Functional Analysis, BSM, Spring 2012
Exercise sheet: metric spaces and convergence

Let X be aset and d: X x X — R a distance function with the following properties:
d(x,y)

e d(z,y)=0&a=y;

d(x,y)

d(z,z) < d(z,y) + d(y, 2z) for any z,y,z € X.

° >0 for any x,y € X

=d(y,x) for any z,y € X;

(X,d) is called a metric space; d is called a metric on X.

A sequence 1, x9,... € X is said to converge to x € X if d(x,,,x) — 0 as n — oo (that is, for any ¢ > 0
there exists an N such that d(x,,z) < ¢ for n > N). In notation: x, 2 A sequence ri,Ts,... € X is
convergent if there exists an = € X for which =, %, 2. In certain topological spaces it can happen that a
sequence converges to two different points. However, this cannot happen in a metric space (see Exercise 3).

A sequence x1,%2,... € X is said to be a Cauchy sequence if for any ¢ > 0 there exists an N such that
d(xm, zn) < € for m,n > N. We proved that every convergent sequence is a Cauchy sequence. We also showed
an example for a Cauchy sequence that is not convergent. A metric space in which every Cauchy sequence
converges is said to be complete.

A metric space (X, d) is called totally bounded if for any € > 0 there exists a finite e-lattice (i.e., a finite set
of points {x1,...,zx} C X such that for any z € X there is an x; with d(x,z;) < €).

A subset S C X is said to be dense if every & € X is the limit point of some sequence in S, that is,

Vo € X Jdz1,70,... € S such that z, 4, 2. A metric space (X,d) is called separable if it has a countable
dense subset.

1. Show that |d(z1,y) — d(z2,y)| < d(z1,x2).
2. Consider the set of infinite 0-1 sequences
X =A{(a1,a2,...) 1 a; € {0,1}}
with the following metric:
d((a1,az2,...),(b1,ba,...)) = 1/k,
where k is the smallest positive integer for which aj # by. (If there is no such k, that is, a; = b; for each i, then

the two sequences are the same. In that case, let their distance be 0.) Prove that (X,d) is totally bounded.
Also prove that it is separable.

3. Suppose that for a sequence z1,xs,... € X we have x, %, 2 and Tn 4, y. Prove that x = y.
4. Suppose that z,, — x. Prove that d(xyn,y) — d(x,y) for any y € X.
5. Suppose that z,, %, 2 and Un 4, y. Prove that d(x,,y,) — d(z,y). Use this fact to give another solution

for Exercise 3.

6. Show that a Cauchy sequence with a convergent subsequence is convergent. More precisely, let z1,22,... € X
be a Cauchy sequence and suppose that there are positive integers k1 < ko < k3 < ...such that zj,, zg,, Tg,, - - -
converge to some x € X. Prove that x1,z2,... converge to z.

7. Consider {o = {(a1,a2,...): a; € C and a3, as,... is a bounded sequence} with the following metric:
d((a1,0a,...), (01, B2, ...)) = sup|a, — Bnl.
neN

Show that this is indeed a metric and prove that this metric space is not separable.
8. Let (X, d) be a metric space. We define another distance function d’ on X:

' __d(z,y)
d(z,y) = 1+d(x,y)

Show that d’ is also a metric on X. Prove that z, —& z < z,, ~ z. (Note that d'(z,y) < 1 for any z,y € X.)

9.* Let (X, d) be a complete metric space. A map f: X — X is called a contraction if there exists a 0 < g < 1
such that

d(f(z), fy)) < qd(z,y).

Prove that for every contraction f there exists a unique point € X with f(z) = z.

Solutions can be found on: www.renyi.hu/~harangi/bsm/



