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ABSTRACT. Let G be a permutation group, and denote with u(G) and b(G) its minimal degree
and base size respectively. We show that there exists a universal constant ¢ > 0 such that for
infinitely many n there is a transitive permutation group G of degree n with

w(@b(G) > ¢-n?.

We also identify some classes of transitive and intransitive groups whose base size and minimal
degree have a smaller upper bound, shared with primitive groups.

1. INTRODUCTION

Let G be a finite permutation group acting on a set 2. The minimal degree of G, denoted by
(@), is the smallest number of elements of 2 that are moved by any non-identity element of G. A
base for G is a sequence of points (wy,...,wy) of Q with trivial pointwise stabilizer, that is,

Gwl,...,wg = 1

The base size of G, denoted by b(G), is the smallest cardinality of a base for G.

Both the base size and the minimal degree have been extensively studied, especially in the context
of primitive groups. Except for their product, most results in the literature treat these two invariants
separately. A simple yet fundamental inequality relating these quantities is the following: if G is a
transitive group of degree n, then

w(Gb(G) = n,
see for example [2, Excercise 3.3.7]. Note that for every permutation group G of degree n both u(G)
and b(G) are at most n, hence there is a trivial upper bound u(G)b(G) < n?.

Known results on base size provide a natural upper bound for this product. For instance, it is
shown in [9] that if G is a primitive group of degree n which is not large-base (for the definition see
[ p. 412]) and not the Mathieu group of degree 24, then

(1) b(G) <1+ [logynl.
Using this, we can easily obtain that the bound

u(G)b(G) < n(1 + [logy n).
holds for such primitive groups.

Nonetheless, this bound is not optimal and admits numerous exceptions. A more refined estimate
was provided in [8], where a bound holds for all but one primitive group. Specifically, [8, Theorem 1.2]
states that if G is a primitive group of degree n, different from the Mathieu group of degree 24, then

1w(G)b(G) < nlogyn.

These results heavily rely on the deep structural knowledge of primitive groups, and much less
is known for imprimitive groups. This is a common fact: while results concerning base size and
minimal degree abound for primitive groups, considerably less is known for transitive—and even less

Key words and phrases. base size, minimal degree, transitive, p-group, multinomial coefficient, binary code.
L. Guerra, F. Mastrogiacomo and P. Spiga are members of the GNSAGA INdAM research group and kindly
acknowledge their support.



2 L. GUERRA, A. MAROTI, F. MASTROGIACOMO, S.V. SKRESANOV, AND P. SPIGA

for intransitive—groups. Noteworthy in this context is [5, Theorem A], where a bound on the order
of an arbitrary permutation group is given in terms of its minimal degree.

The goal of this paper is to investigate the product p(G)b(G) for imprimitive groups. In Section[2]
we give evidences that a bound similar to the one of [8, Theorem 1.2] holds for some classes of
transitive or even intransitive groups. In particular, Lemma shows that the bound holds for
wreath products in their imprimitive action, while Lemma establishes the bound for Sylow
subgroups of symmetric groups and for maximal subgroups of symmetric groups, and provides an
analogous bound for certain quasiprimitive groups.

Motivated by the results in Section [2] we initially conjectured that a bound similar to the one
established in [8] would also hold for all transitive groups. In fact, in all classical and natural
examples of transitive groups, the parameters b(G) and p(G) vary inversely, consider for instance
the symmetric group Sym(n) in its natural action, for which p(Sym(n)) = 2 and b(Sym(n)) =n—1
or a regular group G, in which b(G) = 1 and p(G) is the degree. It therefore seems difficult to
conceive of examples where this phenomenon does not occur.

Our main result shows that there is a series of transitive groups G for which u(G)b(G) grows as
n? up to a constant factor, disproving our original conjecture.

Theorem 1.1. There exists a universal constant ¢ > 0 and infinitely many positive integers n such
that there is a transitive permutation group G of degree n with u(G)b(G) > ¢ -n?.

The proof of Theorem [I.1] relies on a construction of asymptotically good binary codes invariant
under the action of a dihedral group (see Section |3 for details). The groups constructed in The-
orem are isomorphic to a semidirect product of an elementary abelian 2-group and a dihedral
group of order 2m, where n = 4m and m can be chosen to be a prime. We also note that in [5],
Remark after Theorem A] the authors also use coding theory to construct a series of intransitive
elementary abelian 2-groups with u(G)b(G) > ¢ - n? for some constant ¢ > 0.

For groups of prime power order our bound is a bit weaker.

Theorem 1.2. For every € > 0, there exists a transitive permutation group of prime power order
and degree n such that u(G)b(G) > n?7=.

The proof of Theorem is presented in Section [4} and relies on the descending series of wreath
products of two vector spaces over the field with p elements, for some prime number p. Since G has
a system of imprimitivity with n/p blocks of size p, we have b(G) < n/p. In our construction p tends
to infinity, so u(G)b(G)/n? — 0 when n — co.

Inspired by this work, we propose two questions.

Question 1.3. Could one classify all quasiprimitive permutation groups G of degree n such that
w(GH(G) > nlogyn?

Question 1.4. Is it possible to find a family of transitive p-groups of degree n for which u(G)b(G)
is bounded below by c-n? for some universal constant ¢ > 02 If so, can such a family be found with
p bounded, or even with p=2%

2. THE BOUND FOR SOME PERMUTATION GROUPS

Lemma 2.1. Let G = HT be a finite transitive permutation group acting on a set £ of size n
where H is a primitive permutation group acting on a set ¥ which is a block for G in Q and where
T is a nontrivial transitive permutation group acting on the system of imprimitivity defined by 3.
Then pu(G)b(G) < nlogyn.

Proof. Put n = |Q] and k = |¥|. We have b(G) < bx(H)(n/k) and u(G) < ux(H) where b (H)
denotes the minimal base size of H acting on ¥ and ux(H) denotes the minimal degree of H acting
on X. If H is different from the 5-transitive Mathieu group of degree 24, then by [8, Theorem 1.2]
we have u(G)b(G) < (klogy k)(n/k) = nlogy k < nlog, n, otherwise with a computation we have
w(GH(G) < (16 - 7)(n/24) < nlog, 48 < nlog, n. O
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Lemma 2.2. Let G be a permutation group acting on a finite set 0 of size n.
(1) If G is a Sylow subgroup of Sym(Q2), then u(G)b(G) < nlogyn.
(2) If G is a mazimal subgroup of Sym(QY) different from the 5-transitive Mathieu group of degree
24, then p(G)b(G) < nlogyn.
(3) Let G be quasiprimitive, but not primitive. Let A be a mazimal block of size at least 3. Let B
be the associated system of blocks. If the action of G on B is non large-base and is different
from the Mathieu group of degree 24, then u(G)b(G) < n(1 + [logy(n/3)]).

Proof. If G is primitive, then the claim follows from [8, Theorem 1.2].

Let G be imprimitive. If G is a (transitive) Sylow p-subgroup of Sym({2) for some prime p, then
(1) follows from Lemma by taking H to be the cyclic group of order p and T' a Sylow p-subgroup
of the symmetric group of degree n/p. If G is a maximal imprimitive subgroup of Sym(2), then
w(G@)b(G) < nlogyn, again by Lemma by taking both H and T to be symmetric groups. This
completes the proof of (2) in case G is transitive.

Let G act intransitively on Q. Let G = G X --- X G, be a Sylow subgroup of Sym(Q2) where
each G; is a transitive Sylow subgroup of Sym(€2;) for subsets 2; of  partitioning Q. We may
assume that each G; is nontrivial. We have p(G) < min;{uo,(G;)} and b(G) < Y°I_, ba,(G:).
This and the previous paragraph give u(G)b(G) < >°1_, [Q;]log, [Q4] < D71 [Q4]logy n = nlog, n.
This completes the proof of (1). Similarly, if G is maximal (and intransitive) in Sym(f2), then
w(G)b(G) = 2(n — 2) < nlog, n, completing the proof of (2).

Let G act quasiprimitively on €. Let A be a maximal block of size at least 3. Let B be a maximal
system of blocks in € defined from A. The action of G on B is primitive. Suppose that this group
is not large-base and is different from the Mathieu group of degree 24. Let bg(G) be the minimal
base size of the permutation group induced by G on B. We have b(G) < bg(G) by [1I, Lemma 5.1]
and bg(G) < 1+ [logy(n/3)] by (1). Thus x(G)b(G) < n(1+ [logy(n/3)]). O

3. PROOF OF THEOREM [I.1]

Recall that a subspace C' of F5* is called a binary linear code of length m. The number of nonzero
coordinates of an element from C' is called its weight. The smallest weight of a nontrivial element
from C is called minimal distance. The integer k such that |C| = 2F is called the dimension. An
infinite series of codes is called asymptotically good if k/m and d/m are uniformly bounded away
from 0.

Given a permutation group H < Sym(m), note that H acts on F5* by permuting the coordinates.
We will say that C'is an H-invariant code if it is invariant under this action of H. In 2006 Bazzi and
Mitter [I] provided a construction of asymptotically good binary linear codes which are invariant
under the regular action of a dihedral group.

Proposition 3.1 ([I, Section III]). There exists a constant 6 > 0 and infinitely many positive
integers m such that there exists a binary linear code C' of length 2m, dimension k and minimal
distance d with k/(2m) > §, d/(2m) > 0, and C is invariant under the regular action of the dihedral
group of size 2m.

It is mentioned in [I, Section III] that m in the proposition above can be chosen to be a prime
number.

Proof of Theorem[Id] Let § > 0 be the constant from Proposition[3.I} and let C' be a code of length
2m, dimension k£ and minimal distance d given by that proposition. We can naturally identify C'
with a subgroup of Sym(2)?™, by mapping (c1,...,com) € C to (1,2)(3,4) --- (4m — 1,4m)c2m.
As a permutation group C' has 2m orbits of length 2.

Now we set G = C X Da,y,, where Do, is the dihedral group of size 2m acting regularly on C'
by permuting the coordinates of the code. Since C' is Ds,-invariant, G is a transitive permutation
group of degree 4m. We will show that u(G) = 2d and b(G) = k.
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Let g € G. If g € C, then it cannot stabilize any orbit of C, since Ds,, acts regularly on the
orbits, so g does not have fixed points and has degree 4m. If g € C, then g moves at least 2d points
by the definition of minimal distance. Since minimal distance is achieved on some element, we get
i(G) = u(C) = 2d.

Note that b(G) = b(C). Let ai,...,ap, b = b(C'), be points whose pointwise stabilizer in C' is
trivial. Since every orbit of every subgroup of C' has size at most 2, we have |Cy, ... .a; : Cay,...0isn | <
2 for all i =0,...,b— 1. This implies b > k, and hence b(C) = k.

Now, G is a transitive permutation group of degree n = 4m. We have

2dk o, 1 d k 5 0%
w(GY(G) = 2dk = M =555 n > 5
and the theorem follows by setting ¢ = §2/2. O

It is a famous open problem in coding theory whether there is a series of asymptotically good
linear codes invariant under the regular action of a cyclic group, see, for instance, [7]. A positive
solution to that problem would imply a construction similar to Theorem but with a cyclic group
instead of a dihedral group.

4. PROOF OF THEOREM

Let a be a positive integer, let p a prime number, and let V be an a-dimensional vector space
over the field F,, with p elements. We regard V' as a transitive regular subgroup of the symmetric
group Sym(V).

Next, we let W =F, 1V and B = ]FX be the base group of the wreath product W. We regard W
as a transitive subgroup of the symmetric group Sym(F, x V') endowed with its imprimitive action
of degree n = |F, x V| = p®*i.

We let By = B and, for each positive integer i, we define recursively

B, =[B;-1,V].
An element of By = ]FX is a function from V to F,. For what follows, it is useful to identify By with
a certain coordinate ring.
Let Xi,...,X, be indeterminates, and consider the polynomial ring Fj,[ X, ..., X,] with coeffi-

cients in F,,. Now consider the evaluation map

FplX1,...,Xs] = F) =B
that sends a polynomial f(Xi,...,X,) to the function which maps each v = (v1,...,v,) € V =TF}
to f(v1,...,v4) € Fp. This is a surjective map whose kernel is the ideal

(XV —X1,..., XP — X,).
We write x; for the image of X; in the quotient ring, and identify By with the coordinate ring
Fylz1,...,24]. In particular, each element f of By is a polynomial function

p—1

(2) F= ) an, et

Ay A =0
where ay, .., € F, for each a-tuple (A1,...,A,). For not making the notation too cumbersome,

given an a-tuple A = (A1,...,)\,), we denote with 5 the monomial [, .
Now, let f € By be as in and let v € V. Then,

[fovl=—f+ "= as(z} —x3).
Y

Observe that
3315)\ — {,C;\ = H({El + ’Ui))\i’ — (L‘j\.

i
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Expanding the product [],;(z; 4+ v;)*, we see that the term [], acf‘ cancels out with 5. Therefore,
the commutator of an element f € By of degree d and an element v € V is an element of By of
degree at most d — 1. From this, arguing inductively, it immediately follows that

By C{f€By|degf<a(p—1)—d}
We claim that
(3) Bi={f€B|deaf <a(p—1)—d}.

To this end, for the moment, let Cy denote the vector space appearing on the right-hand side of .
We prove that Cy = By + Cyy1 by induction on d. From this, immediately follows. Clearly, the
base case of the induction, namely d = 0, goes without saying, since Cy = By. Let {e1,...,e,} be
the canonical basis for V. Now let A = (A1,...,A,) € N* with > \; =a(p—1) —dand \; <p—1
for each i. Thus z5 € Cy = By + Cyq1. Observe that, for every 1 <+ < a with A; > 1, we have

Ai—1
o= I (=) =T 5 (2)e

oy iE k=0
Ai—2 )\
A i
S I
oy k=0

Observe that none of the binomial coefficients is zero, since A; < p — 1. This shows that z5_, €
Bay1+ Cgyo. As the elements z5_, (with A running over the a-tuples summing to a(p — 1) — d and
1 ranging over those with A; > 1) span Cyy1, we obtain Cyi1 = Bgy1 + Caye. Hence our claim is
proven.

Observe that B,,_1) consists of all constant functions. We have

0= Bap-1)+1 < Bap—1) <+ < B1 < By =B =TF}.
For every d € {0,...,a(p — 1)}, we let
Gq= Bagp—1)—axV.
In particular, Go = By(p—1) XV = By(,—1) X V acts regularly on its domain. Observe that if by < bo,
then Gy, > Gp,. In particular, Gy, is transitive for every b € {0,...,a(p — 1)}.

Lemma 4.1. Let b€ {0,...,a(p—1)} and writeb=r(p—1)+s, wherer,s e Nand 0 < s <p—1.
We have u(Gy) = (p — s)p*~". In particular, if b=r(p — 1), then u(Grp-1)) = pe—THL

Proof. Let g € Gy, such that the support of g has cardinality u(Gp). As g € By x V, we may write
g = fv, for some v € V and for some f € By with deg f < b, by . If v # 0, then g acts fixed
point freely. Therefore, we may suppose that v =0 and g = f € Byp—1)—s-

Let Z(f) ={v eV | f(v) = 0}. Now, let (x,v) be in the domain of G, from the definition of the
wreath product we deduce that

(z,0)) = (& + f(v),0).

In particular, if v € Z(f), then g = f fixes all the points of the form (z,v); whereas, if v € V' \ Z(f),
then f acts as a cycle of length p on {(z,v) | € Fp}. This shows that

wG) =p-[V\Z(f)-
Now, the result follows from [4, Theorem 5.11]. O

Next, we compute the cardinality of |Gp|. To this end, let = be an indeterminate and consider
the polynomial

p(x) = (1 +z+--+aP™h)* € Za].
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This polynomial has degree (p — 1)a. Actually, the polynomial p(z) enumerates something very

important for our example. Let
(p—1a o\ P
_ k
=3 () -

be the expansion of p(x) in its monomials. The coefficients (Z) (=1) are usually called the extended

binomial coefficients or multinomial coefficients. They do not have a standard notation, and we
use the notation from [I0]. When p = 2, the extended binomial coefficients are equal to the usual
binomial coefficients. We also give another example

(1+x+22)* = 2% + 427 + 102° 4 162° + 192* + 1623 + 1022 + 42 + 1.

In particular, (g) @ _ (3)(2) =10 and (i)(z) =19.

From the definition of p(x), we see that (Z) ®=1 counts the number of a-tuples (A1, ..., \q) with
k=39 X and with 0 < \; <p—1, foralli€ {0,...,a}. Thus, (@) gives

a (p—1)
dimg, (Bap—1)—k/Bap—1)—k+1) = (k) .

Therefore,
b g\ P
dim[pp (Ba(p—l)—b) = Z (k) .
k=0

Lemma 4.2. For every b€ {0,...,a(p—1)}, b(Gp) = ZZ:O (Z)(p_l)'

Proof. The stabilizer of a point in Gy, = B,—1)—s X V is a subgroup of B,(,_1)— having index p,
because the degree of the action is n = p®*! and |V| = p® Now, as all the orbits of Bg(p—1)—p have
cardinality p, we deduce that we need to fix dimg, (B,(p—1)—) — 1 more points to obtain a basis. [J

Now, fix r € {0,...,a}. From Lemmas [4.1| and we have

r(p—1) a (p—1)
(4) N(GT'(p—l))b(GT(p—l)) = paf'r‘Jrl Z (k) .
k=0

Before dealing with the general case, we use to make an explicit computation when p = 2.

Recall that, when p = 2, we have (Z) =1 _ (Z) From [3| Exercise 9.42, page 492], we have

)

Z (a> _ 9a(Mog,y (1/0)+(1-) logz (15 ) ) —log, () +0(1)
o \F
where A = r/a. Thus, from , we get

b(Gr)M(Gr) _ 2a(17)\)+a()\ log, (1/A)+(1—X) logz(ﬁ))flogz(a)+o(1) .

As the degree of the permutation group is n = 2%+, we deduce

(5) lim 1°g2(?(()§’”()7€‘)(GT)) =1—X—Alogy(A) — (1 —A)logy (1 —A).

It is elementary to show that the maximum of the function appearing on the right hand side is
attained when A = 1/3. With A = 1/3, the limit in equals log,(3). Therefore, we have proved
the following.

Lemma 4.3. For every € > 0, there exists a transitive permutation 2-group of degree n such that
w(G)b(G) > nlog2(3)—¢,
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We now turn to the general case. From , we have

a (p—1)
(6) #Grip-1))UCrip—) 2 9" <r<p - 1>> |

Proof of Theorem[I.2] Assume p > 3 and a is a multiple of p — 1. Let ¢ = [,/p] and define
r=ca/(p—1). From [0, Theorem 5|, we deduce that, for p > 3,

a (p—1)
ca

() ( 1—ar ) ‘
Vora \x—2%2)
as a tends to infinity, where

oo (—r P N pd-1?
- ater) Tt v

d dp+2 dazv’
In [10], there is a much more informative asymptotic estimate on the extended binomial coefficients,
but only for certain very special values of c.
Observe that ¢(z) depends only on p, but not on a. Observe now that, from Lemmas and
and from @, we have

is asymptotic to

1
d=1+-, || <1
C

lo Geoo)b(Gey
i g, (1(Gen)H(G) = i B Ece )
L 0 /(o= 1) + 1+ 1og, (6(x)/VETa) +alo, (1 — a7) /(@ — 4?))
~ a—oo a-+1
lo x)/V2ma
ﬁ‘ﬂ*&&& gpwil/l 279) 4 log, (1 — o) /(& — o)

S =B -y — a2,

p—1

observe that log, (¢(z)/v2ma)/(a+1) — 0 because, as we remarked above,  does not depend on a.
Observe now that

—p- oy ~(P+2)/c
Copd-12 1 1\ 1
P T T e T M) =

= lim e*i"/\/ﬁ:().

p—o0

Moreover, with an analogue argument, we deduce
3 3

lim £ = lim -2 =
p—oo d2P p—roo ¢2P//P

This shows that lim,_,., # = 1 and hence

1—gP 1 p—1
limlogp< x):limlogp( trdde ):1.

p—roo x — a2 p—00 x

This gives
lim lim log, (#(Gea)b(Geo)) =2. O

p—00 a—00
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