FERMAT’S TWO SQUARES THEOREM AND QUARTIC RESIDUACITY

ROLAND BACHER AND GERGELY HARCOS

This note grew out from a discussion at MathOverflow [1].

Theorem 1. Let p = x> +y* be a prime number with x odd and y divisible by four.

(a) If p=1 (mod 16), then x and y are quartic residues modulo p.
(b) If p=9 (mod 16), then y is a quartic residue modulo p, and x is not.

We shall derive this result from the following more general theorem.

Theorem 2. Let p = x> +y* be a prime number with x odd and y divisible by four.

(a) The odd divisors of y are quartic residues modulo p.
(b) A divisor of x is a quartic residue modulo p if and only if it is = 1 (mod 8).

This theorem follows readily from Emma Lehmer’s criterion for quartic residuacity [3,
Page 24], but we prefer to give an idependent proof based on quartic reciprocity in Gaussian
integers. In particular, we shall rely on Theorem 2, Proposition 9.8.5, and Proposition 9.8.6
from [2, Chapter 9].

Proof of Theorem 2. Without loss of generality, x = 1 (mod 4). Observe that —1 is a
fourth power in F ¥, because p =1 (mod 8).

Let d be an odd divisor of y. Let d* = £d such thatd* =1 (mod 4). Then d* and x+ yi
are primary elements of Z[i], hence
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Therefore d* is a fourth power in IF¢, and the same is true of d.
Let d be a divisor of x. Let d* = +d such that d* =1 (mod 4). Then d* and x + yi are
primary elements of Z[i], hence
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Therefore d* is a fourth power in ) if and only if * =1 (mod 8), and d is a fourth power
inF; if and only if d = &1 (mod 8). O

Proof of Theorem 1. Observe that y/x has order four in the cyclic group ;. Observe also
that x is a square in F'; by quadratic reciprocity:
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Hence the elements of {y/x,x,y} C F; are squares, and we shall examine when they are
fourth powers.
Assume that p = 1 (mod 16). Then y/x is a quartic residue. Moreover, x = +1
(mod 8), hence x is a quartic residue by Theorem 2. It follows that y is a quartic residue.
Assume that p =9 (mod 16). Then y/x is not a quartic residue. Moreover, x = +3
(mod 8), hence x is not a quartic residue by Theorem 2. It follows again that y is a quartic
residue. (]
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