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ABSTRACT. In this paper we present two new results on the number of certain
conjugacy classes of a finite group. For a finite group G, let n(G) be the
maximum of ky,(G) taken over all primes p where k,(G) denotes the number
of conjugacy classes of nontrivial p-elements in G. Using a recent theorem of
Giudici, Morgan and Praeger, we prove that there exists a function f(x) with
f(z) — oo as & — oo such that n(G) > f(|G|) for any finite group G. Let
G be a finite group, and let p be a prime dividing |G|. Let k,/ (G) denote
the number of conjugacy classes of elements of G whose orders are coprime
to p. We show that either p = 11 and G = C’fl x SL(2,5), or there exists a
factorization p — 1 = ab with a and b positive integers, such that k,(G) > a
and k,/ (G) > b with equalities in both cases if and only if G = Cp x C} with
Ca(Cp) = Cp.

1. INTRODUCTION

Let G be a finite group. In the last two decades, there has been a lot of activity
in establishing lower bounds for the number k(G) of conjugacy classes of G. A
classical problem is to bound k(G) from below only in terms of |G|. The first result
in this direction is due to Landau [28] who showed that for any positive integer k
there are at most finitely many finite groups G such that k(G) = k. Brauer [5 p.
137] stated that Landau’s proof can be used to show that, for k£(G) > 3,

k(G)—2 _
el < @r@)” T T m@) -
i=1
which leads to a bound of type k(G) > cloglog |G| for some constant 0 < ¢ < 1.
(Here and throughout the paper, the logarithms are taken to base 2 unless otherwise
stated.) The bound k(G) > loglog |G| was established in [9, Corollary I]. Problem
3 of Brauer’s list of problems [5] was to give a substantially better lower bound for
k(G) than this. This was achieved by Pyber in [39]. His estimate was improved by
the second author of this paper in [25]. The best general bound to date is due to
Baumeister, the third author and Tong-Viet [2] and is of the order of magnitude
log |G|/(loglog |G|)3T¢, for any positive e. Bertram [3] asks whether k(G) > logs |G|
holds for any finite group G.
Generalizing the theorem of Landau, Héthelyi and Kiilshammer [I7] proved that
there exists a function f on the set of natural numbers such that kpp(G) > f(|G|)
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for all finite groups G and f(x) — oo as © — oo. Here kpp(G) denotes the
number of conjugacy classes of G consisting of elements of prime power orders. For
a nonabelian finite simple group 7' and a prime p, let m,(7") be the number of
orbits of the automorphism group Aut(7") of T on the set of nontrivial p-elements
of T. Let m(T) be the maximum of m,(T) taken over all prime divisors of |T|.
Recently, Giudici, Morgan and Praeger [I1] proved the following surprising result:
There exists an increasing function f on the set of natural numbers such that, for
a finite nonabelian simple group T, the invariant m(T") + 1 is at least f(|T]). As
they indicated in their paper, it would be interesting to know if this theorem could
be used to prove a similar result for larger families of finite groups.

For a finite group G and a prime p, let k,(G) be the number of conjugacy classes
of nontrivial p-elements in G and let n(G) be the maximum of k,(G) as p ranges
over all the prime factors p of |G|.

Our first main result is an improvement of the above-mentioned theorem of
Héthelyi and Kiilshammer [I7].

Theorem 1.1. There exists a function f(x) with f(x) — 0o as x — oo such that
n(G) > f(|G|) for any finite group G.

We remark that another precursor to our Theorem [I.1] is due to Moret6 and
Nguyen [34, Theorem 1.1]. They bound “large parts of |G|” from above in terms of
k, (G) only. More precisely, they show that if O (G) denotes the solvable radical
of G, then |G/O(G)| is ky (G)-bounded, and |O(G)/F(G)| is metabelian by
k, (G)-bounded. Note that in Passman [38, Corollary 3.5] another result along these
lines is proved which is attributed to Guralnick and states that |G/OP (Os(G))| is
ky (G)-bounded. Theorem complements these lower bounds for “large parts of
|G|” and shows that replacing the slightly more “local” k,/ (G) by the more global
n(G) allows for a bound of all of |G|, not just portions of |G]|.

There are many improvements of Landau’s theorem in the literature. Here we
give one example. The solvable conjugacy class graph I'(G) of a finite group G is
defined to be the graph with vertex set {z¥ : 1 # 2 € G} with an edge between
vertices *¢ and y¢ if there are elements 2’ € % and y' € y“ with (2/,y’) solvable.
Bhowal, Cameron, Nath, Sambale [4, Theorem 3.5] recently proved the following
generalization of Landau’s theorem: for any positive integer d, there are only finitely
many finite groups G such that the clique number of I'(G) is d.

We now turn to the second topic of this paper. Let p be a prime. In [15] Héthelyi
and Kiilshammer proved that for solvable groups G of order divisible by p we have
k(G) > 24/p — 1. This was the origin of a by now extensive and still growing body
of literature on generalizations and strengthenings of all kinds. For example, the
second author [20] extended the bound to arbitrary groups for large p, and the
third author [32] proved it for arbitrary groups and all primes. One of the more
recent results is due to Hung and the third author of this paper [22] Theorem 1.1]
who proved that if p divides the order of a finite group G, then

kp(G) + iy (G) 2 2/p— 1

with equality if and only if \/p — T is an integer and G' = C}, x C ;=71 is a Frobenius
group (when p > 2) or G = C (when p = 2). Here k, (G) denotes the number of
conjugacy classes of elements of G whose orders are coprime to p. In [15] Héthelyi
and Kiilshammer also conjectured that for any finite group G the number k(B) of
complex irreducible characters in a p-block B of G is 1 or is at least 24/p — 1. This
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was proved for the principal block B = By by Hung and Schaeffer Fry [21]. In a
somewhat similar spirit, Hung, Sambale and Tiep [20, Theorem 1.1] proved that if
p is a prime dividing the order of a finite group G and all nontrivial p-elements are
conjugate in G, then one of the following holds. (i) k,/(G) > p; (ii) ky (G) =p—1
and G = C}, x Cp_; is a Frobenius group when p is odd and is C when p = 2;
(iii) p = 11, ky(G) = 9, and G is the minimal nonsolvable Frobenius group, that
is, G = C?, x SL(2,5).

The idea of studying k,(G) and k,/(G) for a finite group G is at the heart of our
second main result. While the bound 2./p — 1 in some of the earlier results above
is sharp for some special primes and certain kinds of Frobenius groups, there has
been a latent feeling in the community that something is still missing with regards
to these lower bounds, or, as Hung, Sambale and Tiep state in [20] that: “As it
is obvious from the bound itself that equality could occur only when p — 1 is a
perfect square, a ‘correct’ bound remains to be found”. The correct bound was
recently found by the first and second authors of this paper in [6] as they noticed
that one must take the arithmetic structure of p — 1 into account. Namely, if we
write p — 1 = ab for positive integers a and b with minimal distance (that is, |a — b
is minimal), then they conjecture for a finite group G that k(G) > a + b with
equality if and only if G = Cp, x C, or G = Cp, 1 Cy, with Cg(C,) = Cp. In [6]
this conjecture is proved for large primes p (using the McKay Conjecture for non-
p-solvable groups) and for solvable groups G. For solvable groups, however, it had
already been observed much earlier by Héthelyi and Kiilshammer in [I6, Remark
(i)

All these observations motivated us to prove a strengthened form of the previous
conjecture.

Theorem 1.2. Let G be a finite group and p a prime dividing |G|. One of the
following holds.

(i) There exists a factorization p — 1 = ab with a and b positive integers such
that ky(G) > a and ky (G) > b, with equality in both cases if and only if
G = Cp x Cy such that Cq(Cp) = Cp.

(i) p=11 and G = C% x SL(2,5).

Theorem [I.2) was already proved in some important special cases a long time ago.
The inequalities k,(G) > a and k, (G) > b follow immediately from Brauer’s work
as stated in [35, Theorem 11.1] in the case that G has a Sylow p-subgroup of order
p, by noting the well-known fact that k, (G) is the number of irreducible p-Brauer
characters of G. Theorem [1.2| was also known for all groups G with k,(G) < 3 (see
[20, Theorem 1.1 and Section 2]).

The paper is organized as follows. In Section 2, we prove Theorem [1.1] The
remaining sections are devoted to the proof of Theorem In Section 3, we deal
with groups having cyclic Sylow p-subgroups and for this we use Brauer’s work on
modular characters. In Section 4 we present three preliminary lemmas. Section 5
proves Theorem for non-p-solvable groups. In Section 6 we prove four steps in
the case of p-solvable groups. Section 7 deals with all primes p less than 47. In
Section 8 we prove a technical result on coprime actions of almost quasisimple linear
groups. In Section 9 we prove Theorem [I.2]in the special case when the irreducible
module for the relevant linear group is imprimitive and when the module is induced
from a module for a subgroup whose factor group modulo the kernel of the action
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is metacyclic. In Section 10 we describe certain linear groups having few orbits.
Finally, in Section 11 we finish the proof of Theorem |1.2

2. PROOF OoF THEOREM [L.1]

In this section we prove Theorem

We start with nonabelian finite simple groups. For a nonabelian finite simple
group T and a prime p, let m,(T") be the number of orbits of the automorphism
group Aut(7) of T on the set of nontrivial p-elements of 7. Let m(T) be the
maximum of m,(T") taken over all prime divisors p of |T|. Clearly, m(T") < n(T).

The following is [I1, Theorem 1.1] (with m here is m — 1 in their paper).

Theorem 2.1 (Giudici, Morgan, Praeger). There exists an increasing function fi
on the set of natural numbers such that whenever T is a nonabelian finite simple
group, then |T| < f1(m(T)).

Let O (G) denote the largest normal solvable subgroup of the finite group G.
Theorem [2.1] has the following extension.

Lemma 2.2. If G is a finite group with Ox(G) =1 and f1 is as in Theorem|2.1
then

|G| < n(G)(f1(n(G))*™M9).

Proof. Let G be a finite group with O (G) = 1. Let the socle of G be Soc(G). This
is the direct product Sy X - - - X Sy of nonabelian simple groups S; with 1 <14 < ¢ for
some integer t. Let the kernel of the conjugation action of G on the set {S1,..., St}
be B. This is a subgroup of Aut(S7) X ---x Aut(S;). Since every finite simple group
can be generated by two elements by [I, Theorem B], we have | B| < [Soc(G)|*. Thus
|B| < H:le (f1(m(S;)))?* by Theorem For every index ¢ with 1 < ¢ < ¢, we
have n(G) > m(S;). Clearly, |G/B| < t!. These give

(1) G| < t1(f1(n(G)))*.

Next we show that ¢t < n(G). Every group S; has even order by the Feit-
Thompson theorem. For each j with 1 < j <, let g; be an element of Soc(G) of
order 2 such that g; projects onto exactly j factors nontrivially. These elements
are pairwise non-conjugate. The claim follows.

Inequalities and t < n(QG) give the statement of the lemma. O

We continue with an elementary lemma.

Lemma 2.3. Let N be a normal subgroup of a finite group G. Then
(i) n(N) <n(G)-|G: N| and
(ii) n(G/N) < n(G).

Proof. Let p be a prime for which k,(N) = n(N). There are at least k,(N)/|G : N|
conjugacy classes of nontrivial p-elements in G lying inside N. Since k,(G) < n(G),
part (i) of the lemma follows. The first two paragraphs of the proof of [I7, Lemma
1.2] give 1 4+ k,(G/N) < 1+ k,(G) for every prime p. Part (ii) follows. O

We recursively define real valued functions F),(z) for real numbers = for every
nonnegative integer n. Let Fy(x) = z. For every positive integer n, let log, (F,(z))
be F,,_1(z). We will need the following technical lemma.
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Lemma 2.4. Let N be a normal subgroup in a finite group G. Let fi and fo
be monotone increasing functions on the set of natural numbers such that |[N| <
fi(n(N)) and |G/N| < fo(n(G/N)). Then

|G| < [i(f2(n(@))n(G)) f2(n(G))-

In particular, if |IN| < F,,(n(N)) and |G/N| < F,,(n(G/N)) for positive integers n
and m, then |G| < Fpimiy2(n(G)).

Proof. We have n(G/N) < n(G) and
n(N) < [G/N|-n(G) < f2(n(G/N)) - n(G) < f2(n(G)) - n(G)
by Lomma 3 Thus, [N| < fi(2(n(G)) - n(G)) and [G/N| < fo(n(G)). The

first claim follows. Let us prove the second claim. It is sufficient to see that
Fo(Fo(z) - 2)Fip(x) < Fygmao(z) for all natural numbers z. Clearly,

Fp(z) -z <2f@ = F . (2)
and Fy, (Fn11(7)) = Foymy1(z). Finally, Fioymi1(2) - Fn(2) < Fopmyz(2). U
Lemma [2.4] is needed in the proof of the following lemma.

Lemma 2.5. Let G be a finite group and let £ be a positive integer. If there is
a chain 1 = Ny < N; < --- < Ny = G of normal subgroups Ny, Ni,..., Ny
in G such that N;11/N; is nilpotent for every index i with 0 < ¢ < £ — 1, then
G] < Foe-2(n(G)).

Proof. Let G be a finite group and let ¢ be a nonnegative integer. We start with a
claim. If there is a chain 1 = Ny < N7 < --- < Nyt = G of normal subgroups Ny,
Ni, ..., No: in G such that N;1/N; is nilpotent for every index i with 0 <14 < 2f—1,
then |G| < Forvz o1 _o(n(G)).

We proceed to prove the claim. We argue by induction on t.

Let ¢ = 0. In this case G is nilpotent. If P is a Sylow p-subgroup of G for
some prime p, then the number of conjugacy classes of P is at least log, |P|, and
so |P| < Fi(n(P)+ 1) < Fi(n(G) +1). If G is the direct product of its Sylow
pi-subgroups P; with ¢ satisfying 1 < ¢ < k for some integer k and the primes p;
satisfying p; < ... < p, then

G < (Fi(n(@) + 1)* < (Fi(n(G) + 1)) < (Fi(n(G) + 1)) < Fa(n(@)).

Let ¢t > 0. Assume that the claim is true for ¢t — 1. Let N = Ny:-1. We
have |N| < Fyev1,9¢ o(n(N)) and |G/N| < Fyer1y9:_5(n(G/N)) by the induction
hypothesis. This gives |G| < Fae+2 gt+1_9(n(G)) by Lemma which proves the
claim above.

Let G be a finite group and let ¢ be a positive integer. Assume that there is
a chain 1 = Ny < Ny < --- < N; = G of normal subgroups Ny, Ny,..., Ny in
G such that N;;1/N; is nilpotent for every index ¢ with 0 < ¢ < £ — 1. Let the
binary expansion of ¢ be £ = Y | 2% where each ¢; is a nonnegative integer. We
will prove the lemma by induction on m. The previous claim gives the result for
m = 1. Let m > 1 and assume that the conclusion holds for m — 1. Write r =
S ' 2% The induction hypothesis provides |N,| < Fgr_2(n(N,)) and |G/N,| <
Fs(4—ry—2(n(G/N;)) by the claim. The result now follows from Lemma O

The next lemma deals with solvable groups.



6 B. CINARCI, T. M. KELLER, A. MAROTI7 AND I. I. SIMION

Lemma 2.6. If G is a finite solvable group, then
|G| < Fas((n(G) + 1)'*).

Proof. Let G be a finite solvable group. Let ®(G) and F(G) be the Frattini and
Fitting subgroups of G respectively. The group F(G/®(G)) = F(G)/®(G) is a
completely reducible and faithful G/F(G)-module (possibly of mixed characteristic)
and G/®(G) splits over F(G)/®(G) by a theorem of Gaschiitz (see [29, Theorem
1.12)).

Puwt H = G/®(G) and V = F(G)/®(G). Let R be a subgroup of H such
that H = RV and RNV = 1. Let the completely reducible H-module V' have ¢
irreducible summands, Vi,...,V;. Let H; = H/Cy(V;) for every ¢ with 1 <4 <.
For each ¢, let n(H;,V;) be the number of orbits of H; on V;.

Fix an index ¢ with 1 < ¢ < t. There are two cases to consider by a theorem of
the second author [25] Theorem 2.1].

In the first case, |Vi| < n(H;,V;)?". Since |H;V;| < |Vi|*, by the theorems of
Palfy [36, Theorem 1] and Wolf [40, Theorem 3.1], we get |H,;Vi| < n(H;, V;)'48.

In the second case, there are normal subgroups A; and B; of H;V; such that
V; < A; < B; < H;V;, the factor groups A;/V; and B;/A; are abelian and H;V;/B;
may be considered as a permutation group of degree k; at most (1/5) logs n(H;, V;).
Since H;V;/B; is solvable, |H;V;/B;| < 24(ki=1)/3 1y [8], and so

|H, Vi) B;| < 2418 ((HuViIN/5 o (f1 V),

Observe that n(H) > maxi<;<,{n(H;, V;)} —1 and n(G) > n(H) by Lemmal[2.3

Observe from the above that there is a normal subgroup N in G such that N has
a chain of nilpotent normal subgroups of length at most 4, so that |[N| < Fae(n(N))
by Lemma[2.5] and |G/N| < n(H;, V;)"® < (n(G) + 1)*8. Since

n(N) <n(G)-|G: N| < (n(G) + 1)

by Lemma [2.3] we conclude that

|G| = IN|IG/N| < Faa(n(N))(n(G) + )™ < Faa((n(G) + 1)) (n(G) + 1)1,
which is less than Fbs((n(G) + 1)149). O

We are now in the position to prove Theorem

Proof of Theorem[I1. Let G be a finite group. Put N = Oo(G). We have |[N| <
Faa(n(N) + 1)1%) by Lemma B/ and |G/N| < n(G/N)!(fi(n(G/N)))2"C/N) by
Lemma [2.2 From these we may obtain an increasing function g on the set of
possible values of n(G), by Lemma such that |G| < g(n(G)). Let g~! denote the
inverse function of g. This is also an increasing function. We have n(G) > ¢g~(|G|)
(whenever |G| is in the domain of g~1). Let f be the function defined on the set of
natural numbers such that f(x) is equal to g~!(y) where y is the smallest member
of the domain of g~! that is at least . We have n(G) > f(|G|). This completes
the proof of the theorem. O

3. GROUPS WITH CYCLIC SYLOW p-SUBGROUPS

We begin the proof of Theorem

Let p be a prime and let P be a Sylow p-subgroup of a finite group G. Suppose
that p | |G|, that is P # 1. In this section we prove Theorem in case P is cyclic
and in case Z(P) has an element of order p?.
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Lemma 3.1. Let G be a finite group and p a prime dividing |G|. If q is a prime
with ¢ > p and Q is a Sylow q-subgroup of G such that Z(Q) contains an element of
order ¢?, then kq(G) > ¢+ 1. In particular, depending on whether ¢ =p or ¢ > p,
we obtain k,(G) > p or ky (G) > p (respectively).

Proof. By the hypothesis, there exists a subgroup U and a Sylow g-subgroup @ of
G such that U < Z(Q), U is cyclic, and |U| = ¢2. Now let 7 be the set of those
nontrivial conjugacy classes of G which have a non-empty intersection with U, that
is, 7 consists of those conjugacy classes & for which 1 # 2 € G and ¢ NU # (.
Now let K € 7. Then we can write K = 2 for some z in U, and the order of z is
q" for some k € {1,2}.

Now if g € G such that 29 € U, then g normalizes the subgroup Uy = (z) of U
since U has a unique subgroup of order ¢*. But since Q < Cg(U), we know that
Na(Uy)/Cq(Uy) is a ¢'-group whose order divides |[Aut(Up)| € {q(¢ — 1),q — 1},
that is, |[Ng(Up)/Cq(Up)| divides g — 1. This shows that at most ¢ — 1 elements of
K can be in U.

By this argument we see that each conjugacy class in 7 has at most ¢—1 elements
in U, which implies that

U-1_ ¢-1
(@) 2 )= PEE - Tl gy
as desired. The remainder of the statement of the lemma now follows immediately.
O

Theorem 3.2. Let G be a finite group and let p be a prime dividing |G|. Let P be
a Sylow p-subgroup of G. Assume that P is cyclic or Z(P) has an element of order
p?. There exists a factorization p — 1 = ab with a and b positive integers such that
ky(G) > a and ky (G) > b with equalities in both cases if and only if G = Cp, x Cy,
such that Cq(Cp) = Cp.

Proof. Let G be a finite group with a Sylow p-subgroup P which is cyclic or that
Z(P) contains an element of order p2. If |P| > p?, then we can apply Lemma
with ¢ = p and thus, obtain that k,(G) > p. Hence we can take a = p — 1 and
b = 1, which proves the theorem with k,(G) > a and k,(G) > b. In particular,
there is no case of equality here.

Let us assume that |P| = p. If p = 2, then k2(G) > 1 and ko (G) > 1 with
equality in both cases if and only if G = P. Let p be odd. Let C be the centralizer
and N the normalizer of P in G. Let b = |[N/C|. We have k,(G) > (p —1)/b
by Sylow’s theorem. The number k, (G) is equal to the number of irreducible
Brauer characters in G. This number is at least the number of irreducible Brauer
characters in the principal block By, which in turn is equal to b by [35, Theorem
11.1 (c)]. This proves k,(G) > a and k,(G) > b where a = (p—1)/b. It remains to
describe all possibilities when there are equalities in both cases. Let k,(G) = a and
ky (G) = b. We certainly have k,(G) > m and ky (G) > n for some factorization
p — 1 = mn by considering the principal block of G as before. This forces a = m
and b = n. If G has more than one p-block, then there are at least b+ 1 irreducible
Brauer characters in G, which is a contradiction. Let G have a unique p-block. For
p odd, this happens, by [I4] Theorem 1 (a)], if and only if the generalized Fitting
subgroup of G is O,(G). In our situation O,(G) (which is self-centralizing) is the
Sylow p-subgroup (of order p) of G. This implies that G = C,, x Cp. This is the
group mentioned in the statement of the theorem. (I
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4. THREE LEMMAS
In this section we collect three lemmas.

Lemma 4.1. In order to prove Theorem[1.2 for a prime p and a nonsolvable finite
group G, we may assume that k,(G) > 2, ky(G) >3 andp > 7.

Proof. We may assume that k,(G) > 2 by [20, Theorem 1.1} and that k, (G) > 3
by Burnside’s theorem. It follows that we may take p to be at least 7. O

The following lemma is [22, Lemma 7.1].

Lemma 4.2. Let p be a prime. Let N be a normal subgroup of a finite group G.
We have ky (G/N) < kp (G) and ky(G/N) < ky(G).

The following lemma will also be useful throughout the paper.

Lemma 4.3. Let p be a prime. Let H be a finite group of order not divisible by p,
and let V' be a finite H-module over the field with p elements. (We do not require
V' to be faithful or irreducible.) Write HV for the semidirect product of H and V
with respect to the action of H on V. Then ky (HV) = k(H).

Proof. It is easy to see that k, (HV) > k(H). To show that k, (HV) < k(H), it
suffices to show that every p’-element of HV is conjugate in HV to some element
in H. To do so, it suffices to show that if ¢ € H and v € V such that gv is a
p’-element in HV | then there exists a w € V such that (gv)* = g, that is, v =
wIw™ (1) (where we view V as a normal subgroup of HV and write its operations
multiplicatively). Now note that for [g, V], which is the subgroup generated by the
elements [g,z] for all x € V, we actually have [g,V] = {[g,z] | = € V} (2), and
we also have wfw™! = w™lw? = [w,g] = [g,w]™! € [9,V] (3). Now define the
map ¢ : V — V by ¢(z) = ra9xd’ ...acgmfl, where m is the order of g. Observe
that ¢ is a homomorphism such that ¢(V) < Cy(g). Write W for the kernel of ¢.
Now consider the map « : Cy (g) — Cy(g) defined simply as the restriction of ¢ to
Cv(g). Then a(z) = 2™, and since p does not divide m, we see that the kernel of a is
trivial. Hence « is injective and thus also surjective. This shows that ¢(V) = Cy (g)
and hence dim W = dim V' — dim Cy(g). Since by coprime action we also have the
well-known decomposition V' = [g, V] x Cy(g), we obtain that dim W = dim[g, V].
Moreover, since for € V' we have ¢([g,z]) = ¢p(v™9v) = (v 9)p(v) = 1, it follows
that [g, V] < W. Hence altogether [¢,V] =W (4).

Recall that we want to find a w € V satisfying (1), But by (2), (3), (4) all we have
to do is to show that v € W. Now (gu)™ = g™wv9...v9" = ¢(v) € V (since
g™ =1). As p does not divide the order of gv, this forces (gv)™ = ¢(v) = 1. Hence
v € W and the proof is complete. ([l

5. NON-p-SOLVABLE GROUPS

In this section, we prove Theorem in case G is not a p-solvable group.
We first deal with almost simple groups.

Lemma 5.1. Let G be an almost simple group with socle S. Let p be a prime
divisor of the order of S. There exists a factorization p — 1 = ab with a and b
positive integers such that k,(G) > a and ky (G) > b. Equalities in both inequalities
cannot occur at the same time.
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Proof. Let P be a Sylow p-subgroup of G. If P is cyclic, then the result follows
from Theorem Assume that P is not cyclic. If p does not divide |G/S|, then
ky (G) > p by [20, Theorem 6.2]. Assume also that p divides |G/S|. Let k,(G) > 2,
ky (G) > 3 and p > 7. This assumption can be made by Lemma

Since ky (G) > ky (G/S) and k,(G) > k,(G/S) + 1 by Lemma [4.2| and the fact
that p divides |S|, it would be sufficient to show that Theorem is true for the
group G/S. The factor group H = G/S is a subgroup of Out(S). Since p > 7, the
group S must be a simple group of Lie type. Let @ be a Sylow p-subgroup of H. If
Q is cyclic, then the result follows from Theorem Assume that @ is not cyclic.
Since p > 7, by inspecting the structure of Out(S) (see [I12, Theorem 2.5.12]) it
remains to deal with the cases where S is a projective special linear group or a
projective special unitary group.

Let ¢ = ¢ where £ is the defining characteristic of S and f is a positive integer.
Assume first that the rank r of S is at least 2. For a projective special linear group
S, we have Out(S) = C(;41,4-1) X (Cy x C3) and for a projective special unitary
group S, we have Out(S) = C(,41,44+1) ¥ Coy (see [12, Theorem 2.5.12] and the
discussion following the proof). Since p > 7 and @ is not cyclic, p must divide
(r+1,9—1) and (r+1,q+ 1), respectively. Thus, r > p—1 > 6 and ¢ > 7 in both
cases. With these restrictions one checks that k, (G) > ky (S)/|Out(S)| > r > p—1
using Theorem 1.4 in [22]. A similar argument shows that the case r = 1 cannot
occur since |Out(S)| € {f, 2f} and Q is not cyclic. O

Theorem 5.2. Let p be a prime and let G be a finite group which is not p-solvable.
There exists a factorization p — 1 = ab with a and b positive integers such that
kp(G) > a and ky (G) > b. Equalities in both inequalities cannot occur at the same
time.

Proof. Let S be a nonabelian simple composition factor of G whose order is divisible
by p. Let M and N be normal subgroups in G such that M > N and M/N is
isomorphic to S; x -+ - x Sy where each S; is isomorphic to S. We may assume that
N =1 by Lemma 4.2

Let t > 2. Let the number of orbits of Aut(S) on the set of p’-elements in S be c.
In this case ky (G) > (*17") by the proof of [33, Lemma 4.3]. We have ¢ > /p— 1
by [22, Theorem 2.1 (iii)] and [22 Table 1]. Thus,

@z (TP 2 (3> S =0 v

Since we may assume that k,(G) > 2 by Lemma the result follows.

Let ¢ = 1. The group S = 57 is normal in G. We may assume that the centralizer
of S in G is trivial by Lemma It follows that G is almost simple with socle S.
The result follows from Lemma 511 O

6. FOUR STEPS

In this section we continue with the proof of Theorem [I:2}

Let G be a counterexample to Theorem with |G| minimal. We suppose that
G is a p-solvable group. We have that (G, p) # (C%, x SL(2,5), 11), otherwise Part
(ii) of Theorem holds. Let V be a minimal normal subgroup in G. In this
section we will prove four properties of G given in four steps.

We know from Lemma that k,(G/V) < kp(GQ) and ky(G/V) < ky(G).
Observe that k,(G/V) < kp(G) if p divides |V, and ky (G/V) < ky (G) if p1|V].
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Step 1. 'V is an elementary abelian p-group of rank at least 2 and p does not
divide |G/V|.

Assume that p divides |G/V|. By the fact that G is a minimal counterexample,
we know that G/V satisfies either Part (i) or Part (ii) of Theorem

Let p = 11 and G/V = (C11)? x SL(2,5). In this case k11(G/V) = 1 and
k‘lll(G) > k‘lll(G/V) > k(SL(2,5)) >9. If 11 | ‘V‘7 then k‘ll(G) > 2 contradicting
G being a counterexample, and if 11 1 |V, then it is easy to see that this forces
k11/(G) > 11, again implying that G is not a counterexample.

It remains to consider the case that G/V satisfies Part (i) of Theorem Then
there exist positive integers a and b such that p—1 = ab and a < k,(G/V) < k,(G)
and b < ky (G/V) < ky(G). If p| |V], then even k,(G/V) < k,(G), and we obtain
a contradiction. If p { |V, then a < k,(G) and b < ky (G/V) < ky(G), which is
again a contradiction.

Thus we have shown that p does not divide |G/V|. Therefore the prime p must
divide |V| and so V is an elementary abelian p-group. The size of V must be at

least p? by Theorem

Step 2. G = VH for a subgroup H of G of order coprime to p and H acts
faithfully on V. The group H acts irreducibly on V.

Since V' is a minimal normal subgroup of G, the second claim follows. We
claim that V is the unique minimal normal subgroup of G. Let M be another
minimal normal subgroup of G. It is well known that G is isomorphic to a subgroup
of G/V x G/M. But |G/V| and |G/M]| are not divisible by p by the previous
paragraph. This contradicts the fact that |G| is divisible by p. It follows from Step
1 and the Schur-Zassenhaus theorem that G splits over V, that is, G = V H for a
subgroup H of G of order coprime to p. Moreover, H acts faithfully on V.

Step 3. If |[V| = p?, then H is not solvable.

Let G be solvable. Since V is the unique minimal normal subgroup of G, we
may view H as an irreducible p’-subgroup of GL(2,p), and the structure of H is
described in [29] Theorem 2.11].

In cases (a) and (b) in [29, Theorem 2.11], we can conclude that H contains an
abelian normal subgroup X such that z := |X| <p?—1and |H : X| < 2.
First suppose that H = X. Then H acts frobeniusly on V. It follows that

Vi-1 p*—1

ky(G)=k(H) =12 and k,(G)=n(H,V)-1= ] -

If x > p— 1, then we can choose a = 1 and b = p — 1, which is a contradiction. If
x <p-—1,then (p?—1)/x > p+1>p—1and we choose a = p—1and b = 1,
contradiction.
Let us assume that |H : X| = 2. Then
RY

ky (G) = k(H) = ' X|

V-1 p*—1

> —-1>
and k,(G) >n(H,V)—-1> i o7

NN

If z > p— 1, we may choose a = 2 and b = (p — 1)/2, contradiction. If z <p—1,
then
PP-1 _pt+l _p-1

kp(G)Z2(p—1)_ 2 7 2
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and we choose a = (p — 1)/2 and b = 2, contradiction. (Note that we may assume
that H > 1 and thus, ky (G) > 2.)

We are now in Case (¢) in [29, Theorem 2.11], and we follow the proof of Theorem
in [16) by adjusting it to our hypothesis. Then F(H) = Q o X (central product)
and Q@ N X = Z(Q), where Q = Qg, which is normal in H, and X = Z(H) is
cyclic and |X| divides p — 1. Moreover, H/F(H) acts irreducibly on Q/Z(Q), so
H/F(H) > Zsor H/F(H) 2> S3. Let z := | X : Z(Q)| = |X|/2, and then z divides
(p—1)/2 since |X| divides p — 1. Let (p—1)/2 = zk for some positive integer k. If
we count the irreducible characters of H as in the proof of Theorem in [I6], then we
find that k(H) = 7Tz, |H| = 24z in case H/F(H) = Z3, and k(H) = 8z, |H| = 48«
in case H/F(H) = S5. In the first case, we have

“p—1) _2(p—-1) p-1

(2) ky(G)=k(H)=Tx = o7 > or = &
and
Vi-1_p*-1_p-1
>n(H —-1> > =
(3) ky(G) > n(H,V)—1> IR TraE k.

where the last inequality holds for p > 11. Thus, we choose a = k and b = (p—1)/k
for the prime p > 11, contradiction. One can find suitable a and b for primes p < 11
by considering Inequalities , and the fact that the integer = divides (p—1)/2,
which gives us a contradiction.

Similar calculations lead to a contradiction that we have Theorem [[.2] for the
prime p > 23 in case that k(H) = 8z by replacing 7z by 8z in Inequality and
24z by 48z in Inequality . For the prime p < 23, we again find the suitable a
and b in Theorem [1.2] contradiction.

Step 4. We will show that |V| > p3.

We may assume that |V| = p? and H is not solvable by Steps 1 and 3. In this case,
by [, Section XI1.260] or [23, II, Hauptsatz 8.27] we know that p = £1(mod 10)
and also that either H/Z(H) = As or H/Z(H) = S5 (given that (|H|,|V|) = 1).
Thus we write |[H| = 60z, where z = 1 or 2 depending on whether H/Z(H) = As
or H/Z(H) = S5, respectively.

First suppose that p > 60.

Now write Z = Z(H) and consider V, that is, V viewed as a Z-module. If V
is irreducible (i.e., Z acts irreducibly on V'), then by [23] II, Hilfssatz 3.11] or [29]
Theorem 2.1], G is solvable, a contradiction. Hence V is the direct sum of two Z-
modules of order p, and since clearly Z acts frobeniusly on V' (i.e., ZV is a Frobenius
group), this forces that |Z| divides p — 1. Now clearly k, (G) = k(H) > |Z| + 1.
Then,

vi-1_p -1 _ (p+hp-1) p-1

@) k(@) 2zl V) =12 == 2 = 60017 7]
where the last inequality follows as p > 60. If z = 1, then we choose a = (p—1)/|Z|
and b = |Z| > 1, which is a contradiction. So we may assume that z = 2, that
is, H/Z(H) = S5. Then by Inequality , we see that k,(G) > % is still true
when p > 120, and hence we may choose a = (p — 1)/|Z| and b = |Z] > 1, which is
a contradiction. Now we will have a contradiction to Theorem [I.2] for the primes
p > 60 in the case where H/Z(H) = Ss.
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Since the Schur multiplier of S5 is C5, we have the following cases: In the first
case, H = (C5.55) x Z; for a subgroup Z; of Z(H) with |Z;| = @, where C5.55
is the second central stem extension by Co of S5. Note that |Z1] is an odd number
because Z(H) is cyclic. It follows that we get k(H) = 12. |Z‘ = 6|Z|. In the latter
case, H = S5 x Z(H), and hence we have k(H) = 7|Z|.

Therefore, we have that

Vi-1_ p*—
H] ~ 12017

(5)  kp(G)>n(H,V)—1> and ky(GQ) =k(H) > 6|Z|.
Since p = £1(mod 10), the primes between 60 and 120 that we have to consider
are 61,71,79,89,101, 109.
Let p = 61. We know that |Z| divides p — 1 = 60, and also by [20, Section

-1
2], we can assume that |Z| < pT Thus, |Z] < 15, and hence we get |Z] €

{2,3,4,5,6,10,12,15}. Let |Z] = 2. Then by , we have

p>—1 31

- = — = . / = > == .
Bn(G) 2 Jogm = 177 = 155 and Jy(G) = k(H) 2 6/2] = 12

Thus, we can choose (a,b) = (5,12), contradiction. Again by using the inequalities
in (), we can choose (a,b) = (5,12) if |Z| € {3,4,5,6}, and (a,b) = (1,60) if
|Z| € {10,12,15}, which are contradictions.

Let p € {71,79,89,101,109}. Then by similar arguments as in the previous
paragraph we have the integers a and b in Theorem as follows:

p (a,b)

710 5) (510, 0.35). (170}

79 {(13,6), (6,13), (1,78)}

89 {(22,4), (4,22),(1,83)}

101 | {(10,10), (4,25), (1,100)}

109 {(18,6), (6, 18), (1,108)}
TABLE 1. Possible (a,b) pairs

This is a contradiction, which proves Theorem [I.2] for the primes p > 60 in the case
that H/Z(H) = S5. Now let us consider the primes p < 60. Since p = +1(mod 10),
we get p € {11,19,29,31,41,59}. We use GAP [10] to confirm the result that we
can always find the integers a and b as in Theorem which is a contradiction.

7. SMALL PRIMES

In this section, we show that Theorem [I.2] holds for every prime p at most 43.

Assume that Theorem [T.2]is not true for a prime p at most 43 and a finite group
G. Notice that we may assume that k,(G) > 3 (by [20, Theorem 1.1 and Section
2]). Moreover, we have k,(G) > 2. Thus, we may assume that p > 7.

We also know that G = HV for a subgroup H of G of order coprime to p and
for an elementary abelian p-subgroup V of G which is normal in G. Moreover, V is
a faithful and irreducible H-module of size at least p3. These follow from Section
5.
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Let p = 7. If k,(G) > 4, then we have Theorem [L.2] by choosing a = 3 and b = 2
because ky (G) = k(H) > 2, a contradiction. Thus, k,(G) = 3 and k, (G) = 2. By
[24, Example 12.4], |H| = 2, which gives us the contradiction that

V-1

_ |
kp(G) =n(H, V)= 1> v

> 171 > 3.

This kind of contradiction using that k,(G) > (|V| —1)/|H| will occur many more
times in this section.

Let p = 11. If k,(G) > 6, then we have Theorem by choosing a = 5 and
b = 2 because ky (G) = k(H) > 2, a contradiction. Thus, we may assume that
3 < ky(G) <5. If ky(G) = k(H) > 5, then we are done. Thus, we assume that
2 <ky(G) =k(H) <4. By [24, Example 12.4], we know that |H| < 12. Thus we

have the contradiction that (|V|—1)/|H| > 11132’1 > 5.

Let p = 13. If k,(G) > 4 and k,(G) > 3, then we are done. Let us assume that
3 <k,(G) <4, and hence 2 < ky (G) = k(H) < 4. By [24, Example 12.4], we have
|H| < 12, and hence we get the contradiction that (|[V| —1)/|H| > 4.

If p = 17, then we have 3 < k,(G) < 8 and so, 2 < k,(G) < 5. Thus, we have
the contradiction that (|V|—1)/|H| > 8.

Let p = 19. We have 3 < k,(G) <9 and so, 2 < k,(G) < 6. Thus, |H| < 72 by
[24, Remark 12.4], which gives us the contradiction that (|V| —1)/|H| > 9.

Let p = 23. We may assume that 3 < k,(G) < 11 and so, 2 < ky(G) < 10. Thus,
|H| < 20160 by [41, Table 1, 2] and also, |V| = 233 because of 3 < k,(G) < 11.
Since 3 < k,(G) < 11, the calculations show by [41, Table 1, 2] that H & C2 x
SL(2,3), C2 x SL(2,3).Cy, A7, C%, x SL(2,5), My; or PSL(3,4). Since H acts
faithfully on V, we have that H is a subgroup of GL(3,23), whose order is not
divisible by 5 and 72. On the other hand, either 5 or 72 divides the order of H,
which is a contradiction.

Let p = 29. Hence we may assume that 3 < k,(G) < 14 and so, 2 < k, (G) < 9.
Thus, |H| < 2520 by [I, Table 1]. Thus, (|V| — 1)/|H| > 10,which gives us
10 < kp(G) < 14. If kyy (G) > 3, then we have Theorem Thus, we may assume
that k, (G) = 2, which gives us |H| < 2. Then we have the contradiction that
(V| =1)/|H| > 12194.

Let p = 31. We may assume that 3 < k,(G) < 15 and so, 2 < k,(G) < 10. If
ky(G) <9, then |H| < 2520 by [l Table 1]. Thus, (|V| —1)/|H| > 12, which
gives us 12 < k,(G) < 15. If k, (G) > 3, then we have Theoremm Thus, we may
assume that k, (G) = 2, which gives us |H| < 2. Then we have the contradiction
that (|V|—1)/|H| > 14895. It follows that we may assume that k(H) = &k, (G) = 10,
which leads to k,(G) = 3. Thus, |H| < 20160 by [41}, Table 2] and also, |V| = 313
because of k,(G) = 3. Since k,(G) = 3, the calculations show by [4I], Table 2] that
H = (Cy1 xCh1) xSL(2,5) or PSL(3,4). Since H acts faithfully on V', we have that
H is a subgroup of GL(3,31), whose order is not divisible by the primes 7 and 11.
On the other hand, either 11 or 7 divides the order of H, which is a contradiction.

Let p = 37. We may assume that 3 < k,(G) < 18 and so, 2 < k,(G) < 12.
If ky(G) < 9, then |H| < 2520 by [, Table 1]. Thus, (|V] — 1)/|H| > 21,
which is a contradiction. Thus, 10 < k,(G) < 12. This gives us k,(G) = 3.
By examining [41, Tables 2, 3] and [42, Table 1], we have that H = PSL(3,4),
Sz(8), (C19 x C19) X SL(2,5) or Maa. Also, for these groups H we can assume that
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|V| = 373. Since the order of GL(3,37) is not divisible by 5 and 192 we have the
contradiction that H is a subgroup of GL(3,37).

Let p = 41. We may assume that 3 < k,(G) < 20 and so, 2 < ky(G) < 13. If
ky(G) <9, then |H| < 2520 by [l Table 1]. Thus, (|V| —1)/|H| > 26, which
is a contradiction. Thus, 10 < k,(G) < 13. This gives us k,(G) = 3 or 4. By
examining [41] Tables 2, 3], [42] Table 1], [43] Table 1] we have that H = PSL(3,4),
Sz(8), (C19 x Chg) x SL(2,5) or Maz. Also, we can assume that |V| = 413. Since
the order of GL(3,41) is not divisible by 9, 11, 13 and 19 we have a contradiction
that H is a subgroup of GL(3,41).

Let p = 43. We may assume that 3 < k,(G) < 21 and so, 2 < ky(G) < 14. If
ky(G) <9, then |H| < 2520 by [ Table 1]. Thus, (|V| —1)/|H| > 32, which
is a contradiction. Thus, 10 < k,(G) < 14. This gives us k,(G) = 3 or 4. By
examining [41] Tables 2, 3|, [42], Table 1], [43] Table 1] we have that H = PSL(3,4),
Sz(8), (Cr9x C19) xSL(2,5), Maa, PSL(3,4)-C5 or PSU(3,5). Also, for these groups
H we can assume that |V| = 433. Since the order of GL(3,43) is not divisible by 5
and 19 we have the contradiction that H is a subgroup of GL(3,43).

We conclude that Theorem [I.2) holds for every prime p at most 43.

8. ALMOST QUASISIMPLE GROUPS
The purpose of this section is to prove the following.

Proposition 8.1. Let p be a prime at least 47. Let F' be the finite field of order
q and characteristic p. Let V be an absolutely irreducible, faithful and finite F H-
module for a finite group H. Let H = C' o K where C is a subgroup of the center Z
of GL(V) and K is almost quasisimple. Suppose that p does not divide |H|. Let S
be the socle of K/Z(K). Let |V| = p" = q* where d = dimp (V). We have
(6) C1-151-Jou(s)| <
except, possibly, for the cases indicated in Table[3
Moreover, there exists a factorization p — 1 = ab with a and b positive integers
such that ky (G) > k*(S) > a and kp(G) = n(H,V) —1 > b, with equalities not
occurring in both cases at the same time, except, possibly, for the cases indicated
in Table[3 In particular, if V is a primitive F H-module, then Theorem [1.3 holds
true for G = HV.

d S ¢ ¢ HVI<
2 A5 = PSL2(5) all -
3| A; = PSLy(4) | 47,...,113 2.5
3| PSLy(7) | 47,...,331 7
1 A, A7,...,67 2.3
6 Us(3) 61,67 1.9

TABLE 2. Possible exceptions to @

Proof. First notice that, since |H| = |C o K| < |C]-|S]-|Out(S)], it follows from
(6) that |H| < |V|/q. Hence, for groups G = HV for which (6)) holds, our second
claim holds with a =1 and b = p — 1 since

Vi Vi-1
7 i
" I

<n(H,V)—1=k,(G).
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d S Out(S)| | g [K(S) | (VI-D/|H[>]|Z:C]
2 | A5 = PSLy(5) 2 >47| 4 1 <60
3| A; = PSLy(4) 2 a7 1 19 1
3] PSLy(7) 2 107 | 5 35 1
3|  PSLy(7) 2 103 | 5 32 1
3|  PSLy(7) 2 83 5 21 1
3|  PSLy(7) 2 79 5 19 1
3|  PSLy(7) 2 73 5 16 1

3|  PSLy(7) 2 67 5 14 1

3|  PSLy(7) 2 61 5 12 1

3|  PSLy(7) 2 59 5 11 <2
3|  PSLy(7) 2 53 5 9 1

3|  PSLy(7) 2 47 5 7 <2
4 Az 2 a7 8 22 1

TABLE 3. Possible exceptions to Theorem

If (6) does not hold, we aim at showing that |V|/|H| > (p + 1)/2 which allows us
to take a = 2 and b = (p — 1)/2 in the proposition. For the possible exceptions, we
calculate |V'|/|H| in order to find the constant ¢ in the last column of Table [2[ and
we look for a factorization p — 1 = ab with £*(S) > a > cand b > (p—1)/c. Notice
that, we may assume k*(S) > 4 and k,(G) = n(H,V)—1 > 4. We proceed as in the
proof of [32] Proposition 5.1] and check the claim with [I8,27]. At various steps we
need to determine certain thresholds for certain inequalities to hold. While these
can be checked by hand, we used GAP [I0] for such calculations.

We check @ by checking
(8) S| - | Out(S)| < ¢**
since then

_ 14

C1-151 | Out(8)]| < (4= 1) 3] | Out(s)| < q-I5] - Ous(s)| = ¢~ < L.

When fails, we check

g1
(9) [S] -] Out(S)| < 1.94
p
since then
] < 19aV <o VI
p p+1

which implies (p — 1)/2 < k,(G).
First we deal with [I8 Table 3]. Let S and d be as in [I9, Table 2]. Since p > 47
and | Out(S)| < |5, a calculation shows that holds true for d > 25 since

S| [Out(S)| < [S[* < 47972 < "2

Let d < 24. Using the exact values | Out(S)| one checks that holds true except
possibly for (d, S) = (4, A7) or (d,S) = (6,U4(3)).

Let (d,S) = (4, A7). By varying ¢, a calculation shows that holds except
if ¢ < 67 and we indicate an upper bound on ¢ - |H|/|V| in Table |2 Moreover,
in this case | Out(S)| = 2 and one checks that (9) holds true except possibly for
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p = q = 47. For this value of ¢, using @ we see that, if C' = 1 we have k,(G) >
(IV] = 1)/|H| > 967.1 and if C' = Z we have k,(G) > (V| —1)/|H| > 21.04.

Let (d,S) = (6,U4(3)). By varying g, a calculation shows that holds except
if ¢ < 71. However, since | Out(S)| = 8, it follows from [19, Table 2] that 3 divides
|C| which cannot happen except possibly if ¢ € {61,67} and we indicate an upper
bound on ¢-|H|/|V| in Table 2] Moreover, using | Out(S)| = 8, one checks that (9]
holds true if ¢ > p or if ¢ > 61.

Let S = A, with n > 5. The case A5 = PSLy(4) = PSL2(5) is treated below.
Since p does not divide |G|, we have p > n + 1 and, by [27, Proposition 5.3.7], we
have d > n — 2 for n > 9. The entries for A,, with n > 14 have been omitted
from [19, Table 2] (see beginning of Section 6 in [I§]). Thus, we assume that either
n>14orb<n<13and d > 251. Let x = n — 2 in the first case and let x = 251
in the second case. In both cases, inequality holds true since

(n+1)w2<pd2< qd2 '
4 4 T | Oout(9)]

Let S = PSLa(f). Let f be even. Then |S| = f(f? — 1) and |Out(S)| < f. By
[27, Table 5.3.A], we have d > f — 1 except possibly if f = 4. However, by [I8|
Table 2], this exception does not occur. A calculation shows that holds true for
f > 8 since

S| <

|S| - | Out(8)| < 47/73.
If f =4, then S = PSLy(4) = A5 and d = 3. A calculation shows that holds

true for ¢ > 127. For ¢ < 113 we indicate an upper bound on ¢ - |[H|/|V| in Table
Moreover, one checks that for ¢ > p we have p < |V|/|H| < k,(G) and that
p+1_ 7
27 B | Out(S)[ ||

for all ¢ > 47. This proves our claim when C' # Z. A similar calculation shows that
@ may not hold for p = ¢ € {47,53,59,61} in which case |V|/|H| > 18.8, 23.8, 29.5
and 51.5 respectively. Thus, since k*(S) = 4, our claim follows for p € {53,59,61}
using @

Let f be odd. Then |S| = f(f?—1)/2 and | Out(S)| < 2-f. By [27, Table 5.3.A],
we have d > (f — 1)/2 except possibly if f = 9. However, by [I8 Table 2], this
exception does not occur. A calculation shows that holds true for f > 11. The
remaining cases are f € {5,7,9}. By [I8, Table 2], we have d > 2,3, 4 respectively.

Let f =9 or 7. A calculation shows that ¢ < |V|/|H| for f = 9 and that
holds true for f = 7 if ¢ > 337. For ¢ < 331 we indicate an upper bound on
q-|H|/|V| in Table 2| Calculating further, we find that p < |V|/|H| < k,(G) for
q > p and that @ holds true since

ptl_ ¢’
2 (¢g—=1)-[Out(S)[-[S]

except if p = ¢ < 167. For the remaining cases, when S = PSLy(7), we calculate
(V| = 1)/|H| explicitly. Since k*(S) = 5, using (7)), we may rule out several of
these cases. The remaining cases are 47 < p = ¢ < 107. If C' # Z, the claim holds
except possibly if p =47 or p = 59. In these two cases |Z| =2-23 and |Z]| =229
respectively and one checks that our claim holds if |Z : C| > 2.

If f =5 then S = PSLy(5) = A5 and d = 2. A calculation shows that (6] holds
true if ¢ > p? > 121. A similar calculation with shows that @[) holds true for
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p > 61. If p=q then d =n = 2 and if we assume that |Z : C| > 60 = |S|, then
ky(G) > (p—1)/2 since
2 2

p+l _ p*-1 p p
< < = .
2 |IC|-2-60 " |C]-2-60 |C|-|Out(S)|-|S]

For the rest of the proof we exclude the cases appearing in the tables of [I8] [19].
In particular, we assume d > 251 and we may ignore the exceptions listed in [27]
Table 5.3.A]. Furthermore, with [27], Proposition 5.3.8] and since d > 251, we check
that holds true for the sporadic groups and the Tits group. In what follows we
treat the remaining simple groups of Lie type S for which we bound d with [27]
Theorem 5.3.9].

Let S = 2Go(f) with f = 32"+ and m > 1. Here d > f(f —1) and a calculation
shows that holds true for all m since

S| - logs(f) < 47/U=072,

Let S = Sz(f) = ?Ba(f). Here f = 22" with m > 1 and d > \/f/2- (f — 1).
A calculation shows that holds true for all m since

S| - logy(f) < 47VI/2(F=D=2,

For the rest of the groups it is computationally more convenient to take the
logarithm of (§). Notice that |S| < (f + 1)4™9 where dim(S) is the dimension of
the ambient algebraic group. Then, for , it suffices to show that

47dmi,)72 qd72

log |S| < log((f +1)"™*) < log rresr < log 15 e

where dpyip is at least 251 and at least the lower bound on d given in [27, Theorem
5.3.9]. Thus it suffices to check the values f for which

(10) dim(5) - log(f +1) <5 (dmin — 2) — log(| Out(S))).

Let S = 2Fy(f). Here f = 22™*! with m > 1. We have [S| < f*¢ and
| Out(S)| = 2m + 1. A calculation shows that holds true for all f since

2 - (2m+1) <5- <f4~\/§(f1)2> —log(2m +1).

Let S = 3Dy(f). We have dim(S) = 28 and | Out(S)| < 3-log(f). A calculation
shows that holds true for all f # 2 since

28 -log(f+1) <5-(f*-(f*—1)—2) —log(3-log(f)).
For f = 2 we use d > 251. Similar calculations show that holds true except
possibly if S is one of the groups G2(2), G2(3). For these two cases, we check that
holds true under the assumption that d > 251.
For unbounded rank we use the fact that the lower bounds on d in [27, Theo-

rem 5.3.9] are bounded from below by f@ for some integer d’ > 0. Observe that
f/log(f+1) > 1 for all f. We divide by log(f + 1) and notice that it suffices
to show that

(11) dim(S) + cou +10 < 5- f21

where fui, is the smallest possible value for f and where coyt is a constant such
that log(] Out(S)]) < cout - log(f +1).
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Let S = Qopy1(f) with m > 3 and f odd. We have dim(S) = 2m? + m and
|Out(S)| < 2-log(f). One checks that we may take coy = 3, that d' = 2m — 3
and fimin = 3. Since m > 3, a calculation shows that holds true for all m as

2m? +m+3+10<5-32m4,

Let S = Q (f) with m > 4. We have dim(S) = 2m? — m and |Out(S)| <
8 - log(f). One checks that we may take couy = 3, that d’ = 2m — 4 and fiim = 2.
A calculation shows that holds true for all m > 5. We have

2m? —m+3+10<5-22m5,

Let S = Qg (f). We have dim(S) = 28 and | Out(S)| < 8-log(f). A calculation
shows that holds true for all f > 2 since

28 -log(f) +1 <5 ((f*+ f) - (f* —1) — 2) — log(8 - log(f))-

For f =2 we use d > 251.
Let S = Qf (f) with m > 4. We have dim(S) = 2m? — m and | Out(9)| <
2.

6 - log(f). One checks that we may take couy = 3 that d = 2m — 4 and fiin =
A calculation shows that holds true for all m > 5 since we have

2m? —m+3+10<5.22m5,

Let S = Qg (f). We have |S| < f28 and |Out(S)| < 6 - log(f). A calculation
shows that holds true for all f > 2 since

28 -log(f) <5- ((f*+f)- (f* —1) —2) —log(8 - log(f)).
For f =2 we use d > 251.
Let S = PSpon(f) with m > 2. We have dim(S) = 2m? +m and |Out(9)| <
2 -log(f). One checks that we may take cous = 3 and fin = 3, that & =m — 1 if
f is odd and that d’ = 2m — 4 if f is even. A calculation shows that

om2+m+3+10<5.2971

Let S = PSpon(f) with m < 5. A calculation shows that holds true except
possibly if (m, f) € {(2,2),(2,3),(2,4),(2,5),(3,2),(3,3),(4,2),(4,3)}. For these
cases, we check that holds true under the assumption that d > 251.

Let S = L, (f) with m > 3. We have dim(S) = m? — 1 and | Out(S)| <
2 -m -log(f). One checks that we may take count = 2m, that d = m — 2 and
fmin = 2. A calculation shows that holds true for all m > 7 since we have

m2—14+2m+10<5-22m75,

Let S = Lg(f) with m < 5. A calculation shows that holds true except
possibly for (m, f) € {(3,3),(3,4), (4,3)}. For these cases, we check that holds
true under the assumption that d > 251.

Let S = U, (f) with m > 3. We have dim(S) = m? — 1 and |Out(S)| <
2-m -log(f). One checks that we may take cou = 2m, d = m — 2 and fini, = 2.
The calculation to see that holds is the same as for the case S = L,,(f).

In order to prove the last claim of the proposition it is sufficient to consider the
cases in Table 3] For the cases in the table we use the fact that k, (G) = k(H) >
|C| - k*(S) which in all cases, apart from the case when n = d = 2, is at least p — 1.
The case n = d = 2 was treated in Step 4 of Section 6. ([

Next we consider certain imprimitive modules.
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Proposition 8.2. Let p be a prime at least 47. Let V' be an irreducible and im-
primitive F'H-module for a finite field F of characteristic p and a finite group H.
Let V' be induced from an F L-module W for a subgroup L of H of index t. Let A
be the kernel of the action of L on W. Assume that L/A = C o K, where K/Z(K)
is almost simple with socle S and the size of K is not divisible by p and where C
is a subgroup of the center Z of GL(W) such that W is an absolutely irreducible
F(L/A)-module. If dimp(W) > 3, then Theorem[1.3 holds true for G = HV .

Proof. We may suppose that ¢ > 2 by Proposition Since H is not solvable,
ky(G) > 3 by Burnside’s theorem. Consider the statement of Proposition
with H replaced by L/A, V replaced by W and G replaced by (L/A)W. Let
k =n(L/A,W). Observe that

k+t—1 k(k+1)
k > —1>—~—-1>k-1.
ez () sz Y s
We have k > g > p by Proposition unless L/A, W and S are as in Table
(with dimp(W) > 3). In the exceptional cases we have k > ¢/7 > p/7 and so
k(k+1)/2—1>(p—1)/2 for p > 47. O

9. METACYCLIC SECTIONS

The purpose of this section is to prove Theorem in the special case when
the H-module V is induced from a subspace W such that the stabilizer of W in H
modulo the kernel is a metacyclic group that acts irreducibly on W.

We start with a lemma that will be used not only in this section but also in a
later part of the paper.

Lemma 9.1. If G = HV is a counterezample to Theorem[I.4 with a prime p, then
H has no alternating composition factor of degree at least (In(112) + Inp)?/4.

Proof. Assume that S = A, is an alternating composition factor of H with n >
(In(112) + Inp)2/4. Since |Out(S)| < 4, we have k*(S) > k(S)/4. Since S is a
normal subgroup of index 2 in S,,, we have k(S) > m(n)/2 where 7(n) denotes the
number of partitions of n. We have k(H) > k*(S) > 4 by [39, Lemma 2.5]. Thus,
by Lemma [1.2] and by [31, Corollary 3.1] we have

2vn
ky (G) = k(H) > max{4, %} > max{4, 6112 }>p
where the last inequality holds provided that n > (In(112) + Inp)?/4. O

Let an imprimitivity decomposition of the irreducible H-module V be Vj + -+
V;. For each i with 1 <4 < t, the vector space V; is a primitive H;-module where H;
is the stabilizer of V; in H. The group H acts transitively on the set {Vi,...,V;}.
Let the kernel of this action be B. The factor group H/B may be considered as
a transitive permutation group of degree t. Let m denote the minimal degree of
a non-abelian alternating composition factor of H/B, provided that such exists,
otherwise m = 4. We have |H/B| < m!(¢=1/(m=1) by [30, Corollary 1.5].

The group B may be considered as a subgroup of By x --- X By for isomorphic
groups Bi,..., B; such that B projects onto each factor B;. Moreover, for each i
with 1 < ¢ < ¢, the group B; may be considered as a normal subgroup in a primitive
linear group acting on V;.
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For each ¢ with 1 <14 <, let A; be a largest abelian normal subgroup in B;. Let
the index of A; in B; be f. Let C be the abelian normal subgroup of B consisting
of elements (by,...,b;) € By x --- X By with the property that b, € A; for all i
with 1 < 4 < ¢t. We claim that |[B : C| < ft. Let E = By x --- x By and let
D = A; x--- x A;. Observe that DN B = C and D is normalized by B. Now
B/C=B/(DNB)~DB/D < FE/D. But |E/D| = f*.

Lemma 9.2. Let G = HV be a counterezample to Theorem[I.4 with a prime p. Fix
i with1 < i <t. The group H;/Cy,(V;) is not a subgroup of TL(1, K) < GL(n/t,F)
for any field extension K of the prime field F' of order p.

Proof. Fix ¢ with 1 < i < t. Assume that H;/Cq,(V;) is metacyclic. Then B; is

metacyclic. We have |B; : A;| = f and n > ¢f (since we view V and V; over the
field of size p). The index of the abelian subgroup C in H satisfies

|H : C| < |H/B||B/C| < m!(t=D/(m=1) | gt < pp)t=1)/(m=1) _(p /1)t
Since H has less than p orbits on V|, it follows that
pn—l < |H| < m!(t—l)/(m—l) . (n/t)t . |C|

We have k, (G) = k(H) > k*(A.,) > max{4,7(m)/8} by the proof of Lemma
If this is at least p/2, then there is nothing to show. Note that we may assume
that p/2 < 60%/2. Now max{4,7(m)/8} > 60%/2 provided that m > 90. We may
thus assume that m < 89 (and |H/B| < 36'~1).

For m > 5, we have

€] . ! ‘
(12) Iy () = K(H) 2 e + K () 2 oy ODER (Ap).
Since k*(A,,) > max{4,7(m)/8}, we have
n—1
p

(13) ki (G) >

= 201/ (m=1) . (p /¢)2t + max{4, 7(m)/8}.

For m = 4, we have

€ !
(14) i (G) = k(H) 2 |H : C| = 242(t=1)/3 . (n /t)2t
Notice that, since ¢ | n, we have (n/t)?* < 3?*/3. Indeed, let @ = n/t then the
inequality follows from a'/® < 3'/3 (since a'/* decreases for a > 4). Notice also
that we may assume k,(G) > 3 (by [20, Theorem 1.1 and Section 2]). We may
assume p > 47.
Let n > 2t. Let 5 < m < 89. Since n > m > 5, a calculation shows that

pn—l pn—l . 352 p— 1
ki”'(G) Z 8912(t—1)/88 . 32n/3 > 74N Z 2
for p > 97, where the first inequality holds since m < 89. Let p < 89. By a GAP

[10] calculation, we have k*(A,,) > 44 > p—1 for m > 13. By (12), we may assume
that m < 12. Then, gives

n—1 n—1 2
P p .6 p—1
kp (G) = 1212(t—1)/11 . 32n/3 - 13» = 2

for p > 17.
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Let n =¢t. Let 5 < m < 89. Observe that n > m. Thus, and a GAP [I0]
calculation give

m—1 -1
b + max{4,7(m)/8} > pT

ml?

kp/(G) >

for p > 67 or m > 16. Let p < 61 and m < 15. Then, by we have

n—1

D . p—1
kp (G) > —3 + E*(A) > 5

for all m and p > 47. O

10. GROUPS WITH FEW ORBITS

Let p be a prime at least 47. Let F' be the field of order ¢ and characteristic p.
Let V be an absolutely irreducible, primitive and faithful £ H-module for a finite
group H of order coprime to p. Let |V| = p" = ¢ where d = dimp (V). We proceed
to describe the cases when |H| > |V|/p. Otherwise, p < |V|/|H| < n(H,V).

In the first step, assume that every irreducible N-submodule of V' is absolutely
irreducible for any normal subgroup N of H. Let H be different from a cyclic
group. We follow the proof of [13, Theorem 4.1] with H := A = G in that notation.
Let Ji,...,Ji denote the distinct normal subgroups of H that are minimal with
respect to being noncentral in H. Let J = Jj - - - Jx be the central product of these
subgroups. The group H/(Z(H)J) embeds into the direct product of the outer
automorphism groups O; of the J;. Let W be an irreducible constituent for J. We
have W 2 U; ® - -- ® U, where U; is an irreducible J;-module. If J; is the central
product of ¢ copies of a quasisimple group @, then dimU; > m! where m is the
dimension of the nontrivial module for (Q whose t-th tensor power is U;. If J; is a
group of symplectic type with J;/Z(.J;) of order r2¢ for a prime r and an integer a
then dim U; = r®.

If a subgroup J; is quasisimple, then |Z(H)J;||O;| < 3|U;| by Proposition
Moreover, if d; = dim(U;) is different from 2, then |Z(H)J;||0;] < |U;|/6 and if
d; > 7 then |Z(H)J;||O;] < |Uil/q. If J; is the central product of ¢ copies of a
quasisimple group @ and m is the dimension of the nontrivial module for ) whose
t-th tensor power is U;, then |Z(H)J;||O;| < 3t¢'™p'~! by Proposition and by
[37]. It follows that |Z(H)J;||O:] < |Ui|/q for t > 4. Let m = 2. If t = 2, then
|Z(H)J;||0i] < 2(q —1)120% < |U;|. If t = 3, then |Z(H)J;||O;] < 6(q — 1)120% <
|U;|. If m > 3, then |Z(H)J;||O;| < ¢"™/6! < |U;|/q. In general, if d; > 9, then
|Z(H)J:1|04] < |Uil/q.

If J; is a group of symplectic type with J;/Z(J;) of order r2¢ for a prime r
and an integer a, then |Z(H)J;||O;| < |Ui|/q, unless (r,a) € {(2,1),(3,1),(2,2)}
by the first two paragraphs of the proof of [32] Proposition 5.2]. In particular, if
d; > 5, then |Z(H)J;||0;i| < |Uil/q, and |Z(H)J;||0;] < |U;| in all cases. Moreover,
|Z(H)J||0;| < |Us|/3 for d; = 3.

We have |H| <[], |Z(H)Ji||O;] and so

k
1| < 3* [ |Ui| = 8bg> =
i=1
Assume, without loss of generality, that 2 < dy < .-+ < dj. We may write |H| <

3kgkdr . This is less than ¢2° @ —1 < ¢(Ilisid)—1 = |U;|/q provided that k > 3. If
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k=1and d > 9, then |H| < |V|/q from the above. Let k = 2. We have
[H| <9-qnH <ghB™ = W|/qg < |V]/q

provided that d > 8. Since both d; and ds are at least 2, the remaining cases are
dy =2and dy € {2,3}. If d; = 2 and dp = 3, then |H| < |U1||Ua] = ¢° < |V|/q. Let
dy = dy = 2. If both J; and J are of symplectic type, then |H| < 242(¢—1) < |V|/q.
Let J; be nonsolvable. If ¢ > 120, then |H| < 120%(¢ — 1) < |V|/q. We are left
with the primes 59, 61, 71, 79, 89, 101, 109 by [23] II, Hauptsatz 8.27]. If J; is of
symplectic type, then |H| < 120-24- (¢ — 1) < |V|/q. Let J3 be nonsolvable.

Let us conclude our finding. Assume that every irreducible N-submodule of V'
is absolutely irreducible for any normal subgroup N of H. Let H be different from
a cyclic group. Let p > 47. Let H have order not divisible by p. Then |H| < |V|/q
unless possibly if J = J; and H is as in Table [2] (with ¢ = p unless d; = 2) or
J = Jp is of symplectic type and dq is 2, 3 or 4, or k = 2, d; = d = 2, both J; and
Ja are nonsolvable, and ¢ = p € {59,61,71,79,89,101, 109}.

We follow the proof of [I3, Theorem 4.2] with H := A = G. From the previous
paragraph, we find that if V is a primitive and faithful H-module, p > 47 and
H has order not divisible by p, then H < T'L(1, Q) for some field extension @ of
F, or H is almost quasisimple as in Table [2| (with dimV > 3), or |H| < |V|/p,
or H has two normal subgroups J; and J; which are minimal with respect to
being noncentral in H, both J; and Jy are as in the first row of Table |Z| and
qg=p e {59,61,71,79,89,101,109}, or there is a divisor e of d such that H contains
a normal subgroup L = H N GL(d/e,q®) of index e in H acting primitively and
irreducibly on a vector space U over the extension field of F' of order ¢° such that
(i) L is almost quasisimple as in the first row of Table [2] with d/e in place of d,
¢° in place of ¢, U in place of V and L in place of H or (ii) L has a unique
normal subgroup J which is minimal with respect to being noncentral in L, J is of
symplectic type, it acts absolutely irreducibly on U and d/e € {2, 3, 4}.

11. PROOF OF THEOREM [I.2]

In this section we finish the proof of Theorem [T.2}

Setup. We may suppose by Section 6 that G = HV where V is an elementary
abelian normal p-subgroup in G and H is a subgroup of G of order not divisible
by p. Moreover, V is a faithful and irreducible F H-module of order at least p* for
a finite field F' of characteristic p. We may suppose that p > 47 by Section 7. Let
q=|F| and let |V| = ¢? for some integer d.

As before, let an imprimitivity decomposition of the irreducible H-module V' be
Vi+---+V, with t > 1. For each ¢ with 1 < ¢ < t, the vector space V; is a primitive
(and irreducible) H;-module where H; is the stabilizer of V; in H. The group H
acts transitively on the set {Vi,...,V;}. Let the kernel of this action be B. The
factor group H/B may be considered as a transitive permutation group of degree t.
Let m denote the minimal degree of a non-abelian alternating composition factor of
H/B, provided that such exists, otherwise m = 4. We have |H/B| < m!(¢t~1/(m=1)
by [30, Corollary 1.5]. Moreover, m < (In(112) + Inp)*/4 by Lemma

Put W =V; and let K = H;. The index of K in H is t. We will also suppose
that k,(G) > 3 by the beginning of Section 7.
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Using Section 10. In order to prove Theorem [I.2] we use Section 10, or more
precisely, the last paragraph of Section 10 to collect information about the group
K/Cg(W).

If K/Cx(W) < TL(1,Q) for some field extension @ of the underlying field
F, then Theorem holds by Lemma If K/Ck(W) is almost quasisimple
as in Table 2] with dim W > 3, then Theorem [I.2] holds by Proposition 8.2} If
|K/Cr(W)| < |[W|/p (and K/Cg (W) # 1), then the number of nontrivial orbits
of K on W is at least p— 1 and so k,(G) > p—1 and ky (G) > 2.

In order to prove Theorem [1.2] we may thus assume that one of the following
holds for the group K/Ck(W):

Case (1). K/Ck(W) has two normal subgroups J; and Jo which are minimal with
respect to being noncentral in K/Ck (W), both J; and J; are as in the first
row of Table [2{and ¢ = p € {59,61,71,79,89,101, 109}.

Case (2). There is a divisor e of d/¢ such that K/Cx (W) contains a normal subgroup
L = (K/Cg(W))NGL(d/(te), q%) of index e in K/Ck (W) acting primitively
and irreducibly on a vector space U over the extension field of F' of order
q¢ such that

(i). L is almost quasisimple as in the first row of Table [2| with d/(te)
in place of d, ¢¢ in place of ¢, U in place of V and L in place of H or

(ii). L has a unique normal subgroup J which is minimal with re-
spect to being noncentral in L, J is of symplectic type, it acts absolutely
irreducibly on U and d/(te) € {2,3,4}.

Case (1). We prove Theorem in Case (1). We have dimp(W) > 4. Let
t > 2. Since the number of orbits of K on W is at least |W|/|K/Cx (W)| > p*/1202,
we find that

p*/120%)((p*/120%) + 1)
2

Since G is nonsolvable, k, (G) > 3 by Burnside’s theorem. We may thus suppose
that ¢ = 1. In this case K = H and W = V. Let C be the center of H. The factor
group H/C contains As x As as a normal subgroup and is contained in S5 x S
therefore k(H/C) > 16 and so ky (G) = k(H) > |C| 4 15. Since |H| < 120%|C|, we
have k,(G) > (p* — 1)/(120%|C|). If |C| < 14, then k,(G) > p — 1. We may thus
assume that |C| > 15 and so k, (G) > 30. We have k,(G) > 3 (by [20, Theorem
1.1 and Section 2]). This deals with the primes p in {59,61,79}. The integer |C|
must divide p — 1. If p = 71, then |C| is divisible by 35 and so k, (G) > 50 and
k,(G) > 3. Finally, if p € {89,101, 109}, then k,(G) > 49 and k,/(G) > 30 from
the above.

Case (2)(i). We prove Theorem in Case (2)(i). We start with a lemma
which holds both in Case (2)(i) and in Case (2)(ii) when d/(te) = 2.

ky(G) > ( —1>104> (p—1)/2.

Lemma 11.1. Use the notation of this section. Let G be a finite group and let p
be a prime for which Case (2)(i) or Case (2)(ii) holds, latter if d/(te) = 2. We
have the following.

(1) Ift =2 and q > 240, then Theorem holds for G and p.

(2) If t =3 and q > 89, then Theorem holds for G and p.

(3) Ift € {4,5} and q & {59, 61}, then Theorem[1.4 holds for G and p.
(4) Ift > 6 and q > 600, then Theorem holds for G and p.
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(5) If e > 2, then Theorem[1.4 holds for G and p.

Proof. We give the proof in Case (2)(i). In Case (2)(ii) when d/(te) = 2 the proof
is the same the only difference being that 120 changes to the lower number 24.

Let t = 2. If |Z(B)| > 2e*(p — 1), then ky(G) = k(H) > |Z(B)|/(2¢*) > p—1
and so Theoremholds. Otherwise, |H| < 2-2¢?(p—1)120%€? < (¢**—1)/(p—1),
provided that ¢ > 240 or e > 2 (and ¢ > p > 47), giving k,(G) > p — 1.

Let t = 3. If |Z(B)| > 6e3(p — 1), then ky(G) = k(H) > |Z(B)|/(6€3) > p—1
and so Theorem|[L.2holds. Otherwise, |H| < 6-6¢%(p—1)120%¢® < (¢% —1)/(p—1),
provided that ¢ > 89 or e > 2 (and ¢ > p > 47), giving k,(G) > p — 1.

Let t = 4. If |Z(B)| > 24e*(p— 1), then ky (G) = k(H) > |Z(B)|/(24e*) > p—1
and so Theorem.holds Otherwise, |H| < 24 24et(p—1)120%e* < (¢%°—1)/(p—1),
provided that ¢ & {59,61} or e > 2 (and ¢ > p > 47), giving k,(G) > p — 1.

The case t = 5 is treated as in the previous paragraph.

Let t > 6. We have |H/B| < m!(=1/(m=1) and m < (In(112) + Inp)>/4 by the
Setup paragraph above. If

2(B)| < ((1n(p) +in(112)) )tilet(p ),

then Theorem holds. Otherwise,

n n 2\ 2t-2
H| < ((1 () +i (112)) ) e'(p—1)120"e" < (¢*' = 1)/(p— 1)

provided that ¢ > 600 or e > 2. O

We may therefore suppose that e = 1. We may also suppose that p is congruent
to =1 modulo 10 by [23] II, Hauptsatz 8.27].

Let t = 2. We may suppose that ¢ < 239 and |H| < 2-2(p—1)120? by Lemma
and its proof. Since Ajs is a composition factor in H, we have k(H) > k*(A5) = 4
by [39, Lemma 2.5] and k(H) > 5 since H # As. Let ¢ = p = 239. In this case
one checks that |H| < 2(¢* —1)/(p —1). Let ¢ = 229. We have p —1 =4-3-19.
It is sufficient to show that the number n(H, V) — 1 of nontrivial orbits of H on V/
is larger than 57. The inequality |H| < ¢*/58 gives the result. Let p = 211. Then
p—1=2-3-5-7 Tt is sufficient to show that n(H,V) — 1 is at least 70. The
inequality |H| < ¢*/71 gives the result. Let p = 199. Then p — 1 =2-32-11. It is
sufficient to show that n(H,V) — 1 is at least 66. But |H| < ¢*/67. Let p = 191.
Then p—1=2-5-19. It is sufficient to show that n(H,V) — 1 is at least 95. But
|H| < ¢*/96. Let p = 181. Then p — 1 = 22.3%.5. It is sufficient to show that
n(H,V)—1is larger than 45. But |H| < ¢*/46. Let p = 179. Then p—1 = 2-89. It
is sufficient to show that n(H, V) — 1 is at least 89. But |H| < ¢*/90. Let p = 151.
Then p —1 = 2-3-5%. It is sufficient to show that n(H,V) — 1 is at least 50.
But |H| < ¢*/51. Let p = 149. Then p — 1 = 22 . 37. It is sufficient to show that

n(H,V)—1is larger than 37. But |H| < ¢*/38. Let p=139. Then p—1=2-3-23.
It is sufficient to show that n(H,V) — 1 is at least 46. But |H| < (¢* — 1)/46.96.
Let p =131. Then p— 1 =2-5-13. It is sufficient to show that n(H,V) — 1 is at
least 26. But |H| < (¢* —1)/39.3. Let p = 109. Then p—1 = 22.33. It is sufficient
to show that n(H,V) — 1 is larger than 9. But |H| < (¢* —1)/9. Put z = |Z(B)|.
Then k(H) > z/2 and |H| < 21202z = 28800z thus k,(G) > (¢* — 1)/(28800%).
Let p = 101. Then p — 1 = 22 .52, It is sufficient to show that n(H,V) — 1 is
larger than 20. We may assume that 3613/z < (¢* — 1)/(28800z) < 20, that is,
181 < z. But then k(H) > 181/2. Theorem now follows from the assumption
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that k,(G) > 3. Let p = 89. It is sufficient to have k,(G) > 22. We may assume
that 2178/z < (¢* — 1)/(288002) < 22, that is, 99 < z. But then k(H) > 99/2
and k,(G) > 3. Let p =79. Here p—1 = 78 = 3-26. It is sufficient to have
k,(G) > 26. We may assume that (¢* —1)/(28800z) < 26, that is, 52.01 < 2. But
then k(H) > 27 and k,(G) > 3. Let p = 71. Here p—1 = 70 = 2-5-7. It is sufficient
to have k,(G) > 14. We may assume that (¢* — 1)/(28800z) < 14, that is, 64 < z.
Thus k(H) > 32. But k,(G) > 3. Let p = 61. Here p— 1 = 60 = 22-3-5. It is
sufficient to get k,(G) > 12. We may assume that (¢* —1)/(288002) < 12, that is,
41 < z. We obtain k(H) > 21. But kp(G) > 3. Let p = 59. Here p—1 = 58 = 2-29.
We need to show that k,(G) > 29. We may assume that (¢* — 1)/(28800z) < 29,
that is, 15 < z. We also have that z is even and dividing 22292. If z > 2- 29, then
ky(H) > 2+ (2—2)/2 > 30. So z is 2 or 4 which is a contradiction.

Let t = 3. We may suppose that |H| < 6 -6(p — 1)120% and ¢ = p. Also p is
any of the four primes: 79, 71, 61, 59. Since Aj is a composition factor of H and
H # As, we have k(H) > 5. Let z = |Z(B)| as before. We have k(H) > z/6 and

V-1 pd—1

(15) k(G 2 g 2 5 a0

Let p="79. Here p—1 =78 =2-3-13. Now k,(G) > 3. It is sufficient to have
ky (G) > 26. This is fine for z > 156. Let z < 156. Then k,(G) > 150 by .
Let p=71. Herep—1=70=2-5-7. It would be enough to have k,(G) > 15.
This holds for z > 80. If z < 79, then gives k,(G) > 156. Let p = 61. Here
p—1=60=2%.3-5. It is sufficient to prove k,(G) > 13. This holds for z > 78.
Let z < 77. Then kp(G) > 64 by (15). Let p = 59. Here p—1 =58 =2-29. If
z > 6-29 = 174, then the result holds. Let z < 173. Now z is even and divides
23293, 1f 292 | z, then ky(H) > 2+ (2 — 2)/2. Thus z < 22-29. In this case
(° — 1)/(6- 2 - 120%) > 35.

Let t € {4,5}. We work with the upper bound for |H| which follows from the
proof of Lemma We have ¢ = p € {59,61}. Again, since A5 is a composition
factor of H and H # As, we have k(H) > 5. Let z be as before.

Let t = 4. Let p = 61. Here p— 1 = 60 = 22 -3 -5. It is sufficient to show that
k,(G) > 13. This holds since

pP—1

|H|
Let p = 59. We may assume that z < 24 - 58. On the other hand, z is even and
divides 2129%. So z is 2, 4, 8, 16, 2-29, 4-29, 8- 29, or 16 - 29 and so
8 8
p—1 p°—1
> > > 63.
= JH| T 24-120%-16-29 ~

Let t = 5. Let p = 61. Here p — 1 = 60 = 22-3-5. It is sufficient to obtain
k,(G) > 13. This follows since

kp(G) >

> 26.

kp(G)

> 35.
|H|

Let p = 59. We may assume that z < 120 - 58. On the other hand, z is even and
divides 2°29°. So 2z < 8 - 292 and so
10 _
p ! > p >
|H| — 120-8-29%2-1205 —

k(G) > 2

10_1

kp(G) > 25.
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Although this is not sufficient for our purpose, we are done unless z = 8 - 292 and
when H/Z(B) is S5 1S5. But this latter group has at least (k(S5))°/120 > 140
conjugacy classes.

Let t > 6. Let ¢ = p < 600. Let m be the largest integer at least 4 and less than
(In(p) + In(112))?/4. The maximum value is 30. As before, we are done, unless

|H| < m!Z=2/m=1 @, _ 1)120%.

This is less than ¢%!/p unless q¢ < 232. Let ¢ < 232. The maximum value of m is 25.
Applying the same argument, we get the result for ¢ > 198. For m > 22 we have
kE(H) > k*(A,,) > w(m)/4 > 1002/4 > 196. We may thus assume that m < 21.
For 170 < p < 197 we get

[V|—1 -1
> > 161
= TIH[ T 20GD/0(, — 1120t =

while k. (G) > 2. Looking at the list of numbers k*(A,,) for m < 21, k(H) >
k*(Ay,) > 195 for m > 18. Thus m < 17. Let 140 < p < 170. Then

V- @ -1

kp(G)

ky (G > > 109
»(G) 2 |H|  — 171¢=D/8(p —1)120t — 7
while &, (G) > 2. But then m < 16. Let 130 < p < 140. Then
Vi-1 ¢ -1
k,(G) > 79
»(G) 2 |H| — 16!t=1/7-5(p — 1)120¢ -

while k,/ (G) > 2. We have k,(G) > 3. We are done for m > 14. Thus m < 13. Let
110 < p < 130. Then

Vi-1 ¢ -1
kp(G) > > 66
(&) = g 2 mEnsg - e - %
while k. (G) > 2. Let 101 < p < 110. Let m = 13. Then
—1 2
k(@) > Y d 25,

>
= H| T 1316-D/6(p — 1)120¢

while k, (G) > k*(A,,) = 52. Here only the prime 107 remains as p — 1 = 2 - 53.
Since H # A,,,, we have k(H) > k*(A,,) +1. The range for p remains. Let m = 12.
Then

Vi-1 ¢ —1
k >
o(G) = —Er 2 e - o
while ky (G) > k*(A,,) = 40. For p = 107 the 48 on the right-hand side of the
previous inequality changes to 91. Let m < 11. Then

> 48,

V-1 P 1
k,(G) > 94
() 2 T 2 fensg e~ Ok
while k, (G) > 2. Let 79 < p < 97. We have m < 12. Let m = 12. Then
V] -1 Pt -1
k >
o) 2 T 2 e — i

while k,/(G) > 40 but surely there is one more class (for the prime p = 83 which

we will only consider in Case (2)(ii)). Let m = 11. Then
— 2t _

S V-t ¢ -1

k,(G >
o) 2 TE 2 enag - Do

6,
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while k,(G) > 29. This deals with all primes p except p = 83, which is not
congruent to £1 modulo 10 and therefore it is not considered here, but in Case
(2)(ii) we may replace 120 by 24 and the relevant case will follow. Let m = 10.
Then V-1 2%
_ 2t —

ko(G) 2 T 2 Toen/as g — 11207
while k, (G) > 22. Again, we have the same issue with 83. Let m = 9. In this case
ky (G) > 16, and we have the same issue with 83. Let m < 8. Then

Vi-1 ¢ -1

ky(G) > >

»(@) = TE 2 S - e
The remaining primes are 47, 53 (in Case (2)(ii)), 59, 61, 67, 71, 73 (in Case (2)(ii)).
The previous computation shows that we may assume that m > 9. If m > 12, then
ky (G) > 40 and we are done. Thus m € {9,10,11}. Observe that ¢ > m. Then

_ 2t _

LA S e
= TH| T 1l(p—1)120°

> 13,

66.

ky(G) > 132

for t > 9.

Case (2)(ii). Finally we prove Theorem [1.2|in Case (2)(ii).

Let d/(te) = 2. The case t = 1 was treated in Section 5. For ¢t > 2 we apply
Lemma [11.1] and we follow the proof in Case (2)(i) with 120 replaced by 24.

Let d/(te) = 3. We have |L| < 32|C||Sp(2,3)| = 216|C| where C = Z(L). This
is less than |W|/q® = ¢2¢ for ¢¢ > 217 and Theorem follows in this case for all £.
We may thus suppose that ¢¢ < 217. Since p > 47, this implies that g = pand e = 1.
We get p < 211. Let t = 1. Now |C| divides p—1 and k, (G) = k(H) > |C|. On the
other hand, k,(G) > (|W|-1)/(216|C|) > (p—1)/|C|. Now (]W|—1)/(216|C]) > 10
and 50 k,(G) > (12-13)/2— 1 = 77 for t = 2 and k,(G) > (12-13-14)/6 — 1 = 363
for t > 3. The case t = 2 remains. If p > 70, then (|W]—1)/(216|C|) > 23 and so
kp(G) > (24-25)/2—1 > 299. Thus p < 67. Since 3 | p—1, the remaining primes are
61 and 67. We have (|W]—1)/(216|C|) > 17 and so k,(G) > (18-19)/2 — 1 = 170.

Let d/(te) = 4. We have |L| < 2%|C||Sp(4,2)| = 11520|C| where C = Z(L).
This is less than [W|/q¢¢ = ¢3¢ for ¢¢ > 109 and Theorem holds in this case
for all t. We may thus suppose that ¢° < 109. Since p > 47, this implies that
g=pand e =1 Lett=1 We have ky(G) = k(H) > |C| and |C] is a divisor
of p — 1. Tt suffices to show that k,(G) > (¢* — 1)/(11520|C|) > (p — 1)/|C], that
is, that (¢* — 1)/11520 > p — 1. This is the case for p > 47. Let t > 2. We have
n(L,W)—12> (¢* —1)/(11520(¢ — 1)) > 9 and so k,(G) > (10-11)/2 — 1 =54 >
(p—1)/2 (for p < 109).
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