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Abstract

In the paper one- and two-dimensional cohomology is compared for
finite and infinite nilpotent Lie algebras, with coefficients in the adjoint
representation. It turns out that, because the adjoint representation is
not a highest weight representation in infinite dimension, the considered
cohomology shows basic differences.

On my visit to M.I.T., B. Kostant asked the following question: What is
the main difference between the cohomology of finite and infinite dimensional
nilpotent Lie algebras with coefficients in the adjoint representation, at what
points does the generalization of the finite dimensional situation fail?

Understanding this difference is especially important as the nilpotent Lie
algebra cohomology is very hard to compute and in both finite and infinite
dimensional cases only the one- and two-dimensional cohomology is known so
far.

1 Comparison of the One-Dimensional Cohomol-

ogy Spaces

Let us recall Kostant’s result on the Lie algebra cohomology H1(n, n) where
n is the maximal nilpotent ideal of a Borel subalgebra of a finite dimensional
simple Lie algebra g. The result can be obtained from Theorem 5.14 of [K], but
Kostant never published it in an explicit form. He explained the structure of
H1(n, n) to Leger and Luks, who later deduced it from Theorem 5.14 of [K] and
published the result in 1974.

Suppose that the dimension of the Cartan subalgebra h of g is l.

∗The work was partly done during a fellowship of the Alexander von Humboldt-Stiftung
at the Max-Planck-Institut für Mathematik, Bonn, Germany.
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Theorem 1 ([L-L, Theorem 3.1]). Except the Lie algebra sℓ2,

H1(n, n) ∼= h ⊕ h.

For sℓ2, dimH1(n, n) = 1.

Let us note that in finite dimension, n is a highest weight representation.
Consider the root space decomposition of n:

n =
∑

α∈∆+

gα.

The Weyl group in this case is generated by reflections on the simple roots
sα1

, . . . , sαl
. The one-dimensional cocycles arise from two different sources:

(i) Dh = adhαi
. The number of these cocycles is l.

(ii) Let λ be a highest weight of g.

D′

α(eβ) =

{

esα(λ) if β = α

0 otherwise.

The number of such cocycles is l.
The bracket operation in the Lie algebra H1(n, n) is

[Dh, D′

α] =
(

sα(λ) − α
)

D′

α.

On the other hand, the result in the analogous nilpotent affine Kac–Moody
cases is completely different. Let ĝ = n̂− ⊕ ĥ⊕ n̂+ be the Cartan decomposition
of an affine algebra ĝ. The second type (ii) of cocycles does not arise in infinite
dimension, because n̂+ is not a highest weight representation. Instead, another
algebra – now infinite dimensional – appears.

Theorem 2. For an affine Lie algebra ĝ,

H1(n̂+, n̂+) ∼= ĥ ⊕ L0,

where L0 is a subalgebra of the Virasoro algebra, isomorphic to the Lie algebra

of polynomial vector fields on the line, vanishing at the origin.

Remark. Theorem 2 without proof was stated in a previous work of the author
with B. Feigin [F-F]. In [F] a proof was given by direct computation, counting
explicitly the cocycles in H1(n̂+, n̂+) in each affine case. Here we give another
proof which shows more of the critical points of the difference between finite
and infinite dimensional cases.

Proof. Consider the following exact sequence of n̂+-modules:

0 → n̂+ → ĝ → ĝ/n̂+ → 0.
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Here ĝ/n̂+ is isomorphic to ĥ + n̂− as vector space and n̂− is isomorphic to n̂∗

+

by means of the Killing form. Consider the induced cohomology sequence:

H0(n̂+, ĝ) → H0(n̂+, ĥ + n̂∗

+) → H1(n̂+, n̂+) → H1(n̂+, ĝ)

→ H1(n̂+, ĥ + n̂∗

+) → · · · .

As H0(n̂+, ĥ + n̂∗

+) is isomorphic to ĥ and in ĝ there are no invariant elements,
we have

0 −→ ĥ
∂

−→ H1(n̂+, n̂+)
µ

−→ H1(n̂+, ĝ)
ν

−→ H1(n̂+, ĥ + n̂∗

+) −→ · · · .

Each element hαi
∈ ĥ defines a nontrivial cohomology class in H1(n̂+, n̂+) (just

as in finite dimension) with the cocycle

Dh = adhαi
, hαi

∈ ĥ.

The number of such cocycles is the number of simple roots (= rk ĝ). On the
other hand, by the infinite dimensional analogue of the Bott–Kostant Theorem
[F-F],

H1(n̂+, ĝ) ∼= C[t, t−1] = C[t] + t−1
C[t−1].

Each cohomology class can be represented by the cocycle of the form

f(t)
∂P

∂t
,

where
f(t) ∈ C[t, t−1] and P (t) = x0 + tx1 + t2x2 + · · · ∈ n̂+.

Proposition 1. The kernel of the map ν : H1(n̂+, ĝ) → H1(n̂+, ĝ/n̂+) is

tC[t](∂/∂t).

Proof. Any cocycle corresponding to a polynomial vector field P (t)(∂/∂t) is of
the form ωp : f(t) 7→ P (∂f/∂t). So, if P ∈ C[t](∂/∂t), then for any f(t) ∈ n̂ =
n + tg + t2g + · · · , P (t)(∂f/∂t) is in n̂+ and therefore ν(ωp) = 0.

On the other hand, assume that P ∈ C[t−1] and ν(ωp) = 0. This means
that for some P0 from ĝ/n̂+, ωp is the differential of P0. By definition of the
differential, for any f ∈ n̂+,

P
∂f

∂t
− [P0, f ] ∈ n̂+ = n + tg + t2g + · · · . (1)

Let P = αnt−n + · · · + α0; P0 = Ant−n + · · · + A0 where αi ∈ C, Ai ∈ g.
Apply (1) to f = X0 ∈ n (constant polynomial). Thus, for any X0 ∈ n,
∑n

i=0[Ai, X0]t
−i ∈ n̂+; from this it follows that [Ai, X0] = 0 for i > 0 and

[A0, X0] ∈ n. So, Ai for i > 0 are the multiples of the highest weight vector
vλ ∈ g; A0 ∈ h + n ⊂ g; P0(t) = (t−nβn + · · · + t−1β1)vλ + A0. Now, apply
(1) to f(t) = tX1 where X1 ∈ g. We get (αnt−n + · · · + α0)X1 − [A0, X1]t −
(βnt−n + · · · + β1t

−1)[vλ, X1]t ∈ n̂+. Comparing coefficients near t−i, we get

3



αn = 0; αiX1 = βi+1[vλ, X1] for i > 0; but this may be so for any X1 ∈ g only
when αi = βi+1 = 0. Also we get α0X1 ≡ β1[vλ, X1] (mod )n for any X1 ∈ g,
which implies α0 = β1 = 0. So, we proved that ker ν is exactly tC[t](∂/∂t).

Now we have the following cohomology sequence:

0 −→ ĥ
∂

−→ H1(n̂+, n̂+) −→ C[t] −→ 0.

The second type of nontrivial cocycles from H1(n̂+, n̂+) have the form

P 7→ f(t)P ′(t), where f(t) ∈ C[t].

The nonequivalent cocycles of this type form a Lie algebra, isomorphic to L0.

Note. The difference between the finite and infinite dimensional case is that in
finite dimension, by the Bott–Kostant Theorem [K] the dimension of H1(n, g)
is equal to the elements of length l in the Weyl group, while here we have

H1(n̂+, ĝ) ∼= C[t, t−1].

2 Method of Computation for the Two-Dimen-

sional Cohomology

Using Kostant’s results [K], Leger and Luks [L-L] computed H2(n, n) for finite
dimensional simple Lie algebras g. Their main idea is the following. Consider
the next exact sequences of n-modules:

0




y

n




y

g




y

0 −→ h −→ g/n −→ n∗ −→ 0




y

0

These induce the following exact cohomology sequences:
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H1(n, n)
?

?

?

y

H1(n, g)

l l2
?

?

?

y

l2 + l − 1

H0(n, (h+ n)∗) → H0(n, n∗)
i
→֒ H1(n, h)

∂
−→
l2−l

H1(n, h+ n∗) −→
2l−1

H1(n, n∗) → H2(n, h) (∗)
?

?

?

y

symmetric maps

H2(n, n)
?

?

?

y

?

?

?

y

H2(n, g)
?

?

?

y

H2(n,g/n)

Bαβ = 0 if α or β not
simple

or

if α 6= β and
α + β /∈ ∆

9

>

>

>

>

>

=

>

>

>

>

>

;

The dimensions of the cohomology spaces are marked above the spaces.
We approach the space H2(n, n) step by step, studying the above diagram.
The elements of H0(n, n∗) are the invariant elements of n∗ : {e−α}, where α

is a simple root.
Cocycles in H1(n, h) have the form

ϕ(eγ) = 0, γ 6= α

ϕ(eα) = hβ , if α, β are simple roots.

There are l2 such cocycles. Their images look the same in H1(n, h + n∗). Obvi-
ously among them the ones with the form

ϕ(eα) = hα

ϕ(eγ) = 0, γ 6= α

are zero cocycles.
It is easy to see that i is embedding into H1(n, h).
The space n/[n, n] is generated by 〈eα〉, α simple, and h ∼= 〈hα〉, α simple

and the rank of such a homomorphism is l2.
Let us compute im ∂: take L :

(

〈eα〉 , α simple
)

→
(

〈hα〉 , α simple
)

, L(eα) =
∑

β Lαβhβ . Then as im ∂ we have to take the factor

〈L〉 / 〈L : Lαβ = 0, α 6= β〉 .

dim = l2 dim = l

So from the left we get l2 − l cocycles.

3 The Spaces H1(n, n∗) and H2(n, n)

The main problem is to compute H1(n, n∗). The cocycles representing the co-
homology classes in H1(n, n∗) are bilinear forms φ on n such that

φ([X, Y ], Z) = −φ(Y, [X, Z]) + φ(X, [Y, Z]).
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Leger and Luks state [Theorem 4.1] that the cocycles are exactly the ones ob-
tained with the help of a symmetric invariant form B,

φ(X, Y ) = B(TX, Z)− B(TY, X),

where T is a derivation.
Note that Leger and Luks prove it for any finite dimensional Lie algebra,

but the statements are true for any Lie algebra.
Now we have to count the symmetric bilinear forms on n. Their explicit

form is

B(eα, eβ) = 1, α, β simple,

B(eγ , eδ) = 0, (γ, δ) 6= (α, β) (γ or δ is not simple).

The number of such forms in finite dimension is

l(α = α) +
l(l − 1)

2
(α 6= β simple) +

l(l + 1)

2
=

l2 + l

2
.

By Theorem 4.1 of Leger and Luks, in H1(n, n∗) we have (l2 + l)/2 classes.
Consider the differential

H1(n, n∗)
∂

−→ H2(n, h) = H2(n) ⊗ h.

Let us compute ker∂.
Suppose that we have a functional ϕ on n defined by the cochain φ,

ϕ(X)(Y ) = B(TX, Y ) − B(TY, X) if Y ∈ n

and assume that ϕ(X)(H) = 0 if H ∈ h. Let us continue it onto b+ = h + n∗.
Then its differential is

∂ϕ = Xϕ(Y )(H) − Y ϕ(X)(H) = ϕ(Y )([X, H ]) − ϕ(X)([Y, H ])

= −B(TY, [X, H ]) + B(TX, [Y, H ]) + B(T [X, H ], Y )

− B(T [Y, H ], X).

Put X = eα, Y = eβ , where α, β are simple positive roots.
Then TY = l(β)eα where l(β) is the length of the root β and [eα, H ] =

α[H ]eα. Then

−l(β)α(H)B(eα, eβ) + l(α)β(H)B(eα, eβ) − l(α)α(H)B(eα, eβ)

+ l(β)β(H)B(eα, eβ).

We get
∂ϕBα,β

(H) = (l(α) + l(β))(β − α)(H)B(eα, eβ).

As a consequence, if α = β then ∂ϕ = 0.
Let us assume α 6= β. Then

∂ϕBα,β
(eα, eβ) = (l(α) + l(β))(

v

β −
v

α), where
v

α,
v

β ∈ h.
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It is easy to see that the cocycle

ω(eα, eβ) = 1, ω(eγ , eδ) = 0

is trivial. The space H2(n) is isomorphic to ⊕{Cw, l(w) = 2, w ∈ W}:

∂ϕBα,β
= 0 ⇔ B(eα, eβ) = 0 ⇔ α + β ∈ ∆.

So we get ker∂ = {α + β ∈ ∆ and α = β}.
Now we have the exact sequence

0 → {Bαβ} → H1(n, n∗) → H2(n, C) → 0.

The basis for the image of H2(n, C) in H1(n, n∗) is represented by cocycles
obtained by symmetric bilinear forms with α+β ∈ ∆, or α < β and α+β /∈ ∆.
So we can write

0 → (α, β) → H1(n, n∗ + h) → Bαβ

α 6= β


















α + β /∈ ∆

or

α = β

α, β simple



















H1(n, h) → H1(n, n∗ + h) → H1(n, n∗)

from which it immediately follows that

dimH1(n, n∗) =
l2 + l

2
+

l

2
(l + 2)(l − 1) = l2 + l − 1

[L-L,Theorem 5.4].
Now it is easy to compute the nontrivial cocycles in H2(n, n). The differen-

tial from H1(n, g/n) to H2(n, n) is a monomorphism. We know that, in finite
dimension, the map

H2(n, n) → H2(n, g)

is an epimorphism and we also know the space H2(n, g);

dimH2(n, g) = #{w : w ∈ W, l(w) = 2},

and the image is equal to the kernel of the differential. The space H2(n, g) is
represented by the cocycles

fαβ(eσ, eτ ) =

{

sβsα(λ) if (σ, τ) = (α + rβ, β)

0 otherwise,

where α, β are simple positive roots such that

α + β ∈ ∆
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or
α < β and α + β /∈ ∆.

The number of those cocycles is 1
2 (l + 2)(l − 1).

¿From this and the previous considerations it follows:

Theorem 3 ([L-L, Theorem 6.4]). If g is not of type A1, A2, or B2 then

H2(n, n) ≈ H2(n, g) ⊕ H1(n, g/n).

Here

dimH1(n, g/n) = (2l − 1) + l2 − l,

dimH2(n, g) =
1

2
(l + 1)(l − 1).

4 The Spaces H1(n̂+, n̂∗
+) and H2(n̂+, n̂+)

In the affine situation there is a different picture for H1(n̂+, n̂+). It is true
that all the Bα,β symmetric bilinear forms define a cocycle, but not only those.
There is an infinite series of cocycles, namely each polynomial without constant
term defines one (see [F-F]). But they do not lie in the kernel. The differential
acts by the following:

∂ϕBα,β
(eα, eβ)(H) = (l(β) + l(α))(β − α)(H)B(eα, eβ)

with

B(eα, eβ) =

〈

P (t−1)
∂eα

∂t
, eβ

〉

+

〈

P (t−1)
∂eβ

∂t
, eα

〉

.

If eβ0
= t · e−λ where λ is the highest weight of a representation, then

B(eα, te−λ) =
〈

P (t−1)e−λ, eα

〉

= RestP (t−1) · (e−λ, eα).

If −λ = α then the Killing form is nonzero.
It follows immediately that the image of the infinite series from H1(n̂+, ĝ) to

H1(n̂+, ĥ+n∗

+), and the preimage of the infinite series of cocycles in H1(n̂+, n̂∗

+)
cancel each other in the affine cases, and in the diagram (∗) from above and

from the right we get no other cocycles in H1(n̂+, ĥ + n̂∗

+) but the ones in the
finite dimensional cases.

Let us summarize once more what they are. In finite dimension, the differ-
ential of the cocycles of H1(n, g) is zero, while from the right in the diagram (∗)
we get additional nontrivial cocycles in H1(n, g/n). Their number is 1

2#{α, β
simple and α + β is a root}+ the number of diagonal elements in the Cartan
matrix of g.

The space H2(n̂+, ĝ) again differs in infinite dimension. Here we have

H2(n̂+, ĝ) = H1(n̂+) ⊗ C[t, t−1] (see [F-F]).
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Proposition 2. H1(n̂+) ⊗ tC[t] is in the kernel of the differential map. The

sequence

H2(n̂+, n̂+) → H1(n̂+) ⊗ C[t] → 0

is exact.

Proof. This follows easily from the corresponding statement for H1(n̂+, n̂∗

+) and
from the fact that the maps

H∗(n̂+, n̂+) → H∗(n̂+, ĝ) → H∗(n̂+, ĝ/n̂+)

are homomorphisms of H∗(n̂+)-modules.
Now we are able to compute H2(n̂+, n̂+). We have the following cohomology

sequences:

H1(n+, ĝ) II∞




y

H1(n̂+, ĥ)−−−−→ H1((n̂+, ĝ/n̂+)) −→ H1(n̂+, n̂∗

+) II
/

\

©IIf

II∞©If




y

H2(n̂+, n̂+)

©III∞ 



y

H2(n̂+, ĝ)

Theorem 4. With the exception of ŝℓ(2, C), the space H2(n̂+, n̂+) is the direct

sum of three subspaces, coming from three kinds of cocycles I–III. The cocycles

of type If and IIf are the same as for finite dimensional algebras. The cocycles

of type II∞ coming from above and from the right cancel each other. Cocycles

of type III∞ only appear in the affine cases. They form a space isomorphic to

H1(n̂+) ⊗ L0.

Remark. Cocycles of type If and III∞ form the space

H1(n̂+) ⊗ H1(n̂+, n̂+).

(Comparing this result with the ones in [F], there they are the cocycles of type
(1◦).)

Cocycles of type IIf give infinitesimal deformations of type 2◦ and 3◦ in [F]:
(2◦) Let 1 6 i 6 n. The algebra n̂+ deforms inside ĝ = gA where A is the

Cartan matrix. The deformed algebra is spanned by the spaces gA
(m1,...,mn) with

(m1, . . . , mn) 6= (0, . . . , 0,
(i)
1 , . . . , 0)

and by the vector ei + tfi where t is a parameter. The number of such cocycles
is equal to the rank of ĝ.
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(3◦) Let 1 6 i 6 n; consider the entry aij = −1 in the Cartan matrix A, and
if aji = aij , then i < j. The algebra n̂+ deforms again inside ĝ. The deformed
algebra is generated by the spaces

gA
(m1,...,mn) with (m1, . . . , mn)

6= (0, . . . , 0,
(i)
1 , 0, . . . , 0), (0, . . . , 0,

(i)
1 , 0, . . . , 0,

(j)
1 , 0, . . . , 0)

and the vectors ei + tfj and [ei, ej ]− thj. The number of this type of cocycles is
equal to the number of nonzero pairs (aij , aji) in the Cartan matrix with i 6= j.

The exceptional case ŝℓ(2, C) is also discussed in [F]. In this case, cocycles of
type 3◦ do not exist. Instead, there are two additional cocycles in H2(n̂+, n̂+).
This Lie algebra is really exceptional in the deformation sense also: the two
above-mentioned additional cocycles cannot define an extendible deformation
of n̂+, while all the other types of infinitesimal deformations for any affine Lie
algebra are extendible.
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