′((w ≠ w^′ ∨ ¬w^′v = u + v) → B(y)). Fix such w^′. Since k + 1 < w, w^′ < w or k + 1 < w^′ follows. In the first case w ≠ w^′, so B(y) is true. In the second case let w̄ = w^′ − 1. If ¬w̄v = u then ¬w^′v = u + v and B(y) follows, so ¬w̄v = u → B(y) is true. But then if k = 0,

4 Miklós Erdélyi-Szabó

0 < w̄ < 1 and B(y) follows from this implication. Otherwise, if k > 0, ¬w̄ < 1, so φ_N+ (w̄, y, u, v)∧k < w̄ < k +1 is true and B(y) follows by the inductional hypothesis.

Now let us assume ψ(x) is true. Then ¬x < 1, so k − 1 < x < k + 1 for some positive integer k. Fix such a k ∈ N^+ . Let y be an arbitrary real number. Then from ψ(x) follows that there are real numbers u and v such that φ_N+ (x, y, u, v) is true. If x ≠ k then k −1 < x < k or k < x < k +1. In both cases B(y) follows. Since y was an arbitrary real number, ψ(x) ∧ k − 1 < x < k + 1 ∧ x ≠ k implies ∀yB(y), which is false by one of our assumptions. From these follows that ψ(x) implies ∃k ∈ N^+ x = k.

Let φ(⃗x) be a formula of the language L^′ = ⟨1, +, ×⟩. Let the L-formula φ̃ be defined inductively as follows:

1. If φ is atomic, then φ̃ = φ;

2. ~ φ_1 ∘ φ_2 = φ̃_1 ∘ φ̃_2 where ∘ = ∧, ∨, →;

3. ~

∃xφ_1(x) = ∃x(ψ(x) ∧ φ̃_1(x));

4. ~

∀xφ_1(x) = ∀x(ψ(x) → φ̃_1(x)).

Here ψ(x) is the formula defined above.

The next proposition gives the undecidability result.

Proposition 2. Let φ(⃗x) be an L^′-formula and ⃗a be a tuple of positive integers. If the structure of reals obey the assumptions above, then N^+ |= φ[⃗a] if and only if φ̃[⃗a] is true.

Proof. By formula induction. As an illustration, we show the case when the formula starts with an existential quantifier:

Suppose that N^+ |= ∃xφ(x). Then N^+ |= φ(a) for some a ∈ N^+ , so by the induction hypothesis φ̃(a) is true. Also, ψ(a) is true by Theorem 1, so ~∃xφ(x) ≡ ∃x(ψ(x)∧φ̃(x)) is true.

If ~

∃xφ(x) ≡ ∃x(ψ(x) ∧ φ̃(x)) is true then by Theorem 1 ∃x∃k ∈ N^+ (x = k ∧ φ̃(x)). From this ∃x∃k ∈ N^+φ̃(k) follows, and by the induction hypothesis N^+ |= φ(k). Thus N^+ |= ∃xφ(x).

3 The Models in Question

Let H = (H, ⊥, ⊤, ∧, ∨, →, ≤) be a complete Heyting algebra – the truth value algebra of the model to be defined. Infinite infimum and supremum will be denoted by ⋀ and ⋁ respectively. We say that A ∈ H is complemented if there is an element denoted by A^c of H such that A ∧ A^c = ⊥ and A ∨ A^c = ⊤. Note that if A is

Undecidability of Models of Intuitionistic Real Algebra 5

complemented then A^c = A → ⊥. A → ⊥ is the pseudocomplement of A, denoted by ¬A. We say that two elements U_1, U_2 ∈ H are disjoint if U_1 ∧ U_2 = ⊥.

A choice sequence, i.e. a sequence of natural numbers is represented in the model by a function ξ : ω ×ω → H such that ⋁ m ξ(l, m) = ⊤ and ξ(l, m)∧ξ(l, n) = ⊥ for all l, m, n with m ≠ n. From this follows that the elements ξ(l, m) are complemented. Here ξ(l, m) is the truth value of the statement that the l-th element of the sequence represented by ξ is m. Let Ξ denote the set of choice sequences.

The language L_1 we shall use is the one used in [9]. It contains two sorts of variables — x, y, z, etc. ranging over the elements of ω, and α, β, etc. ranging over choice sequences — and constant symbols for each m ∈ ω and for each choice sequence ξ. Since it will not cause any confusion, we shall use the same symbol for the constant and the corresponding element of the model. The language contains symbols for certain primitive recursive functions and relations defined on the elements of ω - e.g. |x − y|, ≤ etc. — and we also have the equality symbol =. It will be used in atomic formulas of the form t = t^′ or ξ(t) = t^′ where t and t^′ are terms of natural-number sort and ξ is a choice sequence (constant).

Atomic sentences receive truth values as follows: 1. ‖m ≤ n‖ = { ⊤ if m ≤ n ⊥ if m ≰ n and similarly for other primitive-recursive relations.

2. Concerning choice sequences, we have: ‖ξ(m) = n‖ = ξ(m, n). Arbitrary sentences φ receive truth values ‖φ‖ ∈ H in the usual way:

1. ‖φ_1 ∨ φ_2‖ = ‖φ_1‖ ∨ ‖φ_2‖

2. ‖φ_1 ∧ φ_2‖ = ‖φ_1‖ ∧ ‖φ_2‖

3. ‖φ_1 → φ_2‖ = ‖φ_1‖ → ‖φ_2‖ 4. ‖¬φ‖ = ‖φ‖ → ⊥ 5. ‖∃xφ(x)‖ = ⋁ n∈ω ‖φ(n)‖ 6. ‖∀xφ(x)‖ = ⋀ n∈ω ‖φ(n)‖ 7. ‖∃αφ(α)‖ = ⋁ ξ∈Ξ ‖φ(ξ)‖ 8. ‖∀αφ(α)‖ = ⋀ ξ∈Ξ ‖φ(ξ)‖ A sentence ψ is true in the model just in case ‖ψ‖ = ⊤.

In [6, pages 134-135] Vesley considers a species R of real-number generators: ξ ∈ R if and only if the sequence 2^{−x}ξ(x) (x ∈ ω) of diadic fractions is a Cauchy-sequence with

6 Miklós Erdélyi-Szabó ∀k∃x∀p|2^{−x}ξ(x)−2^{−x−p}ξ(x+p)| < 2^{−k}, i.e. if and only if ∀k∃x∀p2^k|2^pξ(x)−ξ(x+p)| < 2^{x+p}.

Equality, ordering, addition and multiplication on R are defined as follows. 1. ξ = η if and only if ∀k∃x∀p2^k|ξ(x + p) − η(x + p)| < 2^{x+p}, 2. ξ < η if and only if ∃k∃x∀p2^k(η(x + p) ˙−ξ(x + p)) ≥ 2^{x+p}, 3. (ξ + η)(x) := ξ(x) + η(x) and 4. (ξη)(x) := ⌊2^{−x}ξ(x)η(x)⌋. The following facts are also proved in [6]. If ξ, η ∈ R then ξ+η ∈ R, = is a congruence relation with respect to < and +. Similar facts are true for multiplication as well (cf. also [5, pages 20-21]).

Let us expand the language L_1 with a unary predicate symbol R, binary predicate symbols = and <, and binary function symbols for addition and multiplication on choice sequences.

The corresponding truth values may be defined as follows: ‖R(ξ)‖ := ‖∀k∃x∀p2^k|2^pξ(x) − ξ(x + p)| < 2^{x+p}‖ using obvious abbreviations.

Similarly: ‖ξ = η‖ := ‖∀k∃x∀p2^k|ξ(x + p) − η(x + p)| < 2^{x+p}‖, and ‖ξ < η‖ := ‖∃k∃x∀p2^k(η(x + p) ˙−ξ(x + p)) ≥ 2^{x+p}‖. Using the facts mentioned above, these definitions can be extended readily to polynomials of choice sequences.

ξ is a global real-number generator just in case ‖R(ξ)‖ = ⊤. Let G denote their set. G is closed under addition and multiplication. From now on elements of G will be denoted by f, g, h etc.

For each natural number n there is a corresponding global real-number generator f_n defined as follows: f_n(l, m) = ⊤ if m = n2^l and f_n(l, m) = ⊥ otherwise. Then ‖f_nf = n f + · · · + f ‖ = ⊤. If it does not cause any confusion, we shall denote this particular element of G by n. Then G is a model for the language of ordered rings with addition and multiplication defined above and the interpretation of 0 and 1 is f_0 and f_1 respectively. Note that = has the usual properties in the model, e.g. f = g ↔ ¬(g < f ∨ f < g), f = g ∧ φ(f) → φ(g) etc. has truth value ⊤. f ≠ g is defined as f < g ∨ g < f. Finally note that in general ¬f = g ↮ f ≠ g.

In what follows a base of a Heyting algebra is a set of elements with the property that every element of the algebra is the supremum of base elements.

Undecidability of Models of Intuitionistic Real Algebra 7

If H has a base of complemented elements, than it is easy to see that quantification over reals in the corresponding model can be reduced to quantification over global real-number generators. I.e. in this case ‖∃α(R(α) ∧ φ(α))‖ = ⋁ f∈G ‖φ(f)‖ and ‖∀α(R(α) → φ(α))‖ = ⋀ f∈G ‖φ(f)‖. Since G ⊂ Ξ and ‖R(f)‖ = ⊤ for all f ∈ G, ⋁ f∈G ‖φ(f)‖ = ⋁ f∈G ‖R(f) ∧ φ(f)‖ ≤ ⋁ ξ∈Ξ ‖R(ξ) ∧ φ(ξ)‖ = ‖∃α(R(α) ∧ φ(α))‖. On the other hand, if U ≤ ‖R(ξ)∧φ(ξ)‖ for some ξ ∈ Ξ and complemented element U, then we can define a real-number generator f ∈ G such that f = ξ on U and f = f_0 on the complement of U. Then U ≤ ‖f = ξ ∧ φ(ξ)‖ ≤ ‖φ(f)‖, so ‖∃α(R(α) ∧ φ(α))‖ = ⋁ ξ∈Ξ ‖R(ξ) ∧ φ(ξ)‖ ≤ ⋁ f∈G ‖φ(f)‖ follows.

A similar reasoning shows that ‖∀α(R(α) → φ(α))‖ = ⋀ f∈G ‖φ(f)‖. From now on let us assume that H has a base of complemented elements.

Lemma 3. H is nice if there is some g ∈ G with B = ‖g = 0 ∨ g ≠ 0‖ ≠ ⊤, and for each such g ∈ G there is a subalgebra H_1 ≤ H containing the elements g(l, m) with the following properties.

1. H_1 has a base D forming a tree of height κ such that elements on different branches are disjoint and every node is less than its predecessor. The level of a node is defined inductively as usual. For λ < κ let D_λ denote the set of elements of D of level λ.

2. For every element C of H_1 there is a countably infinite set of pairwise disjoint elements less than C.

3. If an element of H_1 is the supremum of countably many disjoint elements, then it is the supremum of countably many complemented elements. Without loss of generality these elements are pairwise disjoint. 4. ⋀ {A ∈ H_1 : ¬A = ⊥} = ⊥. Proof. Claim 1. First we show that B contains a pairwise disjoint set of elements B = {B_i : i ∈ I} of H_1 with the property that for every C ∈ H_1, if C ∨ B > B then there is some i ∈ I with B_i ≤ C. Proof. For λ < κ let B_λ = {D ∈ D_λ : D ≤ B and ∀ν < λ, ∀E ∈ B_ν , E ∧ D = ⊥}. Let B = ⋃ λ<κ B_λ. Then B = ⋁ B. Now let C ∈ H_1, C ∨ B > B. Then there is some D ∈ ⋃ λ D_λ such that D ≤ C but D ≰ B. Then D ≠ ⊥ and since ¬B = ⊥ (B is dense), D ∧ B ≠ ⊥. So there is some D^′ ∈ D_j with j < κ minimal such that D^′ ≤ D ∧ B. Then D^′ ∈ B_j and D^′ ≤ C proving the claim.

Now let B = {B_i : i ∈ I} as in Claim 1 and for every i ∈ I let {U^n_i ≠ ⊥ : n ∈ N^+ } be a set of disjoint elements with B_i ≥ ⋁ n∈N^+ U n i (here we are using property 2)

8 Miklós Erdélyi-Szabó

and U^1_i = B_i ∧ ¬ ⋁ n>1 U^n_i . Let U^n = ⋁ i∈I U^n_i . Then U^l ∧ U^m = ⊥ if l ≠ m and ¬ ⋁ n∈N^+ U n = ¬B = ⊥. Claim 2. Let {U^n} be a countable sequence of pairwise disjoint elements of H_1 as above. Then there are elements h_1 and h_2 in G such that ⋁ n∈N^+ U^n = ‖h_1 ≠ 0‖ = ‖h_2 ≠ 0‖ and U^n ≤ ‖nh_2 = h_1‖.

Moreover every element of the form h_i(m, n) is in H_1, where i = 1, 2, and m and n are in N.

Proof. Using property 3. Let ⋁ n∈N^+ U n = ⋁ i∈ω E_i where {E_i} is a countable sequence of pairwise disjoint complemented elements. Let

h_1(l, m) = ( ⋁ i≤l E_i)^c if m = 0 E_i if m = 2^{l−i}, (0 ≤ i ≤ l) ⊥ otherwise, and let

h_2(l, m) = ( ⋁ i≤l E_i)^c if m = 0 ⋁ {E_i ∧ U^n : m = ⌈^{2l−i}_n ⌉, 0 ≤ i ≤ l} if m = ⌈^{2l−i}_n ⌉ for some n and i ⊥ otherwise.

Note that ‖¬nh_2 = h_1‖ is in H_1 for all n in N^+ . Note also that the equation m = ⌈^k_n ⌉ (m is the least integer greater than or equal to the rational number k/n) is definable in our language as k ≤ mn ∧ mn < k + n. We show that h_1 and h_2 fulfill the requirements.

(a) ‖R(h_2)‖ = ⊤. (‖R(h_1)‖ = ⊤ is similar.)

Proof. First of all h_2 is a choice sequence, since h_2(l, m) and h_2(l, n) are obviously disjoint if m ≠ n, and ⋁ m∈ω h_2(l, m) = ( ⋁ i≤l E_i)^c ∨ ⋁ i≤l ⋁ n∈N^+ (E_i ∧ U^n) = ( ⋁ i≤l E_i)^c ∨ ⋁ i≤l (E_i ∧ ( ⋁ n∈N^+ U^n)) = ( ⋁ i≤l E_i)^c ∨ ⋁ i≤l (E_i ∧ ( ⋁ j∈ω E_j)) = ⊤.

Next we want to show that ⊤ ≤ ‖∀k∃x∀p2^k|2^ph_2(x) − h_2(x + p)| < 2^{x+p}‖. Fix k ∈ ω and let x > k. Then for all i ≤ x, p ∈ ω and n ∈ N^+ ,

E_i ∧ U^n ≤ ‖h_2(x + p) = ⌈ 2^{x+p−i} n ⌉ ‖, so E_i ∧ U^n ≤ ‖2^k|2^ph_2(x) − h_2(x + p)| < 2^k(2^p + 1)‖ ∧ ‖2^k(2^p + 1) ≤ 2^{x+p}‖.

Also, ( ⋁ i≤x E_i)^c ≤ ‖h_2(x) = 0‖ ∧ ‖h_2(x + p) ≤ 2^{x+p−(x+1)}‖ ∧ ‖2^{x+p−(x+1)} = 2^{p−1}‖

Undecidability of Models of Intuitionistic Real Algebra 9

for all p, so ( ⋁ i≤x E_i)^c ≤ ⋀ p∈ω ‖2^k|2^ph_2(x) − h_2(x + p)| ≤ 2^{k+p−1}‖ ∧ ‖2^{k+p−1} < 2^{x+p}‖.

From these ⊤ ≤ ‖∀k∃x∀p2^k|2^ph_2(x) − h_2(x + p)| < 2^{x+p}‖ follows.

(b) For all n ∈ N^+ and i ∈ ω, E_i ∧ U^n ≤ ‖nh_2 = h_1‖. (Since U^n = ⋁ i∈ω(E_i ∧ U^n), from this follows that for all n ∈ N^+ , U^n ≤ ‖nh_2 = h_1‖.) Proof. If i ≤ l then

E_i ∧ U^n ≤ ‖h_2(l) = ⌈ 2^{l−i} n ⌉ ‖ ∧ ‖h_1(l) = 2^{l−i}‖, so for all k ∈ ω, if x > k, x > i and 2^x > n2^k, then for all p ∈ ω, E_i ∧ U^n ≤ ‖2^k|nh_2(x + p) − h_1(x + p)| < n2^k‖ ∧ ‖n2^k < 2^{x+p}‖. From this the statement follows. (c) ⋁ n∈N^+ U n = ‖h_1 ≠ 0‖ = ‖h_2 ≠ 0‖.

Proof. We show only that ⋁ n∈N^+ U n = ‖h_2 ≠ 0‖, ⋁ n∈N^+ U n = ‖h_1 ≠ 0‖ is similar.

Since ( ⋁ i≤x+p Ei) c ≤ ‖h_2(x + p) = 0‖, ‖2^kh_2(x + p) ≥ 2^{x+p}‖ ≤ ⋁ i≤x+p Ei. From this follows that

‖h_2 ≠ 0‖ = ⋁ k∈ω ⋁ x∈ω ⋀ p∈ω ‖2^kh_2(x + p) ≥ 2^{x+p}‖ ≤ ⋁ k∈ω ⋁ x∈ω ⋀ p∈ω ⋁ i≤x+p E_i = ⋁ k∈ω ⋁ x∈ω ⋁ i≤x E_i = ⋁ k∈ω ⋁ x∈ω E_x = ⋁ x∈ω E_x = ⋁ n∈N^+ U^n. On the other hand for n ∈ N^+ and i ∈ ω fixed, if n < 2^y and x = k = y + i, then for all p ∈ ω,

E_i ∧ U^n ≤ ‖2^kh_2(x + p) = 2^k ⌈ 2^{x+p−i} n ⌉ ‖ ∧ ‖2^k ⌈ 2^{x+p−i} n ⌉ > 2^{k+x+p−i−y}‖∧ ‖2^{k+x+p−i−y} = 2^{x+p}‖. From this ⋁ n∈N^+ U n ≤ ‖h_2 ≠ 0‖ follows.

Claim 3. For all n ∈ N^+ ‖¬nh_2 = h_1‖ ≤ B.

Proof. Otherwise ‖¬nh_2 = h_1‖ ∨ B > B, so by Claim 1 B_i ≤ ‖¬nh_2 = h_1‖ for some i ∈ I. Thus U^n_i ≤ ‖¬nh_2 = h_1‖, but U^n_i ≤ ‖nh_2 = h_1‖, a contradiction. Note that ¬ ⋁ n∈N^+ ‖nh2 = h1‖ = ‖h1 = 0‖ = ‖h2 = 0‖ = ¬ ⋁ n∈N^+ U n = ⊥ are obviously true.

Finally, let H^′_1 be the set of elements A^′ of H_1 with the properties ¬A^′ = ⊥ and A^′ is a supremum of a countable sequence of pairwise disjoint complemented elements. From 2 and 3 follows that for each A in H_1 with ¬A = ⊥ there is some A^′ in H^′_1 such that A^′ ≤ A. So by 4, ⋀ H^′_1 = ⊥. Moreover, the above construction of h_1 shows that

10 Miklós Erdélyi-Szabó

for each A^′ in H^′_1 there is some g in G with A^′ = ‖g ≠ 0‖. From these follows that ⋀ g∈G ‖g = 0 ∨ g ≠ 0‖ = ⊥.

Next we give some examples (three proper classes, to be more exact) of nice Heyting algebras with bases of complemented elements.

Example 1. Let κ be any cardinal with the discrete topology, and H be the Heyting algebra of the coperfect open sets, or the Heyting algebra of the open sets of X =^ωκ. Then H with H_1 = H fulfills the requirements of the lemma. So true first-order arithmetic is interpretable in the corresponding real-algebraic structure. Note that the open set algebra gives us Scott’s model in the case of κ = ω, and the models with the algebra of coperfect open sets generalize the one defined in [9]. This second class of models is investigated by Scowcroft.^4

Example 2. Let again κ be an infinite cardinal, but now let H be the Heyting algebra of the open sets of X =^κ(^ω2) with the product topology. For each g ∈ G there is a subalgebra H_1 isomorphic to the open-set algebra of^ω2 and containing the elements g(m, n) – the subalgebra of elements with support equal to the support of g (see [10]). Then H fulfills the requirements of the lemma (this can be shown by using the isomorphism between H_1 and the open-set algebra of^ω2 and the previous example.) So again, true first-order arithmetic is interpretable in the corresponding real-algebraic structure. Note that if κ > ω than these models are elementarily equivalent to Krol’s model defined in [7] (cf. [10]). So the real-algebraic structure of Krol’s model is undecidable.

4 Coding Second-Order Arithmetic in Scott’s Model

In this part let H be the open-set algebra of the space T =^ωω with the usual metric. Then G is isomorphic to Scott’s model, i.e. to the structure of continuous functions from T into the set R of real numbers with the usual operations on continuous functions.

Then for any subset W of N^+ , any element B ∈ H of the form B = ‖g = 0 ∨ g ≠ 0‖ where g ∈ G and p ∈ T \ B with {p} ∪ B ∈ H there are global real-number generators h^W_1 and h^W_2 such that W = {n ∈ N^+ : p ∉ ‖¬nh^W_2 = h^W_1 ‖}. The construction in [4] can easily be modified to show this.

Let φ(⃗x, ⃗S) be a second-order formula of the language L^′ = ⟨1, +, ×⟩. Here ⃗x is a tuple of first-order variables, ⃗S is a tuple of second-order variables. Without loss of generality, we assume that φ does not contain any implications. For each secondorder variable S let v_S , u_S be a pair of new variables, and let y be a new variable

4Private communication.

Undecidability of Models of Intuitionistic Real Algebra 11

occuring only in the indicated places. Let φ̃(⃗x, ⃗u_S, ⃗v_S , y) be a formula of the language of ordered rings defined inductively as follows:

1. If φ is first-order atomic, then φ̃ = φ; 2. ~ x ∈ S = ¬xv_S = u_S → (y = 0 ∨ y ≠ 0);

3. ~ φ_1 ∘ φ_2 = φ̃_1 ∘ φ̃_2 where ∘ = ∧, ∨;

4. ~¬φ_1 = φ̃_1 → (y = 0 ∨ y ≠ 0);

5. ~

∃xφ_1(x) = ∃x(ψ(x) ∧ φ̃_1(x));

6. ~

∀xφ_1(x) = ∀x(ψ(x) → φ̃_1(x));

7. ~

∃Sφ_1(S) = ∃u_S ∃v_Sφ̃_1(u_S, v_S );

8. ~

∀Sφ_1(S) = ∀u_S ∀v_Sφ̃_1(u_S, v_S ).

Here ψ(x) is the formula defined in the previous section.

In the next lemma let g be a fixed element of G, let B denote ‖g = 0 ∨ g ≠ 0‖, and let p be an element of T \ B such that {p} ∪ B ∈ H. For k ∈ N^+ let f_k ∈ G be the corresponding real-number generator as before. For W ⊆ N^+ and for the fixed g ∈ G and p ∈ T as above, let h^W_1 and h^W_2 be arbitrary elements of G fulfilling the requirement at the beginning of this section.

Lemma 4. Let φ(⃗x, ⃗S) be a second-order L^′-formula, ⃗a be a tuple of positive integers, and ⃗W be a tuple of subsets of N^+ .

1. If N^+ |= φ[⃗a, ⃗W ] then ‖g = 0 ∨ g ≠ 0‖ ≤ ‖φ̃[ ⃗f_a,⃗h^W_1 ,⃗h^W_2 , g]‖, 2. N^+ |= φ[⃗a, ⃗W ] if and only if p ∈ ‖φ̃[ ⃗f_a,⃗h^W_1 ,⃗h^W_2 , g]‖ where the quantifiers in φ̃ range over elements in G.

Proof. 1. By a straightforward formula induction. For the case φ = ∀Sφ_1(S) observe that any pair h_1, h_2 ∈ G can be regarded as h^W_1 , h^W_2 for W = {n ∈ N^+ : p ∉ ‖¬nh_2 = h_1‖}. 2. By formula induction.

(i) The case when φ is first-order atomic is obvious.

(ii) If N^+ |= a ∈ W then by the assumption on h^W_1 and h^W_2 , p ∉ ‖¬f_ah^W_2 = h^W_1 ‖, so p ∈ B ∪ {p} ≤ ‖φ̃(f_a, h^W_1 , h^W_2 , g)‖. If p ∈ ‖φ̃(f_a, h^W_1 , h^W_2 , g)‖ = ‖¬f_ah^W_2 = h^W_1 ‖ → B then, since p ∉ B, p ∉ ‖¬f_ah^W_2 = h^W_1 ‖, N^+ |= a ∈ W .

(iii) The cases when φ is a disjunction or a conjunction are obvious. (iv) If N^+ |= ¬φ, then N^+ |̸= φ, so by the induction hypothesis p ∉ ‖φ̃‖, so p ∈ ‖φ̃‖ → B = ‖~¬φ‖.

12 Miklós Erdélyi-Szabó

If p ∈ ‖~¬φ‖ = ‖φ̃‖ → B then, since p ∉ B, p ∉ ‖φ̃‖. By the induction hypothesis N^+ |̸= φ, so N^+ |= ¬φ,

(v) Suppose that N^+ |= ∃xφ(x). Then N^+ |= φ(a) for some a ∈ N^+ , so by the induction hypothesis p ∈ ‖φ̃(f_a)‖. Also, p ∈ ‖ψ(f_a)‖ = ⊤ by Theorem 1, so p ∈ ‖∃x(ψ(x) ∧ φ̃(x))‖ = ‖ ~∃xφ(x)‖. On the other hand, since for all f ∈ G ‖ψ(f)‖ = ⋁ a∈N^+ ‖f = fa‖ by Theorem 1, ‖ ~ ∃xφ(x)‖ = ‖∃x(ψ(x) ∧ φ̃(x))‖ = ⋁ f∈G ⋁ a∈N^+ ‖f = fa ∧ φ(f)‖ ≤ ⋁ f∈G ⋁ a∈N^+ ‖φ(fa)‖ by the infinite distributive law. So if p ∈ ‖ ~∃xφ(x)‖ = ⋁ a∈N^+ ‖φ(fa)‖ then p ∈ ‖φ̃(fa)‖ for some a ∈ N^+ . By the induction hypothesis N^+ |= φ(a) and N^+ |= ∃xφ(x) follows.

(vi) If N^+ |= ∀xφ(x), then N^+ |= φ(a) for all a ∈ N^+ , so by the induction hypothesis and 1. B ∪ {p} ≤ ‖φ̃(f_a)‖ for all a ∈ N^+ . Also, ‖ ~∀xφ(x)‖ = ‖∀x(ψ(x) → φ̃(x))‖ = ⋀ f∈G ⋀ a∈N^+ ‖f = fa → φ̃(f)‖. Since for all f ∈ G and a ∈ N + ‖f = f_a‖ ∧ (B ∪ {p}) ≤ ‖f = f_a‖ ∧ ‖φ̃(f_a)‖ ≤ ‖φ̃(f)‖, p ∈ ‖ ~∀xφ(x)‖ follows. If p ∈ ‖ ~ ∀xφ(x)‖ = ‖∀x(ψ(x) → φ̃(x))‖ then, since ‖ψ(f_a)‖ = ⊤, p ∈ ‖φ̃(f_a)‖ for all a ∈ N^+ . Again, by the induction hypothesis N^+ |= φ(a) for all a ∈ N^+ and N^+ |= ∀xφ(x) follows.

(vii) If N^+ |= ∃Sφ(S) then N^+ |= φ(W ) for some W ⊆ N^+ , so by the induction hypothesis p ∈ ‖φ̃(h^W_1 , h^W_2 )‖ for any h^W_1 and h^W_2 with W = {n ∈ N^+ : p ∉ ¬‖nh^W_2 = h^W_1 ‖}. Since by the second paragraph of this section such h^W_1 and h^W_2 exist, from this follows that p ∈ ‖∃u_S ∃v_Sφ̃(u_S, v_S )‖.

If p ∈ ‖∃u_S ∃v_Sφ̃(u_S, v_S )‖ p ∈ ‖φ̃(h_1, h_2)‖ for some h_1 and h_2 in G. Let W = {n ∈ N^+ : p ∉ ¬‖nh_2 = h_1‖}. Then h_i (i = 1, 2) can be regarded as h^W_i , so by the induction hypothesis N^+ |= φ(W ) and N^+ |= ∃Sφ(S).

(viii) If N^+ |= ∀Sφ(S), then N^+ |= φ(W ) for all W ⊆ N^+ , so by the induction hypothesis and 1. B ∪ {p} ≤ ‖φ̃(h_1, h_2)‖ for any h_1 and h_2 in G, so p ∈ ‖∀u_S∀v_Sφ̃(u_S, v_S )‖. If p ∈ ‖∀u_S ∀v_Sφ̃(u_S, v_S )‖ then p ∈ ‖φ̃(h^W_1 , h^W_2 )‖ for any W ⊆ N^+ . By the induction hypothesis N^+ |= φ(W ) for all W ⊆ N^+ , so N^+ |= ∀Sφ(S).

The following lemma is from [4]. Let ζ(x) be the L-formula ∀y((y ≠ 0 → x ≠ 0) ∨ y ≠ 0) Then ζ(g) states that a real number generator g ∈ G has at most one zero locally, i.e.

Lemma 5. For all g ∈ G, if p ∈ ‖ζ(g)‖ then there is an open neighborhood U of p such that |z(g) ∩ U| ≤ 1 where z(g), the zero-set of g, is the complement of ‖g ≠ 0‖. Conversely, if for some open subset U of T |z(g) ∩ U| ≤ 1, then U ⊆ ‖ζ(g)‖.

Undecidability of Models of Intuitionistic Real Algebra 13

Proof. In [4].

Now for an L^′-sentence φ let φ̂ be the sentence ∀y(ζ(y) → φ̃(y)). Then from the previous lemma follows the following theorem.

Theorem 6. If N^+ |= φ then ‖φ̂‖ = ⊤, and if N^+ |̸= φ then ‖φ̂‖ = ⊥.

Proof. First suppose that N^+ |= φ and let g ∈ G. We want to show that ‖ζ(g)‖ ≤ ‖φ̃(g)‖. Let p ∈ ‖ζ(g)‖. Then there is a neighborhood U of p such that |ζ(g)∩U| ≤ 1. If p ∈ ‖g ≠ 0‖ then p ∈ B, so by Lemma 4.1 p ∈ ‖φ̃(g)‖. If p ∉ ‖g ≠ 0‖ then z(g) ∩ U = {p} and U \ {p} ≤ B, so p ∈ U ≤ {p} ∪ B ∈ H and Lemma 4.2 applies. So p ∈ ‖φ̃(g)‖. If N^+ |̸= φ let p ∈ T be an arbitrary point and let g ∈ G be a real-number generator with z(g) = {p}. Again, Lemma 4.2 applies since {p} ∪ B = ⊤ ∈ H, so p ∉ ‖φ̃(g)‖. But by Lemma 5 ‖ζ(g)‖ = ⊤, so p ∉ ‖ζ(g) → φ̃(g)‖, and p ∉ ‖φ̂‖ follows. Since p was an arbitrary element, ‖φ̂‖ = ⊥.

5 Coding Scott’s Model in True Second-Order Arithmetic

In this section we encode the topological model for natural numbers and choice sequences based on the Heyting algebra of open subsets of T in true second-order arithmetic. We regard T as a subspace of R, i.e. as the metric space of positive irrational numbers. We shall code the language L_1, from Section 3, in the language of second-order arithmetic. Since Scott’s model (as described earlier) is definable in L_1, the equivalence of the real-algebraic structure of the model to true second-order arithmetic follows.

Since intervals with rational endpoints form a (clopen) base for the topology of T , any element U of the open-set algebra of T can be encoded as the set of rational intervals contained in U, or using the usual representation of rationals as pairs of natural numbers and a definable bijection from ω^4 to ω, as a set of natural numbers.

We shall need some auxiliary definitions and results (in what follows the rational intervals are closed and of positive length):

Let N |= Int(m) if and only if m codes a rational interval (denoted by I_m) of R. Let O(S) ≡ ∀m(m ∈ S → Int(m)). If N |= O(S) then S is a code of the union U_S of the intervals coded by elements of S. Vice versa, if U is an open subset of T , let S_U be the set of codes rational intervals I with I ∩ T contained in U. Then N |= O(S_U ). Moreover, if U is as above, then U_{SU} ∩ T = U.

We shall need a formula expressing that an interval I_p ∩ T is contained in an open set U_S ∩ T .

14 Miklós Erdélyi-Szabó

I_p ∩ T ⊆ U_s ∩ T if and only if for every subinterval I_q of I_p there is an element r in S with I_q ∩ I_r non-empty, and whenever we divide S into two disjoint pieces S_1 and S_2 with U_{S1} ∩ T lying on the left of U_{S2} ∩ T in the natural order of R, if I_p intersects both U_{S1} and U_{S2} , then they are separated by a rational point. This can be expressed using the following formulas.

N |= Meet(m, n) if and only if m and n code rational intervals with non-empty intersection in R;

N |= Mt(m, n, p) if and only if m, n and p code rational intervals with I_p the intersection of I_m and I_n;

N |= Left(m, a, b) if and only if N |= Int(m) and the right endpoint of I_m is less then or equal to a/b;

N |= Right(m, a, b) if and only if N |= Int(m) and the left endpoint of I_m is greater then or equal to a/b;

N |= Sub(m, n) if and only if m and n code rational intervals, and I_n is a subinterval of I_m. Finally let S_1 ≺ S_2 ≡ O(S_1) ∧ O(S_1) ∧ ∀p∀q(p ∈ S_1 ∧ q ∈ S_2 → ∃a∃b(Left(p, a, b) ∧ Right(q, a, b))), and In(p, S) ≡ Int(p) ∧ ∀q(Sub(p, q) → ∃r(r ∈ S ∧ Meet(q, r))) ∧ ∀S_1∀S_2[∀q(q ∈ S ↔ q ∈ S_1 ∨ q ∈ S_2) ∧ S_1 ≺ S_2 ∧ ∃q_1∃q_2(q_1 ∈ S_1 ∧ q_2 ∈ S_2 ∧ Meet(q_1, p) ∧ Meet(q_2, p)) → ∃a∃b∀q_1∀q_2(q_1 ∈ S_1 ∧ q_2 ∈ S_2 → Left(q_1, a, b) ∧ Right(q_2, a, b)) Lemma 7. Suppose that N |= Int(p) ∧ O(S). Then I_p ∩ T ⊆ U_S ∩ T if and only if N |= In(p, S). Proof. The implication from left to right is obvious. Suppose that I_p ∩ T ⊈ U_S ∩ T and N |= In(p, S). Then there is some t ∈ T ∩ I_p with t ∉ U_S . Let I_{q1} and I_{q2} be subintervals of I_p on the left and on the right of t respectively. Since N |= In(p, S), from the second conjunct follows that there are elements r_1 and r_2 of S with I_{qi} ∩I_{ri} ≠ ∅ (i = 1, 2). Then I_{r1} lies on the left, I_{r2} lies on the right of t. Let S_1 = {q ∈ S : I_q is on the left of t}, S_2 = {q ∈ S : I_q is on the right of t}. Then S = S_1 ∪ S_2, S_1 ≺ S_2, r_i ∈ S_i (i = 1, 2), Meet(r_1, p) and Meet(r_2, p). So there is a rational point a/b separating U_{S1} and U_{S2} . But then there is a subinterval of I_p in the interval [a/b, t) which is disjoint from U_S , contradicting the second conjunct of In(p, S).

We also need a formula expressing that for two sets S_1 and S_2 with N |= O(S_i) (i = 1, 2), the intersection of the two corresponding open subsets of T is empty. So let N |= Disjoint(p, q) if and only if p and q code rational intervals, and the intersection of I_p and I_q does not contain any open subinterval. For example Disjoint(p, q) ≡ ∃a∃b[(Left(p, a, b) ∧ Right(q, a, b)) ∨ (Left(q, a, b) ∧ Right(p, a, b))] works. Let S_1|S_2 ≡ O(S_1) ∧ O(S_2) ∧ ∀p∀q(p ∈ S_1 ∧ q ∈ S_2 → Disjoint(p, q)). Then, if N |= S_1|S_2 then U_{S1} ∩ U_{S2} ∩ T = ∅. Vice versa, if U_1 ∩ U_2 ∩ T = ∅ then N |= S_{U1} |S_{U2} .

Next we encode choice sequences as follows. We shall define a formula Ξ(S) with the property that N |= Ξ(S) if and only if S consists of codes of triples of natural

Undecidability of Models of Intuitionistic Real Algebra 15

numbers denoted by ⟨m, n, p⟩ such that there is some choice sequence ξ with {p : ⟨m, n, p⟩ ∈ S} being a code for ξ(m, n). We have to express the fact that if n_1 ≠ n_2 then {p : ⟨m, n_1, p⟩ ∈ S} and {q : ⟨m, n_2, q⟩ ∈ S} code disjoint open sets for all m (i.e. N |= {p : ⟨m, n_1, p⟩ ∈ S}|{q : ⟨m, n_2, q⟩ ∈ S}), and that the set {p : ∃n⟨m, n, p⟩ ∈ S} codes T for every m. So let Ξ(S) ≡ ∀r[r ∈ S → ∃m∃n∃p(r = ⟨m, n, p⟩ ∧ Int(p))] ∧ ∀m∀n_1∀n_2[n_1 ≠ n_2 → ∀p∀q(⟨m, n_1, p⟩ ∈ S ∧ ⟨m, n_2, q⟩ ∈ S → Disjoint(p, q))] ∧ ∀m∃S^′[∀p(p ∈ S^′ ↔ ∃n⟨m, n, p⟩ ∈ S) ∧ ∀q(Int(q) → In(q, S^′))] For S ⊆ N if N |= Ξ(S), let ξ_S : ω×ω → H (H is the set of open-sets of T ) be defined as follows. ξ_S (m, n) is the intersection of the open set coded by {p : ⟨m, n, p⟩ ∈ S} with T . Then ξ_S is a choice sequence, and we say that S codes ξ_S. Vice versa, if ξ is a choice sequence, let S_ξ consist of the codes of triples ⟨m, n, p⟩ where I_p ∩ T is a clopen subinterval of ξ(m, n). Then N |= Ξ(S_ξ) and ξ_{Sξ} = ξ.

Let φ(⃗ξ, ⃗m) be an L_1-sentence with choice sequence and natural number parameters shown. We define inductively a second-order arithmetic formula φ̄( ⃗S_ξ, ⃗m, S) containing the parameters shown, where S_ξ is any subset of N coding the choice sequence ξ, m ∈ N and S codes the open set U_S such that U_S ∩ T = ‖φ(⃗ξ, ⃗m)‖.

1. If φ(⃗m) is atomic and does not contain any choice sequence parameters then let φ̄(⃗m, S) ≡ (φ(⃗m) ∧ ∀p(p ∈ S ↔ Int(p))) ∨ (¬φ(⃗m) ∧ ∀p(p ∉ S)). 2. If φ ≡ ξ(m) = n then let φ̄(S_ξ, m, n, S) ≡ ∀p(p ∈ S ↔ ⟨m, n, p⟩ ∈ S_ξ). 3. If φ ≡ φ_1 ∨ φ_2 then let φ̄(S) ≡ ∃S_1∃S_2(φ̄_1(S_1) ∧ φ̄_2(S_2) ∧ ∀p(p ∈ S ↔ p ∈ S_1 ∨ p ∈ S_2)).

4. If φ ≡ φ_1 ∧φ_2 then let φ̄(S) ≡ ∃S_1∃S_2[φ̄_1(S_1)∧φ̄_2(S_2)∧∀p(p ∈ S ↔ ∃q_1∃q_2(q_1 ∈ S_1 ∧ q_2 ∈ S_2 ∧ Sub(q_1, p) ∧ Sub(q_2, p)))].

5. If φ ≡ φ_1 → φ_2 then let φ̄(S) ≡ ∃S_1∃S_2[φ̄_1(S_1) ∧ φ̄_2(S_2) ∧ ∀p(p ∈ S ↔ ∀q(q ∈ S_1 → ∃r(Mt(p, q, r) ∧ In(r, S_2))))]. 6. If φ ≡ ∃xφ_1(x) then let φ̄(S) ≡ ∀p(p ∈ S ↔ ∃m∃S^′(φ̄_1(m, S^′) ∧ p ∈ S^′)). 7. If φ ≡ ∀xφ_1(x) then let φ̄(S) ≡ ∀p(p ∈ S ↔ ∀m∀S^′(φ̄_1(m, S^′) → In(p, S^′))). 8. If φ ≡ ∃αφ_1(α) then let φ̄(S) ≡ ∀p(p ∈ S ↔ ∃S^α∃S^′(Ξ(S^α) ∧ φ̄_1(S^α, S^′) ∧ p ∈ S^′)).

9. If φ ≡ ∀αφ_1(α) then let φ̄(S) ≡ ∀p(p ∈ S ↔ ∀S^α∀S^′(Ξ(S^α) ∧ φ̄_1(S^α, S^′) → In(p, S^′))). Lemma 8. Let φ(⃗ξ, ⃗m) be an L_1-sentence with choice sequence and natural number parameters shown and let S_ξ be any subset of N coding the choice sequence ξ. Then

1. there is some S ⊆ N such that N |= φ̄( ⃗S_ξ, ⃗m, S), and 2. for S ⊆ N, if N |= φ̄( ⃗S_ξ, ⃗m, S) then S codes the open set U_S such that U_S ∩ T = ‖φ(⃗ξ, ⃗m)‖. Proof. By formula induction. 1. is obvious.

16 Miklós Erdélyi-Szabó

As an illustration, we show only 2. for conjunction, implication and existential sequence variable. The other cases are similar.

(a) φ ≡ φ_1 ∧ φ_2 and N |= φ̄(S). Our claim is that U_S ∩ T = ‖φ(⃗ξ, ⃗m)‖. Let t ∈ U_S ∩ T . Then t ∈ I_p ∩ T for some p ∈ S. Since N |= φ̄(S), there are S_1, S_2 ⊆ N such that N |= φ̄_i(S_i) (i = 1, 2) and there are elements q_i ∈ S_i (i = 1, 2) such that Sub(q_i, p) (i = 1, 2), i.e. I_p ⊆ I_{q1} ∩ I_{q2} . Then t ∈ I_p ∩ T ⊆ I_{q1} ∩ I_{q2} ∩ T ⊆ U_{S1} ∩ U_{S2} ∩ T = ‖φ_1‖ ∩ ‖φ_2‖, where the last equation follows by the induction hypothesis. So T ∩ U_S ⊆ ‖φ‖.

Now suppose that t ∈ ‖φ_1‖ ∩ ‖φ_2‖. By 1. and the induction hypothesis there are subsets S_i ⊆ N (i = 1, 2) with N |= φ̄_i(S_i) and U_{Si} ∩ T = ‖φ_i‖. From this follows that there are q_i ∈ S_i (i = 1, 2) with t ∈ I_{q1} ∩ I_{q2} ∩ T . Then I_{q1} ∩ I_{q2} is a rational interval of positive length coded by some number p, so t ∈ I_p ⊆ I_{q1} ∩ I_{q2} . But then p ∈ S follows, so t ∈ U_S ∩ T .

(b) φ ≡ φ_1 → φ_2 and N |= φ̄(S). Again, first assume that t ∈ U_S ∩ T , i.e. that t ∈ I_p ∩ T for some p ∈ S. Then there are S_i ⊆ N such that N |= φ̄_i(S_i) (i = 1, 2) and by Lemma 7, for all q in S_1, I_q ∩ I_p ∩ T ⊆ U_{S2} ∩ T . Then I_p ∩ U_{S1} ∩ T ⊆ U_{S2} ∩ T . By the induction hypothesis U_{Si} ∩ T = ‖φ_i‖, so I_p ∩ T ∩ ‖φ_1‖ ⊆ ‖φ_2‖. Then I_p ∩ T ⊆ ‖φ_1 → φ_2‖ = ‖φ‖ and t ∈ ‖φ‖ follows.

Next suppose that t ∈ ‖φ‖. Then there is some interval I_p with t ∈ I_p ∩ T ⊆ ‖φ‖. Again, by the inductive hypothesis there are subsets S_i ∈ N such that N |= φ̄_i(S_i) and U_{Si} ∩ T = ‖φ_i‖. It is enough to show that for all q in S_1, I_q ∩ I_p ∩ T ⊆ U_{S2} ∩ T , so let t^′ ∈ I_q ∩ I_p ∩ T . Then t^′ ∈ U_{S1} ∩ T , so t^′ ∉ (U_{S1} ∩ T )^c. But t^′ ∈ I_p ∩ T ⊆ (U_{S1} ∩ T )^c ∪ (U_{S2} ∩ T ), so t^′ ∈ (U_{S2} ∩ T ).

(c) Let us assume that φ ≡ ∃αφ_1(α) and N |= φ̄(S).

Let t ∈ I_p ∩ T for some p ∈ S. Then there are S^α, S^′ ⊆ N such that N |= Ξ(S^α)∧φ̄_1(S^α, S^′)∧p ∈ S^′. Then S^α codes the choice sequence ξ_Sα , so by the induction hypothesis U_S′ ∩ T = ‖φ_1(ξ_Sα )‖, and since p ∈ S^′, t ∈ I_p ∩ T ⊆ ‖φ_1(ξ_Sα )‖ ⊆ ‖φ‖, i.e. U_S ∩ T ⊆ ‖φ‖. Finally let t ∈ ‖φ‖ = ⋃ ξ ‖φ_1(ξ)‖, i.e. t ∈ ‖φ_1(ξ)‖ for some choice sequence ξ. Let S_ξ ⊆ N code ξ. Then N |= Ξ(S_ξ). By the induction hypothesis there is some S^′ ⊆ N with N |= φ̄_1(S_ξ, S^′) and U_S′ ∩ T = ‖φ_1(ξ)‖. Then t ∈ U_S′ ∩ T , so t ∈ I_p ∩ T for some p ∈ S^′. Then p ∈ S and t ∈ U_S ∩ T follows.

The following theorem is an immediate corollary.

Theorem 9. Let φ be a parameter-free L_1 sentence. Then ‖φ‖ = T in the model if and only if N |= ∃S(φ̄(S) ∧ ∀p(Int(p) → In(p, S))). So the real-algebraic structure of Scott’s model is equivalent to true second-order arithmetic.

6 Appendix

Undecidability of Models of Intuitionistic Real Algebra 17

Here we give a randomized version of the creative subject argument leading to a strengthening of Kripke’s schema.^5

As we shall see, from this version the sentence ∀y∃u∃v(∀n ∈ N^+ (¬nv = u → y = 0 ∨ y ≠ 0) ∧ ¬v = 0 ∧ ¬¬∃n ∈ N^+ (nv = u)) used in Section 2 follows. We have put this exposition into an appendix, because even the original argument behind Kripke’s schema is regarded as “controversial” in the literature (cf. e.g. the chapter ‘Controversial Subjects’ in [5], or pages 323 − 325 in [2]), and the fact that we use that argument with a “randomly chosen number” certainly will not facilitate its acceptance.

It is also conceivable that the above sentence has other, maybe more palatable justifications. However, we would like to point out that the above mentioned strengthening of Kripke’s schema is true in the models described in examples 1 and 2 above.

So we propose the following axiom schema of second-order arithmetic: S(φ) ≡ ∃β[(∃n(β(n) > 0) → φ) ∧ (¬∃n(β(n) > 0) → ¬φ)∧ ∀k > 0(¬∃n(β(n) = k) → φ ∨ ¬φ) ∧ ∀k > 0∀n((β(n) = k) → ∀m ≥ n(β(m) = k))] Note that from S the schema KS in [3], page 132, obviously follows. The following argument in favor of the schema S (adapted from [3]) is a modification of the usual exposition justifying various versions of Kripke’s schema.

Let us suppose that the formula φ is given. The values β(n) are obtained in the following way: We fix some sequence of moments of time 0, 1, 2, etc. If at moment n φ has not been proved yet, we set β(n) = 0. Otherwise we set β(n) = k where k is a random number chosen at the moment φ is proved. The point here is that there is no information about k before φ has been proved. So if β(n) = k for some n and k > 0, then β(m) = k for every m ≥ n. So the last conjunct in the matrix of the schema S is true. If at some moment ¬φ is proved, we set β(n) = 0 for every n. As usual, we assume that at each moment either φ is proven, or it is not, so we can use the above case analysis, and β(n) = 0 ∨ ¬β(n) = 0 is true for every n.

Now if ∃n(β(n) > 0), then this means that φ was proved at some moment, so φ is true.

If φ is true, then it is plausible to assume that it is impossible that φ will never be proved. I.e. φ → ¬¬∃n(β(n) > 0) which is equivalent to ¬∃n(β(n) > 0) → ¬φ.

Finally let us assume that ¬∃n(β(n) = k) for some k > 0, i.e. ∀n(¬β(n) = k). By the way β is constructed it is plausible to assume that there are only two ways to obtain this result. The first one is that φ was proved at some moment m (so it is true), and the random number chosen at that moment is not k. The second possibility is that ¬φ was proved (so it is true), in which case we know that ∀n(β(n) = 0 ≠ k). So ∀k > 0(¬∃n(β(n) = k) → φ ∨ ¬φ). 5This is a joint work with Philip Scowcroft.

18 Miklós Erdélyi-Szabó

Next we show how ∀y∃u∃v(∀n ∈ N^+ (¬nv = u → y = 0 ∨ y ≠ 0) ∧ ¬v = 0 ∧ ¬¬∃n ∈ N^+ (nv = u)) follows from the schema S.

Fix a real number y and let φ ≡ y = 0 ∨ y ≠ 0. Note that in this case ¬φ is false. Let β be the choice sequence given by S(φ).

We define two Cauchy sequences (u_n) and (v_n) as follows. If ∀l ≤ n(β(l) = 0), let u_n = v_n = 0.

If m = μn(β(n) > 0), then for all n ≥ m let u_n = 1/m and v_n = 1/mβ(m). We claim that u and v defined by these sequences have the required properties. Suppose first that v = 0 and ∃n(β(n) > 0). Then m = μn(β(n) > 0) exists. But then v = 1/mβ(m) ≠ 0, a contradiction. So if v = 0, then ¬∃n(β(n) > 0). But then ¬(y = 0 ∨ y ≠ 0), a contradiction again, since ¬¬(y = 0 ∨ y ≠ 0) is true for every real number y. So ¬v = 0 follows.

Next suppose that ¬∃k ∈ N^+ (kv = u) and ∃n(β(n) > 0). Then again we get a contradiction, since if m = μn(β(n) > 0) and p = β(m), then pv = u. So, as before, ¬¬∃k ∈ N^+ (kv = u) follows.

Finally, let us assume that ¬kv = u for some k ∈ N^+ . Then ¬∃n(β(n) = k) and φ ∨ ¬φ follows. Since ¬φ is false, φ, i.e. y = 0 ∨ y ≠ 0 follows.

In the last part of the paper we show that the examples of Section 3 are models of the schema S. The proof is a modification of Lemma 3.

Let us suppose that H is nice and the strong Kripke’s schema holds in the corresponding model, i.e. for every φ not containing g free ∃g(φ ≡ g ≠ 0). Here g ∈ G. This schema is valid in every structure mentioned in the examples.

Fix the formula φ and let H_1 be a subalgebra of H described in Lemma 3 containing the elements g(m, n), where g is the global real-number generator given by the schema above. Then ‖φ‖ and ‖¬φ‖ are elements of H_1.

First, ‖φ‖ is the supremum of pairwise disjoint elements B = {B_i | i ∈ I} of H_1 with the property that for every C ∈ H_1, if C ∨ ‖φ ∨ ¬φ‖ > ‖φ ∨ ¬φ‖ then B_i < C for some i ∈ I.

The construction of B is the same as before (we use the notation of Lemma 3). For λ < κ let B_λ = {D ∈ D_λ : D ≤ ‖φ‖ and ∀ν < λ, ∀E ∈ B_ν , E ∧ D = ⊥}. Let B = ⋃ λ<κ B_λ. Then ‖φ‖ = ⋁ B. We can show that B = {B_i | i ∈ I} has the required property as before, using the fact that if D ∧ ‖φ‖ = ⊥, then D ≤ ‖¬φ‖ ≤ ‖φ ∨ ¬φ‖. So if C ∈ H_1 and C ∨ ‖φ ∨ ¬φ‖ > ‖φ ∨ ¬φ‖, then there is some D ∈ ⋃ λ D_λ such that D ≤ C but D ≰ ‖φ ∨ ¬φ‖. Then D ∧ ‖φ‖ ≠ ⊥. So there is some D^′ ∈ D_j with j < κ minimal such that D^′ ≤ D ∧ ‖φ‖. Then D^′ ∈ B_j follows.

Again, for every i ∈ I let {U^n_i ≠ ⊥ : n ∈ N^+ } be a set of disjoint elements with B_i ≥ ⋁ n∈N^+ U n i and let U^n = ⋁ i∈I U^n_i . Then U^l ∧ U^m = ⊥ if l ≠ m. Without loss of generality we assume that ¬ ⋁ n∈N^+ U n ∧ ‖φ‖ = ⊥, i.e. that ¬ ⋁ n∈N^+ U n ≤ ‖¬φ‖.

Undecidability of Models of Intuitionistic Real Algebra 19

Finally, as before, let ⋁ n U^n = ⋁ i E_i where {E_i} is a countable sequence of pairwise disjoint complemented elements.

Now we are ready to define the required choice sequence β. Let β(l, m) = { ( ⋁ i≤l E_i)^c if m = 0 ⋁ i≤l(E_i ∧ U^m) if m > 0 It is easy to check that β is a choice sequence (cf. the proof of the same fact about h_2).

Next we check that β has the required properties. 1. ‖∃n(β(n) > 0)‖ ≤ ⋁ n ⋁ m U^m ≤ ‖φ‖ 2. Since by assumption ¬ ⋁ m∈N^+ U m ≤ ‖¬φ‖, to show that ‖¬∃n(β(n) > 0)‖ ≤ ‖¬φ‖, it is enough to check that ‖¬∃n(β(n) > 0)‖ ≤ ¬ ⋁ m∈N^+ U m, i.e. that ‖¬∃n(β(n) > 0)‖ ∧ ⋁ m∈N^+ U^m = ⊥. But ‖¬∃n(β(n) > 0)‖ ∧ ⋁ m∈N^+ U m = ‖¬∃n(β(n) > 0)‖ ∧ ⋁ m∈N^+ ⋁ i(U^m ∧ E_i) ≤ ‖¬∃n(β(n) > 0)‖ ∧ ⋁ m∈N^+ ⋁ i ‖β(i) = m‖ ≤ ‖¬∃n(β(n) > 0)‖ ∧ ‖∃n(β(n) > 0)‖ = ⊥. 3. Let l > 0. We want to show that ‖¬∃n(β(n) = l)‖ ≤ ‖φ ∨ ¬φ‖. If not, then ‖¬∃n(β(n) = l)‖∨‖φ∨¬φ‖ > ‖φ∨¬φ‖, so by the assumptions, B_i ≤ ‖¬∃n(β(n) = l)‖ for some i ∈ I. Thus U^l_i ≤ ‖¬∃n(β(n) = l)‖, but U^l_i ≤ U^l ∧ ⋁ j E_j = ∃n(β(n) = l), a contradiction.

4. Since β(l, m) ≤ β(l + 1, m) for all l and m > 0, ∀k > 0(∀n(β(n) = k) → ∀m ≥ n(β(m) = k)) is obvious. □

References

[1] Cherlin, G., Rings of continuous functions: Decision problems, in: A. Dold and B. Eckmann, eds., Model Theory of Algebra and Arithmetic, Lecture Notes in Mathematics 834 (Springer- Verlag, Berlin, Heidelberg, New York, 1980) 44-91.

[2] van Dalen, D., Intuitionistic logic, in: D. Gabbay and F. Guenthner, eds., Handbook of Philosophical Logic, Vol. III (D. Reidel Publishing Company, 1986) 225-339.

[3] Dragalin, A.G., Mathematical Intuitionism: Introduction to Proof Theory (AMS, Providence, 1987).

[4] Erdélyi-Szabó, M., Undecidability of the real-algebraic structure of Scott’s model, Mathematical Logic Quarterly 44 (1998) 344-348.

[5] Heyting, A., Intuitionism. An Introduction (North-Holland, Amsterdam, 1956). [6] Kleene, S.C. and Vesley, R.E., The Foundations of Intuitionistic Mathematics (North- Holland, Amsterdam, 1965).

[7] Krol, M.D., A topological model for intuitionistic analysis with Kripke’s scheme, Z. Math.

Logik Grundlag. Math. 24 (1978) 427-436.

[8] Scott, D.S., Extending the topological interpretation to intuitionistic analysis, Compositio Math. 20 (1968) 194-210.

[9] Scowcroft, P., A new model for intuitionistic analysis, Ann. Pure Appl. Logic 47 (1990) 145-165.

[10] Scowcroft, P., Some purely topological models for intuitionistic analysis, submitted to Ann.

Pure Appl. Logic