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Abstract

We verify the inequality
K]
\E| B T

for any o-symmetric convex body K C R? where E is either the John ellipse of maximal area
contained in K or the minimal area Lowner ellipse containing K. The analogous estimate may
not hold if K is a planar but the assumption of o-symmetry is dropped, or if K is o-symmetric
convex body in R" for n > 3. Our new inequality strengthens the Blaschke-Santalé inequality
for o-symmetric convex bodies K C R? with an error term of optimal order.

1 Introduction

For background on the notions in convexity in the note, see Schneider [25]. We consider an inner
product (-,-) in R™, n > 2, and write o to denote the origin and ||z|| := /(z,z) to denote the
Euclidean norm of an z € R™. In addition, let B™ := {x € R" : ||z|| < 1} be the Euclidean unit
ball and S"~! := {# € R" : ||z|| = 1} be the unit sphere. The Lebesgue measure of a measurable
X C R? is denoted by |X|. For an o-symmetric convex body K C R", its polar is

K'={zeR": (z,y) <1Vye K},
that satisfies (B")* = B", (K*)* = K and
(PK)* = d7'K* (1)

for any ® € GL(n). A classical result in convex geometry is the Blaschke-Santalé inequality, which
reads as follows in the case of an o-symmetric convex bodies.
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Theorem A (Blaschke-Santalé inequality). If K C R™ is an o-symmetric convex body, then
K| - |K*| < [B"?, (2)
with equality if and only if K is an ellipsoid.

The n = 2,3 cases of (2) were due to Blaschke, and the inequality (2) for all n > 2 is proved
by Santalé [24] in 1949. Actually, the equality case of (2) was clarified by Petty [27] only in 1985.
Since then, various proofs of the Blaschke-Santalé inequality have been presented, for example, by
[1, Theorem 7.3], [2], [17], [18], [19], [21], [22].

It follows from (1) that the left hand side of (2) does not change if K is replaced by ®K for
a linear transform ® € GL(n). In particular, one may assume that the unit ball B" is either the
unique so-called John ellipsoid of largest volume contained in K, or the unique so-called Lowner
ellipsoid of smallest volume containing K (see John [15], Ball [4] or Gruber, Schuster [13] about
the existence and uniqueness of these ellipsoids). According to the characterization of the contact
points due to John [15] (see also Gruber, Schuster [13]), assuming that B™ C K for an o-symmetric
convex body K C R", B" is the John ellipsoid of K if and only if there exist ¢y,...,c; > 0 and an
o-symmetric set {u1,...,uz} C S"' NAIK such that

k
Z cu; @ u; =1, (3)
i=1

2n <k <n(n+1) (4)

where u; ® u; is the rank one n x n matrix w;uf. Similarly, assuming that assuming that C' C B"
for an o-symmetric convex body C' C R™, B" is the Lowner ellipsoid of C' if and only if there exist
c1,...,cx > 0 and an o-symmetric set uy,...,u, € S""'NAK such that (3) and (4) hold. It follows
via (1) that for any o-symmetric convex body K C R™ and o-symmetric ellipsoid £ C R"”

E is the John ellipsoid of K if and only if E* is the Lowner ellipsoid of K*. (5)

These results about the John and Léwner ellipsoids were implicit in Behrend [6] from 1937 in the
planar case n = 2.

Our main goal is to prove the following strengthening of the Blaschke-Santal6 inequality in the
planar case.

Theorem 1.1. If K C R? is an o-symmetric convex body, such that either its John ellipse or its
Léwner ellipse is the Euclidean unit ball B2, then

K|+ |K*| < 2, 6
|
and equality holds if K = B2.

We note that Theorem 1.1 does not hold if K is the regular triangle incribed into B2. In
this case, B? is the minimal volume Lowner ellipse by the uniquenes and the linear invariance
of the Léwner ellipse (see John [15] or Gruber, Schuster [13]), and also B? is the John ellipse of
the circumscibed regular triangle K*. It follows that |K| + |[K*| = 6.49... > 27. On the other
hand, no analogue of Theorem 1.1 holds in higher dimensions, as if n > 3 and K = [—1,1]", then
|K|+ |K*| > 2|B"|. For n = 3, this can be seen by direct calculations, and if n > 4, then already
|K| > 16 > 2|B"|.

Combining Theorem 1.1, (1) and (5), we deduce the following result that holds for any o-
symmetric convex domain.



Corollary 1.2. If K C R? is an o-symmetric convex body, and E is either its John ellipse or its

Léwner ellipse, then
Kl K]
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As a reverse inequality to Theorem 1.1, if a convex set K C R? is either contains the unit disk
B2, or is contained in B? and contains the origin in their interior, then Florian [10, 11] showed that

[K|+ [K*] = 6, (8)

with equality if and only if K is a square circumscribed around or inscribed into B?.
As |E| - |E*| = 72 by (1), Corollary 1.2 yields the planar Blaschke-Santalé inequality (2) by
the AM-GM inequality between the arithmetic and geometric mean. In addition, we deduce the
following stability version of the planar Blaschke-Santalé inequality. We note that according to
Behrend [6], p. 726, if E; C K is the John ellipse and E;, D K is the Lowner ellipse of the

o-symmetric convex body K C R?, then
_ 1B B4
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where equality holds in the inequalities on the left for ellipses, and on the right for parallelograms
(see Ball [3] for an extension of (9) to any dimension). Stability versions of the Blaschke Santald
inequality in terms of the Banach-Mazur distance (that is weaker than the symmetric difference
metric) have been obtained by Ball, Boroczky [5], Boroezky [7] and Ivaki [14].

Theorem 1.3. Let K C R? be an o-symmetric convex body with John ellipse E; C K and Léwner
ellipse Er, O K. If
K| [K* > (1 —e)n?
fore €[0,1), then
|K\E;| < 4|K|ye and |EL\K| < 5|K|/=. (10)

Example 1.4 (The order /e of the error term in (10) is optimal).
For p > 1, we consider the L, ball

2 2.
By = {(z,y) e R : [z’ + [y[" < 1},
and hence B = B2. We recall that according to Wang [28], we have

4-T(14 1)
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(11)

where I'(+) is Euler’s Gamma function. If |¢| is small, then let K; = Bg for p =2+, and hence (3)
yields that the John ellipsoid of K; is B? if t > 0, and the Lowner ellipsoid of K; is B2 if t < 0. In
addition, K} = B2 holds for ¢ = (2+1)/(1+1).

We observe that

| K \B?| >c;t if ¢t >0, (12)
| B2\ K| >cit ift <0 (13)



for an absolute constant ¢; > 0. For the C? function f(t) = |K;|-|K}|, combining Ky = B? and the
Blaschke-Santalé inequality (2) implies that f attains its maximum at ¢ = 0, and hence f’(0) = 0,
and, in turn, the Taylor formula yields that

F(£) = f(0) — cot? (14)

for an absolute constant ca > 0. We conclude from (12) and (14) that if € > 0 is small, and we

choose t = £4/¢/ca, then

Kol - |KP] > (1= e)n?,
while |K;\B?| > 5—2_2 -/ if t >0, and |B*\K,| > \;—é_Q -/ if t < 0. This completes the proof of
Example 1.4.

2 Area sum within a convex cone

For X1,..., X, C R? we write [X1,..., X,,] to denote the convex hull of X1 U...U X,,; namely,
the smallest convex set containing Xi,...,X,,. Here [Xq,...,X,,] is compact if Xq,...,X,, are
compact. For = # y € R?, we write aff{z,y} to denote the line passing through =, y, and write

(2,9) = [z,y\{z, y}
to denote the open segment. If K, M C R? are convex bodies, then their Hausdorff distance is

On (K, M) = min{K C M + oB* and M C K + oB?}.
o=

It follows that if M, C R? is a sequence of convex bodies, then

lim 6y (M,, M) =0 if and only if lim |M,AM|=0. (15)
n—o0 n—oo

In this case, we say that M, tends to M with respect to the Hausdorff metric. According to the
Blaschke Selection theorem, if for fixed R > r > 0, M,, C RB? is a sequence of convex bodies
such that x, + rB" C M, for some x,, € M, then there exists a subsequence {M,} tending to
some convex body with respect to the Hausdorff metric. One of our tools in this section is Steiner
symmetrization. For a convex body M C R?, and a line £ through o, translate every secant of M
orthogonal to [ in its affine hull in a way such that the midpoint of the translated image lies on /.
The closure of the union of these translates is the Steiner symmetral M’ with respect to £. Readily
M’ is a convex body with |M'| = |M|. According to Keith Ball’s PhD thesis [2] (see also Meyer,
Pajor [22]), if K C R? is an o-symmetric planar convex body and K’ is the Steiner symmetral of
K with respect to ¢, then

K" > K. (16)

Polarity is frequently considered for a z € R?\{o} or a line £ C R*\{o}, and is defined by

ZF={r eR?: (z,2) =1}
¢* ={x € R?: (x,y) =1 for any y € ¢}.



It follows that z* is a line in R?\{o} such that z is a normal vector and (z*)* = 2, and £* is a
normal vector to ¢ satisfying (¢*)* = £. In addition, if K C R? is an o-symmetric convex body and
¢ € GL(2), then

z €l if and only if ¢* € 2*,
(®2)* =0~ 2" and (®L)* = d14*, (17)
z€ 0K if and only if z* is a supporting line to K*.

Next, we set up the notation used in Proposition 2.1. For fixed p,q € S! with p # +q, let r be
the intersection of the tangent lines of B2 at p and ¢. We consider the deltoid Cp.q = lo,p,7,q] and
the convex cone o = {tp + sq : s,t > 0}, and the family

Kpg={M C C,,: M is a convex body and o,p,q € M}.

To any M € K, 4, we associate the o-symmetric convex body Ky = [M,—M], and the "relative
polar”
M°={zxeco:(x,y) <lforanyye M} C Cp,,,

and hence (17) yields that
M°=Kynoek,, and (M°)° =M. (18)

In addition, if M,, € K, , is a sequence of convex bodies tending to a convex body M C R" with
respect to the Hausdorff metric as n tends to infinity, then M € K, ;, and

lim M, = M° and nll_)H;O|Mn°| = |M°|. (19)

n—oo

Proposition 2.1. For fized p,q € S* with 0 < Z(p,0,q) < 5, if M € Kp g, then
|M| + |M°] < Z(p,0,q).

We prove some statements to prepare the proof Proposition 2.1. For p,q € S' with 0 <
Z(p,0,q) < 7, let £, 4 be the line passing through o and %, and hence C), 4 is symmetric through
lpq- We observe that Cp = [0,p, q]. We classify an element M € K, ; symmetric through £, ; into
two types; namely, M is

type A, if [p,r] N M (and hence [¢,7] N M, as well) is a segment;
type B, if [p,7] N M = {p} and [¢,r] " M = {q}.
We observe that
it M € K, 4 is symmetric through ¢, , and is of type A, then M° is of type B. (20)

Claim 2.2. If M € K, 4, and M’ is the Steiner symmetral of M with respect to £, 4, then M' € KCp, 4
and
M| = |M®]. (21)



Proof. Since C) 4 is symmetric through £, ,, we have M’ € I, ,.

We consider the o-symmetric convex body K = [M, —M], and let f be the polar of aff {p, —q}
and let ¥ be the closed strip bounded by the parallel lines aff {p, ¢} and aff {—p, —q}. Since (17)
yields that K* = [M°, —M°, f,—f], K™ = [M",—~M",f,—f] and K* N'Y = [+p,+,q,+f] =
K*NY, we deduce from (16) that

2[ M| = 2][0,p, q]| = |K"\Z| > [K*\3| = 2|M°| — 20, p, q],
proving (21). O
The next claim states that C),, or C} , = [0, p, q] can’t be optimal.

Claim 2.3. For p,q € S' with 0 < Z(p,0,q) < 5, there exists a type A pentagon P € Kp,
symmetric through €, , such that

|Cp.al +1Cpql < [P[+[P?].

Proof. For small t > 0, we consider the line ¢, = {z € R? : (z,r) = (r,r) — t} and the type
A pentagon P, = {x € Cpy : (z,7) < (r,r) —t} € K,, symmetric through ¢,,, and hence
PP = [o,p,q,f], and there exist constants v, 6 > 0 such that || = |C 4| —~t* and |Pf| = |C; |46t
In turn, we conclude Claim 2.3. O

The following simple well-known observation is the basis of our argument for Lemma 2.5.

Claim 2.4. Let 7 = [hy, hs] be a convex cone bounded by the two non-collinear half-lines hy and
ho meeting at the apex a of T, and let m € int 7. We write {y to denote the unique line passing
through m such that m is the midpoint of the segment Lo N T; namely, b; = LyNh; is the intersection
of h; and the reflected image of hs_; through m for ¢ = 1,2. In addition, let ¢; be the line through
m parallel to h; and intersecting hs_; in cs—; fori=1,2.

If the line £ through m is rotated from the position £y parallel to he towards £y in a way such
that ¢ intersects hy in a point di moving from c; towards by, then the area of the triangle cut off
from T by L is strictly decreasing. In particular, among lines passing through m, £y cuts off the
smallest area triangle from .

Proof. Let dy,d} € (c1,b1) such that d} € (dy,b1), let ¢ = aff{m,d;} and ¢ = aff{m,d}}. If
dy = N hy and dj = ¢/ N hy, then Claim 2.4 is equivalent to proving that Ha, dy, d2]| > Ha, dy, d’2]|,
which is, in turn, is equivalent to the statement

Hm,dl,dllﬂ < Hm,dg,dIQH (22)

However, ||[di —m|| < ||[da —m|| as d; is closer to ¢y than b;, and, in turn, closer to ¢y than ds.
As similarly ||d} — m| < ||d, — m|| and the angles of the triangles [m,d;,d}] and [m,ds,d,] at m
coincide, we conclude (22). O

Next, we consider the variation of the "area sum” when a polygon P € I, , is suitably deformed.

Lemma 2.5. For p,q € S' with 0 < Z(p,0,q) < 5, let u,v,w be consecutive vertices of a polygon
P e Ky g4 of at least 5 vertices such that [v, w] intersects int Cp 4, and let @ € [u,v]\{v} be such that
the intersection s of [o,v] and [, w] lies in (G, p) for p = (G +w)/2. In addition, let Py € K be the
closure of P\[a,v,w].



If v — v is a non-zero vector parallel to £,, = aff{u, w} for v € int Cp , such that the intersection
5 of [0,9] and £y, lies in (s,p) (and hence ™v is moved parallel to £,, towards w” into the position
0), and the polygon P = [0, Py] € K still has w as a vertex, then

[P+ |P°| > |[P| +|P°). (23)

Proof. For the line ¢, = aff{v, 0} parallel to ¢,,, we observe that ¢} € (0,¢;,) C int Py, and P° and
P° are obtained from Py by v* and 0%, respectively, cut off the vertex ¢;; of Py where both v* and
0" intersect both sides of Fj containing /;,; namely, the ones contained in u* and w*. We note
that the point £} € int PS is contained in the lines v* and v*, and writing i = ¢, Naff {0, i}, the
point £ is the midpoint of the intersection of the line i* with Fj where again f* intersects both
sides of P containing £%,. Since o € (v, i), we deduce from Claim 2.4 that [P°| > |P°|. As readily

|P| = |P|, we conclude (23). O

Observe that in Lemma 2.5, we have estimated |P| + |P°| from above, by fixing |P|, and
increasing |P°|. In the proof of Proposition 2.1, we will often apply this method. However, we also
will often change the roles of P and P°. This amounts to estimate the sum of areas from above,
by fixing the area of the polar set, and increasing the area of the original set.

The final auxiliary statement yields that p and ¢ can be assumed orthogonal.

Claim 2.6. Forp,q € S* with0 < a = Z(p,0,q) < T.letq € St be orthogonal to p with (q,q') > 0.
For N € Kp, 4, we write

N ={z e Cpq : (x,y) <1 forye N}.
If M €K,y and R = {sq+tq € B?:s,t >0}, then MUR € K, ,, and

yMuNH\(MuN)O’\:\MH\MOHg—a. (24)
Proof. Since the tangent line to B? at ¢ is a supporting line to both M and X, we deduce that
M UN is convex, and hence M UR € K,, ,. Moreover, (17) yields that (M UR)®" = M° U, proving
(24). O

Proof of Proposition 2.1. According to Claim 2.6, we may assume that p,q € S are orthogonal in
Proposition 2.1.

During the proof of Proposition 2.1, we approximate any element M € K, , symmetric through
{p.q by polygons symmetric through 7, ,.

Step 1. Properties (i), (ii) and (i) of some extremal polygons in ICp 4.

For m > 0, we write P to denote the family of polygons P € Kp,q that are symmetric through
¢, and have exactly m sides that intersect int C,, ,. In particular, the only element of P(©) is C, .
For m > 1, we call any endpoint of a side of a P € P P +£ Cp,q, intersecting int C), , a proper
vertex of P. For m > 1, let Pﬁ;m) and P)(Bm) be the family of elements in P™ of type A and type
B, respectively, and hence we deduce from (17) that

Pe Pl(élm) if and only if P° € P](3m+1). (25)



For m > 1, we write P(™ = Uiy PY, 73 = Uiz 077 ) and 73 = Uiz 073 , and hence if
P, € 731(4 ™) is a sequence of polygons tending to a convex body @, then

Qe P™, (26)
and if P, € ﬁgnﬂ) is a sequence of polygons tending to a convex body @, then
either Q € 77 (m+) o Qe P(m b, (27)
For m > 6, (25), (26) and (27) yield that there exists a polygon Q) € K,  such that either
Qum) € 7'51(4m) or Qum) € ﬁgnﬂ), and
|Qmy| + ‘Q ‘ = sup {|P| + |P°| : either P € P(m) or P e P(m+l)}.

It follows from Claim 2.3 that Q) # Cpq and Q) # [0,p,q]. We may assume that the vertices
0,p,1,q of Cp 4 are in clockwise order in this order, and let xo, ..., x) be the proper vertices of Q)
in clockwise order along 0Q),,,) where 1 <k < m and zo € [p,r]\{r}. We claim that

(i) k>m—1;
(ii) for any i = 1,...,k — 1, the points o, x; and (x;_1 + x;41)/2 are collinear;
(iii) for any ¢ = 2,...,k —1, if n; is the intersection point of aff{z;_1,z;_o} and aff{z;, x;11}, then

o, n; and (x;—1 + x;)/2 are collinear.

By the symmetry of the roles of @Q,,) and Q?m), we also claim that the analogues of (i), (ii) and
(iii) hold for the proper vertices of QO
The main tool to verify (i) and (ii ) 1S Lemma 2.5. For (i), we suppose that k& < m — 2, and seek
a contradiction. Possibly replacing Q) by Q° (cf. (25)), we may asssume that @, is of type
A; namely,
5(m—2)
Q(m S ’P .
We choose an z_1 € (p, zg) very close to z( in a way such that such that the intersection sq of [0, 2]
and [z_1,21] lies in (z_1, o) for pp = (z—1 + x1)/2. We slightly move x( parallel to aff{x_1,x;}
into a position Zy € int ), in a way such that the intersection 3y of [0, Zo] and [x_;, 2] lies in
(s, o). We deduce from Lemma 2.5 that

R +[R°| > [Qumy| + (Q?m‘

holds for R = [q,0,p,z_1, %o, x1, ..., 2] € Kp 4. Now, we distinguish two cases:

o If £ > 2, then we set ;41 to be the reflected image of x_; through ¢, ;, and move xj, into the
position Zj € int C, , parallel to aff{x;_1, 241} in a way such that Zj is the reflected image
of T through ¢, ,. The argument above based on Lemma 2.5 proves that

Q| + || > 181+ 1B > @0 | + | @5

holds for Q’(m) =[q,0,p,_1,%0,T1, -, Th—1, Tk, Tkt1] € P(k+2) As k 4+ 2 < m, this contra-
diction verifies (i) in this case.



o If k =1, then we still set x;41 = 22 to be the reflected image of x_; through ¢, ,. Possibly
choosing x_1 and Z( even closer to xg, if we slightly move 1 into the position z; € int Cp 4
parallel to aff{Zo,z2} in a way such that aff {Zo, Z,} is parallel to aff{z_1, x5}, then

(G| |G| > 1RI+ 171 > Q| + | @5 |
holds for Cij(m) = [q,0,p,T_1,%0,T1,22] € K, 4 by Lemma 2.5. Therefore, if Qv’(m) S 755’) is
the Steiner symmetral of @(m) with respect to £, 4, then (21) yields

(@l | + @] = [@om | + [ @iy | > Q| + | Qi

which contradiction verifies (i) in all cases.

)

Next, we prove (ii) again indirectly; namely, we suppose that there exists i € {1,...,k—1} such
that the points o, x; and p; = (z;—1 + ;41)/2 are not collinear, and seek a contradiction. Here we
may assume that ¢ < k/2 by the symmetry through ¢, ,, and hence k > i + 2. Let s; # p; be the
intersection point of [0, z;] and [z;_1,z;1+1]. We slightly move x; parallel to aff{x;_1,z;+1} into a
position Z; € int C, ; in a way such that the intersection §; of [0, Z;] and [x;_1, z;41] lies in (s;, ),
and both x;_; and z;y1 stay vertices of

R - [Q707p7x07’ .. 7xi—17'i'i7xi+l7- .. 7‘Tk] S ]Cpq'

)

We deduce from Lemma 2.5 that
B+ ] > Q| + | @5y
Again, we distinguish two cases:

o If k—i > i+1, then we move z_; into the position Z;_; € int C), ; parallel to aff {xy_;_1, zx_i11}
in a way such that z,_; is the reflected image of z; through ¢, ,. The argument above based
on Lemma 2.5 proves that

(Q’(m>( + \Q/(in)‘ > [R|+|R° > | Qe + ‘Q?m»‘

holds for Q’(m) =[G, 0,0, T0s - -+ Ti1s Ty Tig s+ -+ s Th—im 1y Tho—is Thin1s - - -, L] € P, This
contradiction verifies (ii) in this case.

o Let K —1¢ =1+ 1. After possibly choosing Z; even closer to x;, if we move x;,1 into the
position Z;11 € int Cp , parallel to aff{Z;, z;12} in a way such that aff {Z;,Z; 11} is parallel to
aff{x;_1,x;42}, and Z; and x;19 are vertices of

Q(m) = [qaoupa y LOy - - - 7xi—17‘%’i7‘%i+17xi+27 v ,.Z'k] € ICp7q7

then Lemma 2.5 yields that
G|+ |G| > 1B+ 181> 1@ + [ @)

Therefore, if @Em) € P® is the Steiner symmetral of @(m) with respect to £, 4, then (21)
yields

‘élﬁm‘ + \%1 = ‘@m)‘ + ‘@?m)‘ > | Q| + ‘Qi’m)

which contradiction verifies (ii) in all cases.




Finally, (ii) for Q) Implies (iii) for Q) by (17).

Step 2. Intersections with ellipses are candidates for extremality.

We recall that we have assumed that p and ¢ are orthogonal based on Claim 2.6, and hence
Ir| = V2 and (p+q)/2 = r/2.

Having proved all the three properties (i), (ii) and (iii) of Q,,) for m > 6, the symmetric role
of Q) and Q‘(’m) allows us to assume that @Q(,,) is of type B (cf. (25)), thus p and ¢ are proper
vertices of Q(,,). Setting

2= max ([M[+|M®]),
MeKp. q

we deduce from Claim 2.2 that

(1]
I

max (|M|+|M°)). (28)
MeKp,q
symmetric through £p ¢

Now, any M € K, , symmetric through ¢, , can be arbitrary well approximated by polygons in K, ,
symmetric through £, ;. Therefore, the definition of Q(,, yields that

== T (1Qun| + Q) (29)

It follows from Claim 2.3 that there exists € > 0 and points &y, & € (7, (p + ¢q)/2) such that for any
M € Ky 4 symmetric through £, ,, we have

|M|+ |M°| > = —¢ implies § € M and ¢ & M.
We deduce from (29) that if m is large, then

§0 € Quny and & & Q). (30)

We recall that ¢ = {tp + sq : s,t > 0}. It follows from (ii) and (iii) that for any m > 6, there
exists an o-symmetric ellipse E,,) symmetric through £, , such that all proper vertices of Q)
(including p and q) lie on OE(,,), and they are equally spaced according to the metric determined
by E(y,). In addition, the sides of Q?m) meeting int o touch EEkm) in their midpoints.

We deduce from (30) that if m is large, then

& € E(m) and r ¢ E(m) (31)

For the orthonormal basis u, v of R? where u = r/ V2 and (v,p) = V2 /2, we consider the equation
for the boundary OE,,). According to (31) and p,q € OE(y,), there exist v2/2 < [|§]| < am < V2
and some b,, > v/2/2 such that zu + yv € OBy, if and only if

2 2 1

—+ —=1.

2a2, * 202,

Here a,, > [|&] > v/2/2 yield that the sequence {b,,} is also bounded; therefore, there exists
a subsequence {E(m,)} that tends to an ellipse £ in the Hausdorff metric, and we claim that E
satisfies that

10



(a) E is o-symmetric, symmetric through ¢, , and p,q € OF,
(b ENc=ENCy, € Kpy,
(c) [ENCpgql + |(E N vaq)()‘ ==

Here (a) follows from the corresponding properties of each F,,). Since the proper vertices of Q)
lie on OF(,,), and they are equally spaced according to the metric determined by F,,), the property
(i) of Q) implies that

lim_| (o0 Eomy) AQu| = i (o1 B[ = 1Qemy]) = 0. (32)

m—r00

Using (15) and (32), we deduce (b) from Q) C Cp 4, and (c) from (19) and (29).

Step 3. Search for the optimal ellipse.
Since p and ¢ are assumed to be orthogonal by Claim 2.6, Proposition 2.1 will follow if we prove
for the ellipse F in (a), (b) and (c) that
[Coa NE|+[(Cpq NEP| < 3. (33)
We use the orthonormal basis u, v of R? as in Step 2. Let a,b > 0 be the half axes of F where
(cf. (a)) au € OF and bv € OF, and (a) and (b) imply that v/2/2 < a < 1 < b. In particular,
E = ®B? for a diagonal matrix ® with entries a and b on the diagonal, and

CpqNE = O

where R = {te + sf € B*:s,t > 0} for e :ucos§+vsin§, f :ucosg—vsing and g € (0,7/2],
and 3 satisfies

B . B 1 IS a U v
acos — =bsin— =— and tan—=-<1 and e = — + ——.
2 2 2 2 b av2 b2
It follows from (17) that
(CpgNE)° = [o,p, (IJ_te] UdiRU [0, q, <I>_tf] :
therefore,
o1 abB I5; 1 1
‘CpﬂﬂE‘ + |(Cp7qu) | - T‘i‘%‘i‘@ - @
As 8 € (0, 5], we can parametrize it by ¢ = cos § € [0, 1), and consider
f(t)=|CpgNE|+ |(CogNE)°|=t+ 2t arc tan 1=t
- p,q p,q - m 1 +t'

We note that arctan s < s for s € (0,1). Therefore, if t € (0,1), then

£(t) —t + v tany/ 1=t -t TP
= arc tan — .
2(1 —¢2) (1 —1t2)3/2 1+t 2(1—12) 1+t

We conclude that

|Cpg NE|+ [(Cpg N E)°| = f(t) < f(0) = /2,
proving (33), and in turn Proposition 2.1. O
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3 Proof of Theorem 1.1 and Theorem 1.3

Proof of Theorem 1.1. Let K C R? be a an o-symmetric convex body such that B?> C K is the
John ellipse of K. According to Behrend [6], p. 734, there exist a k € {4,6} and an o-symmetric set
{ug,...,ux} C S' MOK such that ui,...,uy are in clockwise order along S', and setting ug = ug,
we have Z(u;—1,0,u;) < § for i =1,..., k. This property also follows from (3) and (4).

As the supporting line to K at any u; has to be a supporting line of B2, as well, we deduce that

KnoyCCy, ,u and K*'No; = (KNoy)°

where 0; = {suj_1 +tu; : s,t >0} fori =1,...,k, and (K No;)° is defined as a set in Ky, , ,,. We
conclude from Proposition 2.1 that

|KﬂO’Z‘| + |K* ﬂO‘i| < A(ui_l,o,ui)

for i =1,...,k; therefore, | K|+ |K*| < 27.
Finally, if B2 O K is the Lowner ellipse, then the proof is the same word by word. O

Proof of Theorem 1.3. Let K C R? be an o-symmetric convex body satisfying |K|-|K*| > (1 —¢)r?
for e € (0,3).

First, we consider the case of Theorem 1.3 concerning the John ellipse is E; of K where we
may asssume that £; = B2, and hence K* ¢ B%? ¢ K. It follows from Behrend’s inequality (9)
that |K| < 4, thus \/|K| + /7 < 4. We deduce from /1 —e > 1 — ¢, the AM-GM inequality and

Theorem 1.1 that
(1 —e)2m < 2¢/|K| - |K*| < |K|+ |K*| < 2, (34)

2
and hence using the formula |K| + |K*| — 2/|K]| - |K*| = (\/\K] — \/\K*D , we have

— )2 — )2
2me > (\/W—\/W>22 (m_ﬁ>2: (%ﬂ/)?f = (|K|16 =

therefore, |K| > 7 yields that
|K\B?| < V321 - e < 4 K|\/e.

Next, we consider the Lowner ellipse Er, of K where we may asssume that E;, = B2, and hence
K C B?2 c K*. As (34) holds again, we have

2me \/W_\/m 22 \/__\/m 2: (W_|K|)2 Z<7T_|K|)2;
>( ) ( ) (m+ﬁ)2 47

therefore, as Behrend’s inequality (9) yields that |K| > 2, we have

IBA\K| < VB2 - VE < 5|K|VE,

completing the proof of Theorem 1.3. O
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