COHOMOLOGY AND DEFORMATIONS OF THE INFINITE
DIMENSIONAL FILIFORM LIE ALGEBRA

ALICE FIALOWSKI AND FRIEDRICH WAGEMANN

ABSTRACT. Denote mg the infinite dimensional N-graded Lie algebra de-
fined by basis e; @ > 1 and relations [e1,e;] = e;41 for all ¢ > 2. We
compute in this article the bracket structure on H'(mg,mo), H?(mo, mo)
and in relation to this, we establish that there are only finitely many true
deformations of mg in each nonpositive weight by constructing them ex-
plicitely. It turns out that in weight 0 one gets exactly the other two
filiform Lie algebras.

INTRODUCTION

Recall the classification of infinite dimensional N-graded Lie algebras g =
D;°, g; with one-dimensional homogeneous components g; and two genera-
tors over a field of characteristic zero. A. Fialowski showed in [1] that any
Lie algebra of this type must be isomorphic to mg, mg or L;. We call these
Lie algebras infinite dimensional filiform Lie algebras in analogy with the fi-
nite dimensional case where the name was coined by M. Vergne in [9]. Here
mg is given by generators e;, i > 1, and relations [e1,e;] = e;41 for all
i > 2, my with the same generators by relations [e1,e;] = e;41 for all i > 2,
le2, €] = ejio for all j > 3, and L; with the same generators is given by the
relations [e;, ej] = (j —4)e;j4; for all 4,5 > 1. Ly appears as the positive part
of the Witt algebra given by generators e; for i € Z with the same relations
lei,ej] = (j —i)eiq; for all 4,5 € Z. The result was also obtained later by
Shalev and Zelmanov in [8].

The cohomology with trivial coefficients of the Lie algebra L; was studied
in [6], the adjoint cohomology in degrees 1, 2 and 3 has been computed in [2]
and also all of its non equivalent deformations were given. For the Lie algebra
mg, the cohomology with trivial coefficients has been studied in [4], but neither
the adjoint cohomology, nor related deformations have been computed so far.
The reason is probably that - as happens usually for solvable Lie algebras -
the cohomology is huge and therefore meaningless. Our point of view is that
there still remain interesting features. We try to prove this in the present
article by studying the adjoint cohomology of mg, while we reserve my for a
forthcoming paper.

Indeed, it is true that the first and second adjoint cohomology of mg are
infinite dimensional. The space H'(mg, mg) becomes already interesting when
we split it up into homogeneous components H, 11 (mg, mp) of weight [ € Z, this
latter space being finite dimensional for each [ € Z. We compute the bracket
structure on H'(mg, mg) in section 1.

The space H?(mg,mg) is discussed in section 2. This space is worse as it
is infinite dimensional even in each weight separately. The interesting new
feature here is that there are only finitely many generators in each negative
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or zero weight which give rise to true deformations. Given a generator of
H?(mg,mp), i.e. an infinitesimal deformation, corresponding to the linear
term of a formal deformation, one can try to adjust higher order terms in
order to have the Jacobi identity in the deformed Lie algebra up to order
k. If the Jacobi identity is satisfied to all orders, we will call it a true (for-
mal) deformation, see Fuchs’ book [5] for details on cohomology and [2] for
deformations of Lie algebras.

In section 3 we discuss Massey products, in section 4 describe all true
deformations in negative weights. Section 5 deals with deformations in zero
and positive weights.

As obstructions to infinitesimal deformations given by classes in H?(mg, mg)
are expressed by Massey powers of these classes in H?(mg, mg), it is the van-
ishing of these Massey squares, cubes etc which selects within the H7(mg, mg)
of weight [ a finite number of cohomology classes. The main result reads

Theorem 1. The true deformations of mg are finitely generated in each
weight I < 1. More precisely, the space of unobstructed cohomology classes is
i degree

o [ < =3 of dimension two,
e | =0 of dimension two,
o [ = —2 of dimension three,

while there is no true deformation in weight | = —1. In weight | = 0, these
are deformations to ms and L. In weight | = 1, there are exactly two true
deformations, while in weight | > 2, there are at least two.

We do not have more precise information about how many true deforma-
tions there are in positive weight, but there are always at least two. As a
deformation in these weights is a true deformation if and only if all of its
Massey squares are zero (as cochains !), true deformations are determined
by a countable infinite system of homogeneous quadratic equations in count-
ably infinitely many variables. We didn’t succeed in determining the space of
solutions of this system.

We believe that the discussion of these examples of deformations are in-
teresting as they go beyond the usual approach where the condition that
H?(mg,mp) should be finite dimensional is the starting point for the exami-
nation of deformations, namely the existence of a miniversal deformation [3].

Another attractive point of our study is the fact that in some cases the

Massey squares and cubes involved are not zero because of general reasons,
but because of the combinatorics of the relations. Thus the second adjoint
cohomology of mg may serve as an example on which to study explicitely
obstruction theory.
Acknowledgements: The work has been partially supported by the grants
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Lorand University Budapest and Université Louis Pasteur Strasbourg. Both
authors are grateful to IHES where some of this work was accomplished, to
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to get hold on the weight [ > 0 case by MUPaD based computations.

1. THE SPACE H'!(mg, mg)

The Lie algebra mg is an N-graded Lie algebra mg = @;2,(mg); with 1-di-
mensional graded components (mg); and generated in degree 1 and 2. Choos-
ing a basis e; of (mg);, the only non-trivial brackets (up to skew-symmetry)
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read [e1,e;] = e;41 for all i. We are computing in this section the first coho-
mology space H'(mg, mg) of mg with adjoint coefficients. As Lie algebra and
module are graded, the cohomology space splits up into homogeneous compo-
nents, and we will always work with homogeneous cocycles w(e;) = a;e;4; for
a scalar a; and a given weight | € Z.

Concerning the cocycle identity dw(ej;,e;) = 0, let us first suppose that
j=1and ¢ > 1 (up to choosing the symmetric case 7 > 1 and i = 1). In
this case, it reads

w(eir1) = ler,w(ei)] — [ei wler)]

or, putting in the expression of w, for all [ > 0
Qi 1€i41+1 = Qi€iyi41 + 01,001€i4141-
This means that for all [ > 0, we must have
ai+1 = a;+ 00 ai,

while for [ = —1, we get the previous equation for ¢ > 3 and asz = 0, for
Il = —2, we get the previous equation for ¢ > 4 and a4 = az = 0, and for
I < —3, we get the previous equation for ¢ > =+ 2 and a_j10 =a_j41 =0,
while there is no equation for ¢ < —I.

The second situation where the cocycle identity has non-zero terms is when
[ < —1,and ¢ and j > 2. In this case, there is only one non-zero term in the
equation, and we get a; =0 for i +1=1.

Now let us deduce the possible 1-cocycles in different weights:
case 1: [ < —1

In case | < —3, the first identity means that all a; for ¢ > —I + 2 must
be equal and a_j+2 = a_;+1 = 0, therefore all a; =0 for ¢ > —I + 1, while

there is no constraint on ai,ao,...,a_;. This is compatible with the second
situation.
In case [ = —1 and [ = —2, the first constraint implies that all a; = 0 for

1 > 3, while there is no constraint on a; and as. The second identity is then
already satisfied for [ < —2, while for [ = —1, it implies ay = 0.

But observe that the formula w(e;) = a;e;4; makes sense for [ < —1 only if
i > —Il+1. Therefore all coefficients a1, ...,a_; has to be set zero for [ < —1.

In conclusion, all cohomology is zero in weight | < —1.
case 2: [ >1

In this case, the cocycle identity means that all a; for ¢ > 2 must be equal,
while there is no constraint on aj.
case 3: [ =0

In this case, the first identity means that all a; for ¢ > 3 are determined
by a; and as, while there is no constraint on a; and as.

Let us now examine the coboundaries: an element = € my determines a 1-
coboundary by «a,(y) := [z, y] for all y € my. In order to have a homogeneous
coboundary, we must take x = e; for some 7 > 0; a, is then homogeneous of
weight 7. Therefore we have:

° dC’lO(mO,mo) =0 for [ < 0
. dC’lO(mo,mo) generated by de; = [e;,—| for [ > 1.

Observe that the coboundaries for [ > 2 are non-zero only on e;, thus they
can modify only the ai-term of a cocycle. The coboundary for | = 1 is zero
on e; and non-zero and constant on all other e;. It thus kills the cocycle
where all a; for ¢ > 2 are equal.

In conclusion, we have
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Theorem 2.

1 for [>1
dim H}(mg,mg) = { 2 for [=0
0 for [ <-1

Let us now determine representatives of the non-zero cohomology classes:
In H{(mg, mp), we have the generators w; (corresponding to a; = 1 and
as = 0) and wy (corresponding to a3 = 0 and ag = 1) defined by:

e1 for k=1
wileg) = 0 for k=2
(k—2)e for k>3
_ 0 for k=1
wa(ex) = e, for k>2

In H}(mg,mp) for [ > 1, we have two different kinds of cocycles: there is
~v for | =1, and o for [ > 2:

ces for k=1
V(ek):{ 02 k> 9

for
alen) = 0 for k=1
AN/ blek—I—l for k > 2

It is well known that H*(g,g) carries a graded Lie algebra structure for
any Lie algebra g, and that H!(g,g) forms a graded Lie subalgebra. Let us
compute this bracket structure on our generators:

Given a € CP(g,g) and b € C(g,g), define

ab(x1,...,Tprq—1) = Z (=1)*8"%a(b(ziy, ... 24,), gy - - ,xjpfl)
o€Shy ¢
for x1,...,2p14—1 € g. The bracket is then defined by
[a,b] = ab— (—=1)P~ D@ Dpg,
It thus reads on H'(g,g) simply
[a,b](z) = a(b(z)) — bla(x)).

We compute

0 for k=
[w1,q(eg) = bi(2+1—2)eaqy for k=2
(k+1—2)begr; — (k—2)begy; for k>3

Therefore (w1, o] = loy.

[w1,7](er) = wi(dk1ce2) — v(dk1e1)
Therefore [wi,v] = —7.

onarl(en) = 0 for k=1
L SRS = w2(blek+l)—al(ek) =0 for k>2

Therefore [wo, ;] = 0.

(o) = [ e =0 for k=1
w2,'}’ €r) = O _’Y(ek) = 0 fOl“ IIC Z 2

Therefore [we,v] = 7.
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] (ex) = ag(ces) — 0 for k=1
LK) = 0—~(beksy)) =0 for k>2

This gives [ag,7y] = Og1cbieay;. This is a cocycle in weight [ + 1, [ > 2,
but by the list of coboundaries in weight > 2, we see that it is actually a
coboundary. Therefore we have [a;,7] = 0 in cohomology.

0-0=0 for k=1

[wi,ws](er) = 0-0=0 for k=2
(k—2)er — (k—2)e, =0 for k>3

Therefore [wy,ws] = 0. It is also rather clear that [a;, ] = 0.

In summary:

Theorem 3. The bracket structure on H'(mg,mg) is described as follows: the
commuting weight zero generators wy and wo act on the trivial Lie algebra
generated by v in weight 1 and the o; for weight | > 2 as grading elements,
v has degree —1 w.r.t. wi, degree 1 w.r.t. wo, while oy has degree | w.r.t.
wy and degree 0 w.r.t. wo.

2. THE SPACE H?(mg, mp)

Let us first compute H?(mg, mg). We work with homogeneous cocycles
w(ei,ej) = ajjeitjyi for a fixed weight | € Z, and for 4,5 > 1, i # j.

2.0 Observe that for weights [ < —3, there are forbidden coefficients a; ;,
because they show up in front of e;1;4; with i+ j 41 < 0. For example in
l = =3, a2 must be set to zero, in weight [ = —4, a1 2, a1,3 must be set to
zero, and so on.

2.1 The cocycle identity reads

dw(ei,ej,ex) = w(lei,e5],ex) +w(les, ex], €;) + w(ler, €], )
—lei,w(ej, er)] — (e, w(ek, €;)] — [er,w(es, e5)] = 0.

Let us first suppose that one index is equal to 1. The identity reads then

(1) (aivry +aig)eipjpirr = (Gij = 0410 @51 = 0410 010)€itj4141,
where i,j7 > 2, ¢ # j. This identity makes only sense for ¢ + j +1 > 2,
because in the above equation, the a; ; term shows up in front of the bracket
of e; with e;4;4;. It is therefore not valid uniformly for all ¢, j starting from
1< —4.

For i+ j+1 < 0, there is no equation, while there is a special equation for
i+j+1=0,1, namely

Qi41,5 + Qi 541 = 0.

Note that by 2.0, coefficients a; ; with i+ j +1 < 0 are set to zero.

2.2 The cocycle identity for e;,ej, e for i,5,k > 2,1 # j, i # k, and j # k,
gives a non-zero factor only if j+k+Il=1ori+j+l=1ori+k+1=1
(thus for [ < —4). One can always arrange that only one factor is possibly
non-zero for given i, j with i4+j+1 =1 (by choosing k = max(i + 1,5+ 1),
for example). Thus for weight [ < —4, the coefficient a; ; with i+j = —+1,
i#j, 1,7 > 2, must be zero (which is compatible with the special equation !).
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2.3 Let us now consider coboundaries: expressing that w € Z?(mg, mp) is a
coboundary w = da for some 1-cochain a € C}(mg,mg), a(e;) = aje;y; for
all © > 1, gives by evaluation on e; and e;:

aijeirji = ofles ej]) — [ei, ale;)] + [ej, afes)].
This equation makes sense only for ¢ +j 41 > 1 as all terms are multiples of
€i+j+1- Let us first take one index to be 1, then we get

a1; = 1 — o + o1 O

for all ¢ > max(2, -l + 2), because «; appears in front of the bracket of e;
with e;y;. Thus all ay;, ¢ > max(2, —[+2), can be taken to be zero by adding
a coboundary. For ¢ = —I, -l 4+ 1 > 2, we have the special equation

a1 = QG41-

It is now clear that, up to a coboundary, we may suppose for any [ that the last
two terms in equation (1) are zero. Observe that the non-coboundary terms
ay,; for I < —3 in a general cocycle, namely the terms with ¢ =2,..., -1 -1,
must be set to zero by 2.0.

2.4 For weight [ < —1, we have additional coboundaries: indeed, there is a
non-zero term in the coboundary equation for e;, e;, i,j > 2, ¢ # j yielding

A—l+1,5 = —Q—l41

forall j > 2, j # —l+1. Be aware that the coefficient «_; 1 of the cobound-
ary do is linked to a; _; by the equation a_;41 = aj—; (cf 2.3). Thus we
cannot choose at the same time to render ay,_; = 0 and a_;41 ; = 0 in weight
I < —1 by addition of a coboundary, we can impose only one of these condi-
tions. This means for example that the cocycle given by coefficients a; ; with
asj =1 for all j > 3 and a;; = 0 for all 4,5 # 2 (“the 2-family”, cf 2.5)
is a coboundary in weight [ = —1. Here a;1 = 0 and ag are not linked.
More generally, the cochain given by coefficients a; ; with a,,41; = 1 for all
j>m+2, a;; =0 for all other 7,57 > m + 1 (unless those which must be
non-zero in order to respect antisymmetry) is cohomologuous to the cocycle
consisting of the only non-trivial coefficient a; ,,, = 1 in weight | = —m < —2.

Let us now reconsider the equations (1) in the stable range, i.e. with i and
j such that i,j > 2, i # j,and i+j > —[+2:

(2) Qit1,j + Qi1 = Qi

We will adopt two different points of view on this system of equations:

2.5 First point of view: Call the equations ag3 = as4, ass = ass, as5 =
as6, --. , diagonal equations, and the terms involved diagonal terms. The
prescription
Gt — _{ 1 for i=k
AL T Q2T 0 for g #k
specifies uniquely (unicity is shown by induction) a solution to this system,
called the kth family or k-series. For the kth family, all a, , with » > k are
zero, aps = 1 for r =k, a,, is linear in k for r =k — 1 (and s sufficiently
big), a,s is quadratic in k for r = k — 2 (and s sufficiently big), and so on.
Let us consider some examples, while we refer to section 4.5 and 5.1 for
more informations; in the following expressions, all coefficients involving an
index 1 are set to zero, and the first non-zero column starting from the RHS
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(i.e. the non-zero elements of the column {a, k}x>m+1) is normalized to 1.
The 2 family: as) =1, a;, =0 for all j, k> 3.

The 3 family: a3; =1, aj; =0 for all j,k >4, and as3 = az4 = 0,
as = —(k—4) for all k>5.

The 4 family: ay; =1, a;;r =0 forall j,k>5, az4 =a3z5 =0, az; =
—(k—5) for all k> 6, and as3 = agq = ass = aze = 0, agy = w
for all k£ > 7 (even for all k> 5).

The 5 family: a5, =1, a;, =0 forall j,k>6, ay5 =a46 =0, ag) =
—(k—6) forall k> 7, agq = ags = agg = agy =0, agy = F=UET for aq)
k > 8 (even for all k > 6), and (23 = a24 = G25 = A26 = Q27 = A28 = O,
agy = — FEOEDEDE) for all k> 9 (even for all k > 6).

2.6 Second point of view: One can specify ag, for all n, in such a way
that the diagonal equations are satisfied. This implies that by choosing pairs
(a23,a24), (a25,a26), (a27,a2g8), and so on, the first member is free, while
the second member is determined by the corresponding diagonal equation.
Indeed, in (ag3,a24), a4 is determined by as3 = a4, in (azs,a26),
ase is determined by ags — aza = aze — ags (which is just azs = az5), in
(a277, ag,g) , A28 is determined by ((a277 — a276) — (a2,5 — a274)) = ((a2,3 — a2,7) —
(ag7 — az6)) (which is just ass = as6). All the other coefficients are then
uniquely determined.
2.7 In conclusion, it is clear that for each weight | € Z, there is a countably in-
finite number of independent 2-cohomology classes. More precisely, in weight
I > —4, the k families with k£ = 2,3, ... represent independent 2-cohomology
classes. In weight | < —4, 2.2 shows that the k family is contradictory for

2+ =3 for | odd
k<{2+% for [ even

But there is still a countably infinite number of independent 2-cohomology
classes in each weight.

Theorem 4.
dim H?(mo,mo) = o0
for each weight | € 7.

3. MASSEY PRODUCTS AND DEFORMATIONS

The 2-cohomology is rather meaningless, as it is infinite dimensional even
in each weight separately. We ask now which of these homogeneous 2-cocycles
gives rise to a deformation of mg. A necessary condition is that the class of the
Massey square of the cocycle in question is zero. The first thing we will show
is that for a large range of weights, even the condition that the Massey square
is zero as a cochain is necessary and sufficient, and we will then determine all
2-cocycles which have zero Massey square and are thus the infinitesimal part
of a deformation of my which is polynomial and of polynomial degree 1. We
will show in section 5 that my deforms (in a homogeneous way) to ms and
to L1, but to no other N-graded Lie algebra (non-isomorphic to mg, mg, and
Ly). This is consistent with the classification of N-graded Lie algebras with
1-dimensional graded components, generated in degrees 1 and 2 [1].
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Let w be a 2-cocycle, given as above by its coefficients a; ;. The Massey
square of w is by definition

B)  M(a)ijk = (aijGitjtik + OjrGj1hili+ OkiGkitl )€itjthrl-

Observe that M (a);jr = 0 if any two indices coincide.

3.1. Massey squares and deformations.

Proposition 1. Let | > —1.

If there exist 1,7,k with M(a)ijr # 0, then it is a non-trivial 3-cohomology
class, and the 2-cocycle w is obstructed. Thus w is obstructed if and only if
there exist 1,7,k with M(a);jr # 0.

Proof. Let a € C?*(mg,mg) be a homogeneous 2-cochain with a(e;,e;) =
bi,jei-l—j-i—m- Then

da(e;, ej,er) = oflei, e;],ex) — [ei, a(ej, ex)] + cycl..

Given a 2-cocycle w with non-zero Massey square M (a);ji , one wants to find
a which compensates M (a);jx, i.e. with da(e;,ej,er) = M(a)iji. As M(a);j
is of weight 2[, one must have m = 2I.

For ¢, 7,k > 2, there is only one non-zero term in the coboundary equation
(cf 2.4), and we have da(e;, ej,ex) = b; jep1 in case i+ j+ 2l =1 (the cases
j+k+20=1o0r i+k+2l =1 are similar). Thus we can compensate all
Massey squares M (a);j; with i+j+20=1, j+k+2l=1o0r i+k+2l=1.
As i,7,k > 2, the highest weight case appears for [ = —2.

On the other hand, for [ > —1 all a;; can be taken to be zero by adding
coboundaries (cf 2.3). Thus M(a);jr = 0 if one index is equal to 1, and the
only squares to compensate are those with i, 5,k > 2. ]

An interesting fact to note from the above proof is that the Massey squares
that one can compensate by 3-coboundaries are the M (a);j; with i+ j+20 =
1, 5+k+2l=1o0ori+k+20=1 for i,5,k > 2 in weight | < —2. In the
following, we will use the notation M,j;, for the coefficient of e; ;4149 in the
corresponding Massey square.

4. DEFORMATIONS IN NEGATIVE WEIGHTS

4.1. True deformations in weight —1. We now consider only square zero
cohomology in weight —1, i.e. those classes in H2(mg,mp) with Massey
square equal to zero (not only as a cohomology class, but as a cochain !). By
the previous section, this determines all deformations of mg in weight —1.

First of all, the 2-family (cf 2.5) is a square zero 2-cocycle, and it is not
contradictory in weight —1 (cf 2.7). But the 2-family is actually a coboundary
according to 2.4.

Now assume that a;; for all ¢,j7 > 2, 7 # j, defines a normalized cocycle,
ie. ars =0 for all s, which we may assume according to 2.3. Observe that
for [ = —1, there is no special equation of type a;_; = a_j41. We assume
further that all Massey squares M;;, are zero. Suppose that £ is the first
integer such that az # 0, k > 4.

As all 3 coefficients below a3, are zero, equation (2) shows that the first
non-zero 4 coefficient is a4 ;—1, and that all 2 coefficients are equal up to
azk, while az; # as gy1-

Denote as3 = ¢. We will establish a table for the coefficients in order to
examine the possible cases:
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Lemma 1. a3 # 0 implies ag 41 # 0.

Proof. If azjy1 = 0, then Mys, = as3aq ) + aspar122. But by equation
(2), agp = a4 and agp — asp = Ao k41 = G2 k42, and therefore Mysz, =
aszagk — azp(azs —asy) = a% i 7 0. This contradiction shows that a3 ;41 #
0. O

For k = 4, a3k = a3,k+1- Then M234 = a3,4(a2,4 - (12,6)~ If a:= as 4 75 O,
then as4 = asp =: ¢, and we have az5 = ¢ —a and thus a —c = a + ¢,
implying a = 0: contradiction.

Let us now suppose k > 5. Then Mzyp_1) = agk-1ak+23 = 0 implies
ajp423 = 0, because aygp—1 = —agy # 0 by equation (2). Consideration of
M23(k+1) =0 gives 23 = A2k+2 = A2 k+3- M23(k+2) =0 gives a4 k42 =
—a3 p+3. M3y, = 0 implies that either a3 43 =0 or az 41 = 2a3. But in
this last case, a5 -1 = —4agy, and Mzs_1) = 0 gives ag k43 = 0 anyhow.
M3y(k41) = 0 gives agp+4 = agp+3-

This gives the following table for the coefficients a; ; (where we used i as
the column index and j as the row index, contrary to the usual convention)
with a3 = a and agz 41 = b:

. [ 2 [3[4] 5 [ 6 |

k-3 c 0] O 0 -a

k-2 c 0] O a 3a+b

k-1 c |0 -a |-(2a+b) | -3a+b
k c |alab a-2b a-3b

k+1|{c+b|b| b b b

k+2 c |0 O 0 0

But the relation as ) = ¢ = ag p+1 + az = ¢+ b+ a shows that a = —b.

Now, if k is odd, we have a3 = a, asr—2 = a, a7 ,—4 = a, and so on, until
we reach the diagonal a; ; = a = 0. Thus in this case we have a contradiction.

But if % is even, we will take the line of a;; given by ¢+ j =4+, and go
to the diagonal: finally, we will also get a = 0, i.e. a contradiction.

In conclusion, a non-zero 3 coefficient for a square zero cocycle leads in
weight —1 to a contradiction. But then all 2 coefficients must be equal by
equations (2), and this gives the 2 family.

In conclusion, we have shown

Proposition 2. There is no non-trivial square-zero cohomology class in weight
Il = —1. In particular, there does not exist any non-trivial true cohomology
class in weight | = —1.

4.2. True deformations in weight —2. We saw in the last section how to
determine all cocycles, here in weight —2, which lead to true deformations.
But as proposition 1 in section 3.1 is not valid in weight —2, we cannot
use the vanishing of all Massey squares to get restrictions on our cocycle,
instead, we have to leave out those which are coboundaries and could thus be
compensated by higher Massey products.

Let w be a cocycle given by its coefficients a; ;. Note that we can still
suppose a1; = 0 for all j > —l+1 and all j < — —1 (cf 2.0, 2.3, 2.4).
On the other hand, we may suppose that we are in the stable range and by
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2.4 that the first terms in the 3 column (i.e. at least a4, az5) are zero up
to a coboundary. As we cannot assume simultaneously that as4, as3s and
aj ;= a1 are zero (cf 2.4), we choose to allow a; 2 non-zero.

When writing a Massey square M;;;,, we will now always suppose that the
indices are ordered ¢ < j < k. The Massey squares which may be compensated
are those M;;, with i+ j + 2] = 1, according to section 3.1. This means in
weight [ = —2 that all Ms3; can be compensated, and that these are the only
(ordered) ones. The other M;;, must be zero.

We start now a case study in order to determine which possibilities there are
for w, imposing that all (ordered) Massey squares M;;, with i+j # 5 are zero.

1st case: Suppose az3 = az4 = 0. Then ass = —azs = —azs and
a5 = a3 5+ Q26 implying that az6 = —2a3;s. Moys = a475(a275 — a277) =0.

case la: ag5 = 0, and thus a34 = azs = 0, aze = 0. Then either
aq45 = 0 (:> ase = 0, ag 7 = 0), or agy7 = 0 (:> ase = 0, aq5 = 0). In any
case az7 =0, azge =0 and as5 = 0.

Suppose now given r (r > 10) such that a;; = 0 for all i + j < r. Then
Msi; = a; j(a2; —a2+j—2+ag j) must be zero for ¢ > 4. Let us suppose i < j
(indices ordered !) and i+ j = r + 1. Then by hypothesis az; = a2 ; = 0
and Mij = —Q; ;42,1 - Thus either a; 5 = 0, or az,y—1 = 0. But these two
elements are on a new diagonal (in the matrix of coefficients a; ;), and all
elements with lower indices are zero. By equation (2) this implies that two
(because approaching the diagonal, one jumps to the next diagonal by the
diagonal equations (cf 2.5) as 441 = ass12) new diagonals are zero, and by
induction, all coefficients are zero in this case.

case 1b: a5 = 1, and thus az6 = 2, as4 = a35 = —1. Now M245 =0
implies as5 = 0 or as7 = 1. But for as7 = 1, we get by repeated use of
equation (2) azg =1, as5 = =2, as6 = —2, ag7 = 3 and finally apg = —2.

Relate this then to Mays = as46(—azg + aze) # 0, to conclude that as7 # 1,
and therefore a4 5 = 0.

This means that all a; ; with 7 4+ j < 10 are the same as for the 3-family
(cf 2.5). Let us show the induction step in order to conclude that two more
diagonals are like in the 3-family. Indeed, suppose now a;; with i +j5 < r
like in the 3-family, and take j =7 —3. We have May; = a4 j(azj —azji2) =
asr—3(a2,r—3 —azr—1) = 0. The coefficient as,_3 must be as in the 3-family
by hypothesis. We want to conclude that a4,_3 = 0 (as in the 3-family),
opening up two more diagonals. Therefore we show that as,_3 # as,—1.

Let us denote az,_3 =t. We have by hypothesis as, o=t +1, ag,_4 =
azr—3 = —1, and aps = 0 for k < s, kK > 4. Suppose az,_3 = az,_1, and
this will lead to as,—2 # 0 while as,_o =t +1 and as, # t + 1. More
precisely, in the new diagonal starting from as,_1 = t, we get az,—2 = 1,
a4r—3 = —2, as,—4 = 2, and then we always get £2, because there are only
zeroes one diagonal higher. By construction » — 1 is odd, say r —1 =2k + 1.
Doing in this sense k—1 steps on the diagonal towards the diagonal transforms
agr—1 = A22k4+1 IO Agp_142 k42 = apy1k+2. But by the diagonal equation
(cf 2.5), apyi1 k2 = Ggt1k+3, and then we work back k — 3 steps to get
+2(k —3), and finally ag, = —(F2(k—3)+1)+t. This is equal to t+1 only
if k=2or k=4. k=2 is already treated, and for £ = 4, one can check
directly that a28 75 210 -
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[213[4]5]
0

0 [-1
1-1]0
2 [1]0 2
3122
114
35

8

In conclusion, the only non-zero cocycle (making zero the non-compensable
Massey squares) compatible with case 1 is the 3-family.

2nd case: Here we can take a3 = a4 = 1. Recall that we choose to take
the first terms in the 3 column (i.e. at least az 4, azs) to be zero (possibly
by adding a coboundary).

case 2a: Suppose as a first subcase a5 = as6 = 0. Then we have up to
a;; with i+ j = 10 the 2-family. Set a5 = a. We get then as9 = 1—a and
az 10 = 1 — 4a by repeated use of equation (2). But Moz = aq7(az4 — a9 +
az7) =0 implies a =0 or a = —1, while Moz = asg(azs — ag10 + azg) =0
implies a =0 or a = —i. In conclusion, a = 0 and the 2-family is reproduced
one diagonal higher. Using May; and May(; 1), one can show in a similar way
that the only solution here is the 2-family.

case 2b: Here as3 = a4 =1, a3g = azs =0, but a := ag5 = as6 #
0. By Moy = asps(asa — as7 + ass), Moss = ase(azs — asg + azg) and
M3y = ass(ass — azr), we get thus azs = aze = 0, a4 + az5 = az7 and
a4 + aze = azg. But then on the one hand as3 = as4 = az5 = aze = as7
by equation (2), but on the other hand a4 + a2 = a7 = 2, which is a
contradiction.

As a conclusion of the case study, the only cocycles which can possibly give
true deformations are the 2-and the 3-family, but possibly with a non-zero
a1,2 coefficient.

The 2-family (cf 2.5) is a square zero 2-cocycle in weight [ = —2, it is not
contradictory in weight —2 (cf 2.7), and is thus one solution here.

The 3-family w has a non-zero Massey square, namely Ma3z; = as; —
aj+1 = 1 for all j > 4. Let us show that the corresponding Massey cube is
then zero, and thus that the 3-family gives indeed rise to an true deformation
in weight —2:

We must write Magy, as a coboundary. The cochain «(e;, e;) = b; jeitj—a
with biJ’ = ]\423]€ for 1 =2 and _] = 3, biJ’ = Mggk for i =3 and j = 2, and
b; j = 0 otherwise satisfies

da(e;, ej,er) = Mogpepii.
We must then compute the Massey cube
Nijk = a(w(ei, ej), ek)—l—w(a(ei, ej), ek)—i-cycl. = ai,jbi+j—2,k+bi,jai+j—2,k + cycl..

But if bj1j_2% # 0, then i + 5 — 2,k € {2,3}. The only possibly non zero
term is thus Nogp = Mograi, =0 (k > 4 here).

Finally, let us show that we cannot get any information about a; o, neither
by the cocycle equations, nor by the vanishing of the Massey squares. This is
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clear for the cocycle equations. Let us show that we cannot deduce a2 =0
from Massey squares which have to vanish. Indeed, when writing down the
Massey squares which involve a; 2, the only possibly non-zero Massey squares
M; i, involving a1 (with ordered indices) have i = 1. But then we have to
have j = 2 in order to involve aj2. One easily checks that Mjg, = 0.

To summarize, we have the following

Proposition 3. The 3-family in weight —2 has a non-zero Massey square,
but its Massey cube is zero, and we get consequently a true deformation. In
weight —2, the 2- and 3-family with possibly a non-zero term ay2 define the
only cohomology classes leading to true deformations.

4.3. True deformations in weight —3. We will determine all cocycles lead-
ing to true deformations in weight —3 once again by imposing on a general
cocycle w given by its coefficients a;; for all 4,5 > 2, 7 # j, that all Massey
squares which cannot possibly be compensated (cf section 3.1) are zero. The
squares which cannot serve to give conditions on the a; j are those M;j; (with
ordered indices i < j < k) with i+ j=7, i+ k=Tor j+k=7.

All 1-coefficients other than a;2 and a3 may be supposed to be zero
by 2.3 (cf 2.4). a;2 = 0 by 2.0. We choose once again that the first 4-
coefficients (i.e. at least ass = a46) are zero, up to a coboundary, according
to 2.5, while not imposing anything on a; 3 (cf 2.4).

Let us draw the table for the coefficients of w:

| 2 [3[4]5]
a
a

a-b

a-2b

a-3b
a-4b

o|o|o|o

Now we write down the Massey squares that we may use: Masg = a276(a2,3—
aze +azs) = a(a — 2b), Maz7 = agz(as3 —azyr +aze) = a(a — 3b), Mays =
(2,403 6 + Q46072 + A6 2054 = ab.

In conclusion, a = 0. But then up to ¢+ j = 10, the 3-family has built up.
Let us show by induction that the 3-family is the only possible solution:

Suppose the a;; up to i +j = r for r > 10 are like in the 3-family (cf
2.5). Consider the Massey square

Moy, = azzasy + aspap2 + ap2ak—13 = azi(ags — ask + ask—1)-

We may use its vanishing to deduce restrictions on the a; ; as soon as k > 6.
For k > 8 and with r = k + 2, Ms3; = 0 implies under the induction hy-
pothesis that a3 = a3 x—1, and we have therefore transmitted the 3-family
to two more diagonals, showing the induction step.

In order to conclude, let us show that the 3-family is of Massey square zero:

Recall that the 3-family is defined by a3 = a # 0, a;, = 0 for all j, k > 4,
and a3 =as4 =0, agy = —(k—4)a for all k> 5.
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It is clear that M (a);jr = 0 for all 7,7,k > 4, by definition of the 3-family.
Suppose i =3 (j =3 or k=3 would be a symmetric case):

M(a)sjr = a3 jajk + ajkaj+k—33 + Qg 30k = ajk(asj + aj1k-33 + az k).

This last expression is zero if both j and k are greater or equal to 4 (as then
ajr = 0), and also if one of them is equal to 2, because in this case the term
in parenthesis is zero. Suppose now that i = 2.

M(a)2jk = a2,jaj—1k + QjkQj+k—32 + Ak 20K—1,5-

In case j,k > 4, this expression reduces to asjaj_1 + ap2ar—1,; which is
evidently zero if both j and k are greater or equal to 5, and in case j = 4,
ar—1,; and ag; are zero. It remains the case where j = 3, but then we get
ag kagz2 + ag2ar-1,3 = 0.

Finally, let us show that the possibly non-zero coefficient a;3 cannot be
shown to be zero using the vanishing of Massey squares. The only M;;, (with
ordered indices) involving a; 3 have i = 1.

Mijr = a15a5 4140k + Q5 kG +k+11 + Ok 1Qk4141,5-

Then for j = 3, we get M3, = 0, and for j + &k = 6, we get also My, =0,
and these are the only combinations (up to reordering) involving a; 3.
To summarize, we get the following

Proposition 4. In weight —3, the 3-family, with a possibly non-zero a3
coefficient, defines the only cohomology class leading to an true deformation.

4.4. True deformations in weight —4. We will determine all cocycles lead-
ing to true deformations in weight —4 once again by imposing on a general
cocycle w given by its coefficients a; ; for all ¢,7 > 2, ¢ # j that all Massey
squares which cannot possibly be compensated (cf section 3.1) are zero. The
squares which cannot serve to give conditions on the a; ; are those M;j;, (with
ordered indices i < j < k) with i+7j =9, i+ k=9 or j+k=9. In weight
[l = —4, we have to be more careful with the conditions as we are not always
in the stable range (cf 2.5). For example, 2.1 implies here that as4 = 0 (and
we can not deduce here az3 = ag4). But for j > ¢ > 3, and for ¢ = 2 and
j > 4 we still have
Ait1,j + Gij+1 = Qi

But then 2.2 implies that ag3 = 0. All 1-coefficients other than a; 2, a13
and aj4 may be supposed to be zero by 2.3, while a1 = a1 3 = 0 follows
from 2.0. We choose once again according to 2.4 that the first 5-coefficients
(i.e. at least as = a5 7) are zero, up to a coboundary, while we do not impose
anything on a4, cf 2.4.

Let us draw the table for the coefficients of w:

L 2 [ 3 [4]5]
0
0 b
-b b |c
-2b b-c [c]|0
c-3b | b-2¢c|c|O
3c-4b | b-3c | ¢
6¢-5b | b-4c
10c-6b




14 ALICE FIALOWSKI AND FRIEDRICH WAGEMANN

Now we write down the Massey squares that we may use: Mg = a4,606,2 =
20(), M238 = as,;gar72 +(1872(1673 = (b— 36) (3()- C) + (30— 4b)(b— C) = —b(b+30) 5
Mose = as 5a3,6 + asear2 + ag 2045 = b(—b 4+ 3c).

Now start a case study: either b = 0, and in this case we want to show that
the 4-family is built up by induction. Indeed, we have Moy, = ag (a4 z—2 —
a4 ;) which must vanish as soon as k£ > 8. In this way we transmit the built
up 4-family to another two diagonals. Or ¢ = 0 and in this case all coefficients
are zero. The zero family is also easily shown to be built up from this initial
stage.

Let us show that the nullity of a;4 cannot be derived from the nullity of
Massey squares. The Massey squares (with ordered indices) where a; 4 shows
up, have either ¢ = 1 or they are Ms34. The latter is zero anyhow, and the
former are shown to be zero as for [ = —1,—2 and —3.

To summarize, we have the following

Proposition 5. The only cohomology class leading to an true deformation
in weight | = —4 is represented by the 4-family, with a possibly non-zero
coefficient aj 4.

The fact that the 4-family has zero Massey square in weight —4 follows
from Proposition 7 in section 4.5.

4.5. True deformations in weight [, | < —5. We will show that in degree
[, the —[ family is of Massey square zero, and that this is the only family for
which all Massey squares which cannot be compensated, are zero. Therefore,
we will show that in weight [, [ < —5, the — =: m family, with a possibly
non-zero coefficient a; ., , is the only cocycle which leads to true deformations.

For this, we need the explicit expression of the non-zero low degree coeffi-
cients of the —[ family. It is obvious from 2.5 how to deduce the expressions
of the coefficients of the general m := —[ family from those for the low degree
families:

The m family: a,; =1, ajx = 0 for all j,k > m+ 1, ap_1m =

am—1mt1 = 0, @1 = —(k— (m+ 1)) forall kK > m+2, apmom-1 =
Um—2m = Om-2m+1 = Om—2m+2 = 0, Qpmo) = (ki(erl))Q(ki(erQ)) for all

k>m+ 3, and Um—3m—2 = Gm—-3m—-1 = Gm—-3m — Gm—-3 m+1 — Am—-3 m+2 =

Am—3m+3 =0, @pm_3 ) = —(kf(mﬂ))(k*(gﬁ,bJrQ))(k*(erS)) for all £ > m+4, and

so on. Observe that the general expression of a coefficient a; ; in this family

Proposition 6. The m-family defines a 2-cocycle in any weight.

Proof. We have to show that the m family satisfies the requirements of
sections 2.1 (i.e. equation (2); observe that with the non-zero coefficients of
the m-family, we are always in the stable range) and 2.2. It is clear that the
requirement of 2.2 is met.

For the equation (2), take the general expression of the above coefficients

(k—(m+1))!
rli(k — (m+r+1))!

Um—rk = +

forall k> m+r+1, and all »r <m —2; £+ denotes an alternating sign with
respect to the parity of r. Now

(k1 =(m+1)=r)(k=(m+1))
amf?“,k’ﬁ’l + am—(r—l),k - T'(k} _ (m + T))' - amfr,k-




COHOMOLOGY AND DEFORMATIONS OF i 15

O

Let us show now that the Massey square of the m-family is zero (i.e. not
only the non-compensable Massey squares, but all).

Proposition 7. All Massey squares of the m-family are zero in weight | =
—m.

Proof. Indeed, we have

Mijk = @ijQivjrik + QG kGG 1h+1i T Ok,iOk+itl,j-
We will always consider ordered Massey squares, i.e. M;j, with i < j < k,
and it will be enough to show that these are zero.

First case: ¢t =m—r, j=m —p,and £k > m+ 1 with p,r > 0. These
conditions imply a; ; = 0, and we get

Mijr = 0jr0j1kt1i + Ok iQktivij
(= lma ) (k=p= (e D)
pl(k—(m+p+1))! rl(k—p—(m+p+1))!
by D)y (B (mt D))

rli(k — (m+r+1))! pl(k —r—(m+p+1))!
Suppose now first that k+¢+1 =k —r > j. In this case we get by taking
out common factors

_ r+1 (k—(m+1))! (k=p—(m+1))! _ (k—r—(m+1))!
Mije = (=) e ey ((kf(gm+p+1))! - (kf(errJrl))!)

which is zero. On the other hand, in case k+i+1 = k—r = j, we
get Kk = m+q, 1 = m—r, j = m—p. Then the only possibly non-
zero term is M;j, = ajrajqk+1,, because apiir;; = 0. But a;jrajip41; =
Um—p,m+q@m-+(g—p);m—(p+q) AN i (g—p),m—(p+q) = 0, because am—smis =0,
Am—sm+s+1 7 0 marks the last zero term in the m family (when fixing
m — s and counting up the second index), but here ¢ —p < p+ ¢. It re-
mains the third subcase where k£ — r < j, but then r > p + ¢, and thus
jtk+li = Amgq—pm—r = 0 and ag; = amyqm—r = 0 by the same reasoning
as before. So the first case is settled.

Second case: i1=m—1r, j=m+p,and k =m+ ¢ still with i < j <k,
i.e. ¢ > p. These conditions imply a;; = 0, and we get

Mijk = ijQitjtik + Ok iGktitlj

=  Om—r;m+pPm—(r—p),m+q — dm-rm+qAm—(r—q),m+p-

Now we study the relative position of r to ¢: if first » > ¢, then ap—r miq =0
and am—rm+p = 0. If r < g, then ap,_(r_g) m1p = 0 and following the relative
position of 7 to p, either ap,_(,—p) miq =0 (7 < p) OF Gprmip =0 (r > p).
In any case, all terms are zero. O

We now come to the last and main point of this section, namely the proof
that the m family is the only family in weight | = —m < —5 which satisfies
the vanishing of all Massey squares which cannot be compensated, i.e. of
all Massey squares whose vanishing is necessary in order to have an true
deformation.

Let therefore w be a cocycle given by its coefficients a; ;. By 2.1, we have
for i 4+ j > m+ 2 the usual (or stable) cocycle identity a;11,; + @i j+1 = @i,
and for i +j = m,m + 1 just a;41; + a; j4+1 = 0 while there is no equation
for lower i 4 j. By 2.2, we have a;; = 0 for ¢ + j = m + 1, compatible
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with the foregoing statements. By 2.0, the coefficients a12,...,a1,,—1 are
zero, while by 2.3 a1 41, 01,m+2,... may be taken to be zero. Once again,
we do not impose anything on a1, in order to use the freedom of choice for
a coboundary to take the first coefficients (from the diagonal) in the m + 1st
column to zero, according to 2.4.

The Massey squares which can be compensated and thus do not impose
conditions on w are the M;j, with i +j =2m +1, j+k =2m +1 or
k+i=2m+1.

Let us draw a diagram of the coefficients of w:

| | m-2 | m-1 [ m |[m+l[m42]
m-1 a

m a b

m+1 a-b b c

m+2 a-2b b-c c 0
m+3 a-3b+-c b-2¢ c 0
m-+4 a-4b+3c b-3c c -e
m+5 a-Hb+6¢ b-4c ct+e | -2e
m+6 a-6b+10c b-5c-e | c+3e
m—+7 || a-7Tb+15c+e | b-6c¢c-4e

m+38 || a-8b+21c+5e

Let us also expose some Massey squares M;;;, (such that no sum of pairs
of indices gives 2m + 1):

Mm—1,m,m+3 Am—1,mam—1,m+3+m,m+30m+3,m—1+0m+3,m—10m+2,m=b(b—2c),

Mmp—1,m+1,m+3 = Gm—1,m+10m,m+3+ 0m+1,m+30m+4,m—1+8m+3,m—10m+2,m+1=bc,
Mm,m+2,m+3 =  Gm,m+20m+2,m+3+Am+2,m+3m+5,m+0m+3,mam+3,m+1=e(c—e),
Mpm—2,mmt+2 = amfgymamfg,nwg+am,m+2am+2$m,2:(a—c)(a—2b),

Mp—2mmtds =  Gm—2,m0m—2,m+4+0m,m+40m+4,m—2+0m+4,m—2am+2,m=a(a—4b+3c),
Mm—2mm+5 = Gm—2m0m—2m+5+0m m+50m+5m—2+0m+5m—2am+3m=(a—5b+6¢)(a—e).

My—1 m+1,m+3 = bc = 0. Now start a case study:

First case: b = 0, then by M;,_2,,m4+2 = 0, either a =0 or a = c. In the
first subcase, M;,—2m m+5 = 0 implies ce = 0, thus the only possibly non-
zero parameter is ¢ by My, 42 m+3 = 0. Note that a non-zero ¢ corresponds
to the m family. In the second subcase, a = ¢ and then M2 mys = 0
implies a = 0. Finally a =b=c=e =0 by My, m4+2m+3 =0.

Second case: ¢ = 0, then by M, mi2m+3 =0, e =0, by My_1 mm+3 =0,
b =0, and finally by M;,—2 mm+ys =0, a=0.

Now it is clear how to perform an induction step showing that the m family
is transmitted to a next two diagonals for example using M, —2 m m+7:

Mm—?,m,m—i—? = am—?,m—i—?(am—Q,m — Amm+7 + am,m+5)a

and by assumption a,,—2 m+7 # 0, @m—2.m = 0, and thus by M,,_2 1 m+7 =0,
Qm,m+7 = @m.m+5 = ¢ which is the induction step. This shows that starting
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from the (m — 2)nd column, all coeffcients are as in the m family. In order
to come to lower coefficients, take for example
Mm73,m+1,m+5 = Om—3,m+1%m—2,m+51tAm+1,m+54m+6,m—3+Am+5m—30m+2,m+1-

Here, am+t1,m+5 = @mt2,m+1 = 0 and ayy—2,m+5 # 0 by assumption, therefore
am—3,m+1 = 0 which transmits the m-family to the (m — 3)rd column.

Finally, let us argue that the coefficient ay ,, cannot be shown to be zero by
the vanishing of Massey squares. Indeed, in order to involve ai ,,, the Massey
square M;;;, (with ordered indices) must have either i =1 or i +j+1 =1,
j+k+1l=1o0r ¢+ k+1=1. The first alternative is rather easily seen to
be zero. Fix i + 5+ =1 for the second alternative. It describes a situation
where the coefficient ay ,, is multiplied by a;; with i +j = m 4+ 1. This
coefficient is zero.

To summarize, we have the following

Proposition 8. The only non-zero cohomology class compatible with the van-
ishing of all Massey squares which cannot be compensated, is the m-family in
weight | = —m < =5, with a possibly non-zero coefficient aq , .

5. DEFORMATIONS IN ZERO AND POSITIVE WEIGHTS

5.1. True deformations in weight [ = 0. In weight [ > 0, a new phenom-
enon is happening: we have a relation between the Massey squares. Recall
that the cocycle coefficients a; ; are supposed to be antisymmetric in ¢, 7, and
that a;; is set to zero for all .

Proposition 9. Let i, 5, k, be three integers, i,k > 2 and j > 3. We have
the relation
Miji + Mi-1yk1) + MrnyG-nr = Mig-1)k-
Proof. We have by definition
Miji + MiG-1)(k41) = GijQivjelk + 05 Grhyli+

Uk,iGitk+l,j + Wi j—10itj—141k+1 T G- 1 k105 4k+1i T Okt 1,iGit bt 141,51

We transform the terms a; ;a4 x41,+0j—1 k+10j4k+1,i, Using repeatedly the
cocycle equation (2) to
Wk li (A + Q-1 k41) = QjakttiGi—1k = Gj—1k(0j4k—141i = Cjth—1+41,i+1)-

We transform the terms a; ja; 441 x+a; j—10i4j—141,k+1, using the equations
(2) to

Qi,j Qi j+i T Qi —10itj =141k — Gij—10itj41 k-

We transform the terms ay ;a;x41,; + Gkt1,i0itk+141,j—1, using the equa-

tions (2) to
Uh,i@ithtl,j—1 — @hiQith+14+1,j—1 T QU 1,i Qi k14,51

In these three transformations, the sum of the first term of the first, the

second term of the second and the first term of the third give together
Aj 1 k@ rk—1+1i T Qi j—10irj 1411k T Ok iQitkrij—1 = MiG_1)k-

The remaining terms read

=1 kO k14141, Qi o L k™ Qi j— 1 Vil b~ ke i Qi koA 14-1,j —1 T Q1 i G ke 141, —1-

Here, the second and third term give

A 5Ai4 541k — (ai,jaiJerrl,k + ai+1,j—1ai+j+l,k) = Qi 41, kAi+1,5—1,
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while the last two terms give

(kg1 F A ig 1) Qi bt 14,5 —1 F Ut 1,5 Qi 141, —1 = — Qi 141, — 10k 115

still using the equations (2).
In summary, the remaining terms give

=1 kOt k— 14+t — Qi k@it 1, j—1 = Qitk 141, —10ki+1 = —Mip1)G—1)k-

This ends the proof of the lemma. O

Corollary 1.
MGk + Migroyk—1) = Mir1y(k—1)-

Observe that also repeated indices may give interesting relations: for ex-
ample, for ¢ =2, j =4 and k =4, we get Moy = Mags. It is easily shown
by these relations that the nullity of My, for all k& > 4 is necessary for the
nullity of all Massey squares, and that the nullity of Mo, for all r,s > 3
is necessary and sufficient for the nullity of all Massey squares. We believe
that the minimal set of Massey squares whose nullity implies the nullity of all
Massey squares is somewhere in between these two sets, but we could not get
hold on it.

Now, we will determine all square zero cocycles, i.e. all true deformations
of mgy, in weight [ = 0: first of all, the 2-family is such a cocycle. Then,
let us suppose that w is a non-trivial 2-cocycle which is independent of the
2-family and has zero Massey squares; as before, we think of w as given by the
coefficients a; ;, and we will distribute letters to its initial terms: as3 = a,
as4 = b, and so on.

Using equations (2), we establish the following diagram which is of course
valid for all weights [; observe that the general expression for the coefficients
in section 4.5, proof of proposition 6, leads for general coefficients a3 =:
Up = @a,a34 =: u3 = b,a45 =: ug = ¢ and so on (by linearity) to the formula

j—1 .
= G (m+ 1)
) = mZ::Q( D (m—0)Yj —2m+i— 1)V

which may be used to compute the coefficients in the following diagram
more easily (than by a recursive formula).

[ 2 | 3 | 4 | 5 [6 [7]
3 a
4 a b
5 a-b b c
6 a-2b b-c c d
7 a-3b+c b-2¢ c-d d e
8 a-4b+3c b-3c+d c-2d d-e e | f
9 a-bb+6¢-d b-4c+3d c-3d+e d-2e e-f | f
10 a-6b+10c-4d b-5c+6d-e c-4d+3e d-3e+f | e-2f
11 a-7b+15c-10d+e b-6¢+10d-4e c-5d+6e-f | d-de+3f
12 a-8b+21c-20d+5e b-7c+15d-10e+f | c-6d+10e-4f
13 || a-9b+28c-35d+15e-f | b-8c+21d-20e+5f
14 || a-10b+36c-56d+35e-6f
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JFrom now on, we consider weight [ = 0.

Order the Massey squares by their level, i.e. we say that M;;; has level
i1+ 7+ k. Computing Massey squares and setting them equal to zero gives an
infinite family of homogeneous quadratic equations for the infinite family of
variables a,b,c,d,....

In level 9, the only Massey square is Mosy, and its nullity gives

3b% — be — 2ac = 0.

In level 10, the only Massey square is Mass, and its nullity gives the same
equation. In level 11, there are Massey squares Mogs and Moys, and their
nullity gives (possibly by subtracting the previous equation) in both cases

2ad — 4bc — bd + 6¢2 — ¢d = 0.

In level 12, there are Massey squares Moasy, Mayg and Msys, and their nullity
gives (possibly by subtracting the previous equations) in all cases

—3bd + 4¢% — 3ed = 0.

Going higher in this hierarchy of equations and variables, there are at each
new level some (possibly) linear independent equation. Proposition 9 only
tells us that the nullity of Ms,s with 2 < r < s is enough in order to have all
Massey squares zero. We don’t know which of these equations are in fact the
independent one’s.

In Massey square level 14, we arrive at 5 equations for the 5 variables
a, b, c,d, e, which read (after subtracting at each step multiples of the previous
equations):

32 —be — 2ac =

2ad — 4bc — bd + 6¢* — cd =

—3bd 4 4c* — 3cd =

e(—2a + 3b — d) + 5bd — 15¢d + 10d> =

e(—6a + 15b — 4¢ — 11d) — 55¢d + 50d? +15bd = 0

The discussion of these equations (either by hand or by a system computing
a Grobner basis for the homogeneous polynomials) gives as non-zero solutions
the 2-family and one other family with coefficients a = %, b= 6—10, c= 4—§0,
etc. We describe this family from another point of view in subsection 5.3,
which will show that this family must verify all equations and not only the
five equations we wrote down. These are the only square zero solutions in

weight 0, and we have determined all true deformations in this case.

o O O O

5.2. True deformations in weight [ > 0. In the weight [ =1 case, we get
from the same diagram as in weight | = 0 up to Massey level 15 (where we
took only the equations of type Magy in order to simplify) six homogeneous
quadratic equations in six variables which read:

—3ac+4b2—-3bc =

—5bc—2bd+10c? —4cd+3ad =

5¢2—4bd+2be+ec—6cd =

e(—3a+11b—5d+3c)—6bd+15¢2 —39cd+20d? =
e(—9a-+35b—35d)+ f (—4b+2c+2d)—6bd+30c? —111cd+90d?> =

o o o o o o

e(—18a+75b+11c—186d-+35e—6f)+ f (3a+20c—24b+16d) —4bd+50c? —234cd+252d2 =
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By a computation with MUPaD which determines a Grobner basis for the
homogeneous polynomials corresponding to these equations (actually we took
here all equations of type My,s), one obtains as (non-zero) solutions the 2-
family, a solution a =0,b=0,c=0,d=0and e=1, f = %, and a further

1 . _ 1 g_ 1 5 _ 1
7’0_42’d_231’ 21-286’f_21~286'

with e=1 and f = % does not survive the next level of Massey squares.
But the solution starting with ¢ = 1, b = % continues with g = ﬁ,

solution a =1, b = e= The solution

_ 1 S | . 5 _ 1 . . .
h = 158567+ 1 = Gaeeas: J = Tasrasss K = Tssoorse - e Will describe this
family from a different point of view in section 5.3, and we will show there
(implicitly) that this solution survives to infinity.

Proposition 10. In weight | = 1, there are exactly two non-equivalent true
deformations.

The problem of determining the explicit square zero cocycles in each weight
l case seems to be a rich problem. We tried to say something about the rank
of the finite Jacobimatrix either associated to the set of equations of type
Mos,.s = 0 for all r,s, or to those of type Mass, for all r, when we truncate
the number of variables and consider only those equations involving these
variables. With this matrix, it is obvious that the set of solutions (of the
truncated problem) is an algebraic variety of dimension greater or equal to 1
(because the equations are homogeneous), but we couldn’t decide whether the
dimension drops down to 1 in each weight. In fact, within the possibilities
of our computer, we computed (using all equations of type Ma,s = 0) the
dimension of this variety as far as possible for [ = 2 and it remained 2. Is
the set of solutions always a variety 7 Is it always of finite dimension 7 Can
we give asymptotics or bounds or a formula for the dimension 7

5.3. Identifying the cocycles and the deformed algebras in weight
zero. We now construct deformations from the previously determined weight
I 2-cocycles given by their coefficients a;; in the following way: using still
the e; for ¢ > 1 as a basis, the deformed bracket reads

lei,ejle = lei,e5] + taijeirj

It is clear that all square zero 2-cocycles give in this way true deformations
of my for which only the linear term is (possibly) non-zero; this means in
particular that the bracket [—, —]; satisfies the Jacobi identity without adding
terms containing higher powers in t.

The weight I = 0 case is the most interesting, because here deformations
give automatically rise to N-graded Lie algebras which must fit in the classi-
fication [1]. In this classification, the three N-graded Lie algebras where e;
has non-zero brackets with all other basis elements are

(1) mg; brackets: [e,e;] = e;41 for all i > 2,
(2) mg; brackets: [er,e;] =e;4q for all i > 2, [es, €] = ejyqy forall j >3,
(3) Lq; brackets: [e;, ej] = (j —i)eiy; for all 4,5 > 1.

The complete set of infinitesimal deformations of L; and the complete set of
formal deformations of L is given in [2]. Let us consider in this section the
same problem for mgy in weight [ = 0.

Taking as 2-cocycle the 2-family, we get in weight [ = 0 a Lie algebra
m(t) which must be N-graded and which is easily seen to be generated by
e1 and eg: indeed, [e1,e;]s = [e1,€;] for all @ > 2. The complete relations for
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m(t) are
{ [el,ei]t = €i+1 V 7 Z 2
[eg,ej]t = t€j+2 v j > 3
Thus this family describes the deformation of my to msy.

Now there is also a cocycle describing the deformation of my to L;: observe
that the generators e; for ¢« > 1 of my do not satisfy the right relations, seen
as elements of L;. Therefore, one must first perform a change of base: let us
define é1 = ey, €3 = ey, €3 = €3, €4 = %64 and in general

1
(1—2)

for all ¢ > 5. Then the relations are easily computed to be

€, = 'ei

[€1,6i] = (i — 1)€;41.
The cocycle relation (2) for a cocycle given by coefficients b; ; transforms in
the new basis to

(G —=Dbjprp + (E=1)bjpp = (G+Ek+1—1)bj4.

It is easy to check that the 2-cochain given by the coefficients b; ; = (j — 9)
is indeed a 2-cocycle for [ = 0. One also easily checks that the 2-cocycle
bij = (j — 1) is of Massey square zero, i.e.

bi itk + 0jkbj ki + Ok ibryij = 0.

It therefore determines a deformation m2(¢) of mg in weight | =0 to L, and
we showed in the previous section that these are all possible deformations of
mg in weight 0.

Let us finish with the identification of the deformations in weight [ = 1.
It is clear that the 2-family leads to a non-trivial true deformation. This is
then a weight 1 variant of the Lie algebra my. The other cocycle, determined
using MUPaD, is more interesting. Indeed, there is a general procedure of
constructing positive weight, true deformations for mg: consider the Lie alge-
bra L, with its generators eq, ea, e3, etc and its relations [e;, e;] = (j—1)eit;
for all 4,5 > 1. Define a Lie algebra L;1{2} by generators e;, e3, es4 etc (the
suppression of eg is indicated by {2} in the notation !) and the relations of
Ly for the remaining generators. Introduce a new basis f1 := e1, fo := e3,
f3 := ey4 etc, and another new basis g1 := e, gx := (K — 1)! f forall £ > 1.
We compute the relations to

B KNk -1)!
[91:9k) = Gr+1,  [9ks Gpr1] = mgzkﬂ-

When interpreted as a deformation of mg, one can then compute the coeffi-

. . . 11!

cients a;j of the corresponding 2-cocycle. One obtains as3 = % = % -1,
32 _ 1 1 —_ 43 _ 1 1 54l 1 1 — 651 _

34 = 7T = 60 " 7> %45 = Tor T 0 a2 95,6 = T T 60 " 231 96,7 = 3T —

1. 5 _Tel 11 : :
50 3T9sg s @78 = Ta1 = &0 * a1ssg and so on. Thus, this deformation has as

its infinitesimal cocycle the cocycle we determined using MUPaD before, up
to a factor 6—10. By construction, it is clear that it defines a cocycle and a true
deformation, because L1{2} is a Lie algebra.

In the same way, one can define Li{m} by the span of the vectors e,
em+1, em+2, etc for any m > 2, in other words, by the suppression of all
basis vectors from ey up to and including e,,+1. This gives a non-trivial
true deformation of weight m — 1. Together with the deformation given by
the 2-family, these two constitute two independent true deformations in any
positive weight.
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