THE LEE-YANG CIRCLE THEOREM

GERGELY HARCOS

We present a proof of the celebrated Lee—Yang circle theorem [1] based on Ruelle’s
paper [2]. For an n x n Hermitian matrix A = (a;;) we shall write

A= Y <n> (H)
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Theorem (Lee—Yang [1]). Assume that |a;;| < 1 and |zi| < 1 for every i, j,k € [n]. Then
Salziy..,zn) #0.

Proof. We proceed by induction on n, treating the a;;’s and the z;’s as complex variables.

For n = 1 the statement is clear. So let us assume that n > 2, and the statement is true
for n —1 in place of n. In the definition of fy, let us separate the contribution of S with
n ¢ S from the contribution of § with n € S. Then, using a ji = @jj, we can decompose

fA(Zl,-u,Zn) as
fB(al,n 2y An—1n ’anl) + (Zl o 'Zn)ﬁ(al,n/av cee ;anfl,n/znfl%
where B is the upper (n— 1) x (n— 1) block of A. By the induction hypothesis, the first
term is nonzero, hence it suffices to show that
sup sup (21 za-1) fB(A10/ZT, -y On—1.0/Zn-1)
Jaia|<1 <1 f(arn-z1, - @n1p 1)

By continuity, the left-hand side does not change if we strengthen the condition |a; ,| < 1
to |a; »| < 1. Then, by the maximum modulus principle, the left-hand side does not change
if we replace the condition |z;| < 1 by |zx| = 1. However, with these new conditions the
expression under the supremum is constant 1, and we are done. (]

Corollary. Assume that |a;j| < 1. Then the roots of fa(z,...,z) lie on the unit circle.

Proof. We need to show that for |z| # 1 we have f(z,...,z) # 0. For |z| < 1 the result
follows from the above Theorem. For |z| > 1 it also follows from the above Theorem upon
noting that

fA(z,...7z):z"f:(l/z...,l/Z). (]
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