DEFORMATIONS OF FOUR DIMENSIONAL LIE
ALGEBRAS

ALICE FIALOWSKI AND MICHAEL PENKAVA

ABSTRACT. We study the moduli space of four dimensional ordi-
nary Lie algebras, and their versal deformations. Their classifica-
tion is well known; our focus in this paper is on the deformations,
which yield a picture of how the moduli space is assembled. Sur-
prisingly, we get a nice geometric description of this moduli space
essentially as an orbifold, with just a few exceptional points.

1. INTRODUCTION

Lie algebras of small dimension are still a central area of research,
although their classification is basically known up to order 7 (for in-
stance, see [12, 14, 15, 10, 13]). The reason for this is that they play a
crucial role in physical applications (especially in dimension 4). Despite
the classification of these algebras, the moduli space of Lie algebras in
a given dimension is not well understood. We should mention [9], on
the variety of n dimensional Lie algebra structures. Moreover, in the
existing classifications there are often overlaps of families determined
by parameters and the manner in which unique objects are singled out
is somewhat artificial. Our solution of this problem is to consider the
cohomology of the Lie algebras as well as their versal deformations, and
use this information as a guide to their division into families. This is
the additional information which provides us with a natural division of
the moduli space of Lie algebras into families, as well giving us a geo-
metric picture of the structure of the moduli space. We did a similar
study for 3 dimensional Lie algebras in [7].

The goal of the present paper is to get an accurate picture of the
moduli space of complex 4-dimensional Lie algebras. The key ingredi-
ent in our description will be the versal deformations of the elements
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in the moduli space; therefore cohomology will be a primary computa-
tional tool.

In this paper we will show that the moduli space of Lie algebras on C*
is essentially an orbifold given by the natural action of the symmetric
group Y3 on the complex projective space P*(C). In addition, there are
two exceptional complex projective lines, one of which has an action of
the symmetric group 5. Finally, there are 6 exceptional points. The
moduli space is glued together by the miniversal deformations, which
determine the elements that one may deform to locally, so deformation
theory determines the geometry of the space. The exceptional points
play a role in refining the picture of how this space is glued together.
By orbifold, we mean essentially a topological space quotiented out by
the action of a group. In the case of P", there is a natural action of
Yna1 induced by the natural action of 3,1 on C™. An orbifold point
is a point which is fixed by some element in the group. In the case of
Yna1 acting on P") points which have two or more coordinates with the
same value are orbifold points, but there are some other ones, such as
the point (1: —1) = (—1:1).

In the classical theory of deformations, a deformation is called a
jump deformation if there is a 1-parameter family of deformations of a
Lie algebra structure such that every nonzero value of the parameter
determines the same deformed Lie algebra, which is not the original
one (see [8]). There are also deformations which move along a family,
meaning that the Lie algebra structure is different for each value of the
parameter. There can be multiple parameter families as well.

In the picture we will assemble, both of these phenomena arise. Some
of the structures belong to families and their deformations simply move
along the family to which they belong. If there is a jump deformation
from an element to a member of a family, then there will always be de-
formations from that element along the family as well, although they
will typically not be jump deformations. In addition, there are some-
times jump deformations either to or from the exceptional points, so
these exceptional points play an interesting role in the picture of the
moduli space.

The structure of this paper is as follows. After some preliminary def-
initions and explanation of notation, we will explain our classification
of four dimensional Lie algebras, giving a comparison between our de-
scription of the isomorphism classes of Lie algebras and the ones in [2]
and [1]. Our division of the algebras into families is based primarily on
cohomological considerations; elements with the same cohomological
description are placed into the same family in our decomposition. The
correlation between our decomposition and the one in [1] is very close.
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The main differences arise out of our intention to divide up our families
as projective spaces, a point of view which only partially occurs in [1].

After giving a description of the elements of the moduli space, we
then study in detail miniversal deformations of each element, and de-
termine how the local deformations behave. The main tool used in this
paper is a constructive approach to the computation of miniversal de-
formations, which was first given in [5, 6]. We do not provide complete
details about the method of construction, but try to provide enough
information that the reader might be able to reconstruct miniversal
deformations from the data we provide. Our goal here is to use the
constructions to give a picture of the moduli space, rather than to
demonstrate the constructions themselves.

Finally, we will assemble all the information we have collected to give
a pictorial representation of the moduli space.

2. PRELIMINARIES

In classical Lie algebra theory, the cohomology of a Lie algebra is
studied by considering a differential on the dual space of the exterior
algebra of the underlying vector space, considered as a cochain complex.
If V' is the underlying vector space on which the Lie algebra is defined,
then its exterior algebra A V has a natural Zs-graded coalgebra struc-
ture as well. In this language, a Lie algebra is is simply a quadratic odd
codifferential on the exterior coalgebra of a vector space. An odd codif-
ferential is simply an odd coderivation whose square is zero. The space
L of coderivations has a natural Z-grading L = € L,,, where L, is the
subspace of coderivations determined by linear maps ¢ : A"V — V.
A Lie algebra is a codifferential in Ly, in other words, a quadratic
codifferential. (L algebras are just arbitrary odd codifferentials.)

The space of coderivations has a natural structure of a Zs-graded
Lie algebra. The condition that a coderivation d is a codifferential
can be expressed in the form [d,d] = 0. The coboundary operator
D : L — L is given simply by the rule D(y) = [d,¢] for ¢ € L;
the fact that D? = 0 is a direct consequence of the fact that d is an
odd codifferential. Moreover, D(L,) C L,4;, which means that the
cohomology H(d) = ker D/Im D has a natural decomposition as a Z-
graded space: H(d) =[] H"(d), where

H"(d)=ker(D: L, — Ly,1)/Im(D : L, 1 — L,).

Recall that for an arbitrary vector space V' of dimension n, the

dimension of A"V is just (). If {e1,...,e,} is a basis of V, and

I = (i1,...,0) is a multi-index with iy < -+ < 4, and we denote
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er = €;, - -¢e;,, then the e;-s give a basis of /\k V. Define cpjl- € Ly by
¢l(es) = dje;, where 07 is the Kronecker delta. The elements of Lj, are
all even if k£ is odd, and odd if k is even; to stress this difference, we
will denote even elements as ¢f, but odd ones as ¢]. Because we will
be working with a four dimensional space, only Ly, Ly, Lo, L3 and Ly
are nonzero, so 1 and 3 cochains are even, while 1, 2 and 4 cochains
are odd. In general, the dimension of L; is just n(Z), so for our case,
dim Lo =4, dim L; = 16, dim Ly = 24, dim L3 = 16 and dim L, = 4.
The Lie algebra structures are codifferentials in L,. In order to
represent a codifferential d as a matrix, we choose the following order

for the increasing pairs I = (iy, i) of indices:

{(1,2),(1,3),(2,3),(1,4),(2,4), (3, 4)},

and denote the ith element of this ordered set by S(¢). Using this order
and the Einstein summation convention, we can express

d= a;«pf(] ),

Let A = (a}) be the matrix of coefficients of d. The first column
represents d(ejez), the second d(ejes), etc. The Jacobi identity of the
Lie algebra is given by the equation [d, d] = 0, which can be expressed
in matrix form as AB = 0, where B is the matrix

[ 4 —ag a3 —ay —ay—ag ]
—a3  —eg—ay  —a3  ap—as
B.— —ag 1— ag Za?l X 4ai X ag +4a%
a3 —ag +ay; —ay+ ay —as
—aé + a% a% ai + a% a%
ag + a% aj + a% ai’ —a‘ll ]

Since AB is a 4 x 4 matrix, we obtain 16 quadratic relations among the
coefficients that must be satisfied. In principle, it should be possible to
use a computer algebra system to determine the solutions, but in our
experience, this method has some drawbacks, unless one reduces the
problem to some special cases, which we will do below.

In order to classify the solutions, we note that the dimension of the
derived algebra is just the rank of A. We will show that the rank of A
is never larger than 3. From this it follows that there is an ideal I of
dimension 3 in the Lie algebra L, which gives an exact sequence of Lie
algebras

0—-1—-L—-K-—0,

where K is the abelian Lie algebra of dimension 1. But then, the
structure of L is completely determined by the structure of I as a Lie
algebra, and an outer derivation ¢ of I. In [7], the moduli space of three
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dimensional Lie algebras was studied, and we will use the classification
given there, because we will use in our classification the structure of
the cohomology of these Lie algebras, which is given in detail in that

paper.

3. DIMENSION OF THE DERIVED ALGEBRA

We separate the types of Lie algebras into two distinct cases.

(1) Every independent pair of vectors spans a two dimensional sub-
algebra.
(2) There are independent vectors z, y and z so that d(zy) = z.

The first case is interesting, in that, up to isomorphism, over any field
K, there is exactly one nonabelian Lie algebra in each dimension greater
than one satisfying this property, and it is given as an extension of a one
dimensional Lie algebra by an abelian ideal. To see this, suppose that
L has dimension at least two, is nonabelian, and satisfies the prop-
erty that every independent pair of vectors spans a two dimensional
subalgebra.

Let « and ' be two independent elements whose bracket [z, ] =
ax}+by’ does not vanish. We may assume that a # 0. If 21 = 2] +b/ay’
and y = 1/ay’, then [z1,y] = z1. Next, suppose that z} is independent
of xy and y. Let [x},y] = azl, +by. Then 1 + azh + by = [z + b, y] =
p(z1 + o) + qy, for some p and ¢, so a = 1. Let x9 = x%, + by. Then
(9, y] = xo. Now, express [z1, x| = axy + bxy. Then axy 4 bry — x5 =
(21 + y,x2] = p(x1 + y) + qra, which implies that ¢ = 0. Similarly,
1+ bry = [x1,y+ 2] = pr1+q(y+x2), s0 b =0 and thus [z, xs] = 0.
The process can be repeated indefinitely, so we finally obtain a basis
{z1, ..., 2, y} satistying [z;,y] = @, [x;,2;] = 0.

Finally, let us show that the bracket of any two elements is linearly
dependent on them. Let u = a'z; + by and v = c‘x; + dy, then [u,v] =
a‘dr; — c'br; = du — bv. Clearly, the x;-s span an abelian ideal in the
algebra, so L is an extension of the one dimensional Lie algebra spanned
by y by this ideal. It follows that there is an abelian ideal of dimension
n; moreover, this ideal coincides with the derived algebra, so the rank
of the matrix A is precisely n, one less than the dimension of the vector
space. In fact, the matrix A has precisely the form A = [§{], where I
is the n x n identity matrix. This completes the description of the first
case.

For the second case, suppose that there are linearly independent
vectors such that d(ejes) = es, so the matrix A of d satisfies al =
a? = a} =0, a3 = 1. One can easily check the possible solutions by
considering subcases of this second case. For example, either e, e
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and ez span a subalgebra, or we can assume that d(ejes) = e4. Since
it is well known that the derived subalgebra of any 4 dimensional Lie
algebra has dimension at most 3, we will not give a detailed analysis
of this issue, and simply point out that the division into subcases can
be carried out relatively easily. However, we note that even without
breaking up the second case into subcases, we can solve the Jacobi
identity using Maple, yielding around 40 solutions all of which have
matrices of rank less than or equal to three. We note that the solutions
are well defined over any field, so the fact that the derived algebra has
dimension 3 is independent of the field K as well.

4. EXTENSIONS OF C BY A THREE DIMENSIONAL IDEAL

From now on, in this paper, we shall assume that we are working
over the base field C. It is not difficult to classify the moduli space over
R as well. Over fields of finite characteristic, and over other fields, even
the classification of 3 dimensional Lie algebras is quite complicated.

Since the dimension of the derived algebra is never more than 3, every
4 dimensional Lie algebra is given as an extension of C by some three
dimensional ideal. In [7], a complete classification of three dimensional
algebras and their cohomology was given. We summarize the results
about the cohomology in Table 1. Here we have realigned the family

Type Codiff H! H? K3
di = ng P 4 5 2
d> =13,(C) R 3 3 0
dz(1:1) = 13(C) 1P+ P+ 5 1 1 0
Ao\ p) =t (C) YPA+YE+9P 1 1 0
dz(l : O) = t2<(C) e C w%S + w%3 9 1 0
dy(1:—1) =t3_1(C) I3 42 — 2 1 2 1
ds = 5l(C) Prof e 0000

TABLE 1. Cohomology of Three Dimensional Algebras

of codifferentials as presented in [7] in order to identify elements which
have the same cohomological type as belonging to the same family. The
changes are actually modest: the family do(A : 1) coincides with d(u/))
of that paper except that the new element dy was given as d(1) in the
paper, and the element d(1 : 1) corresponds to the element ds in the
previous paper. In addition, we have introduced projective notation for
the family da(A : p). Tt should be noted that da(A : ) = do(p = A), so
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the family can be identified with P'(C)/%,, which makes it an orbifold
with orbifold points at da(1 : 1) and dp(1 : —1), where there is some
atypical phenomena in the moduli space. At the point dy(1 : 1), there
is a doppelganger dy, whose neighborhoods coincide with those of the
point ds(1 : 1), and which also deforms infinitesimally into dy(1 : 1). At
the point dy(1 : —1), there is a deformation in the d3 direction as well as
a deformation in the direction of the family. Otherwise, members of the
family do(A : p) deform only in the direction of the family itself. The
codifferential d; has deformations into every other type of codifferential
except dy, which accounts for why it has such a large dimension of H?.

In order to determine all the codifferentials of degree 4, it is only
necessary to study the equivalence classes of codifferentials given by
extending C by a 3 dimensional algebra, via an outer derivation. For
this reason, in Table 1, we have denoted by H' the dimension of the
outer derivations, unlike our convention in [7]. In most cases, an exten-
sion of C by a 3 dimensional algebra is equivalent to either an extension
by the Heisenberg algebra d;, or an extension by the zero algebra, that
is, a three dimensional central extension of C. For each of the types of
3 dimensional algebras in our classification in Table 1, we will analyze
the extensions of C, by studying the outer derivations.

Suppose that A is a matrix representing a codifferential d and A’
is the matrix representing a codifferential d’. The codifferentials d
and d’ determine isomorphic Lie algebras, and we call them equivalent
codifferentials, if there is a linear automorphism g : V' — V such that
d' = g~'dg, where § : /\2 V — /\2 V' is the induced isomorphism. If we
represent g by the 4 x 4 matrix G = (g}), where g(e;) = gle;, then § is
represented by the 6 x 6 matrix @, in other words, g(es(;)) = Qées(i),
then the coefficients of @) are given by the formula

Q;l =909 — 9/"gr, where S(i) = (k,l) and S(j) = (m,n).

It follows that d is equivalent to d’ precisely when there is an invert-
ible matrix G’ and a corresponding matrix ) such that A’ = G~1AQ.
It is usually easier to check by computer whether there is a matrix G
and corresponding @) so that GA" = A(Q), but then one must be careful
to check that det(G) # 0.

4.1. The simple Lie algebra d; = sl5(C). Since sly(C) is simple, all
derivations are inner. As a consequence, any extension of C by sly(C)
is just a direct sum sly(C) @ C. This 4 dimensional algebra is given by
the codifferential

(1) dy = 3" + ¥y + U7,
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which represents the simple algebra sl(C) & C in the BS list [2].

4.2. The solvable Lie algebra dy = r3(C). This algebra is given by
the codifferential

dy = y° + 15",

H'(dy) = (92,03, ¢2). Thus a generic outer derivation of dy is given
by § = p3x + ©sy + p?z. An extension of C by § is given by the rule
d(e;eq) = 0(e;). We compute

d(ejeq) = ey d(esey) = €12+ eqr d(eszey) =0,
so that the general formula for an extension d of C by d is

d = +95 + 'y + oz + gt

When 22 + 4yz # 0, d is equivalent to the codifferential
(2) dy =i + 3,

which represents the Lie algebra ty @ vty in the BS list. When 22 +
4yz = 0 and the three parameters are not all 0, then the matrix can
be transformed into the matrix of the codifferential

di(1:0) = 43"+ 03” + 97, +",
which represents the Lie algebra gg(0) in the BS list.

4.3. The solvable algebra dy(\ : p). This algebra is given by the
codifferential

do(A: 1) = YA+ PP + 3P,
If we consider the trivial extension of C by da(A : ), then {ey, eq,e4}

span an abelian ideal, so this case reduces to an extension of C by an
abelian ideal. To analyze nontrivial extensions, first note that

H(dz(1:0)) = {1 + 3, 63)
H'(da(X\: 1)) = (@1 + 3)  otherwise
If we extend our codifferential by the derivation § = (] + 3)x + @3y,
the extended codifferential is
d=dy(X: )+ (91" + 93" )z + @by,

When x # 0 then if A = u, the extended codifferential is equivalent to
the codifferential dy(1 : 0), otherwise it is equivalent to the codifferen-
tial db.

When x = 0 and p # 0, the codifferential is equivalent to the unex-
tended codifferential which we will identify with the codifferential

dy(A: g 0) = A+ 7t + 93t + g,
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which represents the Lie algebra vz ,/\(C) @ C (unless A = p, in which
case it represents the Lie algebra t3(C) @ C). When p = 0 and 2 = 0,
then if y # 0, the extended codifferential is equivalent to dz(1 : 0 :
0), which represents the Lie algebra g,(0,0), but when y = 0, the
unextended codifferential is equivalent to the codifferential

ds(0: 1) = 95" + 3",
which represents the Lie algebra ty(C) @ C?.

4.4. The Heisenberg Algebra d; = n3(C). Let d; = ¥# be the
three dimensional Heisenberg algebra. Then

so H'(d,) is four dimensional. If we consider a generic outer derivation
0 = p5a+ @b+ (o1 + @r)e+ (1 + @h)d,

the term 3%a + ¥31c + 3% + ¥3d + 14 (c + d) would be added to d;
obtain the extended codifferential. If we set a = a2, b = a2, c = a2 and
d = al, then we get the extended codifferential

4= 1 ) + R o il ual

001aZ+ad 0 0
000 0 a?al
000 0 aiad
000 0 0O

with matrix A given by A = Let g be the linear

1000
. .. 0 0

transformation whose matrix is G = |24 (. Let R = [§%], and
0001

assume det(R) = 1. Now the matrix @ is given in block form by

001a+ad 0 0

RO O . g~ 2 g2
Q = |070|. The matrix of d = g~ !'dgis A’ = [°00 0 a5 ag |
00R 000 0 afaf

000 O 0 0

2 12 2 2
Ll =R R
a’3 a/3 - a3 a3 9
5 6 5 76

5

2 2
which means that if V = [Zg Zg} , then similar submatrices give equiva-
5 Y6

lent codifferentials. Note that the a coefficient a2 + a3 is just the trace
of the matrix V', which is invariant under similarity transformations.
Therefore, looking at the submatrix V' alone, we have the following
cases

e V =[¢,], corresponding to the codifferential

(3) di(N s p) =0 + et (N + ) + 3t 4+ st Uit
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This family of codifferentials should be thought of as a projec-
tive family, parameterizing ]P’l((C). There is an action of ¥y on
this space which identifies dj(A : p) with dy(p : A). There are
two orbifold points under this action: d;(1 : 1) and d; (1, —1).
We can reasonably expect something unusual to happen at these
orbifold points. In fact, d;(1 : —1) represents the Lie algebra g;
on the BS list while for all other values, i.e., when A + u # 0,

dy (X : p) represents the Lie algebra gg ((/\j\-—i)Q>

The diagonal matrix V' = diag(1, 1). This is the only nonzero
diagonalizable matrix which does not show up in the case above.
Its associated codifferential is given by the formula

(4) di = ¥ + 201" + 4"+ 0,

representing the Lie algebra gg.
o V =[8}]. Then the extended codifferential is equivalent to

(5) dy = vi' + ¥y,
representing the Lie algebra ny(C).

e VV = 0. This is the original, unextended codifferential, which is
equivalent to the codifferential

(6) dy = %47
representing the Lie algebra n3(C) & C.

4.5. Extensions of C by an abelian ideal. Since H'(0) = L,(C?),
the whole 9 dimensional cochain space, an extension of C by C? is given
000 a} al a} a1a1a1]

4 %5 76

(12 (12 (12

4 %5 Y6 Y

.M welet V =

. 2 .2 .2
by a matrix of the form A = | 900 a3 a5 a5
3 4,3 43

000 3 .3 43
0006 0 % @5 %
then any matrix V’ which is similar to V' up to multiplication by a

nonzero constant determines an equivalent codifferential. Since ma-
trices which are constant multiples of each other determine the same
codifferential, we can think of the nonequivalent codifferentials as being
parameterized projectively. The decomposition of these matrices into
distinct equivalence classes is as follows.

e The codifferential

(7) ds(X: s v) = 0PN+ 0t + 03t 3t + el
for (A : pu: v) € P*(C)/%3, where the action of X3 is given by
permutation of the coordinates. These points determine an orb-
ifold with orbifold points occurring along certain lines (P*(C))

where some of the parameters coincide. It might seem more nat-
ural to use diagonal matrices to represent this two parameter




DEFORMATIONS OF FOUR DIMENSIONAL LIE ALGEBRAS 11

family; the choice here is based on cohomological considera-

tions.
The codifferential
(8) ds(N ) = 01" + 03I+ oyt + gt
for (A : u) € P'(C). Here there is no action of the symmetric
group.

e The Heisenberg algebra d; = 1#*. The only eigenvalue of the

matrix is zero, and it has two Jordan blocks. We will see that
every point in dz(A, ) is infinitesimally close to this point.

e The solvable algebra d3. The matrix has one Jordan block, with
eigenvalue zero.

e The identity matrix determines the codifferential

(9) ds = Uy + 03" + 4y
which represents the Lie algebra g;(1).
e The zero algebra d = 0. Every point is infinitesimally close to
this zero point.
We summarize these results and give the Lie bracket operations in
standard terminology in the table below.

Type Brackets

di(A: p) €2, €3] = €3, [e1, ea] = (A + per,
ez, 4] = ey, €3, €4] = €g + pes

|
€2, €4] =
ds(A:p:v) er,eq = Neq, [ea, eq] = €1 + pes, es, eq] = ex + ves
dz(\: ) le1, e4] = Neq, [ea, e4] = Aea, [e3, e4] = €2 + pes
d1 [62, 64] = €1
d% [62, 63] = €1, [61, 64] 261, [62, 64] = €9, [63, 64] — €3
d; le1, e2] = €1, [e3,e4] = €2
alﬁ2 le1, e0] = €1, [e3, e4] = €3
d3 [e1, €2] = e3, [e1, e3] = o, [ea, €3] = €4
d; le1, e4] = €1, [e2, e4] = €2, [e3,€4] = €3

TABLE 2. Table of Lie Bracket Operations

5. COMPARISON WITH THE BURDE-STEINHOFF AND AGAOKA
LisTs

The comparison between the Burde-Steinhoff (BS) list and ours is
slightly complicated. On the other hand, our decomposition is essen-
tially the same as Agaoka’s list, so we will just note the corresponding
element, which is of the form L;(«) (see [1]).
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5.1 di(A: p) = Ls(u/A) = o + 9t (A + ) + 93" + 457 + 4.
(1) When A + p # 0, then
di(A:p) = gs (O\j\r—l;)» .
(2) When A+ p = 0, then we have the codifferential d;(1 : —1) and
d1<]. . —1> = gr.

5.2, dz(\: p:v) = Lo\ v, pnfv) = XN+ 03 + 2 + 3t + 3.
(1) When the trace A + p + v of the matrix V' is nonzero and none
of the parameters are equal to zero, then

dahs i) = o (ot WSS

(2) When exactly one of the parameters vanishes and the other two
are not equal, then

ds(A:p:0) =13,/\(C)®C.

(3) When one of the parameters vanishes and the other two are
equal we have the special point

d3(1:1:0) =13(C)a® C.

(4) When two of the parameters vanish, then we have the special
point

ds3(1:0:0) = g2(0,0).
(5) When the trace of V is zero, none of the parameters is equal
to zero, and the parameters are not the three distinct roots of
unity, then we have

. — A2+ Autp?)?
dy(h i —A—p) = g (G5 )
(6) When A, p and v are the three distinct cube roots of unity, then
ds(1:=1/2+1/2iv/3: —1/2 —1/2iV/3) = gu.

5.3. d3(A: 1) = Lu(p/A) = OI*A + 03 A + 5% + o3t p
(1) When neither of the parameters vanish or are equal, then we
have

d3(A: p) = ga(p/A).
(2) When g = 0, then we have the special point

dg(]_ . 0) = 'C371((C) ¢ C.
(3) When A = 0 then we have the special point
d3(0: 1) = Ly(00) = t5(C) @ C*.
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(4) When A = p then we have the special point
4(0) = dy(1: 1) = gs.

5.4. The special cases.
d; =L; =n3(C) ® C = ¢
di = Ls = go = v* + 201" + 93 + ¢!
dy =Ly = ny(C) = 97" + 93"
dj = Ly = 15(C) ® to(C) = {* + ¢
ds = L = 5l5(C) ® C = 3% + ¢° + 97
di =L = gi(1) = 0" + 05" + g’

6. DEFORMATIONS OF THE LIE ALGEBRAS

For the basic notion of deformations, we refer to [8, 11, 3, 4, 5].
In some previous papers, we considered deformations of L., algebras
(6, 7]. In this paper, we will only consider Lie algebra deformations of
our Lie algebras, which are determined by cocycles coming from H?2.
We will not explore L., deformations of the Lie algebras we study in
this paper, but it would not be difficult to construct them from the
cohomology computations we provide here.

In Table 3, we give a classification of the codifferentials according
to their cohomology. Note that for the most part, elements from the
same family have the same cohomology. In fact, the decomposition of
the codifferentials into families was strongly influenced by the desire to
associate elements with the same pattern of cohomology in the same
family. This is why our family d3(A : p : v) was not chosen to be the
diagonal matrices. Similar considerations influenced our selection of

the family dg(\ : p).

6.1. The codifferential d3 = sl;(C) @ C. It is an easy calculation to
show that

H' = (¢3)
H*=0
1Y = (1)
H = (e

Since H? vanishes, this algebra is rigid in terms of deformations in the
Lie algebra sense.
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Type H' H? H?® H*
ds 1 0 1 1
s 0 0 0 0
d(1: 1) 5 2 2 1
dy(1:0) 1 2 1 0
di(X: ) 1 1 0 0
& 33 0 0
ds(1:—1:0) 3 5 5 2
ds( A A+ ) 2 3 1 0
ds(A:p:0) 3 3 1 0
ds(A:p:=A—p) 2 2 1 1
ds(\:p:v) 2 2 0 0
d5(1:0) 5 7 3 0
ds3(0:1) 6 6 2 0
ds(1 : 2) 4 5 1 0
ds(1: —2) 4 4 1 1
dz(\: ) 4 4 0 0
dy 8 13 10 3
ds 4 6 5 2
d: 8§ 8 0 0

TABLE 3. Table of the Cohomology

6.2. The codifferential d% = t,(C) @ ty(C). Since the cohomology
vanishes entirely, this algebra has no interesting deformations or ex-
tensions. This algebra is the only four dimensional Lie algebra which
is truly rigid in the L., algebra sense, although ds is also rigid in the
Lie algebra sense.

6.3. The codifferential d;(\ : ). In the generic case we have
H' = (21 + 93+ ¢3)
B = (it o

and all higher cohomology vanishes. Thus, generically, the infinitesimal
deformation is given by

(10) 4 = dy(A+ 1, 1),

Since d ™ is actually a member of the family d; (X : u), it is immediate
that [d ™ d ™) = 0, so the infinitesimal deformation is the miniversal
deformation d* and the base of the miniversal deformation is C[[t]].
Moreover, it is transparent in this case that the deformations run in
the direction of the family.
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6.4. The codifferential d;(1 : —1). For this special case there are
more cohomology classes than in the generic case. We have

H' = (201 + ¢35 + ¢35, 1)

H? = (Y = %4+¢§4,¢2 = 23>
H? = (0%, 01 + 07
H* = {

'
o,

Consider the universal infinitesimal deformation
d™ = dy(1: —1) + yt! 4 ot?.

Then we have 1[d ™, d™] = — (1% + ¢33*)t'1?, which is a nontrivial
cocycle. It follows that the infinitesimal deformation is miniversal, and
the base of the miniversal deformation is A = C[[t!, %, £3]]/(t't?).

When #'#2 # 0, the miniversal deformation d* = d ™ does not cor-
respond to an actual deformation. The cohomology class of the cocycle
(p1234+p231) is called an obstruction to the extension of the infinitesimal
deformation to higher order. In order to obtain an actual deformation
out of the miniversal deformation, we need to restrict ourselves to the
lines t! = 0 or t? = 0, along which the obstruction term vanishes. The
cohomology H?, which gives the tangent space to the moduli space, has
dimension 2, but the deformations actually lie on two curves. Thus the
dimension of the tangent space does not reveal the complete situation
in terms of the deformations; one needs to construct the versal defor-
mation to get the true picture.

A deformation along the line t* = 0 gives dy(1+ty,: —1+t;), the same
pattern as we observed generically. On the other hand, a deformation
along the line t! = 0 yields a coderivation which is equivalent to the
codifferential d3 . This is an example of a jump deformation, because
di(1: —1) + 1at® ~ ds for all values of 2. In the classical language of
Lie brackets, we get the following bracket table:

le1,e3] =e1 + tey, lea, e4] = €2, [es,e4] = €2 —e3

Both orbifold points in the family d; (A : p) have some unusual fea-
tures. The point d;(1 : —1), because it has a jump deformation out
of the family to ds, and the point d;(1 : 1) because, as we will see
shortly, there is a jump deformation to it from the element dg, which
lies outside of the family. What is surprising is that the point d;(1 : 0),
which is not an orbifold point, is also special.
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6.5. The codifferential d;(1: 0). The cohomology H' is the same as
the generic case, while H? and H? are given by

H? = (1 = 1" + 3% v = 43°)
H* = (¢ = p3™).

The universal infinitesimal deformation d ™ = d;(1 : 0) + 1;t* satisfies
S[d ™ d ™) = —2¢t'¢?, so it is miniversal and the base of the versal
deformation is C[[t, #?]]/(¢'t?). Along the line t* = 0, d* = d;(1,t'),
so we deform along the family as in the generic case.

Along the line t' = 0, the deformation d ™ is equivalent to d5 for all
values of t2. Thus d;(1 : 0) has a jump deformation to the element dg.
The classical form of the Lie brackets for the case t* = 0 is

[e1, €3] = t2eq, [e2, €3] = €1, [e1, €4] = €1, [ea, e4] = €9, €3, €4] = €2

6.6. The codifferential dti. The cohomology is given by
H' = (1 + ¢35, 03, 93)
H? = (1 = 93", ¢y = 05" 3 = " +45")

The universal infinitesimal deformation d ™f = d% + 1;t' is miniversal
since [d ™ d ] = 0, so the base of the miniversal deformation is just
A= C[[t!, 2, t3]].

Now let us consider which codifferential d>* = d ™ is equivalent to.
Even though the deformation is defined for all values of the parameters,
which element we deform to depends in a complicated manner on the
parameters.

Except on the plane t* = 0, we have d>® ~ d;(« : ) where

(o, B) = 2413 £ /(t3)2 + 41112,

On the plane t' = 0, we have d® ~ dy(1 +t* : 1). In particular, if
t3 = 0, we have d*® ~ d(1 : 1). In fact, along the entire surface given
by (¢3)? +4t*t? = 0, we have d* ~ d(1 : 1), so there is a two parameter
family of jump deformations to d;(1: 1).

Thus dti has a jump deformation to d;(1 : 1) and deforms along the
family di(« : 3) as if it were the element d;(1 : 1) in this family. This
is a pattern which will always emerge: If a codifferential has a jump
deformation to another codifferential, then it will deform also to every
codifferential to which the element it jumps to deforms.

We give the classical form of the Lie brackets for d*:

[62, 63] =e€q, [61, 64] = (2—|—t3)€1, [627 64] :€2+t1637 [63, 64] :t262+(1+t3)63.
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Let us consider the picture including only the codifferentials ds, d’i
and dy (A : ). The picture is very similar to that of the moduli space
of three dimensional Lie algebras. The family d;(A : p) consists of a
P! with an action of the symmetric group Yo, with orbifold points at
(1:1)and (1 : —1). The point di(1 : —1) has a jump deformation
to ds, the four dimensional simple Lie algebra, while there is a jump
deformation from the point d? to dy(1 : 1). The point d;(1 : 0) is not an
orbifold point, but is still special, with a jump deformation to the point
dg. We did not see this phenomenon in the 3 dimensional picture, but
there was something special about the point dy(1 : 0) in the family of
codifferentials dy(\ : 1) (see Table 1), because dim(H?(do(1 : 0))) = 2,
instead of the generic value. Since H' influences the extensions of C
by a Lie algebra, it is perhaps natural to expect that the 4 dimensional
counterpart to do(1 : 0) should not behave generically.

6.7. The codifferential d3(\ : i : v). Before examining the cohomol-
ogy in the generic case, we want to make some general remarks about
the family ds(\ : p : v), which we will call the big family, relating to
the fact that the points correspond to P?/¥s, in contrast to ds(\ : p),
which we will refer to as the small family. Let us refer to elements in
the orbit of a point under the action of the symmetric group as conju-
gates. Most points in P? have precisely 6 conjugates, and the stabilizer
of the point is the trivial subgroup. The few exceptional cases are as
follows.

(1) The points (A : A : p), where A # p and their conjugates are
stabilized by a subgroup of order 2, so they each have only 3
conjugates.

(2) The point (1 : —1 : 0) and its 3 conjugates are also stabilized
by a subgroup of order 2.

(3) The point (1: 7 :r?), where r is a primitive cube root of unity,
and its 2 conjugates, are stabilized by the alternating group As.

(4) The point (1:1: 1) is stabilized by the entire group 3.

Next, consider the lines (P') in P? and the induced action of ¥3 on the
set of lines. For most lines, the stabilizer of the line is just the trivial
subgroup, but again, there are a few exceptions.

(1) The line (A : A : p) and its 3 conjugates are stabilized by
subgroups of order 2.

(2) The lines (A : p: ¢(A + p)) and their conjugates are also stabi-
lized by subgroups of order 2.

It turns out that when ¢ = 0 or ¢ = £1, the cohomology of the codif-
ferentials corresponding to points on the line (A : p : ¢(A+ u)) does not
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follow the generic pattern. The cohomology of the codifferentials corre-
sponding to points on the line (A : A : u) is the same as the generic case
with the exception of the points (1:1:0), (1:1:2)and (1:1:—2),
which are the points of intersection of this line with the three other
special lines. Note also that the lines (A : p : ¢(A 4 p)) all intersect in
precisely the point (1 : —1 : 0), which makes this point very special.

To determine the cohomology of a codifferential of type ds(A : p : v),
read Table 3 in descending order, and whichever is the first pattern
it matches, that gives its cohomology. However, we will present the
description of the cohomology in ascending order, because it is more
natural to begin with the generic pattern, and then proceed to the more
exotic cases.

6.8. The codifferential d;(\ : i : v): the generic case. Generically,
we have

H' =(p1(A = ) + 97 + 95(1 — v) + ¢,
PH(=M+ A2 = A+ ) + @i (A — v) + o).
For most generic values of (A : p : v) a natural basis to choose for
H? would be H? = (3% ¢3%). Then d™ = d3(\, u + t!, v + t?), so
there is no difficulty in seeing what the deformations are equivalent to.
However, for certain generic values of the parameters, the two cocycles

above are not a basis of H?, so we need to work with a more complex
solution, which yields a basis of H? for all generic values. Let us take

H? = (1 = 43", ¢z = 3%).
The universal infinitesimal deformation d ™ = d3z(\ : pu : v) + P;t’ is
miniversal, with base A = C[[t!, t?]]. Tt is a bit more difficult to identify
what the miniversal deformation d*° = d ™ is equivalent to when we
take this more complicated basis of H?. In fact, if we let z be a root
of the polynomial
P (v 22— )2+ (= v = Ap+ N2 =tz — 12

and y be a root of the polynomial

Pt (—z—v+p)z+a+az(\—p) -t

1 00
then if ¢ is given by the matrix G = [x(/\_i)+xz 0
0 01

],Wehave
gr(d¥) =ds(At+z:pt+y—z:v—y)

Thus for generic values of (A : u : v), all deformations of ds(\ : p : v)
simply move along this same big family.
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6.9. The codifferential d3(\ :  : —X\ — p). In this case H' is the
same as the generic case, and for most values of u, one can use the
cocycles it and 13* as the basis of H?. Since the brackets of these
two cocycles vanish, the resulting infinitesimal deformation

A = dg(N s =X — ) + it g3

is miniversal, and in fact coincides with dz(\ + t', 4+ 2, —p — A). In
this case, it is obvious that the deformations of our codifferential just
lie along the big family. The values for which these two elements do
not form a basis of H? are (1: —1 : 0), which we will cover separately,
and (1 : 1 : —2), for which ¢; = ¥i* and ¢, = ¥3* give a basis of
H?. Tt is still true that the brackets of these cocycles vanish, and
the deformations lie along the big family, although the expression of
the member of the family corresponding to the element d* is more
complicated in this case, and will be omitted.

Thus the family d3(A : p @ =\ — p) is not special in deformation
theory. This is a bit surprising, since H* does not vanish for elements
of this subfamily, so it would not have been unreasonable to expect that
there would be some obstructions to the extension of an infinitesimal
deformation.

6.10. The codifferential ds(X : p : 0) = v3,/,(C) & C. . The di-
mensions of H! and H? increase to 3, and H? is 1-dimensional as well.
The two cocycles 1, and 1 chosen as basis elements for H? in the
generic case remain nontrivial and one can find an independent non-
trivial cocycle ¥13 4 123. However, this choice of a basis turns out to
be inconvenient, and a slight modification of the basis will make the
presentation simpler. We have

H' =(p1A(A = 1) + @iA + ¢, 01 + 95 + 03, 95)
H? =(ihy = 93" + 5"\ tha = g, s = ¢1° + 93°).
Let d ™ = dg(\ : pu: 0) + 1p;t". We compute
W1, ¥s] = —o1™ + 057 + 93" A+ 0" A = —D(1y” +5%)
[2/)27 ¢3] = 90%>34 + S0%247
so that . '
™ d ™) = ~D(G)E + (o + oA,
where (1 = 3% + ¢3°.
Note that in the case t3 = 0, since v, and 1, span the same subspace
as the ones we used in the generic case, a deformation with #3 = 0 is

equivalent to one in the family. Thus there is a two parameter family
of deformations of d3(A : i : 0) along the big family ds(a : 5 : n).
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On the other hand, when t* does not vanish, we will have to consider
how d ™ extends to a higher order deformation. It turns out that when
A = u, the codifferential ¢33 + ©1** is a coboundary, but otherwise, it
can be taken as a basis of H?, and so is an obstruction to the exten-
sion of d ™ to a higher order deformation. We will first consider this

obstructed case.

6.10.1. © # A. In this case we have
= (o= %+ o).
We extend d ™ to the second order deformation
d2 =d inf + Cltltg-
Since 3 [d?, d?] = ¢t*t?, the second order deformation is miniversal and
the base of the miniversal deformation is A = C[[t!, 12, 3]] /(£2t3).
Thus any true deformation is given by taking d* = d? with either

t2 =0 or t3 = 0. Since the case t3 = 0 has already been examined, we

consider the case t? = 0. In this case, the matrix A of the deformation
0 t2 0 X 10

0 e o _ |t 0 B0 p1 1 (O=w?
d> is given by A [ 0 t10t3 0 ’\61 tol 8}. When ¢ 1, then
d> ~ dy(1:0). Since A # p, note that this deformation is not a jump
deformation of dz(A : u : 0) but occurs some “distance” away from the

original codifferential.

When t! # —()‘_4“ )2, then d* = dg. This is a jump deformation,
since it is independent of the value of ¢!, as long as it is small.

Thus we obtain that the deformations of ds(\ : p : 0), for A # p,
live along two planes in the (¢!, 2 3) space. One is the plane t3 = 0
determining deformations along the family ds(A : p : v), while those
which lie in the plane t> = 0 are equivalent to dg, except along the

line ¢! = —()‘_4" )2, which is not important to us, because this line does
not include the origin. We say that a family of deformations is not
local if the origin in the t-parameter space is not part of the family.
Thus the deformations along the line t! = —% are not local, in
this sense. Only local deformations play a role in determining how the

moduli space is glued together.

6.10.2. p = A. This is the codifferential d3(1:1:0) = r3(C) & C. We
have

[V, 4] = 5™ + 0™ = —D(G),
where (o = —93% + ¢3* + ¢ + ¢35, So the second order deformation
is given by
&2 = d ™4 G 4 G
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Since ¢ = p3** is a nontrivial 3-cocycle, we can take

H* = (¢ = p3™).
Now
] = —20LP(E +%) — DG + (o — )P (PP 1),
where (3 = 1?*. We did not obtain any second order relations, but
because of the term involving ¢ in the bracket above, there is a third
order relation t*t3(t! 4 t?). The last term in the bracket is of higher

order, so can be ignored in computing the third order deformation. We
can take

d® =d(1:1:0) 4+ Yt" + Gt + G + Gt (#%)2
One computes that
L, "] = — 2682°(t! + 1) + 2( i — QB + 1)
+ 20532 (3P (H + 12).

But this term is equal to zero, using the third order relation. Thus the
base of a versal deformation is A = C[[t!, t2, £3]] /(23 (t' +t?)), d>* = &,
and the formal deformation corresponds to an actual deformation along
the three planes t3 = 0, t> = 0 and t*> = —¢'.

The plane t* = 0 corresponds to the generic case, which gives a 2
parameter space of deformations along the family d3(\: u : v).

Now consider the plane spanned by t? = 0. If neither ¢! nor ¢* vanish,
we then have d® ~ d5, so there is a jump deformation from ds(1 : 1 : 0)
to d5, just as for the other points on the line ds(A :  : 0).

When t? = ¢ = 0, we are on the plane t3 = 0, which we discussed
already. When 2 = t! = 0, then we get a jump deformation to the
point d;(1 : 0). This is not like the generic case.

Finally, let us consider the case when t> = —t! and 3 # 0. Let

us express t! = (ai’%)% and let o = ;’%50. ;Fhen g (d®) = di(a, B) if
0 —z 0 0

g is given by the matrix G = | 5 —1 o |- Note that (a @ B) is
0 -8 1 0

independent of 3 as long as t® is nonzero. On the plane t? = —t!,

we see that for t* = 0, the deformation jumps to d;(1 : 0), but when
t! £ 0, we deform along the family d;(« : 8). It is as if d3(1: 1 : 0) sits
just above the point d;(1 : 0) and deforms as if it were that element.
This is the usual pattern we have already discussed when there is a
jump deformation to a point.
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6.11. The codifferential d3(\ : p: A+p). We exclude the codifferen-
tial d3(1:0: 1) from our consideration here, because it coincides with
the codifferential d3(1 : 1 : 0), which we treated previously. H' is the
same as the generic case, and we have

H? = (1 =2 Mo\ + ) + o A (A + ) (A + 2p0)
+ P NP (A 4 1)? — 0P p(p® + 22 4 2)?)
— P\ + ) + P (1 4+ A+ 1)
+ (1 + P IN P (A + )
Wy =1y
by =ty").
The brackets of 1y with itself and 13 are coboundaries, its bracket with
1o is a nontrivial cocycle, and the rest of the brackets vanish. From
this, one sees immediately that the second order relation is t't? = 0,
but it is not so obvious what higher order terms might be necessary
to add in order to obtain the relation on the base of the miniversal

deformation. Since the space of 3-cocycles is 12 dimensional, we know
that a miniversal deformation can be expressed in the form

where (3, ..., (11 is a pre-basis of the space of 3-coboundaries. In fact,
we can give this pre-basis as

(Gt = L 1) = (02 032,082 02 0 o 03 020 ).
Note that the first 10 of these vectors are just the first 10 elementary
2-cochains. Also

H® = <¢ = 9021%24>7
and we can complete the linearly independent set given by the D((;)
and ¢ to a basis {D((1),...,D(G11),¢,71,...74} of Ls. Then we must
have

[d®,d>®] = D(¢1)s" + -+ + D(Ci1)s™ + ¢s'? + 18" + -1yt

for some coefficients s',...s®, where these coefficients are expressed

as polynomials in the variables #* and z. Now all of these coefficients
must be equal to zero, once you take into account the relation on the
base of the miniversal deformation, which is the coefficient s'2. The
expression one obtains for s'? by direct computation from the form
of d*® will have the variables z* in it, but it should depend only on
the variables t*. The trick is to solve the first 11 equations for z as
functions of the variables ', and then substitute these into the formula
for s'? to obtain the relation on the base.
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The relation on the base of the miniversal deformation is simply
t1t2 = 0, which is exactly the second order relation. If you solve for the
coefficients of s'3, ..., s then they turn out to be multiples of s'2, so
they are equal to zero using the relation on the base.

Let us study the deformations of d(A: v : A+ ). Since the relation
on the base of the miniversal deformation is t'#2 = 0, in any true
deformation, we must have either t' = 0 or t? = 0.

When ¢! = 0, then d® = d3(\: p: A+ p) + at® + 13t3, so that for
any values of t? and 3 we have a deformation along the big family. In
fact, d* ~ ds(a : 3 : 1) where

A 4+ 12+ /(12 + N — )2 + 413)

B=tA+pu+t—/(2+ X —p)?+4t3)
n =X+ p.

o =

= NI

The interesting case is when t> = 0. The matrix of d® is quite
complicated, so we won’t reproduce it here, but it should be noted
that some terms have #* — Ay in the denominator, so that t3 = \u
may not correspond to an actual deformation. When ! # 0, then

d>* ~ gg (ﬁ) In particular, if we set 3 = 0, we see that there is

a jump deformation to di(A : u), and that we also deform along the
family d; (X : p) when t* # 0.

6.12. The codifferential d;(1 : —1 : 0). For this codifferential, from
the fact that H? and H? both have dimension 5, we expect to see some
interesting phenomena, both because the tangent space to the space of
deformations has dimension 5, and since H?® has high dimension, the
dimension of the variety of deformations would likely be lower than 5.
We can give bases for the cohomology as follows:

H' = (207 + ¢35 + &%, 01 + ©3 + 03, ©5)

H? = (¢ = p™ahy = 34 by = 037 — 03 — 930 + ot + 3t
g = PP = 203 s = O — ® — YP)

HY = (91 = o, 62 = 0}, 65 = 0} + ol — 3
d1 =0, b5 = 037 + o™ — 3.

A pre-basis of the 3-coboundaries is

12 12 12 12 13 13 13 13 14
{gla'-wCQ}:{wlv 2 32% »%1 »%2 » %3 > 47¢4}'

A miniversal deformation is given by
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where the ¢ are expressible as power series in the variables #*. Since
not all of the brackets of the ; vanish, we do not expect that the
coefficients x' are all equal to zero, in general.

We can express

[d>°,d™] = D(G)s" + ¢is”™ + 735",

where D((;), ¢; and 7; form a basis of Lz. Solving s! = --- = 5% =0
for #,..., 2% in terms of t!,...,t°, and substituting these values of the
2! into the formulas for s'°,. .., s, we obtain 5 relations on the base

of the versal deformation, the simplest of which is

(3 (th)2 4t 12t 44¢2¢4) 0
tT—2 -

Some of these relations have t' — 1 or ¢! — 2 as a factor of the denom-
inator, which means that there may not be a solution when ¢! takes
on these values. There should be an actual, rather than just a formal
power series solution for all values of t* which make all 5 of the relations
vanish. When we solved for the zeros of the relations, we obtained the
following 5 solutions:
1) t'=t*=t"=0
) B=tt=1t"=0
) =P =t"=0
4) £=t"=0, t'=-1
) 12 _ -t -2)? B — (¢t —2)2(t1 +1) - ()2t —2)2(¢1+1)

8 ) 2t1 ) (t1)2 .

Note that each of these solutions is only a 2-dimensional subvariety of
the 5-dimensional tangent space.
For the first solution, the matrix of the corresponding d* is
00 0611
A= |:t3t3t3 0 0 0}-
t5 —t5 —t5 13 13 0
Along the curve t° = ()2, d> ~ dy(1 : —1). For all other points on
the (¢3,¢°)-plane, d*® ~ ds. This fits with our prior observation that
there is a jump deformation from d;(1: —1) to d3. Thus we have jump
deformations from ds(1: —1:0) to both d;(1: —1) and dj.
For the second solution, the matrix of d* is
.
A= [000752 0 0] :
0000 0 0
Deformations corresponding to this solution give a two parameter fam-
ily of deformations along the big family d3(\ : u : v).
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For the third solution, the matrix of d* is

o—t%l ¢ 1 1 0
A=10 0 -—2t*0-14+t11
0 0 00 0 0
0 0 0 0 0 O

When t* = 0, this is just a special case of the previous solution, and in
fact, in this case d® = dz(1 : —1 + ¢! : 0). Supposing that t* # 0, then
when 1 # —1, then d*® ~ d’ which is a jump deformation.

The fourth solution has ¢! = —1, which means it is not local, so
does not contribute to our picture of the moduli space. Although the
solution is interesting, we will omit it here.

For the last solution, which is the most complicated of them all, the
first three columns of the matrix of d> are

. 02 ) thd t4
t4(t 7231 (t141) 0 _opd
Al —2)% il 41) —t4(tt —2)2(—a+31tH)?) —ttl 22141
8tl st1 )
eH2e 4 -t 4y —eH2 )3 —2eh) 2 ral 48) ! -2)? —ehH2 (4! -2)?
8(t1)2 8(t1)2 (t1)2

Note that t' appears in the denominator, so cannot vanish for this
solution. If t* = 0, ¢! = —1 or ¢! = 2, then the fifth solution coincides
with one of the previous four, so we will not consider these cases here.
The matrix of A is so complicated that in order to determine which
standard form the codifferential is equivalent to three, we first had to
transform A into a matrix of an equivalent codifferential which had a
simpler matrix. We found that d* ~ d;(« : ) where

4 /5(t1)2—16t14+16 8= th—4/5(t1)2—16t1 +16
, = .

_ 2 2

Note that if we were to set ! = 0 in the above, we would obtain
the codifferential d;(1 : —1), to which we already obtained a jump
deformation in the first solution above.

The picture of the local deformations of d3(1: —1 : 0) is as follows.
First, we can deform along the big family. Secondly, we can deform
to db, like any other member of the family ds(\ : p : 0). Thirdly,
like any other member of the family ds(A : p : A+ p), we have a
jump deformation to an element in the family d; (A : p). Because the
element we deform to is d;(1 : —1), which has an extra deformation to
the element d3, we can also deform to this element, as well as deforming
along the family d; (A : ).

6.13. The codifferential d3(\ : ). This family does not have an
action of the symmetric group, which is important to keep in mind.
Generically, H' and H? are 4 dimensional. The generic basis of H?
below consists of elements which are linearly independent nontrivial
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cocycles for generic values of A and p except in the special case A = p,
which we will treat separately. Of course, for those values of A\ and p
for which dim H? > 4, they do not span H?. Generically, we have

H' = (03, 05 (X — p) + 05, ¢35 + 45, i (A — ) + 47)
H? = (1) = 3 by = 4 4hy = 2 oy = ¢24).

All of the brackets of these nontrivial cocycles vanish, so the miniversal
deformation is just the first order deformation d® = d3(\ : pu) + ¥;t’,
and there are no relations on the base. The matrix of d* is given by

000 X ¢ 0
A= [0002 At 1
0000 O p+t!
0000 O 0

If 3 £ 0, then d™ ~ d3(a, 3,7), where

o PO 0O
If tt = ¢* = t* = 0, then d® ~ d3(\ : X\ : p), so there is a jump
deformation from ds(\ : p) to dg(A : A : u). Thus we see that the
codifferential d3(\ : p) sits over the codifferential d3(A : A : u) and
deforms along the big family as if it were that codifferential. All of the
deformations of dz(\ : ) which do not lie along the hyperplane t3 = 0
lie along the big family.

Now, consider the hyperplane 3 = 0. The eigenvalues of the sub-
matrix B = [% /\j%‘l1 ?] are A, A+t and p + t!. If these eigenvalues

o

are all distinct, then d>® ~ dg(\ : A+ t* : pu + t!). Otherwise, one of
the conditions t* = 0, t* = X\ — p, or ¢! —t* = X\ — p holds. Of these
conditions, only the first one is local, so we will not consider the other
two. Consider the plane 3 = t* = 0. Unless t> = 0 or t! = \ — p,
d> is still equivalent to ds(A : XA+t : pu + t'). Again, the second
condition is not local, so we will ignore it. On the line > = 0, we have
d>® ~ dz(X\: p+1th), so we get a deformation along the dz(\ : ) family.

To summarize the generic deformation behavior of an element of the
family d3(\ : p), we have the following picture. First, we can always
deform along the family to which an element belongs, so there is a
deformation along the family ds(A : p). Secondly, there is a jump
deformation to the element dz(A : A : u) in the big family. Whenever
there is a jump deformation, then we can deform in any manner in
which the element we jump to deforms, and thus there is a deformation
along the big family as well. Note that the line (A : A : ), which is
one of the lines in P? with nontrivial stabilizer, is the target of our
jump deformations, so the elements d3(A : A : u) are special not in
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the sense that they have more deformations, but that there are extra
deformations to them.

6.14. The codifferential d;(1 : 1). Even though the the dimension
of H? for this element is the same as the generic case of d3(\ : u), we
have to use a different basis for H? than in the generic case.

H2 - <77Z)1 - §47¢2 = %47@03 = %47¢4 = §4>

As in the generic case, the brackets of these cocycles all vanish, so

the universal infinitesimal deforrglagtion is the miniversal deformation
000 1+¢2 £3 0

d>®, with matrix A = 888 t({ t14% . When t!' # 0, we obtain a

000 0 00
complicated deformation along the family ds(a : 3 : ). To understand

the solution a bit better, when we solve for a matrix transforming A
into one representing a codifferential of the form ds(a : B : n), we
obtain a solution which satisfies
3 = 1/3(a?+B8%4n?) (£243)° + (ot B4n) (2 +3)p(cr, 8,142 +8(atB+n)°
tl(a+p+n)3

4 _1/3(0?+B%40?) (12 43)° —1/2(a+B+n) ((#2)2+2t2+3))
o (a+B+n)2 ’

where p is a polynomial which is homogeneous, quadratic and symmet-
ric in o, 8 and 7 and quadratic in #2. Consequently, when t*> # —3,
for any values of 2, t* and ¢®, we obtain exactly one solution up to
the action of the symmetric group, and thus one member of the family
dsz(c : 5 : 1) is determined. This follows since the line a+ 3 +n = 0 in-
tersects the quadric surface determined by the equation for t* above in
exactly the orbifold points (1 : =13 ; Z1=V8y anq (1 =1oV3 , 18
which do not lie on the cubic surface determined by the equation for
3.

When ¢! # 0 and ¢* = 3 = t* = 0, then d™ ~ dz(1 : 1 : 1), so there
is a jump deformation to this element, as we expect from the generic
case.

1 : . 1+t2 3 0

When t' = 0, then the eigenvalues of the submatrix B = [ to1 ) i ]
are 1 + 2 and 1 £ v/#*, so they are distinct unless t* = 0 or t* = (¢?)2.
Thus, except in these two cases we have d> ~ ds(1+t2, 1+, 1—\/75_4).
On the plane t! = t* = 0 we have d® ~ d3(1 +t%,1,1).

On the surface t! = 0, t* = (?)? except on the curve t3 = 0 we have
d>® ~ d3(1+ 31+ 12,1 — t?). Finally, on the curve > = 0 on this
surface we have d™ ~ d3(1 + t?,1 — t?), so we obtain a deformation
along the family d3(\ : @) on this curve.

Thus, just like any other generic value, there is one curve along which

there is a jump deformation to the corresponding point dz(1 : 1 : 1)
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on the large family, another curve along which we deform along the
ds(A : p) family, and otherwise, all deformations are along the big
family. In a way, it is surprising that the one point in P? which is fixed
by every permutation does not have any special properties in terms
of deformation theory, but as we have seen, there just isn’t anything
particularly special about the deformations of this codifferential.

6.15. The codifferential d3(1: —2). We have
H? =(¢1 = 5", o = 93", b3 = 03", by = 47")
H? =(p;*).

Even though H® # 0, it turns out that the brackets of all the ’s
with each other vanish, so the miniversal deformation d* coincides
with the4 infinitesimal deformation, and its matrix is given by A =
0001t 0
[ tol b 2}H3]' Because this matrix has no terms on the left hand
side, ig ig naotural to guess that the deformations are either along the
family d3(a : 5 : n) or the family ds(\ : ), with possibly a few excep-
tional codifferentials.
When t! # 0 we have a solution of the form
3 _atf+n
q
2 (a+n—2q2)(a+6—2q)(ﬂ+n—2q)
a*(a+pB+n—3q)

44 ——(a=9)(B—q)(n—q)
trq? (a+f+n—3q) ’

where ¢ is a nonzero free parameter. These equations are symmetric
in o, f and n. If t3 # 0, then a+ 8+ n # 0, and we can solve the first
equation for g and get

000
000
000

12 — —(aFB)t°=2(a+p+n)) (B+n)t*—2(a+B+m)) ((at+m)t* ~2(a++n)
(a+B+n)3(t3-3)

4 — —(at’=(atB+n)) (B8 —(atB+n)) (nt* —(atB+n))
t(B=3)(a+ B ) '

We can express these equations in the form
42 — aBn(#)*+(a+B+n) (£ =2)p(a..mit?)
o (atB+m)3(t3-3)

A —afBn(t®)3+ (a+B+n)r(aBm,t?)
=T AB- et

where p and ¢ are homogeneous, quadratic and symmetric in «a, (3
and 7. The surfaces represented by these two equations are both cu-
bic, so there are 9 points of intersection. Since every cubic which is
given by a symmetric, homogeneous polynomial either contains the line
a+ +n =0 or intersects this line in precisely the points (1: —1: 0),
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(1:0:—1)and (0:1:—1), there are six points in the intersection of
these two cubics not on this line, which uniquely determine the codiffer-
ential d3(a : 3 : n) to which d* is equivalent. The matrix representing
the transformation can be chosen with nonzero determinant, as long as
t3 # 3. The condition t3 # 0 can also be overcome, because if we sub-
stitute 3 = 0 in the above, then the problem still has a solution.Thus,
whenever ¢! # 0 and 3 # 3, the deformation is equivalent to a member
of the family ds(a : 5 : 7).

When ¢! = 0, then as long as t* # 0 and 3 # 1, d®° ~ d3(a : 3 : 1),

3144/ (t3—3)2+4¢2 t3—1—4/(t3—-3)2+4¢2
where a = i) and = (2 ) )

2

When ¢! = 2 = 0 and t* # 0 we have d® ~ d3(1 : 1 : 3 —2).
As a consequence, if we set t3 = 0, we have a jump deformation from
ds(1: —2) to d3(1:1:—2). On the other hand, when t' = t? = t* = 0,
then d® ~ d3(1 : 3 — 2). When ¢! = 0 and ¢* = 1, then we also have
a deformation along the big family. The upshot of all this analysis is
that d3(1 : —2) is really not special in terms of deformation theory. It
deforms along its own family, jumps to d3(1 : 1 : —2), and deforms
along that family.

6.16. The codifferential d3(1:2). We have
HE = Gy = 08F = 0 ol v = w0 4 0
Vs =yt e = Uit s = o)
H? = {p3™ + 93™).

This time, we do have some nonzero brackets, but only those brackets
of 1 with 14, 14 and 15, with the first one being a nontrivial cocycle,
so that the second order relation is t'#> = 0. After some work, one
obtains that there is one relation on the base of the versal deformation,

H2 (=1 — t* 4+ £3°) = 0,

so that there are three distinct solutions for a true deformation, given
by the three factors of the miniversal deformation. Notice that the
third factor does not give rise to a local deformation.

Let us study the first solution, when ¢! = 0. This case is simplest.
0001+t 0
i i o0 3 — o000 # 1 1
The matrix corresponding to d*> is A TSR
000 0 O

0
When t° # 0, then d* is equivalent to ds(a : 3 : 2 + % + t*), where
4
{a, B} = Y (;4)2+4t3t5. If t2 = t3 = t* = 0, then the deformation
is equivalent to ds(1 : 1 : 2) for all t* # 0, giving the expected jump
deformation.
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What happens if t° = 07 Aslong as t? # —1 and 23+ 143 443 +-t1 #
0, then the deformation is still along the big family. If 2 # —1, but
2341413 443411 = 0, then as long as t2 # 0 and t* # 0, the deformation
is in the big family. If t* = 0, then t> = 0 or > = —1, and in both
cases we deform along the family ds(« : 3). Thus, the first solution to
the relations on the base does not have any surprises.

The second solution to the relations on the base is t> = 0. We may as
well assume that ¢! # 0 and that —1 —t* + 3> # 0 for this case. Then

1,5 £1(45)2

4145 4 45
't 1344345 1% 43¢5 147 0
. . 1 1,5
(oo} —_ 1 —t t-t 3
the matrix of d* is A = —t i ss ass ©1 1
th(—1—t*4+35) t! —t1t® 0 0 2+t

The submatrix consisting of tﬁe first thrge columnos of A %aso ra?qk 1,
so we can transform this matrix into a simpler matrix.

Recall that we assume that t' # 0. When t° # 0, then it turns
out that d® ~ di(a : 3), where (a:ﬁ%)Q = 1(_2t:4t)32t5. Also, if t° = 0
and ¢3 # 0, then the deformation is equivalent to d;(1 +¢* : 1). In
particular, if t* = 0, we see that there is a jump deformation from our
codifferential to the codifferential d;(1 : 1). On the other hand, if t3 = 0
and t* # 0, we also deform to dy(1+t* : 1). When * = t* = ¢°> = 0,
there is a jump deformation of d* to dﬁ.

The picture for this element is more intriguing than for ds(1 : —2).
In addition to the usual deformations along the family ds(c, 3), jump
deformation to dz(1 : 1 : 2), and deformations along the big family,

we see that dsz(1 : 2) has a jump deformation to the codifferential d%.

Because d’i itself has a jump deformation to dy(1 : 1), we get a jump
deformation to this element as well, and deformations along the family
di(A : p). Thus we pick up far more deformations than we would
expect considering that the dimension of H? is only one more than in
the generic case. Again, the explanation for this “impossibility” has
to do with the fact that the three dimensional tangent space to this
element of the moduli space does not accurately reflect the nature of
the deformations, which are all tangent to one of three planes in this
space. The true picture is captured by the versal deformation.
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6.17. The codifferential d3(0 : 1) = t5(C) ® C*. The cohomology is
given by

Hl = <¢%Jw% - wiwg - w§7¢f7¢§7¢%>
H? = (1 = —05” +05°ba = Y1 bs = 4",
1/)4 - %471;05 = 347¢6 = %2 - i3>

H3 — <(p124’ Q0§24>-

Not all of the brackets of the nontrivial 2-cocycles vanish, so we obtain
some relations on the base of the versal deformation. The second order
relations are t't? + 3t = 0 and t't* + ¢3¢ = 0. The relations on the
base are obtained by adding higher order terms to these second order
relations. We will omit them for brevity, but instead will describe the
solutions which may give actual deformations. There are 8 solutions,
4 of which not local. The local solutions are

) t'=t=0

) t=t'==0

3) P =t3=0,t' ==L
)

¢1

6 _ t't2 44 _ %5
t = T =5

000¢2¢*0
The first solution corresponds to the matrix A = [8 00 o %} . The
000000

codifferentials d* associated to this matrix are easy to analyze. They
usually lie in the big family, except for some special cases when they
are in the small family. There is a jump deformation to d3(0:0: 1).
16 16 L2 42 44

00 t201001].1ft67é

The second solution corresponds to A =
00 0 001
00 0 000

0, then either t> # 1 or t* = 0, and the deformation is equivalent
to dg. As a consequence, there is a jump deformation to dg. When
t0 = 0, then if t* # 0 or t* # 1, then the deformation is equivalent to

dg(l : t2 : 0)
In the third solution, let us first assume t° does not vanish. Then the
—(t5=1)t8 (t>—1)t6 ti’—{(’ t5 § 0
solution has matrix A = 0 0 0 001l When 5 # 1,
0 0 0 000

then the deformation is equivalent to dg, so there is a jump deformation
to dg.
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Now let us assume that ¢ = 0 in the third solution. We can assume
t! #£ 1, since that corresponds to the first solution. The matrix sim-

0 00000
plifies to A = [tl(tg_l) tol 88? ﬂ If > # 1, then the deformation is
0 00000

equivalent to dg again.

Finally, let us consider the fourth solution, whose matrix is equivalent
2451 L2 2+45-1) 1 2, .5 43
t2—1 t3(t2-1) £ 1

to A = 0 0 0 0 o0 %? . There are two special

0 0 0O 0 0 1
0 0 0O 0 0 O

cases that need to be considered, when t> = 0, in which case, the
restriction ¢3 # 0 does not apply, and the case when > = 0. (The case
t5 =1 —t? is not local.) In these cases, the restriction ¢ # 1 does not
apply. Let us first address these special cases.

When 2 = 0, if * # 0 and > # 1 then we get di. On the other
hand, if * = 0 and ¢! = 0, then if 3 = 5 = 0, we get d3(0: 1).

From now on, we deal with the general case, assuming that t> # 0,
24015 #1—t2 Then t2 # 1 and 3 # 0.

When t! # 0, the deformation is equivalent to dg; otherwise it is
equivalent to d3(1: t* +t°: 0).

The subcases are a bit tricky, but the same codifferentials keep show-
ing up, so the final analysis of the deformations of this codifferential is
not difficult. We either obtain a jump deformation to d3(1: 0 : 0) or
to d%, or we obtain a deformation along the big or small families.

6.18. The codifferential d3(1:0) =t3;(C) & C. The cohomology is
given by

H' ={p1, 03,03 + 05, 5, 02 + ©3)
H? =(—1® + 3% + 3t g + oy o st vt 03t vih)

HS =l 32, 7).

Some of the brackets of the nontrivial 2-cocycles do not vanish, and we
have the second order relations

263 42625 =0, -2ttt =0, O+ 430 = 0.

We omit the long expressions for the seven relations on the base of
the miniversal deformation, but remark that 1 +t* 4+ t% appears in the
denominator of two of them, so there may be an obstruction to the
extension of an infinitesimal deformation to a formal one.

The solution to the relations is quite complex; however, if we confine
ourselves to solutions which are local, then we can reduce the problem
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to 9 relatively simple cases.

1 _ /44 6 1243 7 3448 5 —t3(t*+15)
t —(t + 1 )\/m,t —t—l,t = —g

B (t1)2((t8 —t*+2)24-2(t* —15)) 47— (t*—t5) (t*—16—2)¢! 5 _ 3(t44e5)

1

)

8t2(t4+5+2) ’ 83 ’ t!

~ W

ot

5 9 - (t5)2)

o 3 O

)
)
)
)
) th=0,t"= 51" = (149 42 _ 301+
)
)
)

9) =tt=1"=0, ¢ ==L

In the first solution, if t = 0, or 4t* # (t° — ¢*)? then the deformation
is equivalent to db; otherwise, we get di(1 : 0).

In the second solution the differential is equivalent to di(a : f3),
where

(o, B) = t* + % 42 4 /5(t4)2 — 12t4 — 6146 + 46 4 5(16)2 + 4.
(It may be more revealing to recognize this element as gg (%) ).
Note that since ! is any nonzero number, this means that there is a
jump deformation from ds(1:0) to dy(1:0).

In the third solution, all deformations are either along the big family
or the family ds(a : 3). If t* = t® = ¢7 = 0 and ¢° # 0, then the
deformation is equivalent to d3(1 : 1 : 0), so there is a jump deformation
from ds(1 : 0) to this element.

In the fourth solution, we get di(1 + 5 : —t5), so that if t® = 0, we
see that there is a jump deformation to d;(1 : 0).

In the fifth solution, when t® = 0 then if 3 = 0, we get d3(1:1: 0);
otherwise we obtain dy(1 : 0). If * = 0 and t® # 0, then we get
ds(1 + /t6(t6 +1) : 1 — \/t5(t° + 1)) (assuming t® # —1). When
neither ¢ nor 3 vanish, we get a jump deformation to db.

In the sixth solution, if > = 0, this reduces to a previous case. If
t® = 0, then we get dg, a jump deformation. Otherwise, when t7 # 0
or t9 £ 1, we get dy(1 : t9).

In the seventh solution, we always get dﬂQ.

In the eight solution, if ¢! = ¢? = 0, this is a previous case. If t? = 0,
but t! # 0, or t! = 0 and % # 0, we get dti2 unless t3 = 0, in which case
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we get di(1: 0). When neither ¢ nor #2 vanish, then we get d%; unless
(t3)* = 4¢*2, when we get d;(1 : 0).

In the ninth solution, we always get d%.

To summarize, we note that ds(1 : 0) jumps to d3(1 : 0 : 0) and
di(1:0) and it deforms along the the big and small families as usual.
It also jumps to dg.

6.19. The codifferential dj. The cohomology is given by

1_,1 .1 2 2 2 3 3 3
H —<90279037901>§027903790179027S03>

2 /14 414 434 24 ;14 ;34 134 24
H_<273737371’27171>

The brackets of all 2-cocycles with each other vanish, so the infin-

itesimal deformation is miniversal. The matrix of d* is given by
000 1+t5 8 7
1 .
A= 888 L t%l 1ft3 . The deformations are easy to analyze, be-
000 0 0 0 . . :
cause they are given by the equivalence classes of similar matrices of

the 3 x 3 submatrix given by the parameters. It is easy to see that
there are jump deformations to ds(1 : 1 : 1) and d3(1 : 1), as well
as deformations along the families these two codifferentials belong to.
There are no other possibilities for local deformations.

6.20. The codifferential d5 = ny(C). The cohomology is given by

H' =(5,201 + @3 + 04, 03, 01 + 05 + ©3)
H? =(3* ™ + 0% 03t 0 wgt oy + 03 + 43)

3 _ 124 124 123 123 124 123
H _<902 P3P sPa Ps T P3 >

With such a large H?, it would be too much to imagine that the brackets
of the cocycles vanish; in fact, there are 5 relations on the base of the
miniversal deformation. Since they are fairly simple, we will give them:

42717 + ()t =0

2010 — 170 + t'%° = 0

'+ =0

223 — 1M — 1 (#H)*0 = 0

264 + 261344 — ()220 + 1 (1% = 0.
Note that the fourth relation has no second order term, and the fact
that the relations have no denominators means that the miniversal

deformation is constructed in a finite number of steps; in fact, since
the highest degree term in a relation is of degree 4, the fourth order



DEFORMATIONS OF FOUR DIMENSIONAL LIE ALGEBRAS 35

deformation is miniversal. The solution to the relations can be decom-
posed into 3 four dimensional subspaces and one more complex four
dimensional piece as follows.

1) t'=t"=t"=0
2) P=t"=t"=0
3) th=¥*=¢"=0
6 . —t1t4 3 o —(t1)2(t4+(t2)2) 5 i t4(t1)3
4) ==, = @z 0 b= e

t2 001

0
For the first solution, the matrix of d>* is A = {tgot?’ 3 t; 8 i;

]. When
0 0 000

1 / 1_./
t2 =0, d®° ~ ds <O L LE (t;)QHtS L (t;)QHtS). Assume t? # 0.

Then, when 3 = 0, if t* # 0, we have d® ~ d, and when t! = 0, we
get di(1 :0). When 3 # 0, if (¢')* 4+ 4t> = 0, then d* ~ d;(1 : 0);
otherwise it is equivalent to dg. Thus we get jump deformations to dg
and dq(1:0).

01 0}

0tl1

5 t3 .

0
000

oo RO

~+

000
For the second solution, the matrix is given by A = [8 oo
000

In this case d* ~ d3(« : 3 : 1) where
a+B+n=tq abp==tq, af+an+pn="=¢,

where ¢ is an arbitrary nonzero parameter. As a consequence, there is a
jump deformation from d} to every member of the family ds(a : 3 : ).
% 00010

0 000 1]
t%¢3 09030 |

) Lo otooo
When 5 = 0, if £3 = 0, then we get d;(1 : —1), while if t* = 0 we get

d3(1: —1:0), both jump deformations. When t® = 0 and neither ¢3
nor t* vanishes, then the deformation is equivalent to ds, another jump
deformation.

Assume % #£ 0. If (1%)% # —3t* then we get d3; otherwise we get
di(1: —1), both jump deformations.

For the fourth solution, the matrix is quite complicated, so we omit
it. When ¢! = 0, then if £ = 0, we get d; (1 : —1), and if ¢* = 0, then we
get dqi(1 : 0), both jump deformations; otherwise, we get a deformation
along the family d;(« : 3).

When ¢! # 0 and t* = 0, then if t> = 0, we get the jump deformation
d3(1:1:0); otherwise we get a jump deformation to d;(1 : 0).

When ! # 0 and t* # 0 and t* = —(t?)*, then we get a jump
deformation to the element d;(1 + /5,1 — v/5), which is just gg(—1)
on the Burde-Steinhoff list.

For the third solution, the matrix is given by A = [
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When none of the three conditions above hold, then the deformation

is equivalent to dy(t* + /(12)2 — 4t4, 12 — \/(t2)? — 4t*) = gs (%)

Since t! is an arbitrary nonzero number, these deformations are also
jump deformations. Thus there is a jump deformation to any element
of the family d;(a : ().

To summarize, the deformations of d; are as follows. There are jump
deformations to every member of the big family and everything they
deform to, which means we get jump deformations to the elements d%,
ds and every element in the family dy (A : p).

6.21. The codifferential d; = n3(C) @ C. The cohomology is given
by

H' = (o1 + ¢35, 01 + 1, 01, 05, 05, 03, 05)

2 23 23 14 14 14 12 34
H* = < — %3 %4 5% %2 W3 »¥3 5, W3,
24 34,12 13 23 14 12 34 13
4 an ¢4 y ¥1 +¢2 y ¥4 T Y24 T Y1 >
3 __ 234 234 124 134 134 123 134 123 123 124 124
H_<902 7904 7()04 y F2 23 0 W2 +¢4 »¥3 ¥4 > ¥2 2 3 >

There are 10 relations, none of which involve terms of higher order
than 3, so in fact, the second order deformation is already miniversal.
We will not give the relations here explicitly. Because the miniversal
deformation is obtained in a finite number of steps, the relations are
polynomial, not rational, in the parameters.

If all the parameters but ¢'* and t'! vanish, and ¢'* = —t'! then the
relations are satisfied, and we have a jump deformation to dg.

If all the parameters but t'2, t* and t% vanish, then if t'2 # 0, the
deformation is equivalent to ds, so there is a jump deformation to ds.

If we assume that

8 _ 43 _ 1 —%¢7 12 —t8¢9

t _t - 07 t - [ t - o

2 _ (9% 4 1245 11 —649 10 _ 6412
t - (t5)2 ) t - t6 9 t - t5 ) t - t5 9

then if ¢ is a free parameter and
a+f+n= tz—sq
493
(a+ B)a+m)(B+m) = T8

12,2
(af +an + Bn) = G,

we obtain a solution to the relations for which d> ~ ds(a : 3 : 7).

Whenever 5 and ¢ don’t vanish, there is a solution for every (a : 3 : n),

which means that there is a jump deformation from d; to every element

in the big family.
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If all the parameters vanish except ¢3, t* and ¢7, then we obtain a
solution for which d* ~ ds(« : 3), where

a = t7Q7 o+ ﬁ = t3Q7 Oéﬁ = _t4q27

where again, ¢ is a nonzero free parameter, so we also have jump de-
formations to every member of this family.

Similarly, if all the parameters but ¢°, 3, ¢! and ¢! vanish, and
t® = ¢!, the relations are all satisfied, and if ¢ is a nonzero parameter,
then independently of the value of t* we have d® ~ d;(« : 3), where ¢
is a nonzero parameter and

a+pB=—1%
066 :tl(] 27

so there is a jump deformation from d; to every member of the family
di(a: B).

If t> and t® do not vanish, t! = t'2 = ¢® and all the other parame-
ters vanish, then the relations are satisfied and d* ~ dg, which gives
another jump deformation.

If all the parameters except ¢® vanish, the relations are satisfied, and
we get a jump deformation to dj.

Thus finally, we observe that d; has jump deformations to every
codifferential except dj. This pattern is completely analogous to the
three dimensional Lie algebra case, where the corresponding element
d; has jump deformations to every element except do, which is exactly
the analog of the element dj, one dimension lower.

7. DESCRIPTION OF THE MODULI SPACE

In Figure (1), we give a pictorial representation of the moduli space.
The big family d3(\ : p : v) is represented as a plane, although in reality
it is P?/¥3. The families dy (A : p), d3() : ) and the three subfamilies
ds(A : 2 0), dg(A: A p) and dg(A : g A+ p) are represented by
circles, mainly to reflect that the three subfamilies of the big family
intersect in more than one point, because they each represent not a
single P!, but several copies of P! which are identified under the action
of the symmetric group.

In the picture, jump deformations from special points are represented
by curly arrows. The jump deformations from the small family d3(A : p)
to d3(A : A : u) and the jump deformations from ds(A : pu: A+ p) to
di(X : p) are represented by cylinders. The jump deformations from
the family ds(\ : g : 0) to db and those from d; to the small family
are represented by cones. Finally, the jump deformations from d; to
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F1GURE 1. The Moduli Space of 4 dimensional Lie Algebras

the big family are represented by an inverted pyramid shape. All jump
deformations are either in an upwards or a horizontal direction.

The picture tries to capture the order of precedence of the defor-
mations. For example, in the picture, you can trace a path of jump
deformations from dy to ds(1: 0) to ds(1:1:0) to dy(1:0) to db.

8. CLASSIFYING A PARTICULAR LIE ALGEBRA

In [1], it was shown that a four dimensional Lie algebra can be clas-
sified by computing certain invariants of the Lie algebra. Instead, our
approach to classifying a Lie algebra, which we will outline here, used
linear algebra.

Suppose that a codifferential d representing a Lie algebra structure
has matrix A. Since the rank of the matrix is at most 3, it is easy to
compute a new basis for which the matrix has the form A = [4' 8],
where A’ is a 3 x 3 matrix representing a 3 dimensional Lie algebra,
and ¢ is a 3 x 3 matrix representing a derivation of this Lie algebra.

Next, consider the submatrix A’. If it has rank 3, then the codiffer-
ential is equivalent to d3. Otherwise, we find a new basis in which the
submatrix A" has been reduced to one with exactly as many rows as its
rank. In fact, by using the classification methods for three dimensional
Lie algebras, one can reduce the matrix A’ to one of the standard forms.
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At this point, the matrix § representing the derivation on the three
dimensional Lie algebra may not represent an outer derivation. How-
ever, by replacing the vector e, with a vector of the form e, = ae; +
bes + ces + e4, one can replace the 0 with one representing an outer
derivation.

Once this has been accomplished, the classification scheme presented
in this paper for determining the point in the moduli space correspond-
ing to an extension of a three dimensional Lie algebra by an outer
derivation can be applied. The precise identification scheme depends
on which point in the moduli space of three dimensional Lie algebras
occurs.

When computing versal deformations of the four dimensional Lie
algebras, in most cases, we could identify the appropriate element by
following a more simple scheme of solving for a matrix G such that
the matrix GA" = AQ), where ) is the matrix representing the linear
transformation ¢ corresponding to GG extended to /\2 V — /\2 V and
A’ is a matrix representing one of the nine types of elements in the
moduli space.

However, because our matrices involved many parameters, it was
sometimes too difficult for the computer to solve for the values of the
parameters for which the A’ and A matrices are equivalent. In those
cases, we followed the more complicated scheme outlined above. In
practice, we found that it was only necessary to follow the steps par-
tially, because after transforming the matrix to eliminate some of the
rows, we then were able to apply the simple scheme, and obtain a
solution.

9. CONCLUSIONS

The computation of the equivalence classes of non-isomorphic Lie
algebra structures in a vector space V determines the elements of the
moduli space of Lie algebra structures on V', but is only the first step
in the classification of these structures. When classifying the algebras,
there are different ways of dividing up the structures according to fam-
ilies; therefore, it is desirable to have a rationale for the division. In
this paper, we have shown that there is a natural way to divide up the
moduli space into families, using cohomology as a guide to the division,
and versal deformations as a tool to refine the analysis.

The four dimensional Lie algebras can be decomposed into fami-
lies, each of which is naturally an orbifold. If one takes into account
the information about jump deformations, the division we have given
is uniquely determined. The elements of the family which contain a
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Lie algebra structure d are precisely those Lie algebras which can be
obtained as smooth deformations of d, but which are not smooth de-
formations of any Lie algebra structure d’ which is a jump deformation
of d. This rule allows us to distinguish between the algebra dj and
d3(1: 1), for example. Even though dj has smooth deformations to the
family d3(A : p), it also has a jump deformation to ds(1 : 1), which has
smooth deformations to the same family. Thus d3(1 : 1), which has no
jump deformations to any element which has smooth deformations to
the family, is the element which belongs to the family.

According to this system, there is one two-parameter family, two
one-parameter families, and six singleton elements, giving rise to a
two-dimensional orbifold, two one-dimensional orbifolds, and six one-
dimensional orbifolds. The jump deformations provide maps between
the families which either are smooth maps of orbifolds (or suborbifolds
as in the case of the map ds(\: pn: A+ p) — di(X: p)), or, in the case
of some of the singletons, identify the element with a whole family.

The cohomology of a Lie algebra determines the tangent space to the
Lie algebra, but the tangent space does not contain enough information
to give a good local description of the moduli space. The relations on
the base of the versal deformation determine the manner in which the
moduli space contacts the tangent space. In one example here, the
tangent space was two dimensional, but deformations were only along
two curves. In another case, the tangent space was three dimensional,
but the deformations were confined to three planes. It is clear that the
cohomology is not sufficient to get an accurate picture of the moduli
space. Versal deformations provide important detail that characterizes
the moduli space completely.
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